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Foreword

The Indian Institute of Astronomical & Sanskrit Research
has done a very useful piece of work by publishing the Brzhma
Sphuta Siddhanta. This is an original work on Astrunomy
written about twelve hundred years ago. Mainly devoting himself
to Astronomy as was natural, the author, Brahma Gupta. has
also given considerable space to such branches of Mathematics as
in his opinion are particularly applicable to Astronomy. Brahma
Gupta is not a mere theoriser. His work bears ample evidence of
close observation of astronomical phenomena, though he did not
have at his disposal any large and well equipped Vedhalaya or
Observatory. He has had to find fault with some of his predece-
ssors. The main reasd>n for his criticism was as stated by him

FETIT FRIROT WEAr FTAT 4G FAANA |
Afafigy v52 afseggaagTaT

The creator Brahma himself had given certain calculations
in his book namely Brahma Siddhanta. But in the course of many
years these calculations have been found to have bocome inaccu-
rate. Of course in referring to calculations, the author is referr-
ing to the bases of these calculations, the main data of astronomy,
The excellent and fairly exhaustive introduction by Dr. Satya
Parkash is of very great help in understending the book because
it brings out clearly the various points on which Brahma Gupta
has laid stress, particularly those on which he differs from other
great astronomers.

A great controversy still rages between two schools of Indian
astronomers which for want of better names may be called the
schools of Arya Bhata and Brahma Gupta. Some years ago the
Indian Institute of Astronomical & Sanskrit Research published
the Vateshwar Siddhanta which is supposed to be associated with
the Arya Bhata School. It is therefore. in the fitness of things
that it should now publish the present standard volume of the
other school.

To my mind the Publication of such books is of great value
from two points of view. It helps to remove the ignorance of
average educated Indian of today about the achievements of his
ancestors. In the field of two important branches of science,
Mathematics and Astronomy, it is really surprising how those
ancient astronomers could reach such heigts of accuracy with the
help of instruments which seem to be laughably crude compared
to those that modern astronomers have at their disposal. At the
same time a study of such literature is a very salutary corrective
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to the vanity of those who feel that in astronomy as in certain
other subjects the last word was said by those writers who have
written in Sanskrit. We learn how far behind we are in cortinn
very important directions in the field of knowledge.

It is interesting by the way to find that the author of this
great work was a Vaishya. This shows how diffused knowledpe
even of the most abstract subjects was in those days and how
Scholarship was honoured irrespective of caste. Not one the
critics of Brahma Gupta has taunted him on the ground of his not
being a Brahmana.

Sampurnanand
Governor-Rajusthun

Raj Bhavan,
Jaipur,

Dated May 4, 1966,



Observations

of

Dr. K. M. Munshi

President of the Reception Committee

The Author Shri Ram Swaroop Sharma has given to the
world of scholars an excellent and valuable treatise on the tamous
Astronomzr Brahma-Gupta, son of Jisaugupta, born in 589 A. D.
in Bhillamala or Srimala no~ in Southern Marwad close to the
northern froatier of mydern Gajarat. The work isdivided into
13 chapters and at the ead of each, the learned author has given
reference t> other works and treatises for further study as also
in support of his various coaclusions. He has described Astro-
nomy in Ancient India in the light of the knowledge of the
subject available in different countries in his time,

After giving personal details of Brahma-gupta, the author
starts on a critical study of the works of that Astronomer-parti-
cularly his Brahma-sphuta~siddhanta and Khandana-Khadya,
The author has also discussed the Indian Luni-solar Astronomy,
the Greek and Hindu methods in spherical Astronomy and the -
Epicyclic theory of ancient Indians. Discussing in detail the
contribution of Brahma Gupta in Arithmetic, Algebra, in Astro-
nomy and the Astronomical inscruments that he used, the author
has brought out the various highlights of his work and achieve-
ments in comparison with those of his predecessors, successors and
contemporaries in other countries. .

The author deserves to be congratulated for this scholarly
contribution on the subject of Ancient Indian mathematics and
Astronomy.

~K.M. Munshi
Bhartiya Vidya Bhawan

Bombay



Publisher’s Note

It is with rride and pleasure that the Indian Institute of
Astronomical & Sanskrit Research brings out its second xmxxw:;txxxu'ixlt‘:xl
work ‘Brzhma Sphuta Siddhanta’. The Institute set up on the O ind
November, 1957, with the object of promoting reserrch into anciint
Indian manuscripts on Astronomy and alljcd Scicngqsv :it':xr‘n;x! 1S
programme of publication with the preparation of a critical edition of
Vateshwara Siddhanta running into more than 700 pages. It was far
back in early forties that the idea of reviving the treasures of knvw:
ledge hidden in ancient manuscripts came to my mind, In 19451 could
succeed in editing and putlishing ‘Trailokya Praka$a’ of Acharys Hema
Prabha Sari.

Albruni’s Travel Accounts of India contain a reference to
Vateshwara Siddbanta and this fact was tesponsible for prompting me to
arrar.ge publication of Vateshwar Siddhanta. It was rather ditheult 1o
search out this manuscript and the clue given by Mahamahoyadhyava
Sudhzkar Dwivedi (a great Mathematician and Astronomer of 19th
century) that the manuscript was available in Gwalior did not Jead me
to any results. I kept my search on and found a copy of this text ju the
collection of manuscripts inherited by a Brahman widow of Gujranwals
District in west Pakistan. The same style of copy was later seen by me
in the Panjab University Library at Lahore.

Vateshwaracharya, the great writer of Vateshwara Siddhanta, has
criticised Brahma Sphuta Siddhanta of Brahma Gupta, in his werk,
This naturally aroused my curiosity to procure and pullish Bralim.
Sphuta Siddhanta soes to provide right perspective to the students o
ancient Indian Scientific literature. Moretver, in one of my
discussions with the late Dr. K. S. Krishnan, Director
National ~ Physical ~ Laboratoriess New  Delhi, bhe  pefes
‘rred to Dr. Colebrook (a German Writer) as having translated into
English two chapters of ‘Brahma Sphuta Siddhanta’, namely, Vyaku
{Anthmeuc)gnd Ayakta(Algetra). The late Dr. Krishnan showed keen
Interest 1 this manuscript and encouraged me in taking up preparation
of a critical edition of this test. The Institute is grateful to the Covt,
‘of India (Department of cultural Affairs) for meeting part of the

zz\z}pe;xii}:ure on this publication and thereby enabling us to complete
r task., ‘

. Ishall be failing in my duty if I do not mention th

invaluable contribution made for the success of the Inseti:irtiatb; ?g
founder President the late Shri Brijlal Nehru, It was under his atle
gg;dgqce‘ ’{h#t“th&q Institute started functioning and its various progre
“,‘%mes vgg%e ‘ﬁnghggdm His passing away has been a big and irreparnble
Etci; 113  be Institute will keep his memories always alive by  follow-
m Neals and by executing with zeal the programmes inspived by
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I must take this opportunity to express my heartfelt gratitudes to
Shri B. B. Varma, Member Parliament, who has never shirked in
shouldering the responsibilities of managing the affairs of the Institute
first as a member of its Executive Council and now as its President.
I am also thankful to Dewan Hari Krishan Das, Chairman of the Exe-
cutive Ccuncil and Shri F.C. Bedi Treasurer of the Institute for their
ungrudging support to the cause of the Institute.

My thanks are also due to Dr. Sampurnanand, Governor Rajasthan.
who has blessed the Institute by inaugurating it and has now been kind
to write a foreword for the present book. I am also indebted to Dr.
Satya Prakash, Head of the Deptt. of Chemistry, Allahabad University
for his having spared time to write an introduction in English for this
publication. He has always been cheerfully allowing us to draw on his
rich experience and wealth of knowledge. I am also grateful to Pt
Mukund Mishra, Pt. Vishwa Nath Jha, Shri Daya Shankar Dixit and
P}?’ Om Eatt Sharma, the learned scholars who helped me in preparing
this work.

The book has been published in four volumes. Volume Iincludes
introduction in English by Dr. Satya Prakash {ollowed by the text as
given in the copy of the manuscript obtain.d from the Bhandarkar
Research Institute, Poona, with footnotes to collate the various versions
found in the copies of the manuscripts procured from the Royal Asiatic
Society, Bombay, the Oriental Research Institute, Baroda and the
Vishweshwaranand Vedic Research Institute, Hoshiarpur. The volume
also contains a Sanskrit Bhumika from the Chief Editor and an IndeX
of Shlokas. Volume II comprises of the first nine chaptcrs of Brihma
Sphuta Siddhanta containing only those readings which we have
considered as correct. It also includes Vasanz commentary of Prthudaka
Swami and Vigyan Bhashya in Sanskrit with Hirdi translation.
Volume III includes chapters 10 to 16. This volume also contains
Nutan Tilak commentary of Sudhakar Dwivedi and Vigyan Bhashya
in Sanskrit with Hindi translation. Volume IV cemprises of chapters
17 to 24 and also an Index of Shlokas contained in Volumes II. III and
IV. It also includes an :prendix on Dhayana Grheoradeshadadhyzya.
Another appendix in this volume contains Vaset 3 commentary on
Goladhyaya.

The Institute has planned to add to its list of publications
shortly, Samrat Siddhanta (3000 pages and already in press). Brhad
Yavan Jataka (2000 pages) and Panch Siddhaniika (1€00 pages).

The Indian Institute of Astronomical & Sanskrit Research
considers it a proud priviledge to dedicate Brahma Sphuta Sidhanta to
Shri S. K. Patil, Union Minister for Railways. I am highly grateful to
him for his having consented to this dedication. I am also grateful to
Shri K. M, Munshi and Shri Wadilal Chaturbhuj Gandhi for their
kindly agreeing to my request to te President and Chairman respect-
ively of the Reception Committee, My heart felt thanks are also due
to Shri Kanti Lal H, Shah. Hony. Secy. of the Organising Committee
and to all the members of the organising and the Receptjon Committees
for their help and cooperation in my work. I also owe a delt of grati-
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tude td the Patronsof the Institute : His Majesty the King of  Nepal,
Abhinaya Samrat. Shri Prithvi Raj Kapoour, Shri Dhairvasinh, R,
Morarji, Chairman Dharamsi Morarji & Co., Bombav. Shri Pranial
Bhogilal, Patel Bombay for their invaluable help. Tam also grateful 1o
the life members of the Institute : H.H, Maharaia Manabendia Shaly of
Tehri Garhwal, Yuvraj P.C Dev, Shri BN, Bhaskar, Shri R.K. Batra,
Shri Sada Jivatlal Chandulal, Shri Shiv Kumar Bhuvalka, Shei Jamna
Das H. Moorjani, Shri Shantilal K. Somaiya, Shri Kisonlal M, Diwanyi,
Solicitor, Shri N. K. Jalan, Shri D. R. Nayar, Shri Vadilal €, Gandhi,
Shri Devi Prasad Khandelval, Shri Ram Prasad Khandelval, Shri B, K.
Jalan, Shri Amir Chand T. Gupta, Shri Laxman Vaman Apte, Smt,
Padma Koregaonkar, Shri Yodh Raj Bhalla for their support to the
Institute.

I must make a special mention here of shri A.N. Jha, Chicf
Commissioner, Delhi, who has greatly encouragel me in my task of
publishing old manuscripts. His help in solving the various peoblens
faced by me, has been invuluable, I am highly grateful to him for
his support in my cause. T am alsn gracz'ul to H. H., Maharma
Manabedra Shah of Tchri Garhwal, Seth Sadajivat Lali Smti, Padma
Koregaonkar, Lala Yodh Raj Bhalla, Shri F.A Fazalbhai, Shri M war |,
Vaidya, Shri N.J. Aggarwal, Shri P. S. Naulikha, Shri R, L.
Maheshwari, Shri D. N. Bhattacharjee, Shri P. A. Narinleali,
Shri P. M. Aggrawal, Shri Shiv Kumar Bhuvalka, Shri Navin
Bhai Khandwala and Smti. Nirmala Gomte. Lala Jagan Nath Ji,
Shri L.S. Aggarwal, Shri B.N. Saxena, Shri R.B. Shah, Shri LA Joshi.
Shri T.S. Krishnamurti, Shri R. 8. Chitkara, Dr. Ram Karan Sharmn,
Shri V.P. Agnihotri, Shri K.L. Handa and Shri K.G. Somayya fur their
help and advice at various occasions.

Ram Swarup Sharma
Bombay
17-5-1966.
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CHAPTER I

Astronomy in Ancient
Nations

Brahmagupta’s great works like the Khandakhadyaka and
the Brahma-sphutarsiddhanta took astromomy to Arabs through
whom it spread to many countries of Europe. Al Beruni records
this testimony in his great book on India. Itis doubtful that
astronomy had its birth in Greece and China. From remote ages
China, India, Greece, Arabia and Egypt developed the entite
system in close cooperation. This knowledge must have spread
from their common cradle home where man for the first time
developed his culture and civilisation. In this chapter we pro- -
pose to give a review of astronomy as developed in many of
these ancient lands, especially Arabia, people of which land
came in close contacts with India much before any recorded
time.

Dawn of Astronomy

The earliest man must have been the primitive astro-
nomer. The striking spectacles presented to him by the varied
appearances of a sky covered with thousands of twinkling
and non-twinkling objects of different degrees of brightness,
apparently revelving round the Earth, and the daily changing
phases of the Moon must have raised strange feelings of
the 1nost primitive man also. Then he must have in course
of time observed the bright morning and evening stars, and at
a considerably late stage the comets and shooting stars and then
on occasions eclipses of the Sun and the Moon. These phenomena
not only raised feelings of admiration, but in different sections of
human society often feelings of superstitious alarm. By and
by stars became guides for the traveller by land and sea. In
the midst of these observations, one discovered wvarious cycles :
cycle of day and night, cycle of seasons and cycle of other
details. Then there was a striking observatfon of the tides in a
sea changing with the phases of the Mooa.



2 ASTRONOMY IN ANCIENT NATIONS
Earliest Discoveries

We shall briefly sketch out the order of astronomical
discoveries. The first phenomena to be noted must have
been the regularly recurring dawn (for this one miv refer
to the Usa Sukta of the Rgveda), the sunrise : nd sunset (which
led to pratah and savam, i.e. morning and cvening pravers of
the Vedic times), daylight, twilight and night concornmg
which we “have numerous Vedic hymns. Next it fed ¢ the
measurement of a day (which was of a shert duratim in
winters and of a long duration in summers). The Vedic Arvans
also discovered the variations in the duration of the day along
different latitudes, and the time of sunrise in places of different
longitudes. In fact the idea of longitudes and Iatitude s came suffi-
ciently afterwards. Man discovered month as related to the variie
tion of light with the Moon’'s phases. In temperate repions, where
probably the first astronomical observations were systenuitically
made, the changing length of the day or the direction of the Sun
at rising or setting or the lengths of shadows cast at midday.
would show that the Sun’s daily path ia the sky altered through-
out the year, a time interval which was already muarked by the
changing vegetaticn. According to Sir W.,C. Dampier, “attempts
were made to determine the number of months in the cycle of
the seasons in Babylonia about 4000 B. C. and in the China soon
after. About 2000 B. C. the Babylonian year settled down ro
one of 360 days or twelve months, the necessary adjustments
being made from time to time by the interposition of extra-
months.” In India, this concept is of even much earlier origin.
The old inspired sages like Dirghatamas discovered for the
observing man the Vedic Era and intercalation. I have
described this discovery in a special chapter on the subject in my
book the‘ Founders of Sciences in Ancient India and a reference
may be made to the Asya Vamasya Suktam of the Rgveda. It
is impossitle to assign an age to these old traditions. Round the
Yaja, _developed' the science of astronomy, mathematics,
e e ke i i ks o of o, i i
the modern siould. 4 | a large numﬁet of people of

. L. [ ' '
iwén: g:e p;zilzz aisc{‘say that' a considerable period might have
‘WES elapsed betore it was noticed that at 2 particwlar season of
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the year, the same stars are seen at corresponding hours of the
night. Of course this circumstance was less conspicuous than
the regular variation of the Sun’s altitude in the sky as the year
progresses. It is the surmise that the striking naked-eye cluster,
the Pleiades, must have been one of the earliest noted star-
groups, and it became the first star-group for providing the first
fairly close determination of the length of the year as approxim-
ately 365 days. The rising of this cluster in the evening was a
mark of the coming winter to primitive man; and the husband-
man judged the time of reaping by itsrising, and of ploughing
by its setting in very ancient times ; Sirius, Arcturus, the Hyades
and Orion were similarly equally useful to him. The passages
in the Taittiriya Samhita and in the Satapatha Brahmana clearly
indicate the confusion once created by following the concept of
lunar months without further adjustments :

“Now the seasons were desirous to have a share in the
sacrifice among the gods and said, ‘Let us share in the sacti-
fice. Do not exclude us from the sacrifice ! Let us have a
share in the sacrifice ' The gods, however, did not approve
of this. The gods, not approving, the seasons went to the
Asuras, the malignant, spiteful enemies of the gods. Those
(Asuras) then throve in such a manner that they (the gods)
heard of it, for even while the foremost (of the Asuras)
were still ploughing and sowing, those behind them were
already engaged in reaping and threshing: indeed even
without tilling, the plants ripened forthwith for them.
(SBr. 1.6.1.1-3)

The Zodiac

It is difficult to say how much time it must have
taken, but in fact, it was eventually noted that the Sun and
Moon travel over very similar paths among the stars during
their circuit of the sky. This led to the formation of the Zodiac
and its constellatiuns, the centre of this zone, a belt about 16°
broad, being the annual path of the Sunor Ecliptic. The divi-
sion into twelve parts, each corresponding to a month of the
Sun’s movement, was made ; and their connection with the solar
course during the year was found by observations of heliacal
risings or settings. These were the times of the year when certain
bright stars would first be seen to rise before the Sun, or when
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they were last seen to set after sunset. In the case of Sirius, the
brightest fixed star, these would happen when the Sun was about
ten degrees below the horizon. For the less bright stars the
angle would be a larger one.

It must have been almost simultaneously observed that the
Moon in going like the Sun round the heavens always in the
same direction from west to east (i. e, opposite to the diurnal
motion which she shares with the other bodies), kept in general
to the same track in the sky. After a time, however, it must
have been noted by careful observers that this path was not con-
stant, but deviated from the centre line of the Zodiac, getting
away from that line up to a maximum deviation on either side
but slowly returning to it. In the course of a number of years, it
must have become evident that the Moon's path among the stars
does not lie always in the same line on the celestial sphere, but
in a zone or band about twenty moon breadths (10") wide, occu-
pying the middle of the Zodiacal zone itself.

Among the bright stars Mercury, Vernus, Mars, Jupiter
and Saturn (the first two of which are never seen very far {rom
the Sun in the sky) soon must have been noted to be moving in
the Zodiac with varying periods. The English name planet is de-
rived from Greek planetes, meaning a wanderer, since the planets
change their positions among the Zodiacal stars.

There is a word Str which in the Rgveda always occurs in
the instrumental plural, Stybhih. The English word star is de-
rived from this word. Paraéara and Grtsamada, I have shown
elsewhere, were the flrst amongst the great observers, inspired by
the Rgvedic hymns, and Vamadeva identifled Brhaspati or the
Jupiter planet and Vena Bhargava discovered tht planet Venus
which still bears the name of its discoverer.

Consteflations

Long before the Zodia'cal belt was divided into “signs” (700
B. C)), a number of asterisms, or the configuration of stars in the
sky had heen arranged, the brighter stars of these configurations,
 thus identified, proved very useful in indicating the seasons of the
year by the times of their rising or setting, and also in locating
the positions -on the celestial vault of such moving objects as
~planets; comets and shooting stars and in helping the traveller
‘ h; land or sea to determine direction,
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These named constellations date back to very early period.
In India, Gargya is the name of an astronomer who is associated
with a hymn of the Atharvaveda which for the flrst time enume-
rates constellations, In many of these constellations, the stars
form a well marked group, clearly separated from other groups,
and the names given to these formations are supposed to have
been suggested by a resemblance to the shapes of certain familiar
otjects. Of course, the resemblance is usually very slight, and
depended merely on a fancy.

It is remarkable that different countries devloped almost
similar notions regarding these constellations. The late Dr. A. C.
D. Crommelin considered that there is a reason to believe that
the stars may have been grouped to some extent by the Egyptians
as early as 4000 B. C., and he remarked on their use of the then
Pole Star for orienting the Great pyramid, Again, Chinese are
said to have mapped out the sky into many divisions of stars by
2500 B. C., if one can rely on their records.

The idea of constellations takes us to a date much earlier
than 2500 B. C. even. In total forty-eight have come down from .
extremely ancient times, but these do not cover the entire extent
of the sky. The part not occupied by any of them evidently did
not rise above the horizon where the early astronomers to whom
we owe their naming lived; and the stars concerned were there-
fore not included in their constellation schemes. The centre of
this part (near the bright star Achernar) must have been near
the Sbuth Pole of the heavens of the time, and its angular radius
from the Pole gives us roughly the latitude of their homes. The
date appears to have been about 2800 B. C., when, owing to the
precession of the equinoxes, the South celestial pole was in the
position indicated. The latitude seems to have been about 38°
North. These are the findings of E. W. Maunder (Astronomy
without a Telescope, p.5, 1602); but from the same considerations
Dr. Crommelin assigns a latitude of 36° and a date 2460 B.C,
and Proctor 2200 B. C. Maunder also suggested that the presence
of the Lion and Bear among the stellar configurations and the
absence of Elephant, Tiger, Camel and Crocodile seem to ex-
clude India towards the East and the countries towards the
West, the latitude and the longitude indicated being those of
.Asia Minor or Armenia. The suggestion that the blank area in
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the sky referred to gave an approximate date for the formation
of the constellations appears to have beeen first put forward in
1807 by Caxl Schwartz, for some time Swedish Comsul at Baku.!

Indo-Greek Contacts

It is highly improbable that before Alexander, there had
been absolutly no eontacts between India and the distant nations.
Even in pre-Alexandrian era, there had been such migration is
clearly evinced by the philological and mythological studies. But
we do not pcssess historic record of it.

The conquests of Alexander the Great made the Greeks
acquainted with the FEastern world, which had up to that
time been visited probably by very few Europeans, and it
likewise spread Greek culture to all the countries which the
victorious Macedonian had been able to reach. The Indian
province of his Empire became independent soon after
Alzander’s death, and though the spread of Buddhism in the
third century B.C. checked the progress of Hellenism in
Northern India, the rise of the Greek kingdom of Bactria and
its gradual extension south and east continued for a Tong time to
keep alive the connection between India and the West., Not
only (as has beeen asserted) the Greek and Indian drama and
architecture have been strongly influenced by Hellenistic and
Indian contacts, it is beyond a doubt that the entire astronomy

of the two great matioms is the offspring of these mutual
contacts.

. In earliest times astronomy had only been cultivated in
India and in no other country. Some idea had been acquired
“during those days of the periods of the Sun and Moon and the
planet Venus and Brhaspati (Jupiter), which were used for chrono-
Iogical purposes, the funar motions being specially connected with
the proper times for sacrificial acts. The Vedic era was discovered
during this period by Vi$vimitra, and Gargya enumerated the
Naksatras. Lagadha composed his Vedanga Jyotisa, which is the
first book on astronomy written in human literature, India dev-
eloped her geometry in connection with the construction of sacri-
ficial altars, and its account is found in the Sulba Satras of
Ba;udhayana,. Aéyalayana and Katyayana. Aryabhata laid the
_foundations of algebra. One might still say that there A8 no sign of
‘ L &%Pemb@ﬁs A concise History of Astronomy, London, 1956,
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accurate knowledge of the planetary motions earlier than about
the century of the Christian era. From thenceforth astronomy,
hitherto confined to rituals, appears as a science, treated in the
course of the next thousand years in a series of text-books,
the Siddhantas,® the contents of which, though supposed to be
derived from divine sources are strongly influenced by Greek
authors. Prior to the Greek influence, we had ceremonies like
dvadasaha (lasting for twelve days),sadaha (lasting for siz days),
tryaha (lasting for three days) besides daréa-pirnamisa ceremo-
nies connected with the New Moon and Full Moon. But the week
of seven days (Saptaha) was unknown in India. This concept of
week and the dedication of each day to the deity of one of the
seven planets, now appears for the first time. It is difficult to say
whether names of the planets were borrowed by Greeks from
India or vice versa, but they became common, e.g,, Aévajit or
Asphudit (Aphrodite). Dyugatih or dyaus or Jiwa (Zeus), Heli
{Helios), &c., while the zodiacal signs have superseded the earlier
but totally different twelve star-groups connected with the
Sun’s motion, and proclaim their origin by their names:

Kriya, Tavuri, Jituma, Karkin, Leya, Pathena, Juka, Kaur-
pya, Taukshika, Akokera, Hridroga, Ittha,

;orresPonding to K peds, 'Ta,:,,,og,l Aluuos, Kapxlvos, Ador,
;I [I ag?e:og, Zuyov, Zropmivs, Tokdrys, A Iybeepas, “Tpoydos,
x6us™

A great many other Greek terms connected with geometry,
astronomy and astrology have also been transferred from Sans-
krit works to Greek and vice versa, This conclusively shows the
mutual influence on astronomy. Indian authors never failed to
acknowledge the ideas they borrowed from Greeks, e.g. Varzha-
mihira quotes the Yavanas or peuples of the west as authorities
for some of the scientific statements he makes. The name of the
Romaka Siddhanta (which is at least as old as A.D. 400) alse
points in an unmistakable manner to its origin in one of the pro-
vinces of the Roman Empire.

1, The Romakaor Pawlida Siddhanta (before 400 A, D.), See Varghamihira's
the Pancasiddhantska (about 570 A,D., Varghamihira died in 587 A.D.). The
original S%Wrya-siddhanta was prior to Varghamihira, the madern edition is

. perbaps of the 13th century. See J. Burgess “‘Notes on Hindu .Astrouomj’
J. R. A. S,, October 1893, p..742, V
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) Earth as a Sphere
The astronomers of the Siddhantas taught that the Earth
is a sphere, unsupported in space, and they reject the ancient my-
thological notion that it is supported by some animal like $esani-
ga (serpent), kacchapa (tortoise), or diggajas (elephants) which
in turn rest on another, and so on, until the support of the last
one after all has to be left unexplained. Bhaskara II, about
AD. 1150, who comments on the absurdity of this, also rejects
the idea that the Earth is perpetually falling, since it would fall
faster than an arrow shot upwards, on account of being heavier,
so that an arrow could never again reach the Earth.! Round the
Earth the planets are moving, all with the same linear velocity.
The diameter of the Earth is 1600 yojanas, the distance of the
Moon is 51,570 yojanas (or 64.5 times the radius of the Earth,
nearly equal to Ptolemy’s greatest distance, 64}), while the dis-
tances of the other planets result from the assumption of
equal velocities.? The equation of centre of the planets
is found by an epicycle and to this arrangment the Hindus
add one of their own invention, by assuming that the epi-
cycle had a variable circumference, greatest when the planet is
at apogee or perigee and least at 90° from these, when the equa-
tion reaches its maximum. This contrivance of an oval epicycle
was by some astronomers applied to all the planets, by others
(Brahmagupta and Bhaskara) only to Mars and Venus, by others
it was altogether rejected®* Why they complicated the calculation
in this way is not clear. Aryabhata I of Kusumapura or Patali
putra, born A.D, 476, made another deviation from the Alexand-
rian doctrines, as appears in the Brahma-sphuta-siddhanta of
Brahmagupta, wherein he quotes the following from Aryabhata:
“The sphere of the stars is stationary, and the Earth, making a
revolution, produces the daily rising and setting of stars and
planets.” Brahmagupta rejects this idea, saying: "If the Earth
moves a minute in a prapa, then whence and what route does it
proceed? If it revolves, why do mot lofty obiects fall 7" But his
commentator Caturveda Prthudaka Svami replies : “Aryabhata’s

1. As. Res.XIL p.229 (Essags, I, p. 394).
2. The distances are prc:portienal‘ to the orbital periods of revolution, but for
Mezxcury and Venus tothe periodsin the epicycles.

»

(oo oo s, . .40,

3. For further :détails see- &s, Res. IL p. 251 (Davis) and XIL p. 236

-
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opinion appears nevertheless satisfactory, since planets cannot
have two motions at once : and the objection, that lofty things
would fall, is contradicted; for every way the under part of the
" Earth is also the upper; since wherever the spectator stands on
the Earth’s surface, even that spot is the uppermost spot.,*

Earth rotation by a current of aerial fluid

It is very interesting to see the theory once advocated by
Herakleides of Pontus transplanted on Indian soil, especially when
we remember that Seleukus, the Babylonian, had adopted that
theory. From Rabylon the theory might easily find its way to
India, though it is of course equally possible that Aryabhata,
quite independently of his Greek precursors, hit on the same
idea. He appears to have accounted for the Earth’s rotation by
a wind or current of aerial fluid, the extent of which, according
to the orbit assigned to it by him, corresponds to -an elevation
of little more than a hundred miles (114) from the surface of the
Earth, or fifteen yojana's while he put the diameter of the Farth
equal to 1050 yojanas (of 7.6.miles each?). This was in accordance
with the general opinion of the Indians, that the planets are
carried along their orbits by mighty winds with the same velo-
city and parallel to the ecliptic (while one great vortex carries all
stars round the Earth in twenty-four hours, but that the planets
are deflected from these courses by certain invisible powers
having hands and reins, with which they draw the planets out
of their uniform progress. The power at the apogee, for.instance
constantly attracts the planet towards itself, alternately with
the right and left hand (like Lachesis in Plato's Republic), while
the deity at the node diverts the planet from the ecliptic first to
one side and then to the other. And lastly the deity at the con-
junction causes the planet to move with variable velocity and to
become occasionally stationary and even retrograde. This is
gravely set forth in the Surya-§iddhanta ,and even Bhaskara gives
the theory in his notes, though he omits it from his text.
Similarly Brahmagupta, although he gives the theory of eclipses,
affirms the existence of an eighth planet, Rihu, which is the
immediate cause of eclipses; and he blames Varzhamihira,

1. Asiat. Res, XII p, 227; Colebrooke's Essays, II, p. 392, N
2, Colebrooke. Notes and Illustrations to the Algebra of Brahmagupta. P
xxxviii) Essays, 1L, p. 467, ,
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Aryabhata and others for rejecting this orthodox explanation
of the phenomenon.!

Indian astronomy some times appears to be a curious mix-
ture of old fantastic ideas and sober geometrical methods of
calculation. But it is wrong to presume that these geometric
calculations were derived from froeign contacts. Indians have
always been fond of geometry (from the earliest times of the Vedic
rituals), and they from the very beginning realised the impor-
tance of applying geometry to astronomy, Side by side we find
Greek contacts also. As remarked by Colebrooke, the absence
of the most characteristic parts of Ptolemy's system, the
equant and the details of the theories of the Moon and Mercury
seems to indicate that Greek planetary theory must have been
introduced in India between the times of Hipparchus and Ptole-
my; and with the exception of the epicycle from the circular
form, the Hindus did not modify the theory or perfect it in
any way. The precession of the equinoxes they held to consist
in a liberation within the limits of 27° (Aryabhata says 24°) east
and west of its mean position, but they came much nearer to
the truth than Ptolemy did as regards the annual amount, as
they supposed the space travelled over in a century to be 1}°,

Contacts with Arabs

Notwithstanding some isolation of India from Europe
during the Middle Ages, her astronomy was destined to
exercise an indirezt influence on the progress of astronomy.
Through the conquest of Persia in the seventh century,
the Arabs, like the Greeks a thousand years earlier, came
in contact with India, from whence physicians and astro-
logers found their way to the court of the Caliph already
before the reign of Harun al Rashid. We possess a detailed
account of the manner in which the Indian astronomy was
introduced at Baghdad, from the pen of the astronomer Ibm
al Adami (who died before 920), confirmed by the celebrated
memoir on India by Al Beruni, written in 1031% In the year
156 of the Hijra (A. D. 773), there appeared before the Caliph
Al Mansur a man who had come from India; he was skilled in

L. Asiat, Res. XII,pp. 238, 241; Essays, I, pp, 398, 407,
Z.Hankel.Zur Geschichte .der Mathematik im Alterthum and Mittelalter,
. Leipzig, 1874, p. 229; Cantor, Gesch. d, Math, L p. 656,
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the calculus of the stars known as the Sindhind (i. e. Siddhanta),
and possessed methods for solving equations founded on the
kardagas (i. e. kramajy3z, sines) calculated for every half degree,
also methods for computing eclipses and other things. Al
Mansur ordered the book in which all this was contained to be
translated into Arabic, and that a work should be prepared
from it which might serve asa foundation for computing the
motions of the planets. This was accordingly done by Muham-
med ben Ibrahim Al Fazari, whose works the Arabs call the
great Sindhind, and from it an abstract was afterwards made for
Al Mamun by Abu Giafar Muhammed ibn Musa al Kwarizmi,
who made use of it to prepare his tables, which obtained great
renown in the lands of Islam. PBut when Al Mamun became
Caliph, he promoted these noble studies and called in the most
learned men in order to examine the Almagest and make instru-
ments for new observations.

Arabs and Greeks

The account of which the above is an abstract shows us
clearly the origin of the study of astronomy and mathematics
under the Abbasid Caliphs. But though the first impulse came
from India the further development of Arabian science was
to a considerable extent founded on that of Greece and Alexandria.
It was through the court physicians from the flourishing medical
school kept up by Nestorian Christians of Khusistan that a
knowledge of Greek Phllosophy and science was first spread
among the subjects of the Caliphs; and by degrees the works of
Aristotle, Archimedes, Euclid, Apollonius, Ptolemy, and other
-mathematicians were translated into Arabic. Fresh translations
of Ptolemy were made from time to time in the various king-
doms into which the vast empire of the Caliph was soon split
up,’ and a thorough knowledge of Ptolemaic astronomy was thus
spread from the Indus to the Ebro. There were several special
inducements for Muhamedans to pay attention to astronomy,
such as the necessity of determining the direction in which the
1. The earliestis probably that of Al Hasgag ben Jusuf ben Matar early in the

ninth century. See Suter, Die Mathematiker und Astronomen der Araber
und ihre Werke. Leipzig, 1900 (p. 9), which valuable bibliograpical summary
has been follwed by J. L. E. Dreyer as regards names and dates (J. L. E,

Dreyer's A History of Astronomy, 1953; we have reproduced thls account
from his chapter XI)
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Afaithful had to turh during prayers, also the importance of the
lunar motions for the calendar, and the respect in which judicial
astrology was held all over the East. The Caliph Al Mamun,
son of Harun Al Rashid (813-833) is the first great patron of
science, although the Omayyad Caliphs had much earlier an
observatory near Damascus, and the Jew Mashallah (who died
about 815) had already before the reign of Al Mamun won a
name asan observer and astrologer. But the Damascus observa-
tery tecame quite eclipsed by that erected at Baghdad in 829

* where continuous observations were made and tables of the pla-

netary motions constructed while an important attempt was made

to determine the size of the Farth. Among the astronomters of

Al Mamun and his successors one of the greatest was Ahmed ben

Muhammed Al Fargani (afterwards known in the West as Alfra-

ganus), whose Elements of Astronomy were translated into Latin

in the twelfth century and contributed greatly tothe revival of
science in Europe.! Tabit ben Korra (826-901) was a most
prolific writer and translator, but is chiefly known in the history
of astronomy as a supporter of the erroneous id_ea of the oscilla-
tory motionof the equinoxes. A younger contemporary of his,

Mubammed AYBattani (died 929), was the most renowned of all

the Arabian astronomers and became known in the West in the

twelfth century (under the name of Albategnius) by the trans-

Tation of the introduction to his tables? Already in his time

the power of the Caliphs had commenced to decline, and they

- soon lost all temporal power. The study of astromomy was,

however, not influenced by this loss of patronage, as the Persiam

family of the Buyids, who in 946 obtained possession of the post
of Amir-al-Omara (corresponding to the Frankish Major Domus)
took over the role. of patrons of science, so long and so
bonourably carried on by the Abbasid Caliphs. Sharaf al Daula
built it 988 a new observatory in the garden of his palace, and

among the astronomers who worked there was Muhammed Abu 't

Wefa al Buzjani (959-998), who wrote an Almagest in order to

1. fé?gt printed at Ferrasa in 1493, See the edition of Golius, Amsterdam,

2. Translated by Plato ef Tivoli, First Printed in 1537 after the book of
.Alf_azg?m,. Dreyer hasused the edition of Bologna, 1645, and a new edition
" which is now being published by C. A. Nallino, of which the Arabic and &

Latin ranslation of the text have already ap
: : peared (Pubbl, d, R, ©,
terie dz ‘Byram;in Milano, No, 40, 1899-1903), ‘ ’ serves
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make the contents of Ptolemy’s work accessible to the less
learned. In the nincteenth century this book gave rise to a
long controversy, which we shall presently consider somewhat in
detail. |

Western Countries under Islam

In the eleventh and twelfth centuries we do not find any
names of conspicuous astronomers in Muhammedan Asia.
But the western countries under Islam had in the meantime
becomz ready to do their share of the work of keeping the
mathematical 'sciences alive. In the Fatimite -kingdom of
Egypt Ali ben Abi Said Abderrahman ben Ahmed ben Junis,
generally called Ibn Janis(died 1009), was distinguished both as
an astronomer and a poet, At Cairo a liberally equipped
observatory enabled him to verify the planetary theories which.
had once been developed in the neighbouring Alexandria. and
in token of his gratitude to the reigning sovereign, Al Hakim,
he named his work the Hakemite Tables.! We have to pass to
the farthest west' to find the next astronomer of mark in the
person of Ibrahim Abu Ishak, known as Al Zarkali (in Europe
afterwards called Arzachel). He was a native of Cordova, lived
atout 1029-1087, and  edited planetary tables called the Toledo
Tables? In the following century we find two celebrated
astronomers of Seville, Gabir ben Aflah, known as Geber (died
1145, often mistaken for the great alchemist, Gabir ben
Haijan, in the eighth century)® and Nur ed-din al Betrugi
(Alpetragius), both of - whom raised objections to the
planetary theories of Ptolemy, though they failed to produce
anything better of their own. Spanish astronomy continued
to flourish for a while, although the power of the Arabs in the
Peninsula was rapidly declining, and it produced in the thirteenth
century a very remarkable man, who, although a Christian
king, must beincluded in this account of Arabian astronomy,

1. Caussin has published an extractinwol. vii of the Notices et Extraits des -
manuscrits {Le livre de la grande table Hakemite)., Other Chdpters, trans-
lated by the elder Sedillot but never published, are ceviewed by ’Delambre,
Hist, ded astr. du Moyen Aga. p. 95 sqq.

®». Never published, Delambre, 1, c. p 176, and Stemsc'hnexder, Etudes sur
Zarkali, Bullettino Boncompagni T. xx, p. 1. :

3 The word algebra has also sometimes erroneously been connecte& with his

name.
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as he owed all he knew about the science to the example and the
teaching of Muhammedans and Jews. King Alfonso X, of
Castille named elSatio (1252-1284), followed the example of
the Caliphs and called astronomers to his court to assist in the
-preparation of the renowned Alfonsine Tables.

With Alfonso the study of astronomy disappeared from
Spain, but not before it had been revived in the East. In 1258
the still existing but shadowy Caliphate of Baghdad was swept
away by the Mongol conqueror Hulagu Khan, grandson of Genghis
Kban; but already in the following year this great warrior liste-
ned to the advice of his new vazier, Nasir ed-din al Tusi (born at
Tus in Khorasan in 1201, died in  1274), and founded a great and
magnificient observatory at Merzgha, in the north-west of
Persia, In this observatory, which was furnished with a large
numter of instruments, partly of novel construction, Nasir ed-din
and his assistants observed the planets diligently and produced
after twelve years labour, the * Ilokhanic Tables,” Among the
astronomers of Meragha seems to have been Juhanna Abu ‘]
Faraj, called Bar Hebraya, or the son ofa Jew. He was a
Christian, born in 1226 and from 1264, till his death in 1286
Maphrian or Primate of the Eastern Jacobites. He left a well-
known chronicle and an astronomical work, both written in
Syriac, as well as other writings. The observatory at Meragha
had not a long life, and Asiatic astronomy had to wait a century
and a half, until the grandson of another terrible conqueror
erected another observatory. Ulug Begh, grandson of Tamerlan,
drew learned men to Samarkand and built an observatory there
about the year 1420, where new planetary tables and a new star
catalogue, the first since Ptolemy’s, were prepared. Ulug Begh
died in 1449, he was the last great Asiatic protector of astro-
nomy; but just as the Eastern countries saw the star of Urania
setting, it was rising again for Europe,

" In thisreview of Arabian astronomers we have only men-
tioned a few, omitting several names of distinction, whose

1 Lelivre de¥' ascension de I’ esprit sur la forme du ciel et de la terre. Cours
d’ Astronomie redige en 1279 par Gregoire Aboulfaxag, dit Bar Hebraeus,
Publie par F. Nau, Paris, 1899-1900 (2 parts, Syxiac and French). . His
chronicle istheschief authority for the fable about the burning of the
Alexandrian Library by order of the Caliph Omar, For a very thorough

- reﬁztaﬁop of this see Butler, The Arab Conquest of Egypt, Oxford, 1902
| PP 401426, ’ :
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owners devoted themselves to other branches of astronomy.
Though Europe owes a debt of gratitude to the Arabs for keeping
alive the flame of science for many centuries and for taking
observations, some of which are still of value, it cannot bte .
denied that they left astronomy pretty much as they found it.
They determined several important constants anew, but they
did not make a single improvement in the planetary theories.
It will therefore be sufficient to enumerate the improvements
attempted and the opinions held by Arabian astronomers with-
out keeping strictly to the chronological order, although we are
here dealing with a period of about six hundred years and mrn
belonging to very different nations, who had little in common
except their religion and the language in which they wrote.

Figure of Earth

Turning first to the question of the figure of the Earth, we
find a remarkable contrast tetween Furope and Asia. In the
world under Islam there was an entire absence of that hostility
to science which distinguished Europe during the first half of
the Middle Ages. Though we learn from Kazwini's Cosmo-
graphy® that some of the earlier . Arabs believed the Earth to te
shaped like a shield or a drum, still there is no record of any
Arabian having been persecuted for asserting that the Earth is
a sphere capable of being inhabited all over. Whether this was,
in consequence of the warriors of the Caliphs having carried
their arms to the centre of France on one side and to the borders
of China on the other while their merchants travelled south-
ward to Mazambique and northward to the centre of Asia,’ is
another question : anyhow, the fact of the Earth being a sphere
of very small dimensions in comparison to the size of the uni-
verse was accepted without opposition by every Arabian scholar,
and the very first scientific work undertaken after the rise of
astronomy among them was a determination of the size of the
Farth. It was carried out by order of the Caliph Al Mamun
in the plain of Palmyra. According to the account given by
Ibn Junis, the length of a degree was measured by two observers .
between Wamia and Tadmor and by two others in another loca-
lity, we are not told where. The first measure gave a degree

1. Zakarija Ben Muhammed Ben Makm¥d El Kazwini's Kosmographie, deutsch
vorn H, Ethe, Leipzig, 1868 p. 295, ‘
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equal to 57, the second one equal to 565 Arab'ian miles of 4000
black cubits, and the approximate mean, 563 miles, was adopted
as the final result, the circumference of the Earth being 20,400
miles and the diameter 6500 miles. Another report. by Ahmed
ben Abdallah, called Habash, an astronomer under Al Mamun
(quoted by Ibn Junis), states that a party'of obscx;vers (no names
given) proceeded along the plain of Sinjar until they found a
difference in meridian altitudes, measured the same day. equal
to one degree, while the distance travelled over was found to
be 56} milest. Probably two different determinations were made.
If the “black cubit” is the Egyptian and Babylonian cubit of
505 mm.2, the mile would be=2100 m. and 563 miles=119,000
xﬁeters, rather 2 large result.

The doctrine of the spherical earth remained undisputed in
the Muhammedan learned world, though the curious error of
assuming that the level of the sea was higher on some parts of
the Earth than on others appears to have found some adherents
among Arabian writers ‘as well asin Europe? We may, there-
fore, at once pass on to the motions of the heavenly bodies. Al
Battani determined the longitude of the Sun’s apogee and found
it=82° or 16° 47* more than Ptolemy had given. As he believed

1 Caussin, Not. et Extraits. vii. pp. 94-96 ; Delambre, Hist. de l'astr
du Moyen Age. pp. 78 and 97; Shems ed-din, Manucl de la cosmographie,
"traduit par Mehren, Copenhague. 1874 p. 6. Suter, p. 209, mentions a
third report (from Ibn ChallikAn’s Biographical Dictionary), according to
which the sons of Musa first measured in the plain of Sinjur and
afterwards as a testat Kufa, by order of Al Mamun., The eldest
of the soms of Musa died 41 years after Al Mamun, and the names of the
observers in the fixst report are different, so that the thixd report is not tw
be relied on. Al Fargani merely gives 564 miles as the result of Al Mamun,
According to Shah Cholgii Astronomica . . . . studie et opera loh. Gravii, Lon~
" don, 1652, p. 95, Ala ed-din Al Kusgi (one of the Ulug Begh's astronomers)
gives the circumference of the earth==8000 parasangs. As a persian parasang
. =30 stadia (Hultsch; Griech u. Rom. Metrologie. p. 476) this would seem to
. be the value of Posidonius, 240,000 stadia. Kazwini (p. 298) gives the circu-
mierence =6800 parasangs on the authoxity of Al Berfni.

2. Hultsch p- 390.

3. Itdeserves to be mentioned that Shems ed-din of Damascus (1256-1327)
- explains the great P;e;ionde:ance of dry land in the noxrthern hemisphere
. by the attraction of the Sun on the water, which is the greatest when the

Sunisin perigee, at which time it is nearly at its greatest south declination.
: Thatghis accumulation of water would not be a permanent one does not
_ eccur to him (Cosmographie, p. 4).
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that Ptolemy's value had been found by himself,! and as he
adopted 54" (or 1°in 66 years) as the annual amount of pre-
cession, there remained (assuming that 760 years had passed
since the time of Ptolemy) an outstanding error of 79"—54":=25"
per annum. In reality the annual motion of the solar apsides
is 113" ; still we may say that the discovery of this motion is due
to Al Battani, though he did not announce it as such ; in fact he
merely gives his own value as an improvement on that of
Ptolemy. Even Ibn Junis (who found 86°10") did not suspect
that the apogee was steadily moving but merely says that it
must be corrected for precession (1°in 70 years), and remarks
that the longitude of the apogee is very difficult to determine
accurately.? On the other hand, Al Zarkali found a smaller
value, 77° 50’ and as he also found a smaller value of the eccen~
tricity he thought it necessary to let the centre of the Sun's
eccentric orbit describe a smaller circle, after the example set by
Ptolemy in the case of Mercury.? The inclination of the ecliptic
which the Greeks had found—23° 51 20" was by the astro-
nomers of Al Mamun found—23° 33" (in 830), by Al Battani
(in 879), and by Ibn Junis 23° 35"*, When Al Zarkali found 23°
33',he, and afterwards Abu 'l Hassan Ali of Morocco, concluded
that the obliquity oscillated between 23° 53 and 23° 33’, an idea
to which the prevailing belief in the “trepidation” of the equi-
nozes lent countenance.® ' ‘
Moon and its orbit

If we now turn to the Moon, we do not find that the
Arabs made any advance on Ptolemy. Several of them noticed
that the inclination of the lunmar orbit wasnot exactly 5°, as
‘stated by Hipparchus. Thus, Abu’l Hassan Ali ben Amagiur
early in the tenth century says that he had often measured the
greatest latitude of the Moon and found results greater than that
1. Scient. Stell, Cap. xxviii. Bologna, 1645, p. 72; Nallino. p. 44. At the end
of Cap. xlv. he says the apogees of the Sun and Venus.are both in 82° 14,

and Il;n Junis also gives 82° 14’ as the value found by Al Battani (Caussin,

p. 154
2. Caussin, pp. 232 and 238. Abu'l Faraj gives 89° 28" for the year 1279 (». 22).

3. Sedillot, Prolegomenes aux tables astton, d’ Olough Beg (1847), pp. lxxx-lxxxii.
Riccioli, Almag. Nowum, 1. p. 157,

4. Caussin. p. 56. For A.D. 900 Newcomb gives 23° 34/ 54", with a diminution
of 46” per century, so that the Arabian astronomers erred less theh 1’

5. Aboul Hassan Ali, Traite des Instruments astrom. des Arabes: T Lp. 175
Sedillot, Memoire sur les instr. astr. des Arabes, p. 32, .
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of Hipparchus, but varying considerably and irregularly. Ibn
Janis, who quotes this, adds that he has himself found 5° 3" or 5°
8’, while other observers aresaid to have found from 4° 58’ to
4° 45'Y  Want of perseverance and of accurate instruments
caused them to miss a remarkable discovery, that of the
variation of the lunar inclination.

Abu ’l Wefa and his Almagest

But an even more remarkable discovery has been claimed
for an Arabianh astronomer. In 1836 the younger Sedillot
announced that he had found the third inequality, the variation,
distinctly announced in Abu 'l Wefa’s Almagest. A {ierce
controversy raged for a number of years as to the reality of
this discovery, Sedillot alone defending his hero with desperate
énergy and refusing to listen to any arguments, while Biot,
Libri and others asstrenuously maintained that Abu 'l Wefa
simply spoke of the second part of the evection, the prosneusis
of Ptolemy. The fight had died out when, in 1892, Chasles
suddenly took up the cud;els for Sedillot and pointed out what
seemed to him to be some contradictions in Ptolemy’s statement.?
Nobody answered this until Bertrand did so in 1871; he called
attention to several inaccuracies in the text of Abu'l Wefa as
we possess it now, and also showed that Abu 'l Wefa did not
add his "mohazat” to the prosneusis, the latter not being
included in his “second anomaly.”® It is unnecessary to enter
into a more detailed account of the controversy; but to show
that any weapon was considered good enough with which to
defend Abu 'l Wefa, it may be mentioned that Sedillot and
Chasles tried to prove that Tycho Brahe must have copied his
discovery from Abu 'l Wefa, because he calls it hypothesis
redintegrata. Tycho used this same phrase in speaking of his
own planetary system, which he most emphatically claimed as
" 1. Sedillot, Prolegomenes. p. xxxviii, M ateriaux pour servir ¢ I’ hist, des scienc~
es chez les Grecs et les Orientqux, T. 1. p. 283. The sons of Musn ben Sakix
(about 850) seem to have been the first to find a value diffexing from that
of the ancients. Abraham ben Chija, a Jewish writer who lived about A.
D. 1100 says that Prolemy found 5°, but that according to the opinion of
the Ishmaelites it is 44° (Sphaera mundi, Baslé. 1546 p. 102).

2. Lettre a M. Sedillot sur la question de la variation lunaire, Paris, 1862, 15 pp.
4° and"Comptes Rendus, vol. 54, P. 1002,

o ® fg;ptes Rendus. vol. 73, pp. .581, 756, 889 s Journal des Savants, 11 Qet.
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an original discovery, and which he vigorously defended against
other claimants. In future it will be hopeless for anybody to
claim the discovery for Abu 'l Wefa as the matter has now been
thoroughly sifted, both by mathematicians and orientalists.

The Almagest of Abu 'l Wefa has never been published in
full, but there are three translations of the chapters in guestion,!
which only differ in some trivial points. In no part of the book
does he make any advance on Ptolemy or claim to have made
any new discovery, and in speaking of three inequalities he
merely does what the other Arabian astronomers do.* He begins
by describing the first (equation of the centre) and the second
(evection) and states when they reach their maxima. He then
says that we have found®a third inequality, which takes place
when the centre of the epicycle is between the apogee and the
perigee of the eccentric, and which reaches its maximum when
the Moon is about a tathlith or a tasdis from the Sun, while it is
insensible in syzygy and quadrature. The maximum is 3°. He
explains that this is caused by a deviation of the line or apsides
of the epicycle, and he describes quite correctly the construction
adopted by Prolemy (whose name he does not mention), letting
the line of apsides be directed, not to the Earth but to another
point on the line of apsides of the eccentric. It is difficult for an
unbiassed reader to understand how anyone could fail to see that
Abu '] Wefa is simply copying Ptolemy. Sedillot maintained
that the words tathlith and tasdis mean the octants (where the
variation reaches its maximum); but every other orientalist who
has expressed an opinion, states that by their roots the words
correspond to the numbers 6 and 3, in other words, to elonga-
tions 60° and 120° {rom the Sun. This is in accordance with

1. By Reinaud, Munk, and de Slane(for Biot)in the Journal des Savants, Mar-
ch, 1845 (14 pp. the whole section on the Moon) ; by Sedillot, Materiaux, i.
pp. 45--49; and by Carra de Vaux, “L’ almagestz d° Abu 'l Wefa
Albuzdjani,” Journal asiatique, 8° Serie, T. xix. (1892), pp. 408--471
(translation on pp. 443-44). Most of the chapters on the planets are lost.

2. The unknown author of a short resume of astronomy (in the Bibl. Nationale)
even calls the inequality of prosneusis the first equation (Carra de Vaux,
l.c. p. 460). This is not unreasonable, since the equation of the centre

. must be taken from the lunar tables, using as argument not the mean
anomaly but the latter corrected for the effect of the prosneusjs.

3. He uses exactly the same expression when speaking of the first and second
inequalities.
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facts, as Biot has shown from the Ptolemy’s numerical data that
the deviation of the line of apsides reaches its maximum value
of == 13° 8 9 in elongations 90° == 32° 57°.5.' But it must be
acknowledged that the words in question are also used very
vaguely, e. g. by Abu 'l Wefa himself, who says that the velocity
of the superior planets after emerging from the Sun’s rays dimi-
nishes gradually till their distance from the Sun is about a
tathlith, when they become stationary. It looks almost as if these
words might be used to denote any elongation outside syzygy
and quadrature.?

If Abu 'l Wefa had made a new discovery, we should have
expected later Arabian astronomers to have alluded to it. But
not one of them gives anything but interpretations of the lunar
theory of Ptolemy, and in expressions very similar to those
employed by Abu 'l Wefa. Attention was at once ¢alled to
this fact, and Isaac Israeli of Toledo (about 13L0) and Geber of
Seville were quoted as examples,® though it would, of course, have
been quite possible for these two writers to have remained
ignorant of whatever progress astronomy might have made in
the school of Baghdad. But this objection does not apply to
Nasir ed-din al Tusi, in whose review of the Almagest and Mem-
orial of Astronomy the inequalities known to Ptolemy and no
others, are described and credited to Ptolemy®; not to Mahamud
al Jagmini (about 1300) , who wrote a compendium (mulachchas)

1. Journal des Savants, 1843, p. 701 (“Sur un traite arabe relatif al' dBazo-
nomie,” Reprint, p. 47).  This deviation does not reprasent%e amount
of the correction to the Moon’s place as seen from the Earth, so that there
is not any contradiction in Ptolemy's account.

2. Carra de Vaux,l. c.p. 466, The Arabs had no word for “octants.” Nosiz-
ed-din on one occasion wants to mention them, and has to call them “the
points midway between syzygy and quadrature.”

Isaac Israeli repdtedly speaks of these inequalities discovered by Prolemsy,
‘twooi which are not found at conjunetion and cpposition. Liber Jesod,
Olam sew Fundamenmtum Mundi auctore R, Isaac Israchi Hispano, section
I ch.8and sect. v.ch.16, Part . p. xxiv Part IL p. xxxi (Berlin, 1848
and 1846 ; this publication is not mentioned by Carra de Vaux).

C. de Vaux, “Les spheres celestes selon Nasix Eddin Attusi”, Appendix

‘P Tanhery's Recherches sur 1" astr. anc. p. 342, and Journ. asiat. 1892,
: "\41&459 "The third anomaly is that of the prosneusis; it is called the
e oqumen. of the proper motion” (i.e. of the motion onthe epicycle).
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of astronomy.? Nor can any objection be raised to Abu'l Faraj

(Bar Hebraeus), and it would te impossitle to explain more

clearly than he does the effect of the prosneusis. He says: '* The

third inequality is the angle formed at the centreof the epicycle
by two lines which are drawn, one from the centre of the univ-
erse and the other from the point called the prosneusis, at the end
of which is the apogee of the epicycle, at which commences the
proper motion, and which is called the mean apogee. The apogee
which is at the end of the line drawn from the centre of the uni-
verse is called the apparent one. The point proseneusis ison theside
. of the perigee of the eccentric, 10 parts 17 minutes from the centre
of the world® which is itself at the same distance from the centre
of eccentric. The maximum value of this angle is 13 parts 9 minutes
when the Moon is a crescent or # gibbous, that is, near the hexagon
or trigon with the Sun. In fact, when the epicycle is four or
eight signs distant from the apogee of the eccentric, the Sun is
itself two or four signs distant from [the centre of the epicycle]
because it is half way between this centre and the apogee. In
the tables, this inequality of the two apogeesis called the
first angle and is included in the motion of the centre.””® While
this describes the construction of Ptolemy as clrealy as
possible, at the same time the a¥reement of the account with
that of Abu’ 1 Wefa is perfect. Abu’l Faraj even (like Nasir ed-
din) describes as a fourth inequality in longitude that caused
by the motion along an orbit inclined to the ecliptic, so that he
would not have neglected to describe the variation, if it had been
found by an astronomer of Baghdad. We may add that the

Jewish writer Abraham ben Chija (A. D. 1100), in his Sphaera

Mundi, also describes the “aberration™ of the apside of the epi-

cycle, chiefly “in sextaet tertia parte mensis.”™

1, Translated by Rudloff and Hochheim, Zeitschrift der Deutschenw Morgen-
land Ges, XLVII pp. 213—275, He describes {p. 249) how the line of
apsides is directed toa point called “‘the correspending point,” and nges
its pagition correctly, The inequality he calls the dewiation. T ﬁi

2. Nasir ed-din gives 107 9", T

3. Le livre de I’ ascension, & ¢, T, II, PP, 2030, Two codicesadd a&et ﬂm%
word prosneusis : “*This is the point mohazat,”

4, Sphaera Mundi (1546, ed. Schreckentuchs), p. 75. Munstes's commentary
to the Hebrew text (p. 116) has *‘cum centrum est im sextili aut trino
aspectu [id est, quando abest a sole duobus signis aut quataor]” ;e the words
in brackets are not in the Hebrew original. The words “sixth” and *‘third"

are unmistakable (shithith and shelishith). Apparently no one has hitherto
thought of consulting Abraham ben Chija. .
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Abu 'l Wefa and Ptolemy

Therefore, Abu 'l Wefa did not know a single thing about
the motion of the Moon which he had not borrowed from
Ptolemty. But the prosneusis of Ptolemy ismot the variation
discovered by Tycho Brahe. The latter depends solely on the
elongation of the Moon front the Sun, as it is¥ -+39" .5sin 2c,
while it is beyond the power of mortal man to express the effect
of the prosneusis without the anomaly. Ptolemy’s exprssion for
all the inequalitiesin longitude assumed by him, when developed
analytically, found to contain, in addition to terms represening
the equation of the centreand the evection, the latter being

+1°19'5sin  (2e~—m),
a very considerable term

+17.8 sin 2¢ [cos (2e+4-m) -2 cos (Re~-m)],
where s is the elongationt and m the mean antomaly.!

Obviously this term has nothing in common with the varia-
tion, except that it disappears in the syzygies and quadratures.
Tycho Brahe did not hang his new term on to the unaltered
Tunar theory of Ptolemy, and by doing that we should in faet
only spoil the latter and make its maximum error rise to more than
a degree® Owing to the insyfficienicy of the observations at his
disposal, Ptolemy could only perceive that there was some out
standing inequality after allowing for the evection, only appearing
outside the syzygies and quadratures, but he was neither able tor
find the law which governed the phemomenon, nor wis he aware
what a Jarge quantity it represemted ; he could only tinker up
his constructions a little, and in this he was most faithfully
followed by the Arabs, who added mothing to what he had done
and left it to the reviver of practical astronomy to discover the
third lunar inequality, '

Al Fargani and others on Planets

Passing to the five planets, we find that, generally speaking,
@-‘”"‘%W attempts were made to improve the work of Ptolemy.
‘Biit-the Arabs were not content to consider the Ptolemaic system

e i AT Ty .
P. Tannesy, Recherches, p, 213, Another expansion of Ptolewmy's lunax
inequalities in @ series was given by Biot, Journal des Suwants, 1843, p. 703
(Repsint, p. 49). :

P. Kemp#, Untersuchungen uber die Ptolemaische Theerie der Mondbewsgung,
Beslin, 1878 (Inaug, Diss,), p, 37,
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merely as a geometrical aid to computation; they required a real
and physically true system of the world, and had therefore to
assume solid crystalspheres after the manner of Aristotle. Above
the Moon is the Alacir, the fifth essence, which is devoid of light-
ness and heaviness, and is not Perceptible to the human senses; of
this substance the spheres and planets are formed.! Already in the
book of Al Fargani we find the principle adopted which we have
seen dates from the fifth century (Proklus) and which became
universally accepted in the Middle Ages, that the greatest distance
of a planet is equal to the smallest of the planet immediately
abowe it, so that there are no empty spaces between the spheres.?
The semidiameter of the Earth is by Al Fargani given as 3250
miles, which corresponds very nearly to Al Mamun’s 563 miles to
a degree, if we put 7=2% Starting fiom Ptolemy’s distances of

Greatest Distance of | Al Fargani] Al Battani | Abu 'l Faraj®
Moon 64¢ 641 | 64
Mercury " 167 166 174
Venus ol 1 1073 1.160
Sun . 1220 1.1464 1,260
Mars ‘ 8:876 8.022 | 8820
Jupiter 14,405 12,924 14:259
Saturn ' 20,110 18,094 19,963

the Moon and the Sun, it was easy to express the other distances
in semidiameters of the Eartb, the ratios between the greatest and

1. Al Battani, cap. 50 (p. 195).

2, Al Fargani, cap. 21 (ed. Golius, p. 80). Much later, Maurolycus in his
Cosmographia (Venice, 1543, f, 20a) proves that Mercury and Venus must
be below the Sun, by pointing out that there would otherwise be a large
vacant space between the Sun and the Moon.

pp. 189-191.

So in Nallino’s ed. (Milan, 1903 p, 121) the ed. of 1645 has 1176, -«

The ed. of 1645 has 12, 420; obviously an error, as the ratio of greatest to
smallest distance is given as 37:23 for Saturn 7:5 (misprinted 7:2), or ‘“‘quan-
titas unius et duarum quintarum ad unum” (p. 199). Nallino’s ed (Milan
1903) bas 12,924, Abraham ben Chija has 12,400. :

o
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smallest distances being in substantial agreement with the theory
of Ptolemy. Al Battani also gives a similar set of figures, though
with some slight differences. He does not mention peculiar treat-
ment given by Ptolemy to the theory of Mercury. The above
table gives the distance expressed in semidiameters of the Earth.

Al Kusgi and diameters of planets

Al Kusgi, one of the astronomers of Ulug Begh, gives a list
of the semidiameters of the “concavities” of the planetary sphe-
res (i.e. the smallest distances of the spheres) expressed in para-
sangs, the diameter of the Earth being 2,545 parasangs.’ Expres-
sed in semidiameters of the Earth, the figures turn out somewhat
differrent from those given above, e.g. the smallest distance of
the Sun being 1,452 and the greatest of Saturn 26,332, but he
does not supply any means of making out how these figures were
found. :

Before leaving this subject, we shall also give the diameters
of the planets according to Al Fargani, as they became known in
Europe at an early date and were quoted by Roger Bacon und
others? With trifling variations the same values are given by Al
Battani, Abu 'l Faraj, and Abraham ben Chija.

Apparent True Diameter
Diameter (Eaxth’s==1)

Moon in apogee = .. ae - 3L . 1 : 3%
Mercury, mean dist. wee s 7% Of Sun’s ... £F

Venus 2w e e e T v e 1 : 3%
Sun R 1 114 5%
Mars 5 ees v ws 75 0f Sumn’s ... 1%
Jupiter ., . en e Fgof Sun’s ... 4 + 4%
Saturn 5 a e e e P 5w e 4%

Al Kazwini, Abw’l Faraj and

Al-Jagmini on Excentric Spheres of the Sun

The system of the sphergs is set forth in greatest detail in
three treatises of later date, the cosmograpy of Zakarija ben
Muhammed ben Mahmud al Kazwini (about 1275), the astronomy

1. Astronomica Shah Chelgii, pp. 9597.
2. Theze ave some slight differences between the figures given in the various
editdons (JILE. Dreyer bas compared those of 1493, 1546, and 16¢9), but
'those glvendbove agree with the cubic contents according to Al Fargami.
. _The figures z‘ﬁ‘Kazwin_i seem to have been greatly corrupted.
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of Abu’l Faraj, written in 1279, and that of Mahmud ibn
Muhammed ibn Omar al Jagmini, whose date and nationality are
equally uncertain, but who probably wrote in the thirteenth
or fourteenth century. We find in these text-books an elaborate
system of spheres designed to account for every particular of
planetary motion, in perfect agreement with each other as to the
general arrangement of the spheres, and offering nothing new as
to lunar or planetary theory. The accompanying figures (taken
from Jagmini) will illustrate the ideas better than a lengthy des-
cription. The Sun is a solid sperical body, fitting between two
excentric spherical surfaces, which touch two other swefaces, in the

Fig. 1.—Planetary motions and system of spheres,

1. The Sun. 2. Excentric sphere. 3. The surrounding
spheres. 4. The complement of the surrounding sphere.
5. Centre of the world. 6. Centre of the excentric
sphere. :

common centre of which the Earth is situated, and which between
them enclose a space (or intersphere, as Abu 'l Faraj calls it), named
by Jagmini al-mumattal, or the equably turning sphere, which has
the same motion from west to east as the fixed stars, i.e. precession.
The spheres of the three outer planets and Venus are arranged
on the same plan, except that the place of the body of the
Sun is taken hy the epicycle-sphere of each planet, to the inner
surface of which the planet (a solid spherical body) is attached or
(as Abu 'l Faraj says®) “fixed like a pearl on a ring, touching the
1. Al Kusgi gives very similar diagrams of the spheres of the Saturn, Mercury,
.and the Moon,
2. Precession is supposed to be included in this, ‘‘the first motion.” The second
' (Continued on next page)
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surface in one point.”” The axis of the excentric sphere is incli-
ned to that of the mumattal sphere, which causes the motion i
latitude. The lunar system comprises an additional sphere outside
the others, the centre of which coincides with the centre of thz
world, and which is called al-gauzahar, signifying the cosntella

1

Fig, 2~~Splieres of Mercury

1. Upper Apsis. 2. Lower Apsis, Upper Apsis of deferent sphere,
g. Deferent sphere, 4 Lower Apsis of deferent sphere. 6, Ep?cycle:
. Mercury. 8. Surrounding complement, 9, Surrounded part of
Mumattal sphere, 10, Mudir sphere. 11. Centre of the wotld,
12, Centre of Mudir, 13, Centre of deferent sphere,

tion Draco, as this sphere provides for the revolution of the lunar
r_xodes (““the head and tail of the dragon™) round the zodiac. The
inner one of the two concentric spherical surfaces, between which
the excentrie sphere lies, surrounds immediately the fire sphere of
the Earth. The system of Mercury is more complicated, as a
- space had to be provided for the revolution of the centxe of the

(Continued from preﬁows page)

::ee is ;hat. of the concentric oblique intersphere (called the mail sphere or
the Sp! 0az:;;v: %ﬁectens) round the centre of the world, 11°9 per day, by which
t:hamufn: thétunar ‘apogee moves towards the west. The third motion is

t of the excentric, carrying the centre of the epicycle 24°22' towards the
sast. The fourth is the motion on the epicycle, Abu 'l Fazaj, p. 27
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excentric sphere. The figure shows the excentric sphere enclosed
in a sphere, al-mudir or the turning one, which allows the upper
apsis or apogee of the excentric or deferent sphere (3in the figure)
to move right round the outer surface of the madir. The inner
surface of the mumattal sphere immediately surrounds the
gauzahar sphere of the Moon.

It was a necessary consequence of the large solar parallax of
3’ accepted by Ptolemy, that Mercury and Venus must be very
near the Earth, since they are assumed to be nearer than the Sun.
Thus Abraham ben Chija says that the shadow or the Earth ex-
tends beyond the orbit of Mercury but does not reach that of
Venus.? Ptolemy never mentions the parallaxes of Mercury and
Venus, as to which nothing was known, though they ought, of
course, to be greater than 3'. But on the assumption that the
smallest distance of Mercury is equal to the distance of the Moon
at apogee, the parallax of Mercury ought to rise to 54', which
must have been felt to be too large a quantity, though it does
not seem to have struck Al Battani as anything surprising, per-
haps because Mercury cannot be seen when in inferior conjunc-
tion. It may have been this necessarily large parallax of Mercury,
which induced Ibn Junis (without any explanation) to reduce the
solar parallax from 3to 2', or rather to 1’ 57°* Geber® blames
Ptolemy for having said that the parallaxes of the planets are
insensible, and remarks that he ought, therefore, logically to have
placed Venus and Mercury above the Sun. He takes great pains
to show that Venus may be exactly on the line joining the Sun
and the Earth. Indeed, Geber neglects no opportunity of criticis-
“ing Ptolemy’s methods of finding the elements of the orbits,® and
he is generally very unjust to him but he does not venture to

1. Sphaera mundi, ed, Osw. Schreckenfuchs, Basle, 1546 pp. 84, 86,

2. Unpublished chapters of Ibn Junis, reviewed by Delambre, Hist. de astr.
du Moyen Age. p. 101,

3. Instrumentum primi mobilis a P, Apiano, Accedunt ijs Gebr: filii Afla
Hispalensis. . , libri IX, de astronomia, Norimberge, 1534, fol. (Introd. p. 3
and lib, VIL, p, 104),

4. See the long indictment on pp, 2-3 of his introduction. He blames Ptolemy
among other things for assuming that the centre of the deferentis half-way
between the centres of the zodiac and of the equant, while he himself
deduces this from the movements,



28 ASTRONOMY IN ANCIENT NATIONS

substitute any other system and does not object to the general
principles of the Ptolemaic system,!

Three great names :
Ibn Badja, Ibn Tofeil (Abubacer) and Abu Welid (Averroes)

Geber’s attempts to pick holes in the work of Ptolemy were,
perhaps, not unconnected with the rapid rise of Aristotelean philo-
sophy in Spain in the twelfth century, which, though not destined
to last long, nevertheless exercised a considerable influence on the
spread of knowledge of Aristotle in the Christian world, while it
cast a halo round the Caliphate of Cordova, which at that time,
under the enlightened rule of the Almohades, seemed to have
reestablished the glory of the best days of the Moslem world.
Three names are specially associated with this movement :

() Abu Bekr Muhammed Ibn Jahya al Sayeg, called Ibn
Badja (of Saragossa, died 1I139), known as Avempace
among the Scholastics ;

(i1) his pupil Muhammed ben Abdelmelik Ibn Tofeirl (of
Granada, died 1185-1186), called Abubacer by the
Scholastics ;

(iii) and finally the greatest philosopher of Islam, Ibn Rosd
Abu Welid, known as Averroes (1126-1198).

In studying Aristotle they laid special stresson his scientific
works, and did not, like their Christian successors, think of
little but dialectics. The acceptance of the system of homocentric
spheres or some modification of it must, therefore, have seemed a
necessity to the Arabian philosophers and this, of course, led
them to reject the theory of epicycles.. The little we know of the
opinions of Tbn Badja on this subject is found in the famous
work The Guide of the Perplexed of the great Jewish scholar
Moses ben Maimun of Cordova, better known as Maimonides,
who tells us that he had his information from a pupil of Ibn
Badja. Like Geber (with whose son he had been familiar),
Maimonides doubted that Mercury and Venus were nearer than

1. Copernicus possessed a copy of Geber's book; which is now in the Univer-
. sity library at Upsala, On the title rpage, after the author’s name, be hae
written : Egregu. Calumiatoris Ptolemaei,” while a number of marginal

notes show that he has read the book carefully, Curtze, Mittheilungen des
Coppe«mcus Vereins, 1, p. 37,
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the Sun, though he would not venture to say how they actually
moved.! But what is more important, he declared the motion of
a planet on an epicycle to be contrary to physical principles, be-
cause there are only three motions possible in this world : around
its centre, or towards it, or away from it; while he also main-
tained that according to Aristotle circular motion can only take
place round a real, central body.? Though Aristotle in reality
did not object to epicyclic motion with a mathematical point as
centre, for the simple reason that it had not been proposed when
he wrote, while, as we have seen, his moving principle had noth-
ing to do with the centre of motion, it iseasyto see that Ibn
Badja’s real difficulty was the same which afterwards produced so
many obstacles to the advance of science in Europe : whatever
could not be found in Aristotle's book must be unworthy of notice.
According to Maimonides (who, however, makes the reservation
that he had not heard it from disciples), Ibn Badja constructed a
system of his own, in which he only admitted excentric circles but
no epicycles. We are not given any particulars as to thissystem
but there can hardly be any doubt that its author confined himself
to generalities and did not attempt to represent phenomena like
the lunar inequalities by it. Maimonides remarks that there is
nothing gained by Ibn Badja’s reform, since the excentric hypothe-
sis is as objectionable as the epicyclic one, as it also supposes
motion round an imaginary point outside the centre of the Earth.
The centre of the ‘excentric, on which the Sun is supposed to
move, is outside the convexity of the lunar sphere and inside the
concavity of that of Saturn’s excentric is between the spheres of
Mars and Jupiter. He adds that the revolution of a number of

concentric spheres around a common axis is conceivable, but not
the revolution round different axes inclined to each other, as the
spheres would disturb each other unless there are other spherical
bodies between them. This attempt to revive and modify the sys-
tem of (movable ?) excentrics did, therefore, not mend matters.®

1. Rabbi Mosis Majemonidis Liber . .. . Doctor Perplexorum. Basilez, 1629,
Pars Il cap, IX,
2. Ibid., Pars IL, cap. XXIV,

3, Maimonides also remarks (in the same chapter) that the supposed inclina~
tions of Mercury and Venus in the Ptolemaic system are difficult or
impossible to comprehend or imagine as really existing. Therefore, if what

(Continued on next page)
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Ibn Tofeil

Ibn Tofeil, the second of the three Moslem philosophers of
Spain, vizier and physician at the court of Jusuf ben Abd c-zl
Mumin of Morocco, seems to have walked in the f::)otsteps ?f . his
master ; but the only extant work of his, a kind of religious
mystic romance about the emancipation of ‘fl soul from th'e
trammels of this material world, does not give any clu!e.ta his
ideas as to the planetary system. But Averroes, who also OD]C(':t“Gd
to the excentrics and epicycles says in his commentzfry to Aristo-
tle’s Metaphysics that Tbn Tofeil possessed on this subject excel.lcxlmt
theories 2, and Ibn Tofeil's pupil, the astronomer Al Betrugi, in
the introduction to his theory of the planets, says of him : “You
know that the illustrious judge Abu Bekar Ibn Tofeil told us
that he had found an astronomical system and principles of the
various movements different from those laid down by Ptolemy
and without admitting either excentrics or epicycles, and with
this system all the motions are represented without error.” Ibtn
Tofeil was therefore probatly the real author of the fairly elabo-
rate system, which his pupil worked out and handed down to us
in a work on the planets, which was translated into Hebrew in
the following century and from that again into Latin, and
published in 1531 2.

The object of this system was to explain the constitution of
the universe as it really is, and not merely to represent the motions
of the planets geometrically, so as to te able to foretell their
places in the heavens at any time ; and the author (be he Ibn
Tofeil or Al Betrugi alias Alpetragius) specially disclaims any
intention of testing the theory by comparing it with observations

(Continued from previous page)

Aristotle says is true, there is meither epicycle nox excentric, and every~
- thing turns round the centre of the Eaxth.

2. Mupk ; Melanges de philosophie juive et arabe. Paris, 1859, p, 412,

. Alpetragii Arabi Planetarum theorica phisicis rationibus probata, nuperrime
latinis litteris mandata a Calo Calomymos, Hebreo Neapolisano, Venice
1531, 28 ff. folio (published with Sacrobosco’s Sphaera). A translation by
the famoms Micheal Scot has never been printed, butis still extant in
Paxis (Munk, Melanges, p, 519), The principle of the system is described

by Isaac Israeli, who, however, does not mention the author's name (Liber
Jesod Olam, II. 9, Part I, p, XI
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or of accounting for minor details of the motions.! The leading
idea is that of the homocentric spheres, each star being attached
to a sphere, and the motive power is the ninth sphere, the sphere
outside that of the fixed stars. The Spanish philosopher ought,
therefore, to have been content with the system of Eudoxus or
its modification by Aristotle (whom he never mentions by name,
but only as “the sage’). but unfortunately he became possessed
with the notion that the prime mover must everywhere produce
only a motion from east to west, and he had, therefore, to reject
the independent motion of the planets from west to east, and
revert to the old Ionian idea that the seven planets merely per-
form the daily revolution with a speed slightly slower than that
of the fixed stars. The true speed of the primum mobile is a
little faster than this ;the eighth sphere performs a revolution in
a slightly longer period (24 hours), and the effect of the prime
mover is gradually weakened more and more, with increasing
distance, until we find the sphere of the Moon. being furthest from
the prime mover, taking nearly twenty-five hours to complete a
revolution, This was the old primitive Ionian idea, but Al
Betrugi (or his teacher) saw that this was not sufficient, as not
only is the pole of the ecliptic different from that of the equator,
which prevents the planets from moving in closed orbits, but the
planets do not even keep at the same distance from the pole of the
ecliptic but have each their motion in latitude. as well as variable
velocity in longitude ; and all this had yet to be accounted for.
The ninth sphere has but one motion, but the eighth has two,
that in longitude {precession) and another which is caused by the
pole of the ecliptic describing a small circle round a mean position,
thereby producing the supposed oscillation or trepidation of the °
equinoxes? Similarly, the pole of each planet describes a small
circle round a mean position (i. e. the pole of the ecliptic), thereby
producing inequalities in longitude and motien in laritude®
Whenever the actual orbit-pole of a planet is on the parallel
of the mean pole, itis abvious that the planet will perform its
daily revolution with its mean velocity. while the velocity is
increased or lessened when the actual pole is respectively at ts
minimum or maximum distance from the pole of the heavens

1. Fol,8b, 2, Fol.9 b,
3, Fol, 14 b;, sq.
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(the motion of the pole of the orbit teing added to or subtracted
from the motion of the planet), so that the epicycle is heraby
rendered superfluous. The lengths of the radii of these small
circles are not given, except in the case of Saturn, where the
radius is 3° 3, while the mean pole of the moon is 5° (the inclina-
tion of the lunar orbit) distant from the pole of the ecliptic,® and
the small circle is so exceedingly small as to produce no retrograde
motion, which is also the case withthe Sun. The periods of the
poles of the outer planets are given by the following figures
Saturn makes 57 revolutions in 59 years and 13-+% days, in which
-period the mean pole lags behind 2 revolutions 13°+4°. Jupiter
makes 65 revolutionsin 71 years, the mean pole lagging behind 6
revolutions. Mars makes 37 revolutions in 79 years and 33+
days, the pole lagging behind 42 revolutions and 33%.

In other words, the motion on these small circles are com-
pleted in the synodic periods of planets. Similarly, the pole of Venus
makes 5 revolutions in the 8 years less 2id++4 lagging 1§ revo-
lutions in one year ; and Mercury 145 revolutions in 46 years
and 155d% It'is curious that Alpetragius alters the order of the
planets, placing Venus between Mars and the Sun, because the
defectus (lagging) of Venus smaller than that of the Sun’® He
also says that nobody has given any valid reason for accepting
the usually assumed order of the planets, and that Ptolemy is
wrong in stating that Mercury and Venus are never exactly in
a line with the Sun (a remark already made by Geber) ; and as
they shine by their own light they would not appear as dark
spots, if passing between us and the Sun. That they do not receive
their light from the Sun is proved, he thinks, by the fact that
they never appear crescent-shaped.®

There is no need to dwell any longer on this quaint theory

Fol. 16 a,
Fol, 25 a,

- Fol.16 3,18 2,19 b,
Fol.21b, 241,

Th
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o e W
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“Nam reperimus defectum eius prithum mifhoreth defectu orbis solis et

) maiorem defectu orbis mams. et sequitur juxta radices nostias ut sit intex
eos ambos »

! 6; Fol 21 2
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of spiral motion, as it has been rather improperly called.! It
represented a retrograde step of exceedingly great magnitude,
totally unjustified as the theory could not seriously pretend to
be superior to the Ptolemaic system, which had only become so
very simple if one was content with representing only the princi-
pal phenomena. We are told by the Jewish astronomer Isaac
Israeli of Toledo, that the new system made a great sensation,
but that it was not sufficiently worked out to be taken seriously,
and that the system of Ptolemy, founded on the most rigorous
calculations, could not be superseded by it? Another Jewish
author, Levi ben Gerson, in a work written in 1328, entered into
a lengthy refutation of the hypotheses of Al Betrugi® But the
latter certainly represented a general desire on the part of the
Spanish Aristoteleans to overcome the physical difficulties in
accepting the Ptolemaic system ; thus Averroes says that the
astronomy of Ptolemy is merely a convenient means of compu-
ting, and that he himself in his youth had hoped to prepare a
work on the subject.

Nasir ed-din Al Tasi

While ineffectual attempts were being made in the far
west. to devise a new astronomical theory, the astronomers of
the east did not remain blind to the desirability of finding a
system, in which the planets were not supposed to move unsup-
ported in space in such a wonderfully complicated manner: and
in the thirteenth century we find one of the greatest astronomers,
Nasir ed-din Al Tusi, advocating a system of spheres which he
supposed to be more acceptable than excentrics and epicycles.*
In addition to a review or digest of the Syntaxis of Ptolemy he
wrote a shorter work entitled Memorial of Astronomy, in various

1. e.g. by Riccioli, Almag, Nov. T.I p. 504, where Kepler’s figure of the real
motion of Mars in space from 1580 to 1596 (supposing the earth to be at
rest) is copied, as if that had anything to do with the “Spirals” of Alpetra-
gius,

2. He adds that he was not qualified bimself to sit in judgment on the pro~
posed system (Liber Jesod Olam, IL 9, p, X1.)

3. Munk, Melanges pp. 500 and 521. .
4, ‘Less spheres celestes selon Nasir-Eddin Al tisi. Par M. Carva+de Vaux.”

Appendix VI. to Tannery's Recherches sur U'astr. anc. pp. 337—3€0. In-
cludes a translation of the chapter in which the new theory is set forth,
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passages of which he shows his dissatisfaction with the Ptolemaic
system. In the chapter on the Moon (to which we have already
alluded ) he counts upthe various anomalics, among which he
mentions the anomaly of illumination, that is, the spots on the
Moon, which he believes to be caused by other bodies moving in
the lunar epicycle and unequally exposed tothe Moon's light.
He then says that we should expect in a simple theory to find the
centre of the epicycle in equal times describing equal arcs on the
deferent, and the diameter of the epicycle joining the pericentre
and the apocentre pointing to the centre of the deferent. But
neither of these conditions is fulfilled. In the theories of the
planets he makes the same objections, which it must be said are
very just, since the introduction of the equant was a very unna-
tural arrangement. But this is nothing to the artificial machinery
designed by Ptolemy to account for the motion in latitude of the
five planets, especially of Mercury and Venus. Nasir ed-din des-
cribes the marvellously complicated movements of the deferents
and epicycles of these planets, and remarks that “‘these motions
require the introduction of a system of guiding spheres, about
which the ancieots have not said anything”. He next proceeds in

the following chapter to explain a system of his own which allows
us to discard these combinations. ‘

First he proves that if there are, two circles in one plane,
one touching the other internally and of a diameter equal to
half that of the other, and if the greater one rotates, and
a point moves along the circumference of the smaller one
in the opposite direction with twice the velocity and starting
from the pointof contact, then that point will move along a
diameter of the greater circle.! These two circles may now be
assumed to be the equators of two spheres, and for the point we
may substitute a sphere representing the Moon’s epicycle (1 in
the figure), Nasir ed-din assumes another sphere (2) surrounding
the epicycle and destined to keep the diameter from apogee to
perigee in its place always coinciding with the diameter of the
sphere (4) “let us give it a suitable thickness, but not too great, so as
not to take up too much space.” He next assumes two more spheres,
one (3) which corresponds to the smaller sphere in the distance
of the céntre of the deferent in the Ptolemaic system from the

-—

v . ,1' Compare Copernicus, De révolutionibus. T11. 4 (Seculas ed. 1873, p. 166).
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centre of the Earth; and another sphere (4) with a diameter twice
as great. Finally (4) is placed in the interior of a carrying sphere
(5) concentric with the world and occupying the concavity of the

Fig. 3—Movements of deferents and epicycles of planets,

The thickline is not a citcle. All others are ciccles,

sphere (6), the equator of which is in the plane of the lunar orbit.
(2) and (4) and (5) revolve in the same period. that in which the
centre of the epicycle performs a revolution; (3) revolves in half
that time, while (6) revolves in the opposite direction with the
same speed as the apogee of the excentric. The figure now shows
how the epicycle moves to and fro along the diameter of (4) and
during the revolution of the circle (5) describes a closed curve,
about which Nasir ed-din justly says that it is somewhat like a
circle but is not really one. for which reason it is not a perfect sub-
stitute for the eccentric circle of Ptolemy. He estimates the greatest
difference tetween the lunar places given by the two theories as
" one-sixth of a degree, half-way between syzygy and quadrature.
Except for the action of the guiding sphere (2), it would not be
the centre of the epicycle but the point of contact of circles (3)
and (4), which describes the curve resemblng a circle. The same



36 ASTRONOMY IN ANCIENT NATIONS

method may be adopted for Venus and the three outer planets,
and Nasir ed-din promises to explain the new theory of Mercury
1 an appendix, but this appears to have been lost.

Nasir ed-din also endeavours to improve on the machinery
proposed by Ptolemy to illustrate the manner in which the epicy-
cle remains parallel to the plane of the ecliptic. He mentions
that the celebrated Ibn al Haitham (afterwards known in the west
as Alhazen, author of a well-known book on optics) had written a
chapter on this subject, adding to each epicycle two spheres to
account for the inclination of the diameter perigec-apogee, and
two additional ones for the inferior planets for the diameter at
right angles thereto, Nasir ed-din makes use of the same
principle which guided him in his demonstration about the motion
in longitude, and he shows how in this way we may by means of
two spheres make the extremities of the diameter of the epicycle
move backwards and forwards along an arc of a sphere* Heclaims
that this arrangement is superior to that of Ptolemy by not intro-
ducing any error in longitude® but he acknowledges that he has
not been able to get rid of the strong objection to Ptolemy's
auxiliary circle, viz. that the irregular motion in longitude with
regard to the centre of the deferent necessitates the introduction
of a corresponding irregularity in the motion on the auxiliary
circle by letting the motion be uniform with regard to an equant,
It baffled Nasir ed-din’s ingenuity to find an arrangement of

spheres which could obviate the necessity of having recourse. to
this expedient.

All the attempts at rebellion against the Prolemaic system
had thus turned out failures. And they deserved nothing else,
since it was impossible to find anything better than what Prolemy
had produced, until it was perceived that where Ptolemy was
wrong was not in his mathematical methods, which were perfect,
but in the fundamantal idea of the Earth being at rest. The time

1. Ibn al Haitham said that by using discs instead of spheres one might com-

Plete the demonstration; but Nasir ed-din objects to the arrangement
(about which he gives ng detaﬂs) that a non-sphexical system is not in
accordance with the principles of astronomy,

It is not quite clear whether this plan is his ownor is the same as Ibn al
. Haitham's, ‘
3. Dueta disturbance of the p

ue ta d osition of the diameter from perigee g0 apogee,
+ from which the anomaly is counted, " ‘
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was apparently not ripe for a radical change with regard to this
idea. Though the doctrine of the Earth's motion does not seem
to have been mentioned by Arabian writers, we have evidence
that the hypothesis of the daily rotation of the Farth was not
unknown among them, a natural consequence of their familiarity
with the writers of antiquity. One of Nasir ed-din’s fellow-workers
at the Meragha observatory, Ali Negm ed-din al Katibi, who
died in 1277, wrote a book, the Hikmat al-ain, on philosophy, in
which he combats this opinion, which he attritutes to “some philos-
phers.” “I do not,” hesays, “advanceas an argument against
it that, if this were the case, a bird flying in the direction of the
motion of the Earth would not be able to keep up with it, because
the motion of the Earth would be much faster than that of a
bird, inasmuch as it returns to its place in a day and a night.
Such an argument is not conclusive, because it may be urged that
the atmosphere which is close to the Earth partakes of its motion
as the ether partakes of the motion of the heavenly sphere. But
I re’ect this theory, because all cerrestrial motions take place in
a straight line, and therefore we canmot admit that the Earth
should move in a circle.”” ’

What reformation of astronomy could be hoped for, as long
as this kind of argument could be used ? We cannot see from
this remark of Katibi's whether there really were any: Arabian
philosophers who believed in the rotation of the Earth. It is
however stated in the Zohar, the great K abbalistic work attribu-
ted to Mosheh ben Shemtob of Leon (died 1305), thata certain
Rabbi Hamnuna the Elder (otherwise unknown) taught that “the
Earth turns like a sphere in a circle and that some people are
above and others below.”? Though this passage as well as others
in the Zohar may have been interpolated much later, it would

1. A. Sprenger, “The Copernican System of Astronomy among the Arabs.”
~ Journ. Asiat. Society of Bengal, Vol. XXV. (1857), p. 189. Katibi's con-
temporary, Abu 'l Faraj (II. p. 10) deems it necessaryto Prove that the
Farth cannot be in motion, neither rectilinear’ not circular, buthis argu-
ments (about birds and stones flung upwards) seem merely teken from
Ptolemy, 1ib, 1. cap. 6, Kazwini (Kosmographie, p.296) says that among
the ancients there were some adherents of Pythagoras who maintained
that the Earth continually moves round in a circle; but whether these
adherents were Greeks or Arabians cannot be seen from the centext.
9. Sohar, Amsterdam, 1718, T. IIL £ 10a: Gunther, Stidien Z. Gesch.,
d. math, Geogry, p. 113,
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after all not be very surprising if some learned Jews had been
influenced by the opinion of Herakleides, since it is an established
 $act that the doctrines of the Kabbalists were intimately connec-
ted with the later Greek philosophy. But any how nothing came
of this isolated case, and the daily rotation of the heavens conti-
" nued to be universally accepted as a self-evident fact.
Arabian astronomers and Ptolemaic system—
Arabian astronomers who really wished to follow in detail
the celestial motion were therefore obliged to adopt the Ptolemaic
system altogether. New planetary tables had Jong been found to
be a necessity, and this important work was at last undertaken by
King Alfonso X. of Castille and several Jewish and Christian
astronomers working under him at Toledo, who prepared the
celebrated Alfonsine Tables, Apparently the King must have had
‘his doubts about the physical truth of the system, judging from his
well-known saying that if God had consulted him when creating
the world, he would have given Him good advice. The tables
were prepared under the direction of the Jew Ishak ben Said,
called Hasan, and a physician, Jehuda ben Mose Cohen, and
were finished in 1252, the year in which Alfonso ascended the
throne of Castille. They continued in great repute for three hun-
dred years as the best planetary tables; they were first printed in
1483, but had been spread all over Europe long before that time
in numerous MS copies, many of which are still in existence,
‘Twenty-six codices are counted up in the Libros del Saber de
Astronomia del Rey D. Alfonso X.de Castella, Madrid, 1863-67
(5 vols. fol.). This compilation, a series of chapters on spherical
.and theoretical astronomy followed by tables, must have been
-made up from several codices, as there are numerous repetitions
even of very elementary matters. In the third volume the theo-
ries of the planets are dealt with, but one looks in vain for any
improvement on Ptolemy; on the contrary, the low state of astro-
nomy in the Middle Ages is nowhere better illustrated. In gene-
ral the elements of the orbits are thcse of Ptolemy, though some-
times only approximations are given, while different wvalues are
givén in different chapters, though Ptolemy places the centre of the
 deferent midway between the centre of the equant and the Earth,
the Libros del Saber places the centre of the equant (cerco del
alaux')-midway between the Earth and the centre of the deferent

1, aliséﬁhé‘ﬁrb}c article, aux (apside) is a corruption of the Arabic Ou &j
o (Abul Paraj, 11@.-25.). The equant is called the cerco del ¥ guador.
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(cer co del levador®), as in Ptolemy’s theory of Mercury, which
the authors would seem to have extended to the planets, omitting
the motion of the centre of the deferent on a small circle ; this,
they have, however, correctly given in the case of Mercury.?
There is a very curious figure® of the deferent of Mercury in the
form of an ellipse ('the axes being as 6 to 5 nearly), with what
looks like the Sun in the centre. This curve has been construc-
ted from a number of small circular arcs, and it is obviously
nothing but the curve described by the centre of the epicycle of
Mercury in Ptolemy’s theory. For according to the latter the
centre of the deferent describes a small circle with radius=g3% of
that of the deferent, in direction from east to west, in the same
time which the centre of the epicycle takes to pass round the cir-
cumference of the deferent from west to east:. This makes the cen-
tre of the epicycle describe a closed curve resembling an ellipse, the
axes of which are in the ratio 11: 10, almost exactly the same as in
the Spanish diagram, and there is therefore in the latter no antici-
pation whatever of Kepler's great discovery, since in the case of
the inferior planets it is the epicycle which is the real orbit.’
The small sun-like object in the centre of the ellipse represents
the centre of Ptolemy’s small circle, and it has either been inset-
ted in the manuscript centuries after the essay had been written,
or, more likely, it has been caused by a small blot on the place
in the parchment where the stationary leg of the draughtsman’s
compasses had made a small hole. An oval deferent of Mercury
occurs in several books published in the sixteenth and seven-
teenth centuries.?

T. Vol. III, pp. 246—253,
2, Vol, ITI, pp. 253 and 278, In the the latter place the radius of the small
circle is g , as in the “Hypotheses” of Ptolemy,

Vol. 111, p, 282, '

See the lengthy description on pp, 278—280,

5. The editor, Don Manuel Rice y Sinobas, on p. xxxiii, of his preface,
"even goes so far as to suggest that Kepler may have known of this great
discovery of Alfonso's or rather of Arzachel’s, as the text attributes the
construction to him. This and. other similar diagrams were intended to
be used instead of planetary tables in the manner afterwards adopted by
Apianus,

6. First (about 1460) in Purbach’s Theoricae novae Planetarum “(ed, of Basle,
1573, p, 82) : “Ex dictis apparet manifeste, centrum epicycle Mercurij,

oo

(Continued on next page)
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Though the somewhat confused collection of essays entitled
the Libros del Saber would not, if published in the thirteenth
century, have advanced astronomical science, it cannot be denied
that the Alfonsine Tables were very useful in their day. The
actual elements are not given, nor is any thing said about any
observations by which somewhat more correct values of the
mean motions must have been found.!

Arabs on motions of fixed stars.

Thus we finish our review of the planetary theories of the
Arabs. Now we shall say a few words about their ideas as to
the nature and motion of the fixed stars. The exaggerated
notion which prevailed before the invention of the telescope
with regard to the apparent angular diameters of the stars natu-
rally, led to erroneous estimates of their actual size, founded on
the. assumption that the sphere of the fixed stars (the eighth
sphere) was immediately outside that of Saturn?® The stars of
the first magnitude were supposed to have an apparent diameter
equal to % of that of the Sun, from which it followed that their
actual diameters were about 42 times that of the Earth, or about

(Continued from previous page)

Propter motus supradictos non (ut in alijs planetis fit) circumferentiam
deferentis circularem, sed potius figurse, habentis similitudinem cumplana
ovali peripheriam describere.” Next by Albert of Brudzew in 1482 in his
Commentariolum super theoricas nowas, printed at Milan in 1495 (ed,
Cracow, 1900, p, 124), where itis remarked that the centre of the lunar
epicycle describes a similar figure, This is also stated by E, Reinhold in
his commentary to Purbach, 1542, fol, p. 7 verso (ed. of Paris, 1558, fol, 78.)
by Vurstisius in his Questiones novae in theoricas, & c., Basle, 1573,
P.233; and in Riccioli’s Almagestum novum T. L p. 564, The last three
writers (who give a figure) also take the equable angular motion round
the centre of the equant into account, which centre lies on the point of the
circumference of the small circle nearest the Earth, The curve described
by the centre of the epicycle thus becomes egg-shaped, and not like an
ellipse. '

The tables in voli v, of the Libros del Saber are quite different from the
Alfonsine Tables, and axe apparently only intended for astrological
. purposes, )
Al Battani (cap, 50) gives the greatest distance of Saturn=18,094, ‘and the
distance of the fixed stars=19,000 semidiameters of the Earth, Al Fargeni

(p. 82) puts them exactly equal. Al Kuisgi gives the diameters in parasangs,
of the concavity of the stellar sphere :

| onca: =33,509,180 of the ninth sphere
33,524,309, of its convexity "'no one but God knows’ (Shah Cholgi, p, 97).
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twice that of Mars.? As to the nature of the stars, they seem
generally to have been assumed self-luminous, being condensed
parts of the sphere, though Abraham ben Chija says that the
eighth sphere does not shine with a uniform light, but has denser
spots, which are illuminated by the Sun and appear to us as the
fixed stars.?

To account for the apparent slow motion of the stars para-
lleled to the ecliptic, from west to east, whereby their longitudes
increase while their latitudes remain unaltered, it became neces-
sary to inroduce a ninth sphere (primum mobile), turning in
twenty-four hours and communicating this motion to the eighth
sphere, while the latter moved extremely slowly round its own
axis forming an angle of 23° 35’ with that of the ninth.® But the
simple phenomenon of precession was by many Arabian astro-
nomers complicated by being assumed variable. It may be
mentioned that according to Theon and Proklus it had been
assumed by some astronomers apparently before the time of
Ptolemy, that the precessional motion of the stars’ was not pro-
gressive, but was confined to an oscillation along an arc of 8°,
along which the equinoctial points moved backwards and forwards
on the ecliptic, always at the same rate of 1° in 80 years. The
absurdity of the sudden change of direction must have become
obvious as soon as astronomy began to be cultivated among the
Arabs, for we find that one of the earliest astronomers, Tabit
ben Korra, substituted a physically less ob‘ectionable theory.*

1. Al Fargani (p. 85, Golius) gives the cubic contents of the six spheres as
107, 90, 72, 54, 36, 18 times that of the Earth, Atu’l Faraj, p. 199, gives
a similar series from 93 to 15} for the average star of each class, Skems
ed-din of Damascus in his Cosmography (p. 3) merely says that the smallest
fixed star is much larger than the Earth,

2. According to Suter, p.77. a writer called Ibn Zura wrote a treatise “‘On
the cause of the light of the stars, though they and the spheres consist of one
single substance.”

3. The outermost sphere is by the philo-opher Ibn Sina (Avicenna) defined
as a spherical, single (not comrposite) body, emanating directly from Gop
and subject to dissoluticn, endowed innately with circular motion asan
expression of its praise of the Creator ( Mehren in Owersigt, K. Danske
Vid, Selskab, 1883, p. 70).

4, The treatise “On the motion of the 8th sphere’ has never ken printed;
an abstract is given in Delambre’s Hist, de 1'astr, 'du Moyen Age. p.73.
Compare a quotation by Ibn Junis, Caussin, Notices ¢t Extraits, VIL, p, 116.
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He iinagines a fixed ecliptic (in the ninth sphere) which intersects
‘the equator in two points (the mean equinoxes) under an angle of
23° 33/ 30", and a movable ecliptic (in the 3i51  sphere), attached
at two diametrically opposite points to two small circles, the
centres of which are in the mean equinoxes and the radii of which
are=4° 18’ 43". The movable tropical points of Cancer and
Capricorn never leave the fixed ecliptic, but move to and fro to
the extent of 8° 37’ 26", while two points on the movable ecliptic
90° from the tropical points move on the circumferences of the
small circles, so that the movable ecliptic rises and falls on the
"fixed one, while the points of intersection of the equator and the
movable ecliptic advance and recede tothe extent of 10° 45
either way, Thisis a motoin of the eighth sphere, common to
all stars, and the Sun will, therefore, sometimes reach its
greatest declination in Cancer, sometimes in Gemini. Tabit
does notsay that the obliquity of the ecliptic is variable, and
perhaps it did not occur to him that this would be a necessary
consequence of his theory; he only notices the change in direction
and amount of the motion of the equinoxes, which, he says, has
increased since the days of Ptolemy, when 1t was only 1° in 100
years, while later observers have found 1° in 66 years. The
erroneous value given by Ptolemy was, therefore, mainly responsi-
ble for the continuance of the imaginary theory. Itis to be
observed that Tabit expresses himself with a certain reservation,
and seems to think that further observations are necessary to
decide if the theory is true or not. His younger and greater
contemporary Al Battani was even more cautious, for though he
repeats the account of the trepidation given by Theon (which he
says that Ptolemy manifeste in suo libro declarat®) he does not
make use of it, but simply adopts 1° in 66 years (or 54".5 a year),
which he finds by a comparison between his own observations and
some made by Menelaus. In rejecting the erroneous value of
-Ptolemy, which Al Fargani alone had accepted,* Al Battani was
followed by Ibn Junis, who came still nearer to the truth by
adopting 1° in 70 years or 51".2 a year, and who does not allude
to trepidation. It is greatly to the credit of several other Ara-
bian writers that they were not led astray by this imaginary phe-

L Sg?ilz%s%zgg}lg%fds tran§1ation gives the period as 84 years, but Nallino's
2 'cl3p49..

3. Schjellerup, Descr. des etoiles fxes, p, 43,
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nomenon; among them are AlSufi, the author of the only urano-
metry of the Middle Ages®, who followed Al Battani, also Abu’l
Faraj and Jagmini,® while Nasir ed-din mentions it but seems
to doubt its reality.? By others it was willingly accepted. for
instance by Al Zarkali, who made the period of oscillation of 10°
either way equal to 2000 Muhammedan years (or 1940 Gregorian
years, i.e. 1°in 97 yearsor 37" a year). The motion is in a circle
of 10° radius; at the Hijra the movable equinox was it 40’ in
increasing precession, and in A: D, 1080 at 7° 25’3, The diminu-
tion of the inclination of the ecliptic, which the astronomers of
Al Mamun had found=23° 33", no doubt lent countenance to
the idea of trepidation, and the next step in the development
of this curious theory was the combination of progressive and
oscillatory motion. Al Betrugi, who gives a sort of history
of the theory, beginning with a mythical H mes, makes
out that Theon (or Taun Alexandrinus as he calls him) com-
bined the motion of 1° in 100 years with the oscillation®. A
century later this was actually done, and the theory received
its last development by King Alfonso or his astronomers, who
perceived that the equinoxes had receded much further than
Tabit’s theory allowed. The equioxes were now supposed to pass
right round the heavens in 49,000 years (annual motion=26".45),
while the period of the inequality of trepidation was. 7000 years,
so that in a sort of Great Jubilee year everything was again as it
had been in the beginning.® The progressive motion belongs to

1. Abu’l Faraj, p. 12, simply says that the woticn is 1°in 100 years according
to Ptolemy, ox 1° in 66 years according to others, Buton p.18 he says that
if the ancient Chaldeans gave the tropical points a motion backwards and -
and forwards, and if ancient astrologers adopted this, then the motion of the
fixed stars must have been unknown to them, Jagmini (p.229) says that
most people adopt 1° in 66 solax years,

2. Spheres celestes, p. 347,
3. Sedillot, Memoire sur les instr. astr. des Arabes, pp. 31, 32, Abraham
ben Chija (p. 196 of Munster's Sphaera mundi. Basle, 1546) gives the
period as 1600 years without quoting any authority. He adds ‘thatthe
ancient Indians, Egyptians, Chaldeans, Greeks, and Latins first proposed
the theory—Ptolemy neither approved nor disapproved of it, but Al Battani
confuted it,

Alpet:agms f 12a., He says that Al Zarkali did the same.

5. A later writer, Augustinus Ricius, De motu octave sphaere, Paris, 1521, who
traces the theory back to Hermes, 1985 years before Ptolemy (!) credits

»

(Continued on next page)
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the ninth sphere; the annual precession varies between 26".45z=
98" 96, or from -+ 55741 to —2".51} It was now necessary to
assume the existence of a tenth sphere, which as primum mobile
communicated the daily rotation to all the others, while the
ninth produced the progressive and the eighth periodical
motion on the small circles, which are situated ‘‘in the conca-
vity of the ninth sphere.” This wasanice and comfortable
theory on account of the long periods involved and the slow
changes it produced in the amount of annual precession; and
oblivious of the fact that the theory had no foundation except
the circumstance that the obiquity of the ecliptic was now about
20’ less than it had teen stated to be by Ptolemy, and that he had
given the amount of precession as 36" a year instead of about
50", and often shutting their eyes to several of the necessary
consequences of it, such as the changes in the latitudes of stars
which it ought to produce?, astronomerscentinued to accept the
theory until at last a real observer of the stars arose and wiped
it out by showing that the obliquity of the ecliptic had steadily
diminished, and that the amount of annual precession had never
varied. We have in this place only alluded to it because it in-
volved some rearrangement of the sphetes and because it is
eminently characteristic of the period during which no persistent
observations were taken., and hardly an attempt was made to
improve the theories of Ptolemy. The theory of trepidatio or
titubatio, asit was sometimes called, was one attempt and it
would have been better left alone. But it formsa not uninter-
esting chapter in the history of astronomy.

(Continued from previous page)

this development to a Jew of Toledo, Isaac Hassan (see above. p. 38),
adding that Alfonso four years after the completion of the tables became
convinced of the futility of the theory by reading the book on the fixed stars
by Al Sufi. Riccioli, Almag. novum, I, p. 166,

1. Inthe Alfonsine Tables the maximum took place at the birth of Christ, Tn
© Essler's Speculum astrologicum, p, 224 (appended to Purbach's Theoricae
novae, Basle, 1573) the epoch is A,D, 15, diebus 137 completis, Reinhold in
his commentary to Purbach (Paris, 1558, f. 163b) explains that 26”.45 is
the space passed over by the Sun in 10 mins, 44 secs,, by which amount

. the Alfonsine Tables made the tropical year smaller than 365} days,
2. Abratam ben Chija (p, 103, Schrackenfuchs) says that trepidation does

not change the latitudes.‘ "Perhaps he refers to the eatliest form of the
notion, that described by Theon of Alexandria,
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Here we finish our review of ancient astronomy. We have
omitted as not coming within our province several valuable
contributions to science which did not deal with cosmology or
planetary theory. Buteven with this limitation enough has
been said to show that when Europeans again began to occupy
themselves with science they found astronomy practically in the
same state in which Ptolemy had left it in the second century.
But the Arabs had put a powerful tool into their hands by alter-
ing the calculus of chords of Ptolemy into the calculus of sines or
trigonometry, and hereby they influenced the advancement of
astronomy in a most important manner.
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CHAPTER II

Personal References of
Brahmagupta

- Sudhakara Dvivedi in his Ganaka Tarangini, a small book on
biographical skethes of astronomers and astrologers of this
country gives a brief account of Brahmagupta thus :

Brahmagupta was born in 520 Saka (655 Vikramior 589
A.D)) in the reign of King Vyaghramukha, belonging to the Capa
family ; his father was Jisnugupta ; and at the age of 30, he wrote
~ in 550 Saka (628 A.D.) his well known treatise on Astronomy
known as the Brahmasphutasiddhanta, wbich is corroborated by
the statement in the Visnudharmottara Purana, (Chapter on the
Brahma-siddhanta), His other treatise, entitled the Khanda-
Khadyaka, which is a karana book, was completed in 587 Saka (665
A.D). According to some authorities, Brahmagupta was the
grandson of Visnugupta, and the family suffix (Gupta) indicated
that he belonged to the Vai$ya family, and he was in the service
of the King of Rewah, known as Vyaghrabhata.

Brahmagupta was a great critic ; he did not spare any of his
predecessors like Aryabhata, Varzhamihira, Srisena, Visnucandra
and others. Later on, his influence on the writing of the succeeding
generations has been immense. Bhaskaracarya II in his Bijaganita
has acknowledged him as a great authority on algebra and has
given him as the first place amongst the galaxy consisting of
Brahmagupta, Sridhara, Padmanabha etc. The Eighteenth Chap-
ter of the Brahmasphutasiddhanta, known as Kuttaka Chapter (on
Pulveriser) has been translated by H. T. Colebrooke in English
in 1817. The English translation of the Twelfth Chapter on
Ganita or Calculations from the Brahmasphutasiddhanta is also
available in English. (See Colebrook's Algebra with Arithmetic
and Mensuration from the Sanskrit of Brahmagupta and Bhas-
kara. London, 1817).

The Vasana Commentary on the Brihmasphutasiddhanta by
Prthudakasvami (€60 A. D)) is also available though with diff-
culty (as indicated by Sudhakara Dvivedi) ; its incorrect manus-
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cript is available in the Library of the King of Banaras (Ka@$ira a)
which has the colophony at the end as:

3t AT AN SAEEE T qEINAR ,

TENTEEE AR TR |

AT GeTRTAR R e,

Bzl w ReggmmgR |
Bhaskara I1 has written the famous treatise Siddhantaéiromani
(1150), which is almost based on the Brahmasphutasiddhanta. It
has been edited by the author’s own gloss (Vasanabhisya) by
Bapu Deva Sastri (Varanasi) ; by Murlidhar Jha with the com-
mentaries, Vasanavarttiba of Nrsimsha (1621) and Marici of
Muniévara (1635), vol. I (containing chapter 1 of the Ganita-
dhyaya) (Varanpasi, 1917); by Girija Prasad Dvivedi with original
commentaries in Sanskrit and Hindi, vols. I and IT (Lucknow,

1911, 1926); English translation of the text only by Bapu Deva
Sastri and Wilkinson (Calcutta, 1861).

In the very first Chapter (verse 2), Brahmagupta writes:
The old calculations dealing with planets (i.e. the old astronomy),
based on the system of Brahma have become erroneous in course

of past ages and therefore, I, the son of Jisnugupta would like to
clarify them.

Brahmagupta was not a mere theorist, he based his calcula-
tions on direct observations with the help of instruments or
devices (nalikadi yantra) ; he was in favour of making correc-
tions on the basis of these observations. He was himself an

expert observer. In his Khandakhadyaka also he has emphasised
- the need of direct observation.

At many places, Brahmagupta has severely criticised the
Romaka and Pauli$a systems of astronomy which were introduced
in this country by Latadeva and Srisena, There are many

passages where this criticism would be available with vehe-
mance.

Brhamagupta was opposed to the system of Aryabhata I.

He never spares the school of Aryabhata which was regarded as

‘the most authoritative then. Sudhzkara Dvivedi says that as

Brahmagupta was opposed to the system of Aryabhata, so the

VateSvara Siddhanta was opposed to that of Brahmagupta. The

Institute has already published the Vatetvara Siddhanta and now
it has the privilege of publishing the Brahmasphutasiddhanta.
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A Note on Bhillamala

It is said that Brahmagupta completed his Brahmasphuta-
-siddhanta in Saka 550, and he has come to be known as Bhilla-
mialakacarya or a teacher residing in “Bhillamalaka.” In this
connection, therefore, it would be interesting to reproduce a note
on Bhillamala from G. Bhiler’s article on Gurjara Inscriptions,
No. III, published in the Indian Antiquary, July 1888, vol. 17, p.
192 :

With a single exception all the complete inscriptions call
the princes enumerated above, scions of the Gurjara race; and
Khe 1. and II. highly extol the greatnessand wide extent of this
family. Na. alone names the Maharaja Karna as their ancestor.
With respect to this personage it is for the present impossible to
say whether the famous hero of the Mahabhiarata may be meant,
or some real historical king. But the name Gurjara makes it
evident that this dynasty belonged to the great tribe which is
still found in Northern and Western India and after which two
provinces, one in the Bombay Presidency and onein the Pafijaba,
have been named. The Gurjaras or GiZjars are at present pretty
numerous in the western Himalaya, in the Pafijaba and in Eastern
Rajputana. In Kachh and Gujarat their number is much smal-
ler. It would, therefore. seem that they came into Western
India from the north. Their immigration must have taken place
in early times, about the beginning of our era or shortly after-
wards. In Western India they founded, besides the kingdom of

"Broach, another larger state which lay some hundred miles
further north. Hiuen Tsiang mentions in his travels' the
kingdom of Kiu-che-lo and its capital Pi-lo-mi-lo. It has been
long known that the former word corresponds to Gurijara.

But the name qf the town has been incorrectly connected
by the French scholars with Balmer in the Jésalmir territory, and
this ident ification. has been accepted in Mr. Beal's new transla-
tion of Siyuki. AsI havestated already formerly* following
Colonel. J. Watson, Pilomilo corresponds exactly to Bhillamala

B

1. Beal, Siyuki, Vol. Il p,269f, Hiuen Tsiang assigns to the noz-
thern Gurjara State an extent about double of that given for the kingdom of
Broach, )

9, .Ante, Vol, VL. P. 63,
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one of the old names of the modern Bhinmal or Srimal' in
southern Marvad close to the northern frontier of Gu'arit.
Another work, which was composed a few years before Fiuen
Tsiang’s visit to Gujarat, contains likewise a notice of this
northern kingdom of the Gurjaras. The astronomer, Brahma-
gupta. whe completed his Siddhanta in Saka-Samvat 550 or 628
AD. calls himself Bhillamalakakacarya®, ‘‘the teacher residing
in Bhillamalaka and is called so by his commentator Prthiida-
kasvamin. Fe further states that he wrote under king Vyiighra-
mukha who was ‘an ornament of the Capa race.’” This {amily,
whose name recurs in the Haddala grant of Dharanivariha®
prince of Vadhvan, thus seems to have been the reigning house
of Bhillamala. It is most probably identical with the Chudas,
Cavétakas* or Chapétkatas, who from 756 to 941 A.D. held
Anhilvad znd still possess various small districts in northern
Gujarat. The Gur’ara kingdom of Broach was without a doubt
an coffshoot of the larger State in the north, and it may te that
its rulers, too, belonged to the Capa family.

1. Bhillamala means etymologically ‘the field of the Bhil’ and Sri-
mala ‘the field of Sri', The latrer name must also be ancient, as the Sri-
mzli Brabman as are called after it. The Jainas naxrate various, of course
incredible, legends, which explain how Srim%la came to be called Bhillaruala.
Merutunga says that king Bhoja invented the latter name, bccause the
people of Srimala let the poet Magha die of starvation. According to
another authority, the town had a different name in each Yuga. It is in
India very common for ancient towns to have two or even more names.
Thus Kanauj was called, Kanyakubja, Gadhipura, and Mahodaya,

2. See Professor A. Weber, Die Sanshrit und Prabrit Handschriften
der Berliner Bibliothek Vol, IL. pp, 207-298, In the first passage the MSS,
offers incorrectly Bhilam#icirya: in the second which occurs in the commen-
tary on the Kbhandakhadyaka, we have Bhillamglavakacirya, a slightly cor-
rupt reading. This latter varia lectio occurs also in other MSS., see
Weber, Indische Streifen. Vol. II1, p. 90, and has given rise to erroneous
suppositions regarding Brahmagupta’s home, The Gujariti Joshis still pre-
serve the tradition that Brahmagupta was a native of Bhinmzla,

3. Ante, Vol XII, p. 190ff, The remark which Ihave made there
that the Capas are not named elsewhere, of coutrse requires coxrection,

4. The form Cgvotaka, which occurs in Dr. Bhagavanlal’s grant of
the Gujarat Cslukya king Pulakesin of Samvat 490, is the immediate prede-
cessor of the word Cauds. Its Sanskrit original is certainly not cBpotkaja
whichprobably has been coined in comparatively speaking modern times,

in order to explain the difficult Prakrit word, just as the bards of Rajputana
have igvented Rastraudha as etymon ior Rathod,



BRAHMAGUPTA'S OWN REFERENCES 51
Brahmagupta’s own References

In the Twenty-fourth Chapter (Safjfiadhyaya), of the
Brahmasphutasiddhanta, Brahmagupta has made a reference to his
own biography: In the reign of Vyaghramukha belonging
to the family of Capa, inthe year 550 Saka the treatise
Brahmasphutasiddhanta was composel for the benefit of benevo-
lent astronomers by Brahmagupta, son of Jisnugupta at the age
of 30. (BrSpSi. XXIV.7.8)

Then again le says: The Brahmasphutasiddhanta has been
written by Brahmagupta, son of Jisnu, in 1008 verses of Aryach-
anda. (ibid 10)

In the beginning of this Safiiiadhyaya, he refers to the
differences in fundamental notions created by the various existing
systems of astronomy as the Sarva-siddhanta, Pulisa-siddhanta.
Romaka-siddhanta, Vasistha-siddhanta and other Yavana-siddha-
ntas, which have caused anomalies in the calculations of eclipses.
He also refers to the anomalies dueto the calculations based on
midni ght day-reckoning and sunrise day-reckoning.

From the point of view of own references, the following
would be of interest:

Brahmagupta, son of Jisnugupta (Jisnusuta-Brahmagupta) :
BrSpSi. 1. 2; XVI. 35. 37; XXIV. 8. 10; XXV. 73.

It is strange that in the Khandakhadyaka, Brahmagupta has
not given his name nor his father’s name anywhere. At least the
reading of the Khandakhadyaka as given by Prthudakasvami does
not contain this name. In the edition of Bhattotpala, there are three
more chapters in the Khandakhadyaka (Chapters IX, X and XI).
In the Chapter XI (known as Patadhikara), we have 21 verses and
in the last 21st verse we find the name of Brahmagupta,! son of
Jisnu mentioned : .

Those who are eager to have the knowledge of the motion

of stars and planets, for them and for the benefit of disciples

in this field, Brahmagupta son of Jisnu has compos:d this

Khandakhadyaka.

1. GEEEERE T TRy |
R et 9w Rrggamrmas 1 —KK. XI. 21
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Reference to Aryabhata

We have said that it appears that Brahmagupta was a bitter
opponent of Aryabhata in his younger days (623 A. D.), but
later on (in 665 A. D. ), he climbed down to describe and teach
one of the Aryabhata’s system of astronomy. Aryabhata was
universally revered. and it was difficult for Brahmagupta to have
ignored him and thus he has to refer to this great authority some
times to oppose some of his views and some times to expound his
views. The following are the pasages in the Brahmasphutasiddha-
nta, where the author has referred to the name of Aryabhata.
There are many other passages where the nama “Aryabhata”
does not occur but where Brahmagupta indirectly means to quote
the views of this great master.

BrSpSi. 1. 9. 12. 28. 32, 60. 61; II. 33.46; V. 21.25
VI 13 IX10; XI. 4. 9.10. 12. 25. 22. 33, 41.
42, 43. 44, 46, 47. 49, 62; XIIL, 27; XIV. 45; XVI.
37. 46; XXI. 39.

The largest references are in Chapter XI, where Brahmagupta
has made an attempt to show the discrepancies of the Aryabhati-
aya system of reckoning astronomical observations and constants,

In the Khandakhadyaka also there is a reference to the
name of Aryabhata but on very few occasions. In Chapter I,
we have this reference at three places-

Having made obeisance to God Mahadeva, who is the great
cause of this world's rise (i.e. creation), existence and destruc-
tion, I shall declare the Khandakhadyaka (i.e. a short treatise
on asttonomy. which is as pleasant as food prepared with
sugarcandy).which will yield the same results as the great
astronomical treatise of Aryabhata. As in most cases
calculation by the great work of Aryabhata, for (the know-
lege of time and longitude of planets etc. at ) marriage.
nativity and the like, is impracticable for common use

every day, this smaller treatise is made so as to yield the
. same results as that. *

1. 57wy TRy sweaf Rl g |
I SEEEEFAE AT g I
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These two verses show that Brahmagupta was not hostile to Arya-
bhata when he wrote this Khandakhadyaka ; he merely intends
presenting the subject matter on simple lines and furnishing
the results obtained by Aryabhata in a simpler way.

In the following verse of the same chapter, he refers to

Aryabhata’s midnight day-reckoning system :

The mean Saturn diminished by 3 seconds, the Sighrocea
of Mercury diminished by 22 seconds, the mean Mars
increased by 2seconds and the mean Jupiter increased by
4 seconds are equal to the respective mean planets of Arya-
bhata’s “midnight-system’.

In the Appendix of the Khandakhadyaka known as Khanda-

 bhadyakottara, we again find a few verses where the name of
Aryabhata occurs; Three of these verses have been reproduced
from the Brahmasphutasiddhanta (BrSpSi 1. 62. 63; 11.47) :

Aryabhata made the apogee of the Moon as moving more
quickly and the node as moving more slowly than their
actual motions ; if his constants give correct results in rela-
tion to the end of tithis [i. e. conjunction etc.] or eclipses,
they must be considered as accidental as are the letters cut
into wood by weevils, (KK.IX.1; BrSpSi. 1. 62)

On seeing me, who possess the most accurate knowledge
of mean motions, men who have learnt from the works
of Sriszna, Vispucandra and Aryabhata, cannot face me

in any meeting just like deer on seeing a lion (KK.IX. 2:
BrSpSi. 1. 63)

As the apparent planets beginning with Mars as derived

" from the works of Srisena, Aryabhata and Visnucandra,

are far deviated from their true places, the works of these
authors are therefore not valued among the learned.? (KK.
I1X. 3; BrSpSi. I1. 47)

1. feghe ol i Fist ava |

2.

TR Malse Um I | —KK.I.7
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In the Appendix of the Khandakhadyaka, there is another verse
which also speaksin the same strain against Aryabhata (this
verse does not occur in the Brahmasphutasiddhanta)
As the process of finding the apparent places of pla-
nets as given by Aryabhata does not make them agree with
observation, I shall, therefore, speak of this process. Of the
Sun the apogee is at two signs and seventeen degrees (KK.

IX. 4)* -
Brahmagupta opposed to $risena—

Visnucandra, Lata, Vijayanandl and others

Brahmagupta was a great critic; he did not spare Aryabhata,
and along with him he was vehemently opposed to the doctrine
of Srisena, Visnucandra, Latadeva, Vijayanandi and Pradyumna
also. He was opposed to the Romaka and Paulisa Siddhantas,
which were the systems of foreign astronomy. derived from
Greece, Babylonia and other centres of learning. He did his best
to resist the foreign influences on astronomy.

_ The following are the verses in the Brahmasphutasiddhanta,
where Brahmagupta expressed his note of discord against the sys-
tems or notions of Aryabhata, Srisena and Visnucandra :

BrSpSi. 1.60; 11 46, 47; X 13, 62; X1.31, 46, 47, 48-50, 55,

XVI. 36, 46; XX1.39; XXII. 2.
In two of the verses, he refers to Latasimha :

BrSpSi. XI. 46, 48.

In the following verse, he refersto Ankaciti, Vijayanandi, Prad-
yumna and others: BrSpSi.XI. 58.

In the Khandakhadyaka we do not find the names of these
adversaries of Brahmagupta ; we, however, have a reference of
$ri§er,xa. Aryabhata and Visnucandra in the verses already quoted,
occurring in the Appendix of the Khandakhadyaka (Khanda-
khadyakottara), Chapter IX. 2 and 3. As we have said before,
these verses of the Appendix have been teproduced from the
Brahmasphutasiddhanta. (1.62 and 11.47).

Reference to Romaka and Paulifa systems

. Brahmagupta speaks of his system as if expounded by Brahms
himself for the first time, later on deteriorated, and then revived
by Brahmagupta himself. The very second verse of the Brahma-
1. 3 rearhRNt MRy g T2 |
R W ORI SR —KK.IX. 4.
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sphutasiddhanta (1. 2) substantiates this view :

. The science of astronomy (or the calculations of heavenly
bodies) in course of long duration became ineffective or erro-
neous; this was revived by Brahmagupta. son of Jisnu.! (BrSpSi.
1.2).

The system of astronomy which goes by the name Brahma
(Brahmasiddhanta) has been handed down to us in three forms:
(i) one is as treated bv the Sakalya Samhita, (ii) one as described
in prose in the Vispudharmottara Purdna. and (iii) the one des-
cribed by Varzhamihira in the Paficasiddhantika, which re-
cognises the yuga of the duration of five years. Which of these
three was accepted by Brahmagupta is not clear. But from the
measures of the number of revolutions performed by a planetin
a given period (graha-bhagana) etc., it is clear- that Brahmagupta
acknowledges the system as propounded in the Vispudharmottara
Purana. In his chapter “Tantra-pariksidhyadya or Dusand-
dhyaya, he contradicts the notions of the Vedanga Jyotisa which
accepts the yuga of five years.

We may further emphasize the fact that Brahmagupta has
not clearly detailed outthe errors to which the Brahma-siddhanta
succombed in course of time, and how these errors were eradi-
cated by him. During the days of Brahmagupta, Romaka and
Pauli$a systems were getting currency in this country. Reference
to these two are found in the Brahmasphutasiddhianta at several
places as follows :

ROMAK : 1.13; XI.50; XXIV.3
PAULISA : XIV .45, XXIV.3

In fact, BrSpSi. XXIV.3, we find the line “S#ryendu-Pulisa-
Romaka-Vasistha-Yavanadyaih”, where we have a reference to
all the then existing systems: Surya-siddhanta, Indu-siddhanta
Pulisa-siddhanta, Vasistha-siddhanta, and other Yavana-siddha-
ntas. Just as the Sun is one. so the astronomical system is also
one; this is a different thing that calculations in different systems
may vary according to different sunrises in different places.

Brahmagupta refers at one place to Varzhamihira in BrSpSi.
XXI.39, where he has been spoken of in connection with a list*of

- R SRR e Wi I, Rt | ' .
HHEY $5¢ alerggmeg ~BrSpSi. I. 2.
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anti-authoritative versions of astronomical systems :
Evam Varghamihira-Srisenacaryabhata-Visnucandradyaih

Lokaviruddhamabhihitam Veda-smrtisamhitabahyam.
At one place, he mentions the difference between the calculations
based on the system of Aryabhata and the Pafica-siddhantas
(Five systems) : Pauli$a, Romaka, Vasistha, Saura, and Paitamaha.
(BrSpSi. XIV .46).

Brahmagupta was also familiar with the Jaina systems of
astronomy; for example, at one place he uses the term “Jinoktam”
(i.e., one propounded by the Jainas) : He repudiates the concept
of two Suns and two Moons “Dvavarkaindavau’(do canda do suija)
(BrSpSi. X1.3) as enunciated by the Jainas.

At several places we find a reference to the Vafistha-sid-
dhanta (BrSpSi. XI1.49, 50; XXIV.3)

Wherever, Brahmagupta has to press for his views in pre-
ference to the views of others, he uses the words Brahma or
Brahmokta : BrSpSi.

Brahma : 1.32; X.62; XI, 61; XVI.37
Brahmokta : 11.31, 33; X.63, 63; XV.5; XVI.33

Reference

Sudhzkara Dvivedi : Ganaka Tarangmi

G, Buhler © ¢ Qurjara Inscriptions, Indian Anti-
quary, 1888.

P. C. Sengupta : Khandakhadyaka, Calcutta, 1934,



CHAPTER III

Manuscripts of the
Brahmasphuta Siddhanta

Sudhzkara Dvivedi has given an account of some of the
manuscripts of the Brahmasphutasiddhanta in his Bhumika or
Introduction appended to the edition published in the PANDITA,
Vol.XXIV, 1902 (New Series) : (i) available in the Librery of the
Government College, Kashi (Varanasi) i. e. Kasika-Rajakiya-Patha-
laya.(ii) Dr.Thibaut’s Manuscript.(iii) the Manuscript in possession
with Yajfiadatta Sharma, the Chief Astronomer attached to the
Prince of Ayodhya. It is further mentioned that Dr. Thibaut's
Manuscript was a copy of a Manuscript available in the Deccan
College, Poona. The Manuscripts (ii) and (iii) were identical.
The Manuscripts (iii) was very faulty and incorrect.

The Manuscript from which Colebrooke translated out in
English the Twelfth and the Eighteenth Chapters on Ganita or
Mathematics and Kuttaka (the Chapter on Pulveriser) respectively.
appeared to be different from the three Manuscripts described
above. The readings differed considerably. The Kuftaka-
Chapter of that book is, writes Sudhzkara Dvivedi, still available
in the India Office Library. (See Catalogue of the Sanskrit!
Manuscripts in the Library of India Office, Part V.p. 995).*

1. soEeErE Ra=E R qfE FREET TSR et 1o fe e
TERIETEITE ARSI g aea gl 7 @@ | <o fekag-
M g FaRegiustd (Deccan College, Poona ) %1 gwsa
YR | T gEE a4l do A 99aN gEE ITEgHAd | ¥ ROneeiargs
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FTEF LAY A G AT G R MR iesia-
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Manuscripts in the Library of India Office, Part V, Page 995)
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(Continued on next page)




58 MANUSCRIPTS OF THE BRAHMASPHUTASIDDHANTA

Colebroke procured a Manuscript of the Prthudaka Svami's
Annotation on the Brahmasphutasiddhanta from somewhere in
India. This is also available in the India office Library. London.
Undoubtedly it appears that this Manuscript is a copy from one
written in the Maithila script. Dvivedi describes a few character-
istics of this Manuscript. For example, on the Folio 11. 7 (9) is
writter instead of 9 (8). At a few other places also, the same has
happened. Following a visarga, (kva #) is inscribed instead of
'k’ (%), for example rcfer to Folio 12, line 6. At some places
instead of visarga () we find sa (@) inscribed, for example on Folio
12, line 1. Sometimes we find a sandhi at the virama or end of
a sententence: e.g. in the Goladhyaya, Folio 21 line 2: sarva-
mupapannamubtamabhandena (GagI=TERMETET). At some places
we find n% (4) written in place of nta (7). In one of the Folios,
Sri Ganesava namah. HngEww: is written in Maithila seript.t
Sudhzkara Dvivedi prepared a copy of this Manuscript for Dr.
Thibaat, and this copy was available with Sudhikara Dvivedi
when he published his commentary with Text in the Pandita.
During the course of binding, on account of carelessness, many
of the Folios got misarranged, and many of them got fragmented.
Sudhakara Dvivedi emphasises in his Introduction the need
of careful research on the arrangement of these Folios and their
readings. (See Catalogue of the Sanskrit Manuscripts in the Lib-
rary of India Office, Part V.p. 993-995).

Sudhzkara Dvivedi with considerable efforts could rearrange
the Text:

Goladhyaya-Bhasyam 1 to 45, mutilated at the beginning
Madhyamadhikara-Bhasyam 45 to 59

(Continued from previous page)
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In this, the commentary is up to verse 31. In the
Spastadhikara, the commentary begins from verse 29, Folio 60.
At the top of the Folio, we have the old numbering 1 and 115.

After this, 68 folios are mis-arranged, and there the old
numbering is marked 9,

After that, up to 87 folio, we have in the bound volume a
commentary up to the verse 6 of Triprasnadhikara. Here the old
numbering is marked 28. Then we have the commentary up to
verse 27 of the Triprasnadhikara. Here the numbering of folios
is marked 1 and 159 (old numbering) and 218 new. After this
then we have in the bound volume. commentary up to verse 33
of the Tripra§nadhikara. On the last folio, the old numbering is
marked 5 and 163, the new numbering 222. After this begins the
commentary on the Candragrahanadhikara from verse 4, old
numbering 1 and 297 and new numbering 257. Then follows
the commentary on Saryagrahana up to verse 23. The last old
folio numbering is 36 and 232, the new numbering 292. This is
the last folio-numbering of the volume in the India Office Library.
After this, begins the commentary on Grahayutyadhikara, verse 11,
old numbering 1 and 164 and the new numbering 223.

Then follows the Madhyagatyuttaradhyaya up to verse 40,
old folio numbering 119, and new numbering 178. Then we have
the commentary of the Madhyagatyuttaradhyaya beginning from
the verse 45; the old folio numbering 120 and the new numbering
179. Then we have the commentary on Triprasnottaradhyaya
up to verse 56. Here the last old folio number is 48 and 158,
and the new numbering 217.

In this way, we have the commentary on : the multilated
Goladhyaya, mutilated Madhyamadhikara, mutilated Spasta-
dhikara, mutilated Triprasnadhikara, mutilated Candra-graha-
nadhikara, mutilated Sarva-grahanadhikara, mutilated Grahayi-
tyadhikara, Bhagrahayutyadhikara, Tantra-pariksadhyaya (also
known as Dusanadhikara), Ganitadhyaya (Arithmetic), mutilated
Madhyagatyuttaradhyaya, Sphutagatyuttaradhyaya, mutilated
Triprasnottaradhyayal

1. w1 AEAISSAES acHfE-arsEw v faifsa: | ‘
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(Continued on next page)



60 MANUSCRIPTS OF THE BRAHMASPHUTASIDDHANTA

Sudhakara Dvivedi says that nowhere in the Brahma-
Sphutasiddhanta, Madhyamadhikara, is found the verse :

Samsadhya spastataram bijam nalikadiyantrena.

Tat-sansrtagrahebhyah kartavyaw nirnayadesau.

(This verse has been quoted by Dvivediin the Ganaka-
Tarangini page 19).}

This verse has been quoted by Dvivedi from the Trans-
Iation of Grahalaghava by Mallari.

- Dvivedi further says that in the Manuscripts available,
there is mentioned a Twenty-fifth Chapter under the title “Dhya-
nagrahopadesadhyaya”. Dvivedi thinks that this Chapter does not
constitute the Brahmasphutasiddhanta proper, which ends in fact
with twenty-four chapters? In bis commentary and Edition in
the Pandita, he has published it as a separate treatise of Brahma-
gupta. Thus he has named his Edition as:
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Brahmasphutasiddhanto Dhyanagrahopadesadhyayasca or
Brahmaphutasiddhanta and Dhyanagrahopadesadhyaya by Brahma-
gupta (1902)*

The manuscript of this small treatise was also mutilated,
and Dvivedi took special pains in editing it. and he revised the
calculations also incorporated in this treatise.

The small treatise, Dhyanagrahopadesadhyaya must have
been composed prior to the Brahmasphutasiddhanta, since we
find a verse in the last Chapter (the 24th Chapter also known as
the Sa#jfiadhyaya of the Brahmasphutasiddhanta), verse 9. a
reference to this book :

How could this result be obtained in a simple way has been
shown by me in the Dhyanagrahopadesadhyaya of 72 Arya verses,
and therefore, it is not repeated here. BrSpSi. XXIV. 9)

In the Dhyanagrahopadesadhyaya, we have a verse 61,
which is also found in the Khandakhadyaka (KK. I.21):

Navatithayah (159) divided by asti (16), paficaraszh (65)
divided by vasu (8), 10 divided by 3. each multiplied by the
equinoctial shadow are the (tabular differences of) ascensional
difference expressed in vinadis. (KK. 1. 21; DhGr. 61)

This verse then indicates that the Dhyanagrahopadesadhyaya
has been composed after the Khandakhadyaka. It may also be
possible that the Brahmasphutasiddhanta and the Dhyanagraho-
padesadhyaya were simultaneously written, and the above verse
(DhGyr. 61) was repeated again in the Khandakhadyaka.

Sudhzkara Dvi vedi has taken the help from the commentary
of Prthudaka Svami in the Chapters on Patiganita (Arithmetic),
and has quoted the examples from this commentary. At many
places he has corrected the readings which were mutilated in
manuscripts.
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Reference

Sudhzkara Dvivedi : His Bhumika on BrSnSi., Pandita.
Vol. XXIV, 1902 (New Series)



Chapter IV

Subject Matter Classified in the

Brahmasphutasiddhanta
& Khandakhadyaka

It needs no emphasis that Aryabhata commanded a great
influence as an astronomer not only prior to Brahmagupta but
during his days also, and we have seen how Brahmagupta quoted
this great authority in his writings, sometimes borrowing from
him and sometimes contradicting him or improving upon his
calculations. Aryabhata’s great work is known as the Aryabh-
atiyam written in 499 A. D. Aryabhata was bornin 476 A.D.
(Kaliyuga Samvat 3577). The Aryabhatiyam is also known
as the Aryasiddhanta. For details about Aryabhata the reader
is referred to the -Chapter entitled* Aryabhata lays Foundations
of Algebra” (Founders of Sciences in Ancient India, 1965, Chapter
X) . This great work was written in Kusumapura, (modern Patna,
Bihar).
Divisions of Aryabhatiyam
The Aryabhatiyam isdivided into four chapters called
Pada: (i) the Gitika Pada, with ten verses; (ii) the Ganita Pada
with 33 verses; (iii) the Kalakriya Pada with 25 verses and (vi)
the Gola Pada with 50 verses.

In the Ganita Pada. a chapter on mathematics, we have
such subjects : squares ( varga ), - cubes ( ghana ) ( versz 3),
square-root (vargamula) (4). cube-root (ghanamala) (5) ; area of
a triangle, volume of a prism (6), area of a circle. volume of a
sphere (7): area of a quadrilateral (visamacaturasra) (8); circumfe-
rence of a circle (10), Rsine (radius x sine) (Jiva) (11); determina-
tion of the Rsine of the zenith distance, the base (bahu) of a right-
angled triangle, and the upright (kosi) of a right-angled triangle
- (16) ; hypotenuse (karpa) of a right-angled triangle and ardhajya
(17), Reversed-sin: (§ara) (18), areas of series-figures ($redhiphala)
(19), rule of three (trairasika) (23), reduction of fractions (savar-
nikarana of bhinna) (27) ; inverse-rule of three (vyasta) (28);
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evaluation of unknown values (mulya-pradarsana of avyakta
mulya (30) ; and the theory of pulveriser (Kuttaka) (32, 33). In
this chapter, Aryabhata givesthe solutions of quadratic equa-
tions, and thus he earns for himself the credit of {founding the
science of algebra.

(i1i) The Kalakriya Pada with 25 verses, which enumerates
the units of time [1 year (varsa)=12 months (masa) ; 1 month==
30 days (divasa) ; 1 day ==60 nadis ; 1 nadi=060 vinadi ; vinagdi or
vinddika is the same as vighatika equivalent to our 24 scconds ;
nadi or nadika or ghatiis equal to 24 minutes]'; correlation of
time division with the ksetra—division or angular division?
Twelve signs of Zodiac or rasfis go to constitute a bhagana® ; solar
day (ravimasa), lunar day (sasi masa) ; additional month or
intercalary month (adhimasa) ; various kinds of years : the solar
year is human or manusya year ; 30 human years=1 pity year ;

12 pity years=1 divya year (divine year); 12,000 divya years
~ constitute a yuga (6, 7, 8) ; the first half of the yuga is utsarpim
kala, and the latter half is avasarpini kala and they are calcula-
ted from the apex of the Moon (candrocca) (this isnot very
clear) (9) ; a yuga is of 60 years, and such 60 yugas, that is 3,600
vears had passed away since the kaliyuga, when the author was
of 23 years of age: (10); the countof a yuga vear, month and
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day should begin from the month Caitra. Sukla Pratipada (the
first day of the brighter half of the month Caitra) (11): man-
docca (apex of slowest motion) and ¢ighrocca (apex of fastest
motion) (17—24).

(iv) The Gola Pada with 50 verses. In Verse 1, there is
a reference to a point in the Sun’s path, the commencement of
mesa (mesadi) ; this must have been vasanta-equinox. The ascen-
ding nodes (pata) of planets and the shadow of the Earth move
on the path of the Sun (arka-apamandala) (2-3); the angular
difference in relation tothe Sun at the appearance of Moon (12
degree or arsa), of the Venus (9 degrees or 9 vinadika); of the
Jupiter (2 more than the Venus, i.e. 11 vinadikas) ; the Mercury
or Budha (13 vinadikas), of the Saturn or Sani (15 wvinadikas) ;
and of Mars or kuja (17 vinadikas).

The half of the Earth, Moon, planets and stars is dark. since
those parts happen to be under their own shadow ;the other
half is bright as it faces the Sun (this is not true with respect
to stars—author) (5). The Earth is surrounded with an atmos-
phere of air and water (6, 7). Iathe Brahma-Divasa (Brahma’s
day), the sprere of the Earth is increased by one yo’ana and
decreased by this amount during the Brahma’'s night (8). Just
as a person sitting on a moving boat sees the stationary trees
etc. on the bank of a river moving in the opposite direction.
similarly the stationary stars are seen moving from Lanka (or
equator) moving towards the West(9). On account of pravahavayu
(air) the naksatra system and planets rise and set receding towards
the West (10). The dimensions of Sumeru Parvata (North pole)
is given to be one yojana, and it shines like a jewel (11) and in
the next verse is given the position of Sumeru and the Bada-
vamukha (South pole) (12). The four cities situated at a diffe-
rence of 90° each on the equator are given (13). The distance of
Ujjayini from Lanka (thus giving the latitude of Ujjayini) is
given (14).

On account of the thickness of the Earth-sphere, the
Khagola (celestial sphere) is seen less than the hemisphere (15).
The next verse describes' how moving appears the Khagola on
the North and South poles (16). Then is given the measure of day
and night of devas (gods). pitar (fathers); asura (demons) and
manuja (men) (17). Then are given a few technical definitions
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of celestial mathematics (18—21) like drsti-sthana (interscction of
horizontal and vertical axis—purvapardiggata rehka and adha-
ardhwva-diggata rebha). Dra-mandala, drghksepamandala (dygksepa
is the zenith distance of that point of a planet’s orbit which is at
the shortest distance from the zenith). Then the Bhuhhagola
instrument is described (22, 23). Then follow the formula for
calculating lagna (the horizon ecliptic point in the East), kala
etc. comprising the Triprasnadhikara (24—33). In the next
verses, we have lambaka or Rsine of colatitude (34); drk-harma
(35) and ayana-drk-karma (36). Then follow the calculations of
lunar and solar eclipses (37—47). Verse 48 descrites the coordi-
nates of the Sun which arz determined by the conjunction of hori-
zon with the Sun. of the Moon by the conjunction of the Sun and
the Moon. of planets by the conjunction of the Mooa and plancts
or stars. Verse 49 describes how this jewel treatise has been pro-
cured outof anocean of true and untrue knowledge with the
help of a boat of intellect. This means that the author has taken
special pains in discriminating true knowledge from falschood
with respect to the prevalent notions of astronomy. In the last
verse he says, that he has not given anything new ; he has given

that very knowledge which was imparted by the Svavambhu in
. the earliest times (50).

The Pafichangas prepared according to the rules and for-
mule of the Aryabhativam are still regarded with reverence by
the Vaisnavas in the South. Brahmagupta was a great critic
of Aryabhata, but finally he wrote his treatise, the Khandabhad-
vaka, on the basis of this very Aryvabhativa (this treatise is a kara-
nagrantha i.e. one containing a principal clement of the Indian
Calendar). The four commentaries of the Aryabhafiva available
in Sanskrit are of Bhaskara I, Sturyadeva Yajva, Parameévara and

Nilakentha. Two English translations by P.C. Senagupta (1927)
and W .E. Clark (1930) are also available.

Major Landmarks

3 Indian astronomy which reached its zenith in the times of

Aryabhat,a and Brahmagupta shows its evolution in the following
stages : o ‘

1. Rudiments of astronomy in the Vedas and Brahmana

~*. Books like the Taittinya Samhita and the Satapatha

.~ Brahmana. This period is associated with the dis-
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covery of the Vedic era. some of the planets. the twenty-
four maksatras, cycle of seasons. concept of leap year,

the dimensions of a yuga, solar and lunar years and the
like.

Astronomy of the Vedanga, also known as the Vedanga
Jyotis. Lagadha is the most prominent figure ot this
period (1400 B.C. to 850 B.C.) ; he is the first compiler
of a text on astronomy. In his work. we for the first
time in-history find a reference to the J7ieva Raéi (the
knowable or the unknown quantity) and the J#ana-
Rasi (known quantity). He lays the foundations of
astronomical calculations. In his treatise we find a
mention of such subjects as: Solstices (northern and
southern journey of the Sun). increase in days and
nights in the ayanas or solstices, solstitial tithis omis-
sion of tithis, parva rasi » acceptable and non-acceptable
parvas, addition of day, acceptable parvas. concept of
yoga (a term applied to the joint space which would
be travelled by the Sun and the Moon in a given period
of time on the presumption that these two bodies have
travelled in directions opposite to each other), method
of finding out a naksatra on any parva day, distinction
between parva-naksatra and tithi-naksatra, correlation
of solar and lunar dates, measure of a nadika (unit of
time): naksatra of the Sun, yoga and its naksatra. parva-
bhasesa and equivalent kalas. solar year, lunar revolu-
tions (risings of naksatras) deities of nakstras, lunar
and savana day differences (ahika masa), divisions of
a savana day and length of day in two ayanas. This
author probably belonged to Kashmir.

The period of Siddhantas : Varzhamihira in his well
known treatise, the Paficasiddhantika, refers to five
Siddhantas or systems of Astronomy : Paitamaha,
Vasistha, Romaka, Pauli$a and Sarya (Saura). As re-
gards its importance, he gives the first place to the
Suryasiddhanta, places next the Romaka and Paulija,
and declares the remaining two to be defnitely inferior
to the former. We do not possess the full tredtise of
these Siddhantas, except the Saryasiddhanta. Here too.
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we have dificulty. The Stryasiddhanta, as summarised
by Varahamihira in his Paficasiddhantika: in many
essential features differs from the system prescribed by
the Text of the Survasiddhanta now available. So we
have two versions, the one with which Varzhmihira was
familiar and the modern one.

The present Suryasiddhanta comprises of fourtecen chapters
called adhyavas. We have an authentic commetary on it by
Parame$vara. The first two chapters of the Saryasiddhanta have
no special name. The classification of chapters is as follows :

Modern Siirya Siddhanta
Chapter Name of the Number
Chapter of verses Subject
I —_ 69 Mean longitude of
planets.
IT — 68  True motion and true

longitude of planet :
and clements of Pafi-

canga.
111 Tripraénidhyaya 50 Directions, place
and time.
v Candra-grahana- 29 Lunar eclipse.
dhyaya
v Surya-grahanadh- 17 Solar eclipse.
yaya
VI Chedyakadhyaya 24 Projection of eclipse
on a plane surface.
VII Graha-samagama- 24 Conjunction of one
vyuddhadhyaya planet with another.
VIII Taravisayodbyaya 21 Conjunction of a
Planet with the junc-
tion star of a naksatra.
X Udayastamaya-vi- 18 Heliacal rising and
sayodhyaya setting of planets.
X Candrastamayadi 16 Moon rise and eleva-
visayah tion of Moon-horn.
XI . Vyatipata-visayah 23 Pata (vyatipata)
- XII — 87

Cosmogony and geo-
graphy
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Chapter Name of the Number
Chapter of verses Subject

XIII Vyatipata-visayah 26 Armillary sphere and

astronomical instru-—
- ments

XIV — 28 Modes of reckoning

time
Total 500

From the contents of the Modern Suryasiddhanta, it appe-
ars that its great author (or rather compiler, since this Siddhanta
has been existing much before he compiled this treatise)-intends
giving a complete but brief account of the entire Indian astron-
omy. He has been careful enough to avoid controversies, and
he has omitted the methods occurring in other Siddhantas and
Maha-tantras as alternative rules. - He describes only those
which are most important and of general nature. Part IT of
the book dealing with cosmogony and geography etc.. is very
brief , a nd the entire subject has been summarised in three chap-
ters (Chapters XII to XIV). The Chapter on Astronomical
instruments (XIII) is sketchy and rather incomplete; the author
has given the names only of the instruments, as if the purpose
was to keep the details szcret and guarded. The whole text of
the Suryvasiddhanta is finished in 500 verses (compare this with
the length of other Indian books on Astronomy: the Brahmasph-
utasiddhanta 1008 verses, the Siddhanta-sebhara 890 verses and
Siddhanta-siromani proper 962 verses).

The Modern Suryasiddhanta isa composition or compila-
tion of a period when the Aryabhatiyam and the Brahmasphuta-
siddhanta had already become popular. This Saryasiddhanta is
indebted to both these systems, though it has nowhere acknowleged
them in the Text. We shall refer to this matter later at an appro-
priate stage of our discussion.

It may casually be mentioned here that Alberuni has
ascribed the authorship of the Saryasiddhanta to Latadeva while
Munisvara (603 A. D.) has ascribed it to Aryabhata I. Though
there ‘is little or no support to these views. it is not improbable,
that the works of AryabhataI and Latadeva which followed mid-
night-day-reckoning were based on the Suaryasiddhanta prevalent
at the time. P. C. S:nagupta on the other hani is of thz opinion
that “ the old Sarvasiddhanta was made up-to-date by Varzhami-
hira by replacing the old constants in it by new ones from Arya-
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bhata I's midnight system. * In this connection, it must be
remembered that Varahamihira nowhere expresses his indebted-
ness to Aryabhata I. .

The Survasiddhanta undoubtedly is the most popular book
on Astronomy in this country. It has been so for the last 1000
years asis se:n from the list of commentators on its text (K. S.
Sukla has given a list of 28 commentators includiug those who
wrote commentaries in the South Indian lanpuges like Telugu and
Kannada.) :

Allanarya Suri Mahes$vara

Amaredya Mallikarjuna Sari (1178 A. D.)
Bhattotpala (966 A. D.) Narayana

Bhudhara (1572 A.D.) Nrsinha Daivajfia (b. 1586 A.)
Bhati visnu Nrsimhadeva

Candeévara (1178) Parame$vara (1432 A. D.)

Cola Raghava Sarma (1592 A. D.)
Dadabhai (1719 A. D.) Ramakrsna Aradhya (1472 A, D)
Devidasa Ranganatha (1603 A. D.)
Kamala Kara Danevarah Sarvabhauma

(1618 A. D))

Kamabhatta Tamma Yajva (1599 A. D.)
Krsna Daivaijfia Yallaya (1472 A. D.)
Madanapala - Visvanatha (1628 A.D.)
Madhavacarya

A large number of astronomical books in this country were
written on the basis of the Suryvasiddhanta, asthe Ganakanandu
by Surya (1387-1447 A.D.), Ganitadaréa by Dharmapathin,
- Makaranda Sarini by Makaranda (1478 A D.), Grahacabra by
Kucanicarya (1299 A.D.), Visnukarana by Viénu (1556 A.D.)
besides many others with indefinité dates such as the Sarya-
siddhanta nayana-prakarah, Survasiddhanta-ganita Stryasid-
dhanta-samgraha by Vidvanatha Suri, and Soryasiddhanta Sarini
by Ramadatta Daivajita. K.S. Sukla has given a list of this
literature in his Introduction to the Survasiddhanta.

(iv) Period of Bhaskaral: The author cr the compiler
ot the Suryasiddhanta is not known nor its date  of composition.
Bhaskara and Brahmagupta are the brilliant names of a contem-
porery period. Bhaskara I lived in the seventh century of the
Christian era and wasa contemporary of Brahmagupta (628
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A.D.). He wrote three works on Astronomy which were most
likely composed in the following order : (i) the Maha-Bhaskariya.
(ii) a commentary on the Aryabhitiva, and (iii) the Laghu-
Bhaskariva, His commentary on the Aryabhatiya was written
in 629, ie., only one year after the Brahmasphutasiddhanta. His
commentary on the Aryabhativa was written in 629 A.D., ie,
.one year after the completion of the Brahmasphutasiddhanta.
Undoubtedly Bhaskara was the follower of Aryabhata I. Shukla
says, that his works provide us with a detailed exposition of the
astronomical methods taught by Aryabhata I and throw light on
the development of Astronomy in India during the sixth and
early seventh c¢enturies A. D. which was the most brilliant
period in the history of Indian Astonomy-Shukla has brought a
critical edition with English translation of the Mahabhaskariva
and the Laghu-Bhaskariya and he proposes to bring out a volume
on the life and works of this great astronomer,

Division of Mahabhiskariya

The Mahabhaskariva is divided into Chapters called the
adhyayas. The adhyayas have not been named as some of the
Chapters of the Suryasiddhanta or the Brahmaspuhtasiddhanta.
The number of verses in the Mahabhaskariya is as follows :

Subject Number of
verses
Adhyaya I Mean Longitude of a

Planet and Planetary
Pulveriser 52
Adhyaya II The Longitude Correction 10
Adhyaya III Direction, Place and Time.
" Junction-stars of the
Zodiacal Asterisms and

o , conjunction of Planets with

them. 75
Adhyaya IV The Longitude of a Planet 64
Adhyaya V Eclipses 78

Adhyava VI Rising, Setting and Con-
‘ junction of Planets 62
Adhyaya VII Astronomical Constants 35
Adhyaya VIII Examples 27

These titles to the subject-matter given in the above table
have been assigned by Dr. Kripa Shanker Shukla in his critical
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edition. The total mumber of verses in this work 1s 403. The

Saryasiddhanta has. as stated above, 500 verses in all,
Laghu-bhaskariya

The Laghu-Bhaskariya is also divided into eight chapters,
each chapter is known as Adhyvaya. The subject matter in the
book has been dealt with as follows :

Subject Number of

verses

Adhyaya I Mean longitudes of the
Planets 37

Adhyaya II True Longitudes of the
Planets 41

Adhyaya III Direction, Place and
~ Time from Shadow 35
Adhyaya IV The Lunar Eclipse 32
Adhyaya V The Solar Eclipse 15

Adhyaya VI Visibility, Phases and
Rising and Setting of

the Moon 25
Adhyaya VII Visibility and Con-

junction of the Planets 10
Adhyaya VIII Conjunction of a Pla-

net and a Star 19

The total number of versesin this text is 214. The Laghu-
Bhaskariyam isthus an abridged edition of the Maha-Bhaskariyam.
From the closing stanza of this works, itis clear that the author
wrote this work for the berefit of young students with immature
mind by condensing and simplifying the contents of his larger
work, the Maha-Bhasarivam (also known as Karma-nibandha).
Thus we have a little of the parallelism: Brahmagupta, after
finishing his bigger treatise, the Brahma-sphujasiddhanta, wrote
a minor abridged work, the Khanda-khadyaka, as a karana
grantha. This latter work of Brahmagupta, however, incorporates
some original ideas not included in the earlier work. Shukla
has given an analytical table indicating the rules of the Maha-
Bhaskariyam incorporated in the Laghu-Bhaskariyam also in an

abridged or modified form, and also a list of the rules which have
been omitted in the Laghu-Bhasakriya. There are a few rules
‘in the Laghu-Bhaskariya also which have no counterpart in the



LAGHU-BHASKARIYA 73

Maha-Bhaskaripa. Shukla further says that the arrangement
of the contents of the Laghu-Bhaskariya is more systematic and
logical than that of the Maha-Bhaskariya, and is. at the same
time, in keeping with the general practice followed by the other
Hindu astronomers. Numerous quotations of this work occur
in the annotative works of Saryadeva (b. 1191 A.D>.), Yallaya
(1480 A.D.). Nilakantha (1500 A.D.). Raghunatha -Raja (1597
A.D.). Govinda Somayaii and Vispu Sarmaz and in the Prayoga-
racand an anonymous commentary on the Maha-Bhaskariyam.
We find the commentaries of this abridged work in Malayalam
and Tamil also. All this speaks of the great popularity of this
work.

There are circumstantial evidences to show that Bhaskara I
had associations with the countries of A$maka and Surzstra.
Bis commentary on the Aryabhativa was probably written in
the city of Valabhiin Surastra. Perhaps Bhaskara I was born
and educated in Admaka and later on he migrated to Valabhi,
where he wrote his commentary on the Aryabhatiya or that he
was a native of Valabhi and got his education in the Aémaka
country. Perhaps there was a strong school of Astronomy in
the Aémaka country, which was founded by the followers of
Aryabhata, so much so that at places, Bhaskara I has also called
Aryabhata as A$maka., his Aryabhativam by the name Asmaka-
Tantra or the A¢makiya and the followers of Aryabhata as
Afmakiyah. This Aémaka country or A$maka Janapada is men-
tioned in the Buddhist literature also. It was somewhere either
in the north-west of India, or was situated between the rivers
Narmadz and Godavari. Bhaskara I was evidently a resident
of the latter Aémaka (which was between the Narmadsz and
Godavari).

Brahamagupta and Bhiaskara I were contemporaries. Both
of them developed their systems in the earlier part of the seventh
century A.D. (3700 years of Kaliyuga). Brahamasphutasiddhanta
was written in 628 A.D. and the comm:2ntary on the Arva-
bhativam by Bhaskara I was compos:d in 629 A. D. Bhaskara
closely followed Aryabhata, but Brahmagupta had the futs to
oppose the views expressed by this great master and he not only
contradicted him at places, but also propounded many new ideas
methods of calculation and constants of greater accuracy.
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The classification of the contents of Astronomy in adhikaras
appears to be the original concept of Brahmagupta ; this system
was to some extent adopted in the modern Stiryva-Siddhanta
in the case of a few chapters. The Vatesvara-Siddhanta by Vates-
varacarya (born 802 Saka or 880 A.D. in Anandapura city,
Puniab. son of Mahadatta) also adopts the terminology: Madhva-
madhibara. Spastadhibara and Triprasnadhikara. We owe this
type of caption-nomenclature to Brahmagupta.

Contents of the Brahmasphutasiddhanta

Now we shall summarise the contents of the Chapters of
this great treatise and also enumerate the number of verses in
each chapter. The author has himself given the total number of
verses in the Chapter in the ending verse of each chapter. Some-
times, the verse specifying this number itself is not taken into
account while giving the total number of verses in that chapter,
and therefcre, there occurs a minor discrepancy in the actual
number and the number specified by the author himself. The
following table records both these numbers separately :

Number of Actual num-

Chapter Title verses indi- ber of verses
cated by the
author
PORVA-DASADHYAYI (First Ten
Chapters)
I Madhyamadhikarah (Madh-
© yamagati-radhyayah) 63 63
II Spastadhikarah (Sphutagati-
radhyayah) 67 68
III Tripraénﬁdhﬂ;arah (Tripr a$é-
nadhyayah) ‘ 66 66
v Candragrahanadhikarah 20 20
(Candragrahanadhyayah)
V‘ ~ Suryagrahanadhikarah 26 27
(Arka-grahanam or  Ravigra-
| hanadhyayah)
VI  Udayastadhikarah 12 13

(Udayastamayadhyayah)
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VII  Candra$rmgonnatyadhikarah 18 18
(Candrasrngonnati-adhyayah)
VIII Candracchayadhikarah 9 9
(Candracchaya-adhyayah)
iX Grahayutyadhikarah 26 26
(Grahamelanadhyayah)
X Bhagrahayutyadhikarah 70 70
(Bhagrahayutih-adhyayah)
Total (of Dasadhyayi) 377% 380%
XI Tantra-Pariksadhyayah 63 : 63
(Dusanadhyayah)

XII Ganitadhyayah
Miéraka-vyavaharah 1—16
Sredhi-vyavaharah  17—20.
Ksetra-vyavaharah  21—39
Vrttaksetra-ganitam 40—43
Khita-vyavaharah  44—46

Citi-vyavaharah 47—
Kakacika-vyavahare
karanasttre 48—49
Rasi-vyavaharah 50—>51
Chaya-vyavaharah  52—66 66 66
XIII Pra$nadhyayah 49 48
(Madhyagatyuttaradhyayah)
X1V Sphutagatyuttaradhyayah 54 55
XV Tripraénottaradhyayah 60 60
XVI Grahanottaradhyiyah 46 47
XVII Smgonnatyuttaradhyzayah ‘10 10
XVIII Kuttadhyayah 103 102
’ (Kuttakadhyayah)
Kuttakarah . 1—29
Dhanarna-$unyanam
samkalanam 30—42
Ekavarna.samikarana-
bijam 42—50

Anekavarna-samikarana-
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bijam 51—59
Bhavita-bijam 60—63
Varga-prakrtih 64—74
Udzharanani 75—102
XIX Sankucchayadifanidhyiyah 20 20
XX Chandascityuttaradhyzyah 20 19
XXI Goladhyayah : 70 70
Samanya-golaprakara-
nam 1—16
Jya-prakaranam 17—23

Sphutagati-vasana 24—30
Bimba-sidhanam 31—35

Grahana-visani 36—43
Golabandhadhiki-
rah 48—70
XXII  Yantradhyayah 53 57
XXIII  Manadhyayah 12 12
XXIV- Satijnadhyaysh 13 13
Tutal 1016 1022

In one of the verses, Brahmagupta states that he has composed
- the treatise containing 1008 verses. Sudhzkara Dvivedl has
given the total as 1021, whereas he says, this number according
to Brahmagupta’s own statement should be 1020. If one de-

ducts the concluding 12 verses of the Sa#jfianachydyva, the num-
ter should be 1008.

Sudhakara Dvivedt, in his addition of the Brahma-sphuta-
siddhanta (published in the Pandita, 1971 and 1502) gives as a
supplement a small treatise of Brahmagupta known as Dhyana-

grahanopadesadhyaya or Dhyanagrahanadhikarah which has 72
verses.

It would be worthwhile to give here the details of the
Khandakhadyaka also, a book of Brahmagupta about which we
have spoken’so much. The titles to the chapters have not been

-indicated in the Text ; most  likely they have been assigned by

the commentator, Prthudaka Svami known as the Khandakha-
- dyakavivarapam.
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Chapter Title Number of
verses
I Tithi-naksatradhikaradhyayah 32
(On tithis, naksatras etc.)
II Grahagatyadhyayah 19

(On the mean and true places
of ‘star’ planets)

III - Tripra$nadhyayah 16
(On the three problems relat-
ing to diurnal motion)

v Candragrahanadhyayah 7
(On lunar eclipses)
A% Suryagrahanadhyayah 6
(On solar eclipses)
VI Udayastadhikarah 7
(On the rising and setting of
planets)
VII Candrasringonnatyadhayah 4

(Cn the position of the
Moon's cusps)

VIII Samagamadhyayah 6
(On conjunction of planets)

UTTARA KHANDAKHADYAKA—APPENDIX

IX Corrections and new methods 14
X On conjunction of stars and planets 16
Total 127

Bhattotpala, in his commentary on the Khandakhadyaka has
given several additional verses in the main or proper treatise
and also in its Uttara portion or the Appendix. P.C. Sengupta’s
edition (Sanskrit Text 1941) has given at the end of this pub-
lication the account of these additional verses. The English -
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edition (1934) classifies the Uttara-K handabhcdyaka into two
chapters (which the author calls as Chapters IX and X), the
Sanskrit edition gives 3 verses in Chapter IX, 21 verses in

Chapter X and 24} verses in Chapter XI.

Of these three

chapters, the Chapter X has been given the title “Patadhikara”’
and Chapter XI the title “Parilekhadhyaya” by Bhattotpala.

TABLE

Arrangement of contents in different treatises

Topic

BrSpSi

SuSi

MBh

Mean longi-
tudes of the
planets

True longi-
tudes of the
planets

Direction,
place and
time

Computation
of a lunar
eclipse

Computation
~of a solar
eclipse

Projection of
an eclipse

Conjunction
of a planet
with another
planet

Conjunction
of a planet
with a star

Heliacal ris-
ing of pla-
nets

LXII
ILXIV
ILXV
1{7,XVI

V.XVI

XVI

X

VI

II

111

IV

VI

VII
VIII

v

1L

VI

VI

MSi

LII

11X

v

VI

VIII

X1

XII

IX.X

SiSe

LI

III

v

V.VII

VI

X1

XIL

IX

SiSi

1I
I
v,V

VI

XI

VII,

VIII
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Topic | BrSpSi| SuSi | MBh | MSi | SiSe | SiSi

elevation of
lunar horns |VILXVI] X VI WILVIII X IX

Pata X1V XI VII XIII VIII | XII
Cosmogony .

and geogra-

phy XXII XII XVI I1.iii
Astrono. ins-

truments XXII § XIII 111 XIX | II.xi
Time reckon- .

ing XXIV | X1V Ii

,-Aryabhata and Brahmagupta Controversy

The scientific Indian astronomy was more or less created by

Aryabhata I (476 A.D.). It issaid that he was the teacher of
two distinct systems of astronomy, one of which is called the
audayika system, and the other the ardharatrika system.
In the first, the astronomical day is taken to begin at sunrise
at Lank3, and in the other, the same begins at the midnight of
the same place. In the Khandakhadyvaka Brahmagupta gives
compendious rules for the calculation of longitudes, etc, of
planets according to the ardharatriba system of Aryabhata I.
In this connection, he refers to Aryabhata in the following
words in his Khandakhadyaka :

Having made oteisance to God Mahadeva, who is the great
cause of this world’s rise (i. e. creation). existence, and
destruction, I shall declare the Khandakhadyaka which
will yield the same results as the great astronomical
treatise of Aryabhata. ,

As in most cases calculation by the great work of Arya-
abhata, for (the knowledge of time and longitude of
planets etc. at) marriage, nativity and the like is
impracticable for common use every day, this smaller

1. sfwe waryd g aRaREeea |
T QeI AV aFa |
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treatise (i.e. Khandakhadyaka, literally meaning fecd
prepared from sugar-candy) is made so as to yield the
same results as that.!

The mean saturn diminished by 3 seconds the Sighrocca
of Mercury diminished by 22 scconds, the mean Mars
increased by 2 seconds and the mean Jupiter increased
by 4 secords are equal to the respective mean planets
of Aryabhata’s midnight system.®

In the Brahmasphutasiddhinta, DBrahmagupta accepts the
astronomical day to begin with the sunrise at Lankd, and the
calculations of days, months, vears, Yugas, and Kalpas all begin
from Caitra Sukla Pratipada (the first tithi of the month Caitra
in the bright-half of the Moon) and the first day is regarded as
Sunday.?

Varzhamihira in his epicyclic cast to the Strvasiddhinta
in his Pancasiddhantika adopts the ardharatrika system or the
system of reckoning days from midnight. The question why
Brahmagupta who was so bitter an opponent of Aryabhata I
in his younger days (628 A.D.) claimbed down to describe and
teach one of the systems of Aryabhata's astronomy in his sixty-
seventh year (665 A.D.) is difficult to explain. In fact so great
was Aryabhata's reputation and fame that in spite of Brahma-
gupta’s severe ricticisms of the former in Chapter XI of the
Brahmasphutasiddhanta, it perhaps was undiminished and it
was Aryabhata who continued to be universally followed.

Some authorities have thus expressed the view that to meet
the popular demand Brahmagupta in the Khandakhadyvaka took
upon himself the task of simplifying Aryabhata’s ardharadtrika
system and in this task he became eminently successful. But it
has been supposed that in this task he could not be a mere
simplifier or expounder.
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The minor work of Brahmagupta known as Khandakhadyaka
has two distinct parts : Khandakhadyaka proper and the Uttara
Khandakhadyaka. In the first part the astronomical constants
are the same as those of Aryabhata’s ardharatriba system, but
the methods of spherical astronomy, calculation of eclipses and
other topics are almost the same as in tbe Brahmasphutasidd-
hanta. The corrections for parallax in calculating a solar eclipse
is here an important illustration.!

In the Uttarakhandakhadyaka, Brahmagupta gives correc-
tions to the Khandakhadyaka proper. In it are to be found the
neat and original methods of interpolation and correction to the
longitudes of the aphelia, as also to the dimensions to the
epicycles of apsis of the Sun and the Moon.? while a few addi-
tional chapters supply what else is necessary to the first seven
chapters of the first part, to make the whole a complete treatise
on Indian scientific astronomy. It was perhaps through the in-
fluence of this supplementary part of the Khandabhadyaka that
Brahmagupta’s great work, the Brahmasphutasiddhanta came to
be valued among a distinct school of Indian astronomers. For
long in this country India, this Siddhanta of Brahmagupta has
been forming the basis for the calculation of almanacs by astro-
nomers of the orthodox school of Rajasthan, Bombay and others.

We might at this stage take up the question : Was
Aryabhata the author of two distinct systems of astronomy ?
Undoubtedly he was. Several authors have written on this
subject. I may specially mention the name of Prabodha
Chandra Sengupta (Journal of the Department of Letters,
Calcutta University, vol. XVIII; Bulletin, Calcutta Mathemati-
cal Society, vol. XXII. Nos. 2 and 3). The reasons advanced by
him may be restated in slight details thus. In his Brzhma-
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~BrSpSi, XI. 23-25, also KK. V.
2, See UKK, 9.
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sphutasiddhanta, Brahmagupta thus speaks of the two works of
Aryabhata:

As in both the works the number of the Sun's revolutions
is spoken of as 432,000 wears, their plinetary eycle is
clear, i.e., of 4,320,000 years. Why then is therc
difference of 300 civil days in the same cyeln of the
two books ?*

Again, he says:

In 14,400 years elapsed of the Mahayuga there is produced
a difference of one day in the audayiba and ardhardat-
rika systems.?

Varahamihira in the Paficasiddhimtiba writes -

Aryabhata maintains that the beginning of the day is to
be reckoned from midnight at Lank#; and the same teacher
again says that the day begins from sunrise at Lanki. *
Thus from the writings of Brahmagupta and Varahamihira. it
is clear that Aryabhata I was the author of both the audayiba
and ardharatrika systems of astronomy. In Varahamihira's
verse the phrase sa eva (& ©%), meaning “he undoubtedly” is of
speeial significance. It removes the least doubt as to Arya-
bhata’s authorship of both these systems. The audayiba and
ardharatrika astronomical constants are respectively to be found
from the Aryabhatiya and may be deduced from the Khanda-
khadyaka as well. The following is the comparative view of the

constants of Varahamihira and of the present day Swrya-
siddhanta.

TABLE I .

Planetary revolutions in a mahayuga of 4.320,000 yvears,
according to various authorities.
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Planet BrSpSi Aryabhativa Khanda- Varzha- Later or
bhadyaba  Sarya- modern

siddhanta Siirva-

(PSi.) siddhanta

Moon 57,753,300 57,753.336 57,753,336 57,753,336 57,753,336
Sun 4,320,000 4,320,000 4,320,000 4,320,000 3.320,000
Mars 2,296,828.522 2206,824 2,206,824 2296,824 2,296,832
Jupiter 364,226.455 364224 364,220 364,220 364,220

I%?turn 146,567.298 146,564 146,564 146,564 145,568
oon’s
apogee —_— 488,219 488,219 488,219 488,203

Venus 7,022,380.492 7.022.338 7,022,388 7.022.388 7,022,376
Mercury 17,936,998.984 17,937,020 17937,000 17,937,000 17,5937.060
Moon’s

nodes  232,311.168 232,226 232226 232226 232,238

TABLE II .
Longitudes of the apogees of the orbits of Planets.

Aryabhativa Khanda- Varzha Modern

Planets khadyaka  Sturya-sid- Surya-siddh-
dhanta. anta
Sun 78° 80° 80° 77°07-
Mercury 219° 220° 220° 220° 267
Venus 90° B80° 80° 79° 49
Mars 118° 110° 11° 130° 007
Jupiter 180° 160° 160° 171° 16"
Saturn 236° 240° 240° 236° 37
TABLE I

Dimensions of the epicycles of Apsis
Planets Arybhatwa Khanda- Varzha. Modern

khadyaka Sarya- Strya-
siddhanta  siddhanta
Sun 13°-30 14 14° 132°14°
Moon 31°-30" 3re 31° 313°-32°
Mercury  224°-313° - 28° 28° 28°-30°
Venus - 9°18” 14° 14° 11°-12°
Mars 63°-81° 70° 76° 72°-75°
Jupiter " 313:-361° 32° 32° 32°-33°

Saturn 403-58% 60° 66° 48°-49°
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Table IV
Dimensions of the Sighra epicycles (i.e. conjunctions)
Planet  Aryabhatiya Khanda- ~ Varaha ~ Modern
Khadyaka  Sarya- Sarya-
siddhanta siddhanta
Saturn 363°- 40° 40° 40° 39°- 40"
Jupiter 67L°- 72° 72° 72° 70°- 72°
Mars 2291°-230%° 234° 234° 232°-235”
Venus 2561°265%°  260° 260° 262"-262"
Mercury 1304°-13903°  132° 132° 132°-133"
Table V
Longitudes of the nodes of the orbits of planets
Planets  Aryabhafiya  Khanda-  Varzha  Modern
khadyaka Sarya- Strva-
siddhanta  siddhanta siddhanta
Saturn 40° 40° Not stated Have to be
Jupiter 20° 20° in the calculated
Mars 80° 80° Text from the
Vents €0° 60° data of the
Mercury 100° 100° text
Table VI
Orbital inclinations (geocentric) to the ecliptic
Planets  Aryabhativa  Khanda-  Varzha  Modern
khadyaka  Sarya- Strya-
siddhanta  siddhanta
Mars 9’ 90" 10" Y
Mercury 1207 120/ 135’ 120'
Jupiter 60’ 60’ 101° 60’
Venus 120 120 101 120
Saturn 120’ 120 135 100

‘The Mahabhaskariya of Bhaskara I (522 A. D.) contains
a passage which corroborates tbe fact that Aryabhata I was the
author of both the audayika and the ardharatrika systems of
Indian Astronomy. According to Prthudakasvamin, whose
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commentary on the Brahmasphutasiddhanta we have the
privilege of presenting to the public, it is clear that in certain
respects Bhaskara and others may be wrong but the Aryabhata's
authenticity cannot be questioned. Prthudakasvamin while
commenting on the Brahmasphutasiddhanta, XI. 26 writes:

Such a mistake may have been made by Bhaskara and
others; they have not wunderstood his (Aryabhata’s)
intention.

The passage in the Mahabhaskariya giving constants of the
ardharatrika system runs as follows (we are giving the translation
from Kripa Shankar Shukla’s edition on the Mahabhaskariya) :

The astronomical processes which have been set forth
above come under the sunrise day - reckoning (audayika
system). In the midnight day-reckoning C(ardharatrika
system) too, all this is found to occur: the difference that
exists is being stated (below).?

The next fourteen stanzas relate to the midnight day-
reckoning of Aryabhata I.

(i) Civil days and omitted lunar days in a yuga and
revolution numbers of Mercury and Jupiter are thus
given :

(To get the corresponding elements of the midnight
day-reckoning) add 300 to the number of civil days (in
a yuga) and subtract the same (number) from the number,
of omitted lunar days (in a yuga): and from the revolution
numbers of (the $ighrocca of) Mercury and Jupiter
subtract 20 and 4 respectively, *

Thus according to the midnight day-reckoning, we get

civil days in a yuga = 1,577.917,800
omitted lunar days in a yuga = 25,082,280
revolution number of the §ighrocca of

‘Mercury = 17,937,000

i

revolution number of Jupiter 364,220
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(ii) Diameters of the Earth, the Sun and the Moon are

thus given :

(In the midnight day-reckoning) the diameter of
the Earth is ( stated to te) 1.600 yojanas; of the Sun
6,480 (vojanas) and of the Moon, 480 (vojanas)'.

- (iii) Mean distances of the Sun and the Moon are as

(iv)

v)

follows :

The (mean) distanceof the Sun is stated to be 689,358
(yojanas), and of the Moon 51,566 (vojanas).

Longitudes of the apogees of the planets are as follows:
160, 80, 240, 110, and 220 are in degrees the longitudes
of the apogees of Jupiter, Venus, Saturn, Mars and
Mercury respectively.®

Manda and Sighra epicycles of the planets are as
follows :

The Manda epicycles ( of the same planets ) are 32, 14,
60,70, and 28 (degrees) respectively; and the Sighra
epicycles are 72, 260, 40, 234, and 132 ( degrees)
respectively, The Sun’s apogee and epicycle are the
same as those of Venus (i. e.80° and I4° respectively).

The Moon’s epicycle in the midnight day-reckoning is
stated to- be 31 (degrees). *

T RRRTIE TR0 ff | : —MBh. VII 26-28 (i)

(vi) The positions of the so called manda and ¢ighra patas
of the planets are given below:
(The following directions for) the degrees of the
" (manda and $ighra) patas of the planets as devised
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(under the midnight day-reckoning) should be
noted carefully by learned scholars :

Add 180° to the longitudes of the mandoccas
(apogees) apd sighroccas of Mercury and Venus, and
subtract 3 signs from the mandoccas (apogees) and
$ighroccas of the remaining planets. Then are
obtained the longitudes of the manda and ¢ghra pitas
of the planets. (Also) add 2 degrees to the longitudes
of the manda patas and $ghroccas of Venus, Saturn
and Jupiter, and 13 degrees to those of Mars and
Mercury. (It should be noted that) the $ighra patas
have been stated for all the planets excepting Mercury.
(Mercury does not have a $ighra pata).t

That is to say, the longitudes of the manda patas of Mars,
Mercury. Jupiter, Venus, and Saturn are 21.5, 41.5, 72, 262 and
152 degrees respectively; and the longitudes of the sighra patas of
Mars, Jupiter, Venus and Saturn dre (sighrocca-—88.5°), (sighrocca
—88%), (sighrocca+182%) and (sighrocca—88°) respectively.

(vii) A rule for finding the celestial latitude of a planet is
as follows:

(From the longitude of a planet severally) subtract the
longitudes of its (manda and $ighra) patas and there-
from calculate (as usual) the corresponding eelestial
latitude of that planet. Add them or take their differ-
ence according as they are of like or unlike directions.
Then is obtained the true celestial latitude of that
particular planet. The true celestial latitude of any
‘other planet is also obtained in the same way. The
remaining (astronomical) determinations are the same
as stated before. This allisin brief the difference of
the other tantra (embodying the midnight day-reckon-
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ing of Aryabhata D!
(viii) A rule for finding the longitude of the true mean planct
according to midnight-day reckoning is as follows :
Apply half the Sighraphala and (then) half the
mandaphala to the longitude of the planct’s own
mandocca (reversely).

From the resulting longitude of the planet’s mandocca cal-
culate the (mandaphala and apply it to mean longitude of the
planet : the resulting longitude of planet is stated to be) the
true-mean longitude of the planet. This is stated to be another
difference (of the midnight day-reckoning)®

(ix) Length of the circle of the sky and derivation of the
lengths of the orbits of the planets are given as
follows :

Multiply the revolutions of the Moon (in a yuga) by
3, 240,000 and then discard the zero in the unit’s place :
(thisis the length of the circle of the sky in terms of
yojanas). (Severally) divide that by the revolutions of the
plenets (in a yuga): thus are obtained the lengths of the
orbits of the respective planets in terms of yojanas.?

From these stanzas (from 20-35), it is evident that one yojana
of the sunrise day-reckoning is one and a half times that of the
midnight day-reckoning.

Now {rom stanza 22, it appears that 300 is to be added to
the number of civil days in a Mahayuga. According to the
Aryabhatiya. the number of civil daysin this cycle is 1,577,917,
500, which increased by 300, becomes 1.577,917,800, the number of
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civil days in a Mahayuga according to Brahmagupta as referred
to in the Khandakhadyaka.

Again, the same stanza tells us to subtract 20 and 4 respec-
tively from the revolutions of Mercury and Jupiter, and we arrive
at the figures 17,937.000 and 364, 220, which are the revolutions
of Mercury and Jupiter in a Mahayuga according to Brahma-
gupta as given in the Khandakhadyaka.

Again we can compare the figures for the diameters of
the Earth, the Sun and the Moon given in the Mahabhaskariya,
in the present day Suryva-siddhanta and the Aryabhativa.

Diameter Mahabhaskariya Modern . Aryabhativa
of Sirva-siddhanta

Earth 1,600 yojanas 1,600 yojanas 1.050, yojanas

Sun 6,480 6,500 4,410

Moon 480 480 315

Then in stanza 24, we are given the distances of the Sun and
the Moon as 689, 358 and 51, 566 yojanas respectively. The
same figures are worked out by Lalla according to the
Aryabhatiya and quoted in the Sisyadhwrddhida (IV.3.4) and they
come to be 459,585 and 34,377.

The stanza 25 states the longitudes of the aphelia of planets
these figures tally with the corresponding figures given by Brah-
magupta in the Khandakhadyaka *

Longitude of aphelion of Jupiter 160°% of Venus 80° of
Saturn 240°% of Mars 110° and of Mercury 220°.

Similarly the stanza 26 gives the peripheries of planets’
epicycle of apsis, which also is in concordance with the values
given by Brahmagupta :

Periphery of epicycle of apsis of Jupiter 32° of Venus
14°, of Saturn 60°, of Mars 70° and of Merury 28°.

In the stanza 27 of the Mahabhaskariya, we have the
dimensions of the epicycles of conjunction for planets; these
figures are also the same as given by Brahmagupta :

Epicycles of con/uction for Jupiter 72°, for Venus 260°,
for Saturn 40° for Mars 234° and for Mercury 132°.

In the stanza 28, we have the Sun’s epicycle having a
periphery of 14° and the Moon’s epicycle 31°; the longitudes of
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the nodes of the planets to be the same as in the Aryabhativa.
All these are the same as given by Brahmagupta in the Khanda-
khadyaka.

In the stanza 33 we have rules for finding the geocentric
longitudes of planets which may be taken to be the same asin
the Khandakhadyakal; compare these values with those in the
Suryasiddhanta of Varahamihira in the Paficasiddhantika, XVII.
6, but slight different from the Aryabhatiya.®

The last stanza of the Mahabhaskariya (35) gives the dimen-
sions in vojanas of the orbits of planets ; these are the same as in
the modern Stryasiddhanta.

Thus we find a great semblance in the constants as given by
the Mahabhaskariva of Bhaskara I, of the Suryasiddhianta as
siven by the Paficasiddhantika and understood by Varihamihira,
and also the constants as given by Brahmagupta in his treatises,
specially the Khandakhiddyaka. It must not be forgotten that
the same Aryathata I who is the celeberated author of the
Aryabhajiva is also the author of another treatise very often
referred to as the Tantra. ‘

I shall quote Prabodha Chandra Sengupta in connection
with these similarities, and the great influence of Aryabhata on
Indian Astronomy. He writes in his Introduction to the
Khandakhadyaka as follows :

We have shown that there is much resemblance in the
constants between the Saryasiddhanta of Varaha and
the Khandakhddyaka and for the matter of that with
the Tantrantara of Aryabhata I. In my papers “Arya-
bhata and Aryabhata’s Lost Work”, I have establish-
ed the fact that the Suryasiddhanta as it existed
before the time of Varzha, was made more accurate
by him by borrowing the constants from Aryabhata's
ardharatrika system. That there was a Saryasiddhanta
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before the time of Varzha, is seen from Section 6 of
the Table on page xii given before. This point is made
clear from another consideration, viz., the star table
in the modern Suryvasiddhanta, which unmistakably
points to the conclusion that the longitudes of some
stars, e.g., Spica etc., correspond to a time much ante-

" rior to that of Aryabhata I. The great fame of Arya-
bhata I induced Varaha, the first maker of a neo-Sarya-
siddhanta to use the elements of Aryabhata’s ardha-
ratriba system to supplant the older materials in it.
No wonder, therefore, that there is an opinion in
favour of the hypothesis that Aryabhata I was the
author of the Suryasiddhanta. If there were a shadow
of truth in it, Varzha would have admitted it. Albe-
runi indeed says that the Saryasiddhanta was compos-
ed by Lata (Alberuni’s India, translated by Sachau,
Vol. I.p. 153). We now know that this Lata or Lata-
deva was one of the first pupils of Aryabhata I. He
was the expounder of the Romaka and Pauli$a Siddhantas
as we learn from Varazhamihira’s Paficasiddhantika,
(1.3). As Alberuni’s statement is not corroborated by
Varaha, we are not inclined to take it as correct. None
of the earlier writers suggest that the Suaryvasiddhanta
was in any way modified or changed by Arya-
bhata I. )

It has now been established beyond doubt that the
same Aryabhata was the suthor of the Aryabhativa and
another Tantra which is now lost. There is reason in
support of hypothesis that this Tantra itself was the
first work of Aryabhata I and that the Aryabhatiya was
the second work from the order in which Varzha
mentions them in the Stanza quoted earlier. If this
hypothesis be true, the stanza in the Aryabhafiya’,

which was translated by me as:

“Now when sixty times sixty years and three quarter
yugas also have elapsed. twenty increased by three
years have elapsed since my birth.”

1. el aiddal sudarera guaaTT: |
st fHfReRERE w9 sRRIsdE (1 ~Arya. II1. 10.



92 BRAHMASPHUTASIDDHANTA & KHANDAKHADYAKA

should now be translated thus :

“In this MahZvuga when sixty times sixty vyears and
three quarter yugas also had passed, twenty increased
by three years had elapsed since my birth.”

Now Bhaskara I the author of the Mahabhaskariwa and the
Lagubhaskariva, wrote a commentary on the Aryabhafiya. The
author commenting on this stanza observes that :

“Or this was addressed by Aryabhata when expound-
ing the science to Pandurangasvamin, Liatadeva
Nihéanku and other pupils.’*

This direct pupil of Aryabhata I also says that this stanza
does not show that the Aryabhatiya was composed when Arya-
bhata I was only 23 years old. but refers to the time when he
probably began his career as a teacher of Astronomy.

Senagupta out of his discussion concludes that we are not
justified in accepting that the Aryabhatiya was composed when
Aryabhata was only 23 years of age. This treatise as it exists in
the present form must have been the composition of a mature
age; it is a treatise highly finished in form; the date mentioned in
this great work refers to a date when its author became 2
reputed guru or teacher.

®

Alberuni and Brahmagupia

Dr. E.C. Sachau in his translation of Alberuni’s India (vol.
IT. p. 304) speaks of Brahmagupta in the following words :

Brahmagupta holds a remarkable place in the history
of Eastern civilization. It was he who taught the
Arabs astronomy before they became acquainted with
Ptolemy; for the famous Sindhind of Arabian litera-
ture, frequently mentioned tut not yet brought to
light, is a translation of his Brahmasiddhanta: and the
only other book on Indian astronomy, called Atarkand,
which they knew, was a translation of his Khanda~
khadyaka.

Brahmagupta, the celebrated author of the Brahmasphuta-
siddhanta, has another great work as we have sajd before to his

credit which goes by the mame Khandakhadyaka. This has
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already been said that perhaps to meet the popular demand,
Brahmagupta in this treatise took upon himself the task of sim-
plifying Aryabhata’s ardharatrika system or the system of
midnight day reckoning. Alberuni, the author of the Indika has
made several references or quotations from the Khandakhadyaka

proper and also its supplement, known as Uttara-Khanda-
khadyaka.

(a) There is a reference to the accepted circumference of
the Earth, as given in the Khandakhadyaka (Sachau’s
Alberuni, Vol. I,p. 312)

Multiply the difference in longitude (from Ujjayini) by
the (mean) daily motion of a planet (in minutes) and
divide by 4,800; apply the quotient taken as minutes
negatively in places east of the meridian line of Ujja-
yini and positively in places lying west.!

(b) The rules for finding the ahargana as given in the
Khandakhadyaka in I. 3-5 (Sachau’s Alberuni, Vol,
11, 46-47), to which Dr. Schram adds a valuable anno-
tation. the constants being taken from the Ilater
Pauli¢a Tantra as known to Bhattotpala. This Paulisa
astronomy is derived from Aryabhata I's ardharatrika
system.?

(c) A quotation from the Uttara Khandakhadyaka
(Sachau's Alberuni, Vol. I, pp. 84-86) which Sengupta
has given in his translation, Chapter X, pp. 148-152.

(d) A quotation also probably from the Uttara Khandakha-
dyaka (Sachau’s Alberuni, Vol. II. p. 87). These stanzas
are found in the Brahmasphutasiddhanta, X1V, 47-52,
also quoted by Bhattotpala as occurring in the Brahma
Siddhanta in his commentary on the Brhat-Samhita,
IV, 7. The manuscripts which Senguptaused did not
show them as occurring in the Uttara Khandakhadyaka.
These relate to the dimensions of the naksatras as seen,
as distinguished from the same as calculated.
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(e) Two quotations from the Uttara Khandakhadyaka rel-

ating to the celestial co-crdinates of Canopus and Sirius
(Sachau’s Alberuni, Vol. IL p. 91). Present manus-
cripts do not show these stanzas, which are probably
the same as stanzas 35-36 and 40 of Chapter X of the
Brahmasphutasiddhanta.

(f) Two quotations from the Khandakhadyaka proper as

alleged by Alberuni (Sachau’s Alberuni, Vol.II, p. 116).
According to Amaraja, the first is a couple of stanzas of
which the author is Bhattotpala and not Brahmagupa.
The second quotation cannot be traced. These relate to
finding the possibility of an eclipse whether of the Sun
or of the Moon.

(g) Two quotations from the Khandakhddyaka proper as

asserted by Alberuni (Sachau’s Alberuni, Vol. II. p.
119). These relate to finding the Lords of the year and
of the month. According to Amarfija the tules in
question were given by Bhattotpala and not by Brah-
magupta. Prthudaka in his commentary on the first
chapter at its concluding portion says ;

“In this work the Khandakhadyaka, the teacher

(Brahmagupta) has not given the rules for finding
the Lords of the year and the month*.*
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Chapter IV
Brahmagupta’s Originality
in the Khandakhadyaka

Sengupta in his Indroduction to the Commentary of the
Khandabhadyaka bas discussed this point. We shall reprodice
here some of the points mentioned by him.

Brahmagupta’s Khandakhadyaka

(i) Brahmagupta does not accept the system of Aryabhata

but has simplified it in the Khandakhadyaka proper ; and here
he has given the system which he thinks to be correct.

Uttar Khanda Khadyaka

(11) In the Uttara-Khandakhadyaka, he has further correc-
ted some of his results, given earlier in the Khandakhadyaka
proper. In the proper Khandakhddyaka, Brahmagupta assignes
to the longitude of the Sun's apogee the value 80° whereas in
the Uttara text he corrects it to 77° (UKK. 4) :

As the process of finding the apparent placesof planets
as given by Aryabhata does not make them agree with
observation, I shall, therefore, speak of this process.
Of the Sun the apogee is at two signs and seventeen
degrees (2signs 17°=60 plus17 degrees=77%.2

Compare this with the value given in the Khandakhadyaka
proper (1.13)%:

The longitude of the Sun’s apogee is 80° [KK.I,13] (The
Sun’s apogee is 80° or two signs plus 20 degrees) inocco means
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mandocca of the Sun). The value given in the Pasicasiddhan-
tika, IX.7-8) is also the same.

Let us compare it with the present value. According to
the astronomical constants as given in the Conn. des Temps., the
longitude of the Sun's apogee in 499 A.D. (i.e. 1,400 years before
1900 A.D.) was

—77° 19'19.44” according to Conn.des Temps'
equation,

—76° 40r37.22" according to Newcomb’s equation.

The mean of these two valuesis very nearly 77° as given
by Brahmagupta in the Uttara text. Thus the value givenby
Brahmagupta is more correct than the value given by Aryabhata,
The Aryabhativa gives thevalue 78" which is less correct.

Brabmagupta more correct than ;&ryabha?a

(iii) Brahmagupta detected that Aryabhata had made the
Moon’s apogee quicker and nodes slower, than they really are.
In both the cases, Brahmagupta made rather an over-correction.

We shall give the extract from Uttara-Khandakhadyaka in this
connection :

Multiply the ahargana by 110, increase the product
by 511 and divide by 30, 31; subtract the result taken

as revolutions, etc., from the mean Moon; the final
result is the Moon’s apogee.

Evidently Brahmagupta assumes that the anomalistic
month=3031/110 days, This convergent to the anomalistic
month was known to the author of the Vasistha Siddhanta as
summarised in the Paficasiddhantika? (11-2-6).

According to Brahmagupta, the length of the anomalistic
month .

= 1582236450000-—-4320000000 days. (ErSpSz 1.15,16,18.
57753300000—488105858 “and 20) 20)
= 27.55454641 days which isfor 1900 A. D.
= 27.5545502 days according to Radau.
- = 27.554602 according to the Arygbhatiya.
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Here also Brahmagupta is more accurate.

Again, the length of the sidereal period of the Moon’s
apogee
= 1577918450000 days
488105858
= 3232.732048 days.

Aryabhata's value of the same is 3231.987844 days, and the
modern value is 3232.3754 days. Hence Brahmagupta's result
is by 0.3566 of a day out. while Aryabhata’s is by 0.3876 of a
day in.

Further in the Uttara-Khandakhadyaba(IX.10) we
have : Deduct 354% from the ahargana, divide the
remainder by 6792 ; subtract the quotient that is
obtained in revolutions etc. from the circle : the
result isthe longitude of the ascending node.* (IX.10)

Here Brahmagupta gives the approximate period of the
sidereal revolution of the Moon’s node to be=6792 days. This
" according to his Brahmasphutasiddhanta=1577916450000 days

232311168

= 6792.25306 days, which according to Lockyer would be
6793.390108 days and according to the Khandakhadyaka proper
is 6794.75083 days. Hencz Brahmagupta’s attempt to correction
makes the node quicker than it actually is.

Brahmagupta corrects Mars’s Aphelion Point

(iv) Again Brahmagupta states that the longitude of Mars's
aphelion should be increased by 17° and that of Jupiter by 10°.
Evidently here too, Brahmagupta is more correct than Aryabhata.
The passage in the Uttara Khandakhadyaka is as follows in this
connection :

Of Mars the apogee (the aphelion point) is to be
increased by 17° that of Jupiter by 10°; from the
$éighra of Venus 74 are to be subtracted ; Saturn’s
equation of apsis should be decreased by its one-fifth ;
the ¢ ghra equation of Mercury should be increased by
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one-sizteenth.!

This stanza says that in 499 A.D., Mars's aphelion point
had a longitude of 127°; of Jupiter the longitude of the aphelion
was 170°. ( KK.II. 6%)

According to Newcomb’s rule, the longitude of the aphelion
point of Mars in 499 A. D. works out to have been == 128728'12".
According to the Conn. des. Temps' rule, the same was 128°27°'51"".
Hence Brahmagupta’s determination of Mars’s aphelion is correct
within 1°30' and is therefore, quite satisfactory. According to
the Khandakhadyaka proper it was 110% and according to the
Aryabhatiya 118°.

Of planets, beginning with Mars, the degrees of longitude
of the apogees are respectively 11, 22, 16, 8 and 24, each multiplied
by 10. (KK .Il. 6)

Thus the longitudes of apogees of Mars == 110 (3 signs 20");
of Mercury = 220° (7 signs 10°) ; of Jupiter = 160° (5 signs 10");
of Venus = 80° (2 signs 20° and of Saturn = 240° (8 signs).
Compare these values with those given in the Paficasiddhantika
XVIIL. 2 (the Surya-siddéhanta).

Again according to this stanza Jupiter's aphelion had a
longitude of 170° in 499 A.D.

According to Conn. des. Temps' rule the same was 170°25.
Thus here too, Brahmagupta is very accurate. According to
the Khandakhadyaka proper, Jupiter’s aphelion had a longitude

of 160° (KK.II.6) and according to the Arvabhativa, the value
was 180°,

Brahmagupta First to Use Second Differences

All these illustrations reproduced here very well establish

the. point that the great Indian astronomers from Aryabhata I

to Brahmagupta were aware of the methods of separating the

two distinct planetary inequalities, viz., that of the apsis and

of conjunction in the cases of the five ‘star’ planets (PSi. Intro-

duction Lii). In the Khandakhadyaka, Brahmagupta having

given the “sines” and the equations of the Sun and the Moon
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¢t the interval of 15° of arc of the mean anomaly, in the Uttara
Khandakhadyaka teaches, for the first time in the history of
mathematics, the improved rules for interpolation by using the
second difference. This very important feature I am reproducing

here from the translation by Senagupta of the verse ?*
(UKK.8):

Multiply the residual arc left after division by 900’
(i.e by 15°), by half the difference of the tabular
difference passed over and that to be passed over and
divide by 900" (i.e. 15°) : by the result increase or
decrease, as the case may be, half the sum of the same
two tabular differences ; the result which, whether less
or greater than the tabular difference to be passed, is
the true tabular difference to be passed over. (UKK. 8)

The rule given here applies to the case of all functions
-hitherto considered in the Khandakhadyaka, which are tabulated
at the difference of 15° of arc of the asrgument. They are :

(i) the tabular differences of the Sun’s equation,
(ii) the tabular differences of the Moon’s equation.
(ii1) the tabular differences of the ‘sines’.

Sengupta has illustrated the rule by an example belonging
to the table of sines.

Illustration—To find the ‘sine’ of 57°.

Brahmagupta’s table of sines in the Khandakhadyaka is as

follows :

Thirty increased severally by nine, six and one; twenty-
four, fifteen and five, are thetabular differences of
sines at intervals of half-a-sign. For any arc, the ‘sine’
is the sum of the parts passed over, increased by the
proportional part of the tabular difference to be passed
over.2 (KK.1.30 ; also IIL6)
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This can be shown in the tabular form thus :

Arc ‘Sine’ Tabular difer- | Second difference

ence
0° 0

15° 39 ' 39

30° 75 36 —3

45° 106 31 —5

60° 130 24 —7

75° 145 15 —9

90° 150 5 —10

Now 57° = 3420 minutes=900"x 34-720". Thus three of the
tabular differences are considered as passed over ; the last one
being 31 and the one to te passed over is 24.

The true tabular difference by the rule, for arc 577

_31+24 720 ., 31—24

5 900 % B
Hence the ‘sine’ of 57°

_ 720 (31424720  31-24)
39+36+31+900L 5 QOOX 7 J
=125.76

As worked out from the logarithm tables the same comes
out to be 125.80.

Again ‘sine’ of 57° from Brahmagupta’s formula

= 106+ 220 x4 3124, 720 _ (720 ] x 824

2 7900~ Lo00 2
1064720 04070 (120 | 2431
1064550 *24+906 (500~ j % <

This in fact is the modern form the interpolation equation
up to the term containing the second difference. Brahma upta thus
takes a decidedly improved step here and is undoubtedfy the first
man in the history of mathematics who has done this. One should
also remember that in the case where the function is not tabula-
ted at a constant interval, Brahmagupta's rule is remarkable.
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Brakmagupta First to Introduce
Sine Rule in Indian Plane Trigonometry

In this connection, we shall reproduce the following verse
from the Khandakhadyaka :
Multiply the ‘sine’ of the (Sighra) anomaly by the ‘sine’
of the maximum Sighra equation and divide by the
‘sine’ of the corresponding Sighra equation, the result
is the ‘Sighra hypotenuse’ when the (Sighra) anomaly
is half a circle, this $ighra hypotenuse is equal to the
radius dinrinished by the ‘sine’ of the maximum
equation ; when the anomaly is equal to the whole
circle, the same is equal to the radius increased by the
same ‘sine’ of the maximum equation.!
Let S, E and P be the positions of the Sun, the Earth and the
planet, say Mars, respecti-

7 s vely. Complete the paralle-
logram SEMP ; with M as
centre and MP as radius,

£ v y- describe a circle. This circle

is the epicycle of conjunction
of Mars. Produce EM to cut
this circle at K. The ZPMK
= /S'SP (the point S'ison

Fig. 4 ES produced ), the angle
gained by the Earth over Mars since the rreceding conjunction.
The £ PMK is called the $ighra anomaly or ancmaly of conjunc-
tion. We take EM=360, and MP=234. The ZPEM, which is
equal to ZPES, the annual parallax of Mars, is called the sighra
equation. The /MPEis equal to the ZSEP, the elongation.
The /PMK is given, and PM and ME are also given. Hencein
the triangle MPE, we have

tan } (P—E) =L tan } PMK

=126 ipMK

= 504
L tan }(P—E)=log {é—g%} +L tan } PMK

We have also 1 (P+E)=2/PMK
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Now log {éﬁ% ] —1.3265841.
The values of the £ZPMK and the /. PEM and Brahma-
gupta’s values as given in the verse' are presented below in a
tabular form :

/PMK=| 28°| 60°] 90°] 121°| 135° | 148° | 164° 173°
ZPEM=|10°58"{ 23°1’ | 33°1’ | 39°56’| 40°23"} 37°31'}25°32f 12°35
Brahma-|

gupta’s | . oy
LPEM=| 11°| 23°| 33°| 40°]40°30’{37°30']125°30"] 12"30

It will be seen that Brahmagupta gives the values of the
equation within 1/8th of a degree. It seems inexplicable why
such discrepancies should remain in Brahmagupta's calculations.
It is probable that he wanted to state his equations to the nearcst
half a degree.

Now we shall take up the Sighra equations of Mars, and

then revert to the Sine Rule. We have in the Khandakhi-
dyaka :

Mars, by the degrees of Sighra anomaly (i.e. anomaly of
conjunction ) of 28 getting at the corresponding equation of 11°
rises (heliacally) in the east ; by the next 32° gets 12° more of the
equation ; by the next 30° 10° more ; by the next 31°,7°, more ; by
next 14°, half a degree ; these are positive ; by the next 13°, nega-
tive 3°; by the next 16° ; negative 12° after this he is retrograde ;
by the next 9°, negative 13°; by the next 7° negative 124",
After this the parts of the equations occur in the reverse order.

On the basis of this we have the following table of the
Sighra equations for Mars ;

Degrees of anomaly  Equation of  Phenomena

of conjunction conjunction
0: 0° Motion direct,
28 +11° Rises in the east,
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Degrees of anomaly  Equation of Phenomena

of conjunction conjunction
60° 11+12=+23°
90° 234-10=-33°
121° 33+ 7=+440°
135° 40+ 3=-40°30
148° 40°30'—3°=+37° 30
164° 37°30'—12°=+4-25°30" Retrograde motion
begins.
173° 25°30"'—13°=+-12°30’
180° 12°30—12°30'=0°0"
187° —12°30
166° —25°30" Direct motion begins.
212° R —37°30
225° —40°30
239° —40°
270° —33°
300° —23°
332° —11° Setsin the west.
360° 0°

Now we come back to our discussion on the verse VI.1.

The Sighra hypotenuse spoken of here is EP, when SP or
EM is taken to be R;when ZPEM is a maximum, PM is its
‘sine’.

It would be seen from the figure that

pp— R sin PMK XPM
Rsin PEM
This may again be written as
- EP PM

sin PMK = sin PEM

This is equivalent to the sine rule for a triangle in plane
trigonometry. Brahmagupta is here seen to be the first person
to give it in Indian mathematics, This expression reminds us
of the famous relationship in respect to triangle ABC :

a_ __b _ _c
sin .A sinB sin C
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Bralmagupta corrects
Dimensions of the Epicycle of Apsis

Brahmagupta corrects the dimensions of the epicycles of
apsis of the Sun and Moon by—1/42 nd part and 1/48th parts
respectively, The reference may be made to the following verse
in the Uttara Khandakhadyaka :

The Sun’s equations are to be made less by dvikptasn-
sonam (1/42nd) and the Moon's equations, increased by
vasuvedabhagayutam (1/48th). Multiply the Sun's equa-
ticn a planet’s daily motion in minutes and divide by
the number of minutes of a whole circle and this is
called Bhujantara correction and applied in the same
way to the planet as the equation is applied to the Sun.?

The Sun’s epicycle of apsis has the dimension 14" in the

Khandakhadyaka proper. With the correction introduced here,

o (41 _qa0 400
the value becomes 14 Ll o) 13° 40,

The correction to the Moon's equations would make the

epicycle’s dimension changed from 31° to 31° {1 -i;é} =31°38'45",

Prthudaka’s commentary further corrects it to 31°(L-+ "éé)"-‘f31"35'

Brahmagupta 's correction to Saturn's epicycle of apsis
is—1/5th part and that to the Sighra epicycle of Mercury 1/16th
part as seen in the verse :

Of Mars the apagee (the aphelion point) is to be
increased by 17°, that of Jupiter by 10°;: from the
Sighra of Venus 74’ are to be subtracted ; Saturn's
equation of apsis should be decreased by its one-fifth
and the Sighra equation of Mercury should be
increased by one-sixteenth.?

In the Khandakhadyahka proper (IL6), we have been given
the longitudes of the apogee of planets: Mars 11°, Mercury 227
Jupiter 160°, Venus 80° and Saturn 240°. Now with these correc-
tions introduced in the Uttara Khandakhadyaka in the above
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verse, the aphelion point of Mars in 4909 A.D. had a longitude
of 110 plus 17=127°; of Jupiter 160 plus 10=170°.

According to Newcomb's rule, the longitude of the aphelion
paint of Mars in 499 A.D. works out to have been 128°28'12".
The same according to Conn. des Temps rule would be 128°27'51".
Hence Brahmgupta’s determination of Mars's aphelion is correct
within 1°30’, and may be, therefore, regarded as very satisfactory.

ccording to the Khandakhadyaka proper this value was, as
already said, 110°, while according to the Aryabhativa, it was
118°. _

The same may be said regarding Jupiter’s aphelion. Accord-
ing to the Khandakhadyaka proper the value of its longitude is
160°% according to the Aryabhafiya it was 180° according to
Conn. des. Temps® rule, it would be in 499A. D, 170°25’, and the
value given by Brahmagupta in the Uttara Khandakhadyaka, it
is 170°.

We have thus shown by many illustrations the important
corrections introduced by Brahmagupta in his Khandakhadyaka
specially the Uttara part. Brahmagupta was highly original in his
methods of calculations, accuracies and interpolations. He intro-
duced new ideas in mathematics. He went much ahead Aryabhata
in many details. He so many times did not follow Aryabhata
in calculations. In the Khandakhadyaka proper, his treatment
of parallax in the calculation of solar eclipses is different from
that of Aryabhata. The methods followed here are the same as
propounded by him in the Brahmasphutasiddhanta.

Senagupta is right when he says : As has already been
remarked, these corrections and innovations in the Uttara
Khandakhadyaka paved the wey for the acceptance of his great
work the Brahmasphutasiddhanta as a standard work on astrono-
my by the western Indian school of astronomers. The directness
of the treatment of topics, and the simplicity of calculations
taught in the Khandakhadyaka made it very neat handbook
for the beginner. These two works of Brahmagupta were
perhaps the only astronomical works in circulations in western
India when the Arabs conquered Sind early in the eighth century

1, On Parallax—
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(712 A.D.) and the new conquerers learnt Indian astronomy and
mathematics from these works as has been observed by Sachau.
Alberuni who came to India early in the 11th centuty of the
Christian era, learnt Indian astronomy chiefly by studying the
Khandakhadyaka and the Brhat-Samihitd of Varahamihira, and
both of them with the help of commentary of Bhattotpala.

Reference

P.C. Sengupta: The Khandakhadyaka, 1934,



CHAPTER VI

Indian Luni-
Solar Astronomy

In this chapter, it is proposed to give an account of astrono-
mical constants and the equations in Indian luni-solar astronomy
and to present a comparative view of these quantities with the
corresponding ones in Greek and modern Astronomy. This acco-
unt has been reproduced {from P. C. Sengupta’s. Appendix I of
the Khandakhadvaka It has been shown that in many cases
the Indian values of these constants are more accurate than the
Greek wvalues. and in Indian lunar astronomy the equations
or inequalities discovered are the most startling.

Solar Astronomy

In solar astronomy the length of the year was determined
by Aryabhata' from the heliacal risings of some bright star at
the intervals of 365 and 366 days.

(1) The year according to the Aryabhatiya

. 1577917500 —
= ~4320000 days=365.2586805 days,

=365 da. 6 hrs. 12 mins. 29.64 secs.
(2) The same
__ 1577917800 _
= --—————-——4320000 days=365.25875 days.
=365 da. 6 hrs. 12 mins. 36 secs., according to the
Khandakhadyaka, the Survasiddhanta of Varzha

and the modern Suryvasiddhanta.
3 Itis |
_ 157016450,
= ~B30000 42ys=365.2584375 days,

=365 da. 6 hrs. 12 mins. 9 secs. according to the

1, P.C. Sengupta, ‘‘Aryabhata’s Method of determining the Mean Motions
of Planets,” Bulletin of the Calcutta Mathematical Society. Vol. X1I, No. 3.
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Brahmasphuta Siddhanta of Brahmagupta.
Now the mean sidereal year
=365 da. 6 hrs. 9 mins. 9.3 secs. (Lockyer).
The mean anomalistic year
=365 da. 6 hrs. 13 mins. 49.3 secs. (Lockyer).
The mean tropical year
=365 da. 5 hrs. 48 mins. 46.054 secs. (Lockyer).

Though we take that Indian year was designed to be the
sidereal year, it approached most closely the anomalistic year ;
and its excess over the sidereal year was about 3 minutes. From
this consideration it appears that the Indian astronomers were
justified in taking the Sun’s apogee to be fixed.

Against the error of+3 min. in the Indian sidereal year,
we may peint out that—

(1) The Hipparchus-Ptolemy tropical year
=365 da. 14’ 48" in sexagesimal units?
=365 da. 5 hrs. 55 min. 12 secs., which has an
error of about+6 min.
(2) Meton's sidereal year

= [365+%+ 716] days?

=365 da. 6 hrs. 18 min. 57 secs. which has an
error of +9 min. 48 secs. nearly.

(3) The Babylonian sidereal-year was 4} min. too long?
Thus the Indian value of it is closer to the true value.
Again in 150 AD. the Ilongitude of the Sun's apogee
according to the Conn. des Temps was

=101° 13’ 15" 17-6189". 03 [190255150

» 1900—150 *
~1763 x [ 200150
] X 71w J

=71° 16’ 26". 37

while Ptolemy states it to be 65° 30’ which was wrong
by—5° 36’ 277 : ‘
1. Syntaxis, Karl Manitius's edition, Vol. I, P. 146,
2. Ibid, p. 145,
3. Encyclopaedia Britannica, History of Astronomy,
4. Syntaxis, Vol. L p, 148, The Romaka Siddhanta of the Pamica-siddhantika,

VIIL 2, indicates the Sun’s apogee to be at longitude of 75° ; this was per-
.. baps a correction made by Latadeva to the Greek constant,
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In 500 A. D (Aryabhata's time) the longitude of the Sun’s
apogee by the same rule works out to be=77°19'19.44".

Aryabhata states this to be 78° in the Aryabhatiya,
Brahmagupta in the Uttaradhyaya of the Khandakhadyaka states
the same to be 77°, while the Khandakhadyaka gives it as=80°.
Hence the Indian findings of the longitude of the Sun’s apogee
were more accurate.

Again as to the Sun's equations of the centre we find that
the Aryabhaiiya states the periphery of the Sun’s epicycle to be
13°30", The Khandakhadyaka gives it as 14° ; while according to
the Indian form, Ptolemy’s value of thesameis 15°. Hence
according to these writers, the Sun’s equations at 90° of the mean
anomaly are i—

According to the Aryabhagiya =2° 8 54",

» »  Khandakhadyaba=2"1' 40,

" - Brahmagupta=2°7' 20",

" » Ptolemy=2° 23" 3",
The modern value =]1° 55 97".

Thus the Indian equations of the Sun are in general by more
correct than the Greek ones. The Indian constants in solar
astronomy are thus, generally, more accurate than the Greek
ones. We now turn to the Indian Lunar astronomy,

Lunar Astronomy

Before discussing the constants in Indian lunar astronomy it
is necessary to state something as to the time when the Moon
was observed by our ancient astronomers and the astronomers
from Aryabhata I (499 A.D. to Prthudaka Svami (864 A.D.).
The months were reckoned from the first visibility of the crescent
at the time of the Mahabharata (1400 B. C.). We have a pass-
age in the Bhismaparva where Vyasa speaks of the ‘evil omens
on the eve of the Kuruksetra war thus—

SRR g} TRAAFENET ST |

“That the Moon and the Sun have been both eclipsed on

the 13th days of the light and dark halves of the same month.”

The eclipses could not take place on the 13th days of the
month unless the months were reckoned from the first visibility
of the crescent. This was the custom in Babylonia and it has
still survived in the Mahomedan world. Even :in the Pajica
siddhantika of Varzhamihira (540 A.D.), there is a special
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chapter on wRr-zwad or the fiirst visibility of the crescent. It is
thus clear that the practice was to observe the Moon when very
near the Sun.

Again Aryabhata says that ECICU (10 S L1 (P o
“the Moon was determined from her conjunctions with the Sun.”
The Moon was observed by him at the time of solar eclipses, or
at the time of the first visibility of the crescent.

Even up to the time of Prthudaka, the accuracy in lunar
astronomy was chiefly aimed at the time of eclipses. Thusin
his commentary on the Khandakhadyaka. IV, he makes the
following introductory remarks :— A

“All knowledge relating to (luni-solar) astronomy is desired
by the wise (or cultured) specially for knowing the right instants
of opposition or conjunction ; these instants are, however, not
visible to the eye. Of other things such as tithis, naksatras and
Karanas, as the planets, the Sun and the Moon, are not clearly
observed, their beginnings and ends are not visible. Men see
the agreement between calculation and observation at the times
of solar and lunar eclipses. Hence the word of the astronomers
is esteemed amongst men even in respect to such things as tithis.
etc.t

Thus the chief aim of the ancient Indian astronomers was
to calculate the eclipses accurately and the Moon was observed
chiefly at lunar or solar eclipses, though the time for observation
related also to the fiinding of the first visibility of the crescent,
This latter phenomena did not perhaps lead them to directly
observing the Moon's position at such times by using instruments.

Moon’s Mean Motion

The practice of observing the Moon at the time of the

eclipses alone led to the determination of the synodic month
with the following results ;—

(i) Mean synodic month according to the Aryabhativa
1577917500
57753336—4320000 427
=29.530582 days.
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(i1) The same according to the Khandakhadyaka

=29.5305874 days.

(iii) The same according to the Brahma-sphuta-siddhanta

=20.530582 days.

(iv) The same according to Ptolemy=29 da. 31’ 50" &" 20”

in sexagesimal units=29.5305927 days

The modern value according to Newcomb and Radau

=20.5305881 days.

Hence the Khandakhadyaka mean length appears to be
the closest approximation.

The mean sidereal month must have been deduced from the
mean synodic month and the year adopted. Hence no compari-
son need be made of this element here.

We will now consider the sidereal periods, the nodes and
the apogee of the Moon. These are shown below :-

According to Sid. Per. of Moon's | Sid. per. of the

Apogee Ascending Node

Aryabhativa .3231.987079 da. 6794.749511 da.

Khandakhadyaka 3231.987844 da. 6794.750834 da.

Brahma-sphuta - Sid-

dhanta 3232.73411 da. 6792.253%6 da.
Ptolemy 3232.617656 da. 6796.45571 da.
Modern values (Lockyer) | 3232.37543 da. 6793.39108 da.

Here also the Indian values show a closer approximation
to the true values, Brahmagupta's figures representing the
nearest approach.

Other Constants

So far the Indian values of the constants have been more
accurate than -the Greek ones; but as to the inclination of the
Moon’s orbit the Greek value is more accurate than the Indian
value. ‘

Inclination of the lunar orbit
Indian value=4"30".
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Greek value=5°0’".
Modern mean value=5°8'43".427 (Brown)

This discrepancy confirms the conclusion, that the obscrva-
tion of the Moon was restricted to the time when she was near
a node, either at solar or lunar eclipses, where a small error of
observation magnified itself into about half a degree.

We now turn to the parallaxes of the Sun and the Moon :-

Sun’s Mean Hor. ‘M oon's mean Hor.
Parallax l __ Parallax __
Aryabhatiya 3'55".62 52°30"
Kandakhadyaka 3'56'5. 52'42".3
Ptolemy 2'51" 53'34"
Modern values 08".806 572779

As to the Sun's horizontal parallax, the ancients were of
course totally wrong, but in respect to that of the Moon their
values were fairly approximate.,

We next consider the angular semi-diameters of the Sun
and the Moon. These are :-

Moon’s Mean Sun’s Mean
Semi-diameter Semidiameter
Aryabhativa 15'45" 16'29"4
Khandakhadyaka (Brahma-
sphuta-siddhanta) 16’0%.22 16’15”
Ptolemy 17'40" 15'40"
Modern values 15'33°.60 16'1"8

Here also the Indian values are more accurate than the

Greek values,

Moon’s Equations. The First Equation.

' It remains now to consider the Moon's equations in ancient
Indian astronomy. As has been pointed out before, obser-
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vation was up to the time of Brahmagupta, restricted to the time
of eclipses perhaps also of syzygies.

The modern form of the Moon’s equations is
=377" sin (nt-a)+13’ sin 2(nt-a)+..eeerirs

+76' sin [2(nt—8)—(nt—a)]+40" sin 2(nt—80).ceersrserrisist
where nt=mean longitude of the Moon, o the longitude of the
rerigee, 6=Ilongitude of the Sun.

Here the first two terms viz., 377° sin (at—ae) +
13’ sin 2(nt—0), are due to elliptic motion about the Earth in one
focus; the term 76’ sin [2(nt—8)—(nt—a)] 1s known as the evec-
tion. We combine a part of the first term with the evection
term and the expression for the equation of centre becomes
=301’ sin (nt—a)+13’ sin 2(nt—a) +...cereeeee.=152 sin (nt—0) cos
(§—a)-+ 40 sin 2(nt—0).

Now at syzygies and eclipses sin (nt—#6) and sin 2(nt—86)
will very nearly vanish. Hence according to modern astronomy
at the syzygies and eclipses: the chief term of the Moon’s equa-
tion=301’ sin(nt—a).

This according to the Aryabhatiya

=300’ 15" sin (nt—a)
» ” Khandakhadyaka

=296" sin (nt—a)
» » Uttara Khandakhadyaka

=301"7 sin (nt—a)
" » Brahmasphutasiddhanta

=293’ 31" sin (nt—a)
" " Greek astronomy

=300 15" sin (nt—a)

very nearly.

Hence both the Greek and the ancient Indian astronomers
were very near the true value of the Moon’s equation at the syzy-
gies and eclipses. Godfray in his Lunar Theory, page 107,
observes, “the hypothesis of an excentric, whose apse has a pro-
gressive motion as conceived by Hipparchus served to calculate
with considerable accuracy the circumstances of eclipses; and
observations of eclipses, requiring no instruments, were then the
only ones which could be made with sufficient exactness to test

1. The accurate values of the coefficients appear to be 377 19”.06,
12/ 57711, 76’ 26" and 39’ 30",
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the truth or fallacy of the supposition.” We next consider the
second inequality of the Moon.

Moon’s Second Inequality or Equation

In ancient times it was Prolemy who first really found a
second inequality of the Moon. According to Godfray (Lunar
Theory, p. 107) “by dint of careful comparison of observations
he (Ptolemy) found that the value of this sccond inequality in
quadrature was always proportional to that of the first in the
same place, and was additive or subtractive according as the first
was so; and thus, when the first inequality was at its maximum or
5°1", the second increased it to 7° 40’ which was the case when
the apse line happened to be in syzygy at the same time."

It is well known that though Ptolemy discovered the second
inequality in the Moon’s motion he was not able to ascertain its
true nature. His corrections in this case are true when at the
quadrature the Moon’s apse line passes through the Sun or it is
at right angles to the line joining the Earth and the Sun. In
the general case his construction does not lead to the elegant
form of the evection term as we know it now, nor does it lead
to the nice form in which it was given by later Indian astrono-

mers from the time of Maiijula (or Mufijala, 854 Saka era=:932
A-DO)-

As has already been pointed out, the early Indian astrono-
mers from Aryabhata to Brahmagupta aimed at accuracy in
lunar calculation only for the eclipses and syzygies, and did not
interest themselves about the Moon's longitude at the quadra-
tures. Hence this second inequality is absent in the works of
these makers of Indian astronomy, as also in. the PrePtolemaic
Greek astronomy. This points to the conclusion that in both
the earlier Indian and Greek systems of astronomy. the modes of
observation of the Moon were copied from an earlier system of
astronomy whether Babylonian or Chaldean. Even in the
Romaka Siddhanta of the Pa#icasiddhantika, there isno mention
of evection® Thus inspite of the transmission of a vague system
of Greek astronomy; Indian astronomy as developed by Arya-
bhata and Brahmagupta must be regarded as independent and

1. Godfray®s Zunar Theory. pp. 108-110,

2. Vide the Summary in P.C, Sengupta’s paper, “Aryabhata the Father

of Indian Epicyclic Astronomy,”” Journal of the Department of letters, vol,
XVIIL, Calcurta University Press.
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original not only from this but also from other considerations.
It sought to correct the constants as were obtained from the
Babylonian and the Greek systems as has in some cases been
shown already. :

Matijula’s Second Equation of the Moon (932 A.D.)

We now take up in detail Mafijula’s second equation of

Moon. It is, however, necessary to say something about his first
inequality.
This is given in the form

—488 sin (nt—a’)

488
S6+ 100

wkhere nt stands for the Moon's mean longitude, a"—that of the
apogee.

degrees,
cos (nt—a’)

c

Hence when nt—oa’=90°, the equation = %868- =5°4"=304’
showing an excess of 4’ over the modern value.

It is further necessary to modify the expression for
the Moon’s modern form of the equation by chang-
ing @ to 180°+a, as in ancient Indian astronomy anomaly
is measured not from the perigee but from the apogee.

The modified form is
=—301’ sin (nt—a)-+13 sin 2(nt— ...,
—152' sin (nt—8) cos (§— a)+40" sin 2(nt—@)+...
Maiijula’s lines giving the second equation are—
The (mean) daily motion of the Moon diminished by
11° and multiplied by the “‘cosine” of the longitude of
the Sun diminished by that of the Moon's apogee is the
multiplier of the “sine’ and the “cosine” of the longi-
tude of the Moon diminished by that of the Sun.
divided severally by 1 and 5. The results taken as
minutes are to be applied negatively and positively to
the Moon and to her daily motion if the quantities
multiplied together are of opposite signs and in the
reverse order if they are of the szme sign.t
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As to the positive or negative character of the “sine” and
the “‘cosine”” he gives the rule:—

The mean planet diminished by its ucca. the apogee,
aphelion or the Sighra, is called Kendra or mean
anomaly; its “sine” from above six signs (180") arises
from half circles and are respectively positive or
negative, and its “cosine” in different quadrants are
respectively positive, negative. negative, and posi-
tive!

The convention followed is that the “sine”’ is negative from
0° to 180° and positive from 180° to 360° of the arc and that the
cosine is positive betwen 0° and 90° negative between 90° and
270° and positive between 270° and 360°.

We may now symbolically express Maiijula’s second ineq-
uality thus :-

~—(13° 11" 35"—11°) x 8% 8’ cos (§ — o) X 8® 8’ sin (D— ) where
D stands for the Moon as corrected by the 1st equation; we leave
out the correction to the Moon’s daily motion as given in the
stanzas quoted above.

The moon’s new equation. comes out to be
=—143'58" cos (§—a) sin (D—4).

This, it will be seen, is exactly the modern form of the
evection as combined with a part of the equation of apsis shown
before, The difference in the main is that MaRjula's constant
is 144, a quantity less by 8. In form the equation is most perfect,
it is far superior to Ptolemy’s, it is above all praise. It is from
this inequality, we trust, that Mafijula should have an abiding
place in the history of astronomy. The next writer who gives
the second equation is Sripati (1028 A.D.).

Sripati’s Second Inequality of the Moon

The following stanzas from Sripati’s Siddhanta Sekhara, it is
said, were communicated to Sengupta by Pandit Babua Misra.
Though they are probably not very correct still the general
meaning is clear. They carry the following sense :

“From the Moon’s apogee subtract 90° diminish the
Sun by the remainder left; take the ‘“sine” of the
1. !:{a" @reaite: 37 geleE N gt |
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result; multiply it by 160" and divide by the radius;
the result is called caraphala. Put it down in another
place, multiply it by fara(i.e. R vers (D—a) or versed
sine of the Moon’s distance from the apogee) and
divide by the difference between ths Moon’s distaace
(hypotenuse) and the radius; the resultis called parama
(cara) phala, which isto be considered positive or
negative according as the hypotenuse put down in
another place is less or greater than the radius. Multi-
ply the “sine” of the Moon which has been diminished
by the apparent Sun. by the apparent paramaphala and ‘
divide by the radius; the final result is to be called
caraphala to be applied to Moon negatively or posi-
tively as the Moon minus the Sun and the Sun minus
the Moon’s apogee (diminished by 90°) be of opposite
signs; if these latter quantities be of the same signs, the
new equation should be applied in the inverse order by
those who want to make the calculation of the appa-
rent Moon agree with observation.!
Symbolically :—. -

160’ R sm[g{- (a"- 90 )]..-:camphala

= paramaphala, according as H>or<R
The new equation ‘

=T M_R(D_:._e) X paramaphala

1. BT g s |
Lussicieiecc aenca Il
vt =RweEd o 79 ¥4 e |
TSR ALY 11
AT T TR ¢
gRafad Breameftisy |
T RAFEd R @ ya= |
TGEIRAE! W B !
aff wEAred gEdRea |
FEqA SegEadARae ||
7R wafy & o =iy fdae |
TR Y Resafi 1|



118 INDIAN LUNI-SOLAR ASTRONOMY

160' R sin[§—(a-90")] R vers (D-a) X R sin (D-9)
R(H-R)xR
160' R cos(f-a) X R sm(D—()) R vers (D-a)!
RXR T H-R

This equation is a slightly modified one but practically the
same in form as that of Maifijula, except that the constant here
is 160’, greater than his by 16". The constant is 160’ also in
Candraéekhara’s form as we shall see later on. We next consi-
der the Moon’s inequalities as given by Bhaskara II in his Bijo-
panaya.* a special work on these inequalities composed in the
Saka vear 1074 (=1152A.D.) two years after he had composed
the Siddhanta Siromani.

Bhaskara II on Moon's Inequalities
His preliminary statement runs thus .—

112’ positive or negative representing the maximum
difference. have been found by me in the daily obser-
ved Moon (as calculated and as observed) at that
point of the ecliptic where the arc from the kadamba
(i.e., its pole) passing through the zenith cuts it

Thus for observing the Moon he selected the nonagesimal
as the suitable point where the uncertainty about her parallax is
zero, and found F112’ of arc to be the maximum' difference bet-
ween her calculated and observed places.

Mallabhatta, perhaps a contemporary of Bhaskara II
ascribed this difference to a supposed Sighrocca of the Moon.
Bhaskara in stanzas 9-13, refutes the existence of the Sighra in
the case of the Moon, the substance of his argument
begins (i) that it is against the teaching of the Strya-siddhanta
and other accepted authorities, (ii) that there is no variation
of the apparent angular diameter of the Moon corresponding to
this alleged Sighra, and (iii) that planets having a Sighra have

~ retrograde motion which is never the case with the Moon.

“Théere is some uncertmmy. about this new fraction introduced by
ripati,

1. R frdies vt & e et e |
Wﬁwmmﬁimﬂ@ﬁmu

- Bijopanaya, stanze 8
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The reasons for his new equationsare stated as follows:—

When the Moon is situated at a quadrant ahead of
the apogee and with the Sun at half a quadrant ahead
of her, the maximum discrepancy (of 112') is seen in the
negative character.
When the Moon is situated at three quadrants ahead
of the apogee and with the Sun athalf a quadrant
behind her, the maximum discrepancy (of 112") is seen
in the positive character.
When the eclipses of the Sun and the Moon take
place at the apogee or the perigee of the Moon, the
Moon as corrected by the equation of apsis is seen to be
without any new correction called bija.
When the eclipses of the Sun and the Moon take
place at the ends of the odd quadrants of the Moon's
anomaly (measured from the apogee), the discrepancy’
is seen to be less by 34".
When the Moon is at the apogee, whether the Sun be
ahead or behind her by half a quadrant, the discre-
pancy amounts to be 34,
The same discrepancy of 34" is observed when the
Moon is at the perigee and the Sunis ahead or behind
ber by the same distance. . ,
Thus by analysis and synthesis, and by repeated obser-
vations, this variable correction has been devised by
me; let it be seriously considered by the learned.!
Bhiskara here speaks of six cases and we consider them one
after another :— .
The Moon’s equations as modified to suit siddhantas are
given by
—301' sin (nt—a)+13' sin 2(nt—a)......

—152' sin (nt—0) cos (8—a)—40" sin 2(nt—0)+......
According to Bhaskara’s Siddhanta - $iromani. the Moon’s
equation of apsis ‘

= 3%3’603?' X 3438’ sin (nt-a)

'=—301" 46". 8 sin (nt—a),
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this agrees well with the correspending term of the modern
equation. As Bhaskara takes in all the six casess mt—a=90",
270°, 0° or 180°% the second term of the equation of apsis
vanishes,
Case L.
nt—a=00°, nt—§=—45", § —a=135"
Here the total equation of the Moon
=—301"—(76'+40")=—301'—116".
This fairly agrees with Bhaskara’s observation, the difference
being only of 4".
Case IL
nt—a=270° nt—0=45° §—a=225",
the total equation of the Moon
=301"+76'440"=301"+-116".
This also agrees with Bhaskara's otservation.
Case III.
nt—a=0° or 180°% nt-—g=0" or 180° §—o=0" or 180°,
the total equation=0" this also agrees with Bhuaskara's
observation.

Case IV,
nt——a=90°“ or 270°% nt—8=0° or 180°% §—a=90° or 270°%

1. TR, fE s |
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FTgeRER  geied 11 22 1)
SRS w8 4R |
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the total equation= ==301’. This does not agree with Bhas-
kara’s statement that the total equation
===(301'==78").
Case V. '
nt—a=0, nt—f§==45°, f—a=:45"°
the total equation
=0"—76'+40"=—36" or 0'-+76—40'= +36".
This fairly agrees with Bhaskara’s observation.
Case VI. .
nt—a=180° nt—f==45° §—a=180°45"
the total equation
=0'4+76"+40"=0"+116", or 0—76+40'=0"—36"
This does not agree with Bhaskara’s statement.

Bhaskara then states his first system of 24 equations corres—
ponding to 24 sines in a quadrant to be 6% 13’, 21", 27", 33, 39.45',
51', 56", 61’, 65", 68', 70", 72, 74", 75", 75', 76, 76" 77" 77", 78'. 78,
78'1

These equations, he says—“are negatively added to the
equation of apsis when that is negative and positively added to
the same when that is positive™. In other words his new equa-
tions are complements of the equation of apsis, the two together
being represented by

—301’ 46". 8 sin (nt—a)—78 sin (nt—a)
i.e. by—379’ 46". 8 sin (nt—a),

Hence next states his second set of equations depending on
9—D, to be 6', 9% 13", 17, 22", 24/, 27", 30", 32", 33", 34", 34", 34", 33/,
31, 29, 26/, 247, 20", 16% 11%, 8" 3%, 0® and says :

“These minutes are negative in the odd quadrants of the
argument and are positive in other quadrants.“”

When the value of the argument is 15° the equation is 17/,

) . " 45° . 34/,
L] » 'l.' ” . 90 " 0'9

1. Bijopanaya, 26-28.
2. e B = | .
93 ¥ qRsew ega 1 28 I
3, Bijopanaya, 29-32,
4. Tan: 3@ WS Y e 5T At g |
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Hence the new equation=—234' sin 2 (§— D).
=34' sin 2 (D—4).

Here the symbol D stands for the Moon as corrected by the
ancient Indian equation of apsis and its complement as given by
Bhaskara. It isreadily seen that Bhaskara is the first of all the
Indian astronomers to detect the equation known as “Variation™
His constant, 34’ is less than the modern value by about 6, and
cannot be considered as a serious error.

We now see that the sum-total of the Moon’s equation as
given dy Bhaskara

=—379" 46".8 sin (nt—a)4-34' sin 2(D~—0)
the evection term being totally absent. This is a serious
defect, and Bhaskara's new equations would make the Moon
generally more incorrect at the syzygies and eclipses than what
the ancient Indian equation of apsis would do.

Perhaps late in life when he was 69 years old in 1103 of
Saka era (=1183 A.D.) he discovered the inapplicability of his
new equations at the times of eclipses and in his Karana-butn-
hala he altogether omitted these new equations which he had
given in his Bsjopanaya.

As to Bhaskara’s second inequality which is really the com-
plement of the equation of apsis without the evection term, it is
far inferior to that of Mafjula and of Sripati: as we have seen
their form of the second inequality combines the complement of
the equation of apsis and evection in the mathematically cor-
rect form. For the discovery of such a form of the equation as
of these authors, very patient, careful and frequent observation
must have been coupled with very careful and nice comparison
of observed facts.

As to “variation” it was first discovered by Abul-Wefa in
976 A.D.! which was quite forgotten when Tycho-Brahe re-dis-
covered it in 1580 A.D. Hence Bhaskara, in 1152 A.D., re-dis-
covered it in India four centuries before Tycho.

Candragekhara-of Orissa on the Moon’s Inequalities

* In connection with lunar inequalities it is nesefsary here
to record what were the equations discovered or verified by
M.M. Candrasekhera Sirthha of Orisst in the later half of the
last century. He was educated in the orthodoex Sanskrit fashion

1. Godfray's Lunar Theory, p. 114,
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and had no acquaintance with English education. His work
Siddhanta-darpana was edited by Prof. Jogeschandra Ray, late of
the Cuttack College, in 1899.) Candrasekhara in his work gives
four equations of the Moon which are :-

(1) The equation of apsis.

(2) The Tungantra equation or the complement of the
equation of apsis in combination with evection.

(3) The fortnightly equation or variation.

(4) The Digat$a equation or the annual equation (i. e., 15
of the Sun’s equation).

(5) The first equation is of the form
_ [31° 30'—30 cos (nt—a)]3438 Xsin (nt—a)
360°
=~300" 49".5 sin (nt—a)+4" 46".5 sin (nt~a) cos (nt-a)
=-300" 49”.5(sin nt~a)-+2’ 23".25 sin 2 (nt—a)

It is seen that Candradekhara wanted to correct the equa-
tion of apsis to the second order of small quantities as in all the
Indian suthors from Brahmagupta but Candra$ekhara's .form is
correct though his contant is wrong.

(2) His second equation is of the form
160’ % 3438 sinfa— (9 —l~90°)] 3438 sin(D-—-4)
3438 3438
Moon’s appt. daily motion?®
Moon's mean motion

=-160’ cos (§~—a) sin (D—§)
Moon’s appt. daily motion
Moon’s daily mean motion

Here the constant is the same as that of Sripati discussed
before. The symbol means the Moon as corrected by the
equation of apsis. It is readily seen that the constant of the
first term of the equation of apsis is increased by 80’. and that
the constant of evection is taken at80". In both the cases the
error is about+4'.

(3) Candraéekhara’s third equation or Variation

3438 s1302(D ) =38’ 12" sin 2(D'-0).3

1. Szddhama-darpana, V, 100-114.
2. 1Ibid, VI, 7-9
3, Szddhama-darpana VI. 11-12.
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where D’ means the Moon. as corrected by the Ist and the 2nd
equations. Here the constant is wrong by —1’ 18",

(4) His fourth equation or the annual equation
=% of the Sun’s equation of apsis,*

=4 10 %%@ sin (Sun’s distance from the

apogee).
=411'27". 6 sin (Sun’sdistance from the apogee).

The modern value of the constant is 117 10". Tycho found
it to be 4" 30". Horrocks' (1639) co-efficient was 11’ 51",

As Candra$ekhara was aware of Bhaskara's Bijopanava, as
also of the work of Sripati, his merit here lies in the discovery

of the annual equation, and correction to the constant of
variation.

Thus we have seen that so far as the luni-solar astronomy
is concerned Indian astronomy is independent of Greek astronomy
in respect of astronomical constants, that Indian astronomy is
generally more accurate than Greek astronomy and that Indian
astronomers were not mere “calculators'?. There were observers
who verified and corrected the old astronomical constants as
they came down from Aryabhata and Brahmagupta, who also
found independently all the principal equations of the Moon.

1, Siddhanta darBana VI, 13,
2. G.R, Kaye Hindu Astronomy, p. 60

p— 0 —
Reference
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CHAPTER VII

Greek and Hindu
Methods in Spherical Astronomy

Here we shall reproduce from Sengupta’s paper a compa-
rative account of the Greek and ancient Indian methods in
Spherical Astronomy and to bring out the independence of the
Indian Astronomers on this sub’ect. The views on this subiect
would necessarily differ from those of many FEuropean scholars
such as Colebrooke and Bentley (early 19th century) to Kaye
(early 20th century). Kaye wrote as follows in the Journal of
Asiatic Society of Bengal 1919, No. 3.

The methods by which (the rules) were obtained are
buried in obscurity. Braunmuhl* has stated “that the
Indians were the first to utilise the method of projec-
tion in the Analemma -of Ptolemy.” It is intended to
present the Hindu methods as clearly as possible and
to show that Braunmithl has not done sufficient justice
to the Indian astronomers. .-

As to Kaye, we shall show that his remark quoted above
is due to the fact that he had to rely mostly on the English tran-
slation of the Suryasiddhanta of Burgess, and perhaps he had no
access to the works of Bhaskara II (1150 A.D.), who was the first
to explain the ancient Indian methods clearly.

Greek and Hindu Methods in Spherical Astronomy

Of the Greek methods in Spherical Astronomy, the
history begins with elementary principles only from Euclid (300
B.C.). Even in Theodosius’ Sphaerica® (about 153 B. C.) “there
is nothing that can be called trigonometrical.” Heath again says,

1, Heath, Greek Mathematics, Vol, IL, p. 291. Braunmuhl, Geschichte der

Trigonometrie, pp. 38-42,
2. Heath, Greek Mathematics, Val. II, p. 250,
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“the early spheric did not deal with the geometry of the spheze as
such, still less did it contain anything of the nature of the spheri-
cal trigonometry. (This deficiency was afterwards made good by
Menelaus's Sphaerica).* Hence the Greek spherical trigonometry
began with Menelaus (90 A.D.). His theorem in geometry is
well-known—"If the sides of a plane triangle be cut by a trans-
versal into six segments. the continued product of any three
alternate segments, is equal to the continued product of the
remaining three.”” From this proposition he deduced the so-
called “regula sex quantitatum’ or the theorem, if the sides of a
spherical triangle be cut by an arc of a great circle into six
segments, the continued product of the chords of the doubles of
any three alternate segments is equal to the continued product
of the chords of doubles of the remaining three segments.” In
plane geometry if the sides BC, CA, AB of a triangle be cut by
any transversal at L, M, N, respectively, L

then we have

BL CM AN_, v
LC"MA " NB ™
In spherics the theorem is ¢ Cc N

Chord 2 BL Chord 2 CM

Chord 2 LC * Chord 2 MA -~
Chord 2 AN_, 8
Chord 2 NB

Both these theorems are proved in A
Ptolemy’s Syntaxis ( Karl Manitius’s edi- . Fig. 5
tion, Vol. I, pp. 45-51). :

If R be the radius of the sphere on which the spherical
triangle ABC is constructed, then the chord of the arc 2 BL=
2 R'sin BL. Hence Menelaus’s theorem in spherics may be expres-
sed as follows :

Sin BL SinCM Sin AN _
SinLC * Sin MA * Sin NB L

This theorem is true for any spherical triangle.

If /B=AN=AM=090° and L the pole of AB, then LMN
is a secondary to the arc AB. There are four arcs of great

~ citcles; taking any three as forming a spherical triangle and the
fourth as the transversal we readily get for the right-angled

gen Zl}r Gﬁsgi l}ilitonébo.l;‘ISttgdien ’!ibeg M\e{}elaos‘ hSpharik" in Abhanglun-
chte der Mathematischen Wissenchaften for 1902, pp. 89 et
seq.; also Heath, Greek Mathematics, vol, I1 p, 261.73. en for PP

o
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triangle ABC, the relations :—-
(D) sin a=sin b sin A
(i) sin c=tan a cot A
(ii1) cos b=cos a cos ¢
(iv) tan c=tan b cos A ~

The above are some of the Napier’s rules for a right-angled
spherical triangle, deducible from Menelaus's theorem®. They
are generally sufficient in the case of such triangles. In any
spherical triangle, however, this theorem of Menelaus does not
in any single step lead to any of the equivalents of the time-
altitude or altazimuth equations in spherical astronomy. The
ancient Indian methods, though none of them are s> highly
finishe1 as Menelaus’s theorem, yet are not less powerful in
tackling the problems that arise in astronorhy in connection
with the apparent diurnal motion of the héavens. The Greek
or Ptolemaic method presents no further points of interest except
in its application. We now proceed to illustrate the ancient
Indian methods and shall refer to the Ptolemaic method as
occasion arises. '

Ancient Indian Methods
in Spherical Astronomy

In the Indian methods there is no general rule to follow.
1t is by properties of similar right-angled triangles that a fairly
complete set of accurate formulae are obtained. These right-
angled plane triangles are classified under the names,—‘Kranti-
ksetras' (triangles of declination) and ‘Aksa-ksetras’ (triangles of
latitude). We consider the following problems :—

Problem :- To find the time of rising on the equator of a

length [, of arc of the ecliptic measured from the
first point of Aries.

Let o be the obliquity of the ecliptic and R. A. the right
ascension corresponding to the longitude l, and 8 the correspond-
ing declination. The Indian form of the equation is:

1, Three more can be deduced similarly, namely,

(v) sin ¢c=sinbsin C
(vi) sin a=tan ¢ cot C
(vii) tan a=cos C tan b.
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*Rsin RA.= R—Si-%%gR—;iq—w, where R is the radius of

the sphere.
Note:— If R be the radius of the circle of reference, the
Indian trigonometrical functions for the arc 6, are
(1) the ‘sine,” (2) the ‘cosine’ and (3) the versed
sine. They are respectively equal to Rsin 6,

R cos 6 and R vers .

In the adjoining figure, O is P
the centre of the armillary
sphere, YQ.YC are quadrants of
the equator and the ecliptic,
respectively. P is the celestial
pole, PCQQ the summer solsti-
tial colure. Join OY, CQ, OP
and OC,

Let YS be=Il, YM=R.A,,
CQ=/SYM—o, SM=5.

Join OS, OM. PSM is the
secondary to the equator. Fig. 6

From C draw CK perpendicular to OQ. From S draw Sm
and Sn perpendicular to OM and OY, respectively. Join MN
and from M draw MN perpendicular to OY,

Then the triangles Smn and CKO are similar. They are
called ‘Kranti-ksetras? or declination triangles,~similar right-
angled triangles having one acute angle=w.

S Sm:Sw=CK:0C
or  Rsind:Rsinl=Rsinow :R

-« RsinIXR sine
R sn 8-—“‘_*r— sereee(T)

The Aryabhatiya, Gola, 25 Varghamihi i
2 , 25, ihira, ficasi ]
(IV.92) states it in the form 2R .V/(Rz' Sin IH—RIT oo 2;)___R;I]Si:h‘zz Felcasidihaniia
_ ‘ 2Rcoss
=R Sin R.A,, which is evident from figure, Brahmagupta's

equation is identical wi .
I 40,41, ‘thh that of Aryabhata, (BrSpsi. TIL. 15, Strya-siddhanta

Also Bhaskara 1T i -
with Vaczbamitior, fﬂ.n(:;ahagamta cap. VIII, stanzas 5455, is in agreement
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Greek Method
In the same figure! let PSC be the triangle and YMQ be
the transversal. Then Menelaus's theorem gives
sin PM>< s'in SY _ sin CQ=1
sin MS" sin YC" sin QP

1 sinl/  sin® __
o gmsXTT TT1 =1
or sin §=sin [Xsin .
Indian Method

Again by the Indian method from the same two simi-
lar triangles we get
mn : nS=0K : OC
or, mn:Rsin/=Rcoso:R
mn =R sin [XR cos @
R

Again MN : mn=0M : Om

ie, RsinR. A.:mn=R :R cos &

. _ RsinIXR cos »
Rsin R.A.= T Reoss

Greek Method
. Take PQM for the triangle and YSC for the transversal.

sin PC_ sin QY sin MS__
Then, SnCQ < sinyM < sin 5P 1
Cos @ 1 sin & =1
or sin @ sin R.A" cos §

or sin R.A.=tan § cot @, .
The Indian form of the equation is different from that of

Ptolemy’s. It is also better for the purpose of calculation.
Note :—From the same two similar triangles we have
On:ON=R cos8; R

On : R cos l-—R €Os R'Aizx R cosé (3
Again, tan R.A.= mn
on
_RsinlXR coso
= RXR cos l 0‘40c0(4_)

Again, mn : Sm=0K : KC

1. Manitius® Edition of Syntaxis, I, 51-53,
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mn_R sind XR cos®
Rsin @

. . _MN R Rsin§ XR cosw
S RsinR A= Xma=g oo Ren @

n
Probiem II :—

Indian Method

The problem discussed above rrovides the method of find-
ing the sidereal time-intervals in which the signs of the =zodirc
rise on the equator. To find the ‘corresponding times at any
latitude @, it is necessary to calculate and apply what is the
ascensional difference due to the elevation of the celestial pole.
This ascensional difference is called ‘carakala’ or the variation in
the length of half the day. The ‘sine’ of this ‘carakala’ is called
‘carajya.’ It ch denotes this ‘carakala’

. . __=Rsin¢><R sin § XR
then! R. Sin ¢k R cos $ <R cos &

Just as in the solution of the previous problem, the dec-
. linational triangles or ‘Kranti Ksetras’ were constructed and
used, so in the solution of this and other problems another set

of similar triangles were conceived and constructed and were
given the name ‘Aksa ksetras.?

Let NPZH be the meri-
dian (Fig.7). NOH the north-
south line passing through
the observer O.P the celestial
pole. OQ the trace of the
equator on the meridian
plane, Z the zenith, Join OZ.
From Q draw QM perpendi-
cular to OZ. Then the
triangle QOM is an ‘Aksa-
ksetra’ or a latitudinal right-
angled triangle, as ZQOM=
. the latitude of the station. )
Another ‘Aksaksetra’ is thus “ Fig 7
conceived, in the sam y '
south celestial poles, N, t?leﬁ gggfth 1§)i1§:: IJAB‘:‘eA'tB}3e tlrllg ,rg;}ur?:ﬁ

1, dryabhafiya, Gola, 26; Patica-siddhantiba, IV, 34: B
. IL 57-58; S::ya-siddbmta, 1L, 9%; Grahaganita, vm’%‘ﬁé‘.’ Phutasiddhanta.
- 2 Buaskara, Goladhyaya ( Wilkinson and i ;
B oo (W Ch.s%{ ??&ﬁ?pudeva Sastri’s tr, ) PP, 173-76;

or

®

Sidereal Time-intervals
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circleof a2 heavenly body with declination §, NEHW the
horizon, PEP’ W the six O’ clock circle. Here AA’ the line of
intersection of the diurnal circle with the horizonis called the
“udayasta-sutra™ (or the thread joining the rising and setting
points). SS’ the line of interesection of the diurnal circle and
the six o' clock circle, is the horizontal diameter of the diurnal
circle. From S draw SK and SL perpendiculars respectively to
AA’ and EW. Join KL.

Now since PN=¢, the latitude of the station. in the sma!l
right-angled triangle KLS, the / KLS is also=¢.

SK:SL=0QM : MO
SLXQM_Rsin §XRsin ¢
or SK M(()) = Rcos¢
Now SK?is a “sine” in the small circle AB A'B’ of which
the radius is R cos §; this “sine’”” reduced to the equator (radius R)
is the ‘sine’ of cara.
R sin ch=R sin EPA
_Rsin § xR sin xR
R cos pXcosd

Greek Method .

Let® the arc PA be produced to meet the equator at C.
Take PCQ’ for the triangle and EAN for the transversal. Then
we get, :
sin PA sin CE sm Q’N=1
sin AC sin EQ’ sin NP
cos § . sin CEXcos ) =1
sin 1 sin ¢
sin $ Xsin §
cos $Xcos§”

Note—The perpendicular distance between AA’ and Ew is
called the ‘sine’ of the amplitude or the ‘Agra’ which is thus
calculated :—

KL :1LS=Q0:OM
4R sin amplitude="Agra’=KL

or

sin CE=sin ch=

_LSxQ0 _Rsin § XR
oM R cos ¢

It is now evident that the ancient Indian method is different

1. Bhaskara, Gola, VII, 39,

2. This is called by the name ‘kujya’ or ‘kSitijya’. i, e., earth-sine. Aryabhata,
. Gola, 26, Brahmagupta, II, 57, Sﬁrya-stddhanta. II él etc,

3. Mamuus ibid, p. 84.

4, Aryabhata. Gola. 30, etc,
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from the Greek method in this case also. As the triangle KLS
is difficult to show in the diagram, it is shown in its projection on
the meridian plane in Burgess's translation of the “Sarya-
siddhanta,(page 232)and also in Wilkinson and Bapudeva Sastri’s
translation of the ‘Siddhanta Siromani, p. 175. This has led
Braunmuhl to assume that the Indian method of arriving at the
equation of ascensional difference and some other equations of
spherical astronomy has its origin in the Analemma of Ptolemy.
A careful study, however, does not justify the identification "of
Indian methods with the graphic method of the Analemma,
which is deduced from the projections of the position of a heav-
enly body on the meridian prime vertical and the horfizon. It is
being presently shown that what was done out of difficulty in
drawing the figures properly has been taken by Braunmuhl as a
Greek connection.

Problem IIT* :—
To find the “Time-altitude’® Equation

If from any point S on the diurnal circle a perpendicular
. bedrawn to the Udyasta-Sttra spoken of. before, this perpendi-
cular is called the cheda or ‘istahsti.’ The perpendicular from S
on the horizon is called ‘Sanku’® the sine of the altitude. The
line joining the foot of the ‘Sanku’ and that of the perpendicular
on the ‘Udayasta-Sutra’ goes by the name of ‘Sankutala’ and this
Sankutala lies to the south of the ‘Udayasta-Sutra’ during the day.

In this figure (Fig 8) if AA’ be the ‘Udayasta-Sutra’ or the
intersection of the diurnal circle and the horizon, and S a point
on the diurnal circle denoting a position of the Sun, SK, SL
perpendiculars on AA’ and the horizon respectively; SL is called
the ‘Sanku,’ SK the ‘cheda’ and LK, the ‘Sankutals’. In this

triangle KSL, the angle KSL was recognised to be the latitude of
the station. ‘

' '?.'hus the triangle SKL is not taken in its projection on the
meridian plane. The side SK is taken 'as formed of two parts.

1, Aryabhata c?uld not arrive at the true equation, Cf. Gola 28, The correct
‘tules occur in Paficasiddhantiba, IV, 42, 44; Brahmasphugasiddhanta, III,
36-36,26-40 ; Suiryasiddhanta, II1, 34-35. -

2. Bhaskara says : SReMIee: Y3 | SROERATRETRRRG! @R 1
*Gola, VIII-39-41, Aryabhata uses the term TEFERY? Gold 29
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Let CC’ be the line of inter-
section of the diurnal circle
and the ‘six o'clock ’circle
EPW. Let SK cut CC' in
M. Then.

SK=SM-+MK

Here SM, the ‘sine’ in
the diurnal circle of the
couplement of the hour angle
is given a distinct name
‘Kala™ and MK as explained

Fig. 8 before is known by the name
‘Kujya. This‘Kala' is constructed from the point S in the diurnal
circle. Thus the triangles like SKL were not taken in their
projections on the meridian plane as Braunmiihl would suggest.

From the triangle KSK. we get,

‘Cheda’ : ‘Sunku’=R : R cos ¢ where ¢ is the latitude of the
observer:

‘Sanku’ is here=R cos Z. Z being fhe Sun’s zenith distance.

‘Cheda’=R cos ZXR
R cos ¢

Now ‘Cheda’=radius of the diurnal circle+Kujya—versed
sine of the hour-angle in the diurnal circle O’ B+0’ V—BR,
Rsin $XRsin ¢_R vers HXR cos §

_ =R cos 54 R cos & ~R
As in the previous problem, Ku ]'ya=SK=R su;{ﬁ:équsm ¢
RcosZXR_Rcosd Rsin $xRsin¢ .
or R cos ¢ R { R+ R cos ¢
R
XR c05_8mR vers H }

The above equation simplified becomes
cos Z=siné sin $+cos & cos ¢ cos H.

In this connection we consider the altazimuth equation _by
the Indian method.

1. Bhaskara's Grahagdanita, VIII, 55,

O’ is the middle point of CC’ or it is the centre of the diurnal circle
ABB',
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- Pyoblem IV i—
The Altazimuth Equation
Indiad Method
Let @ denote the azimuth of the Sun from the south. In
the same triangle SKL in the same figure, we have.
LK :SL=Rsin ¢:Rcos ¢
or, ‘Sankatala’ : ‘Sanku’=R sin’$: R cos ¢

“ . Rlcos ZXRsin ¢
Sankutala R cos @

Now ‘Sanbutala’ is made up of two parts, namely, ‘Bahu’
and ‘Agra’ of which the former is the distance of L from the
observer’s East-West line; the ‘Agra’ has been already found.

R sin ZXR cos a _Rsin xR

Here ‘Bahu’= R and ‘Agra “Reosd

‘Sarnbutala’ ='Bahu+*Agra’
R cos ZXRsin ¢_Rsin ZXR cos a+R sin § XR

or R cos ¢ R R cos ¢
. Rcos¢ (R cos ZXRsin ¢ R sin ZXR cos &
or Rsind=""¢ R cos & ) )

which is easily seen to be equivalent to
sin §==cos Z sin $—sin Z cos P, cos &
Greek Method

Ptolemy® has also a method of finding the Sun’s altitude at
any hour of the day. His method is as follows :—

4

c (1) Hewould find by
means of his tables for the
times of risings of the signs of
the zodiac, the orient ecliptic
point. (i) He would then
find the culminating point of
the ecliptic. (iii)) He would
finally apply Menelaus’s
theorem in spherics thus :—

Let ASC beany position
~ Fig.9 of the ec]iptic,(Fig.: 9NZC the

1. The equivalent of this. ina par'ﬁcular case, is first found in Br&hma.
sphutasiddhanta, Ch, III, 54-56 Cf, Suryasiddhanta, III, 28-3], also
Bhaiskara Grahaganita, IX, 50-52,

2. Manitius, ibid, pp, 118, 19.
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meridian, NAMH the horizon. Z, the zenith and S the Sun.
Here the celestial longitudes cf C, Sand A are taken to be
known; hence ZC and CH are also known.

Now take ZCS for the triangle and HMA to be the trans-
versal ; we then have by Menelaus’s theorem.
sin ZHxsin CA, sin SM_
sin HC “'sin AS sin MZ
cos CZ Xsin AS
sin CA
It is thus clear that Ptolemy had nodirect method for
connecting the Sun’s altitude and the hour-angle. This method
is workable for the problem “given time, find the altitude” but
is not workable in the converse problem ; besides, the calcula-
tion of the longitudes of A and C is very cumbrous.

or sin SM=

Again, when EA has been found out, taking ZHM for the
triangle and CSA for the transversal, we get,

21; igx:ﬁ LéI;X:E g§= 1, whence and thence HM,.
the azimuth can be found. The method is here also cumbrous,
there being no direct connection between altitude and azimuth ;
besides the time-element is not avoided.

The Analemma of Ptolemy
and the Indian Method.
When the Sun’s declination is zero and his hour-angle, is
H., Zeuthen®' following the method of the ‘Analemma’ of
" Ptolemy, as explained by Braunmuhl? has deduced the following
equations :
(1) cos Z=cos H. cos ¢
_tan H
(2) tan =g
To these two, Heath following Braunmithl, adds

(3) *anZ0 =tj§£

1, Heath, Greek Mathematics, Vol. II. pp, 260-91,
Zeauthen, Bibliotheca Mathematica, 13, 1900, pp, 23-27.
2. Braunmiuhl , ibid, pp, 12-13,
3. The Indian form of this equatiom is R Sin ZQ = R Sin HX R
4/ R% - R2cos?HXR? Sin?¢
R

Bhaskara's, Goladhyaya, Com, on VIII, 67,
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where Z is the zenith and Q is the point of intersection of the
prime vertical and its secondary passing through the Sun and
the rorth-south points.

Zeuthen® points out that later in the same treatise Ptolemy
finds the arc 28 described above the horizon by a star of given
declination 8’ by a procedure equivalent to the formula.

(4) cos B=tan &’ tan .

With regard tothe ‘Analemma’ of Ptolemy. it may be
noted, as Heath® says, that ‘‘the procedure amounts to a
method of graphically constructing the arcs required as parts of
an auxiliary circle in onz planz.” Many thiigs may be, in
practice, done graphically far more easily than by the theoreti-
cal method. Besides, no theoretical calculations occur in the
‘Analemma’., Zeuthen?, following the method of this work, has
deduced in the general case, the two equations.

(5) cos Z=(cos &, cos H+sin 8. tan ¢) cos @.

cos 8.sin H
sin §

powrs +(cos 8.cos H+sin 8.tan ¢) sin ¢

These equations are suggested to a modern reader from a
study of the figures in the ‘Analemma.’ But neither in this work
nor in the ‘Syntaxis’ are they to be found. With regard to the
first four formulae, it is possible that they were recognised by
Ptolemy. With regard to the last two, Zeuthen® remarks ‘‘mais
le texte nen contient rien,” and they were certainly not recog-
nised by Ptolemy.

Besides the tangent {unction is wholly absent in Greek
trigonometry. They are also different in form from those arrived

.at by the Indian method as explained before. Thus, it is clear
that the Indian methods are in no way connected with the
method of the ‘Analemma.’

Even taking for granted that the Indians followed a method
of projection much allied to the method of the Analemma’ there
is no adequate reason for assuming that their method " is derived
from any Greek source. Analogy and precedence do not neces-
sarily constitute originality—there is still the chance of a remoter
origin from which both the systems drew their inspiration. The
method of the ‘Analemma,’ as has been already stated, presents a

1, 2, Rjornbo, foc, cit, p, 86.
3. Zeuthen, loc, cit. p. 27,

(6) tan a=
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graphical method for constructing the Sun's altitude and azimuth
from the hour angle when the Sun’s declination is zero but such
a graphical method is generally complex as compared with the
elegant Indian method. An astronomer who constructs and uses
an armillary sphere to arrive at his equations in spherical astro-
nomy and who has not a well-developed spherical astronomy at
his command must have to draw perpendiculars from the positions
of the heavenly body. not only on the meridian plane, the hori-
zon or on the prime vertical, as the occasion arises, but also on
the line of intersection of the diurnal circle with the horizon.
Hence Braunmiihl's statement that the Indian methods of spheri-
cal astronomy have their origin in the ‘Analemma’s,in spite of
his admitting that Indians were first to utilise its methods, is rather
far-fetched and tends to take away the honour from the great
Indian astronomers, who devised the beautiful methods. The
‘Analemma’ as it now exists is a Latin translation from an Arabic
version of the original Greek!. We may reasonably doubt that the
Arabic version was greatly influenced by the ancient Indian systzm.
We now pass on to the consideration of other allied or
similar problems in the two systems of astronomy.
Problem V—
To find the Angle between the Ecliptic and the Meridian

Indian Method®

Let YSA be thee cliptic, YCE
the equator, E the east-point of
the horizon (Fig 10). Cut off
SH=90° and draw the great
circle HEAP’ cutting the meri-
dian P'SCH at the points P’ and
H. The aimisto find AP’ but
it is enough to find EA since AP’
is the complement of EA’,

Both Aryabhata and
Brahmagupta were unable to
find EA correctly. Let P be the
Fig. 10 ~ celestial pole and let PAE’ be

1. On the influence of the ancient Indians on Arab mathematics and
astronomy; see Alberuni’s India, translated by Dr. E, Sachau, Vol. II, p. 304,

2, Aryabhata, Gola, 45; BrSpSi, IV.17; Surya-siddhanta, IV. 25; Bhas-
kara’s Goladhyaya, VIII, 21-74, first example in his own commentary,
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the secondary to the equator cutting it at E'. Both the above
astronomers were content with the idea that AE=AE’, or "that
AE=the declination of the point A of the ecliptic which is 90°
ahead of S in the above figure. This idea continued till the

time of Bhaskara II (1150 A.D.) who found out the correct
equation.

He recognised that CS. the declination of S=PP"; P'EH is
then the horizon of the station whose north geographical latitude
is CS. Also, the ‘sine’of EAis the‘Agra or the sine of the
amplitude of the point A for the latitude CS.

“Rsin EA=R sin AE'XR_Rsin (0°+¥YS)XR sin @

RcosCS — R
R
X R cos CS
or R sin EA=XSi0 (90'f+l) xR sin @
Rcos 8
where [ stands for ¥S and § for CS.
Greek Method :

We give below the Ptolemy’s method in a slightly modified
form®. Let SHA be the triangle and YCE be the transversal ;
then we have,

sin SC_sin HE sin AY

sin CH “sin EA sin 7S~ 1
sin § sin 90°_sin (90°+10)
cos 8 sin EAX sm: 1
-~ sin EA sin & Xsin (90°+1I)

cosdXsinl

which is readily transformed into Bhaskara’s equation. The
originality of Bhaskara would te readily admitted.

or

Problem VI—
To 1}511 the Angle between the
' cliptic and the Horri
Indian Method : P e Horrizon

(A) Aryabhata’s method: It consists of the following?®
steps :—

(1) Determination of the orient point of ecliptic.
(2) Finding the sine of its amplitude.

L. Manitius, ibid, Book I, pp. 104-06,
© 2 Aryabhata, Golg, 33 : SBryasiddhanta, V, 5.6.



ANGLE BETWEEN ECLIPTIC AND HORIZON 139

(3) Determination of the culminating point of the ecliptic
from the hour-angle of the Sun.

(4) Findiag the declination of the culminating point of the
ecliptic, -

Having obtained the above elements, his rule can be follow-
ed thus :

In this Fig. 11 NZH is the meridian, HMEAN tlie horizon,
CN’A the ecliptic. If N’ be the nonagesimal or the highest point
of the ecliptic, the altitude of N’ is the inclination of the ecliptic
to the horizon.

Let ZN'M be the vertical
through N, meeting the horizon
at M.

When the time is given, the
longitudesof A and C can be
found out, from which CZ the
zenith distance of C and EA the
amplitude of the orient ecliptic
point can be determined.

Fig. 11
Here HM=EA.
According to Aryabhata,
Rsin CN'= Rsin CZ >§R sin HM
and Rsin ZN'=4/(R sin CZ)*—(Rsin CN')?
This is only an approximate rule. As expressed here,
R sin ZN’=R_ sin CZ ER o8 HMapproximately..
R sin CZXR cos HM XR
= RXR cos CN’
R sin CZXR cos HM
= R cos CN’ .

(B) The method of Brahmagupta®:
Brahmagupta would also first determine the orient ecliptic

accurately.

1, This correction was perhaps first noticed by Ranganatha (1603 A, D,)
in his commentary in the Suryasiddhanta.

. 2. BrSpSi. V 3.
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point A. Then he subtracts 90° from the longitude of A. Thus
having the longitude of N, he next finds the part of the day
elapsed of N’ ; from which by the time-altitude equation discussed
above, he finds ZN'. This is of course more agcurate than that of
Aryabhata. Bhaskara® here follows Brahmagupta.

Greek Method :

Let the ecliptic CN'A cut the lower half of the meridian at
F. Ptolemy takes AK along the ecliptic=90° and AR along the
horizon=090°; then the great circle passing through R and K passes
through the nadir Z'. Now take Z'FK for the triangle and ANR
for the transversal, then by Menelaus's theorem.?
sin FN ><sin Z'R Xsin KA -1
sin NZ' 7 sin RK “sin AF
.o _sin FN cosFZ' cos CZ sin CH
<o R = AT sn AC sin ACsn AC
. ,_sin CH
or s MN=C0 S8

Here Ptolemy’s equation is simpler than that of Aryabhata;
hence they must be independent of each other.

Problem VII:—

To find the Angle made by the
Vertical through any Point of the
Ecliptic with the Latter

This problem is considered
by Ptolemy but it is not consider-
ed separately in Indian Astronomy,
but from the rule for parallax in
longitude, the rule for its calcula-
tion can be deduced,

Fig. 12

Indian Method :

In Fig.12 S represents the true position of the
Sun and §' the Sun's position as depressed Ey parallax. N'SA is
the ecliptic. If from §', S'Q be drawn perpendicular to the ecli-
ptic, then, if P is the horizontal parallax, '
1. Grahagevita; XII, 3-4,
2. Manitius, ibid, pp, 110-111.
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"y R S'SQO PxRsin &5 R con S8
sQ=ssx Ree S50 PR ,

P TN T Ty . . n at o
=R v/ (R sin Z8¥— (R sin N
= %“X R sin N'SxR cos ZN'. whore NOis the e gtenmal

Thus R cos $'SQ is scen to be
R sin N'S%R cos /.i,\
R sin ZS
The Indian method is fully described bw Blaslao o de
‘Goladhyaya. VIIL 12-25. The truth of the Indran rale g Booon
§'SQ is easily seen from the spherical trranghe AL wlhene Ao
the pole of the ecliptic.

Greek Method :

3Ptolemy takes SK and SL. 907 wach, abvng the vertudd
circle ZSEK and the ecliptic N'SA.  The great varche thnongh K
and L cuts the horizon at R which isthe pole ot the vertioal
circle. He takes SKL for the triangle and EAR  for the trans
versal, then

sin _SE _sin KR sm LA

sin ER “sin LR “sin AS

cos_ZS Xcos AS
or sin LR= sin ZSxsin | AS

or cos S’SQ==cot ZS X cot ASsstan SE xcot AS,

The Indian and the Greek rulesare alogether Jdafferent
both in form and method. There can,thercfore, b no queatuom
of any connection between them.

Problem VIII »—

To convert the Celestial Longitude of & Henvenly

Body inte {ts Polar Longlinde

If o be the position of a (Fig.13).YK and #K are the celestinl

longitude and the celestial latitude, respectively ;' YM and oM

are the polar longitude and polar latitude ;: ¥N und ¢V wre the
right ascension and declination of the stur.

Indian Method ;

All Indian astronomers attempt at finding MK which. sub-

1. Aryabhata, Gola, 34; Pancasiddhaniika, 1X, 22 BeSpSi, X1, 23,

2. BrSpSi. V, 4-5 ; Stiryasiddhanta, V, 7.8 DBhaskara, Grak
3, Manitius, ibid, p. 119, o Grehatanta, X114

1
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point A. Then he subtracts 90° from the longitude of A. Thus
having the longitude of N, he next finds the part of theday
elapsed of N ; from which by the time-altitude equation discussed
above, he finds ZN'. This is of course more agrurate than that of
Aryabhata. Bhaskara® here follows Brahmagupta.

Greek Method :

Let the ecliptic CN'A cut the lower half of the meridian at
F. Ptolemy takes AK along the ecliptic=90° and AR along the
horizon==90°; then the great circle passing through R and K passes
through the nadir Z'. Now take Z'FK for the triangle and ANR
for the transversal, then by Menelaus’s theorem.?
sin FN ><sin Z'Rxsin KA —1
sin NZ'”~ sin RK “sin AF
- _sin FN cos FZ' cos CZ sin CH
S s R = e = 6n AC sin AC—sin AC
. ,_sin CH
or sin MN =i AC
Here Ptolemy's equation is simpler than that of Aryabhata;
hence they must be independent of each other.

Problem VII:—

To find the Angle made by the
Vertical through any Point of the
Ecliptic with the Latter

This problem is considered
by Ptolemy but it is not consider-
ed separately in Indiam Astronomy,
but from the rule for parallax in
longitude, the rule for its calcula-
tion can be deduced.

Fig. 12
Indian Method :

In Fig.12 S represents the true posiion of the
Sun and S’ the Sun's position as depressed by parallax. N'SA is
the ecliptic. If from §', S'Q be drawn perpendicular to the ecli-
ptic, then, if P is the horizontal parallax,
1. Grahagawita; XIT, 3-4, |
2. Manitius, ibid, pp.110-111.
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—qary Reos 8'8Q PXRsin ZS R cos S'SQ
3Q=S88 ><P R = R X R

1t
R V(R sin ZS*— (R sin ZN')?
= I%X R sin N'SXR cos ZN', where N’ is the nonagesimal.

Thus R cos S'SQ is seen to be
R sin N'SXR cos ZN’
R.sin ZS
The Indian method is fully described by Bhaskara in his
*Goladhyaya. VIII, 12-25. The truth of the Indian rule for R cos
S'SQ is easily seen from the spherical triangle /ZS, where MR is
the pole of the ecliptic,

Greek Method :

%Ptolemy takes SK and SL=90° each, along the vertical
circle ZSEK and the ecliptic N'SA. The great circle through X
and L cuts the horizon at R which isthe pole of the vertical
circle. He takes SKL for the triangle and EAR for the trans-
versal, then

sin SE _sin KR _sin LA

sin EK “sin LR sin AS
cos ZS xXcos AS
sin ZSXsin AS
or cosS'SQ=cot ZS Xcot AS=tan SE Xcot AS.

The Indian and the Greek rulesare altogether different
both in form and method. There can,therefore, be no question
of any connection between them.

Problem VIII :—

To convert the Celestial Longitude of a Heavenly

Body into its Polar Longitude

If ¢ be the position of a (Fig.13),YK and oK are the celestial

longitude and the celestial latitude, respectively; YM and oM

are the polar longitude and polar latitude ; YN and oV are the
right ascension and declination of the star. '

Indian Method :
All Indian astronomers attempt at finding MK which, sub-
1. Aryabhata, Gola, 34; Pa#casiddhantika, IX, 22 BrSpSi, XI, 23,

2. BrSpSi. V, 4-5 ; Suryasiddhanta, V, 7-8 Bhaskara, Grahaganita, XII, 4.
3, Manitius, ibid, p. 119,

2

1

or sin LR=
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tracted from, or added to, YK the celestial longitude, gives YM
the polar longitude.

According to Aryabhata®,

MK:GKXR versRZKxR sin ©

Brahmagupta® makes a dis-
tinct improvement on Aryabhata
and gives his rule for finding the
projection MK on the celestial
equator.

If P be the celestial pole, PKH
the secondary to the -equator,
Brahmagupta says that,

Fig- 13
0K XR sin (YK+90°)XR sin @

NH==

R
If from o, oR is drawn perpendicular to PKH, it is evident
that,

Rsino R=

Rsin o KXRsin ¢ KR
R .
According to Aryabhata and Brahmagupta, as explained
before, ) , )
R sin 0KR— R sin (’)’K-}-%O IXR sin @

Hence Brahmagupta intends that,
NH=0R= K X RRsm gKR

which is rather a big assumption. He then directs the finding of
the part of the ecliptic of which oR or NH is the projection on
the equator thus approximately to MK,

Aryabhata, Brahmagupta® and the modern Saryasiddhanta
take the declination dN=0K+KH where oK is small. They
do not consider the case where 0K is large.

Bhaskara alone gives us falrly correct rules for this trans-
tormation of co-ordmates
1, Aryabhata, Gola, 36,

2. BrSpSi X, 17.
3. BrSpSi, X. 15, S¥ryasiddhanta, 11, 58.
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In order to find 6N, he would multiply
oK byl_l_g%_fﬁp; according to him,

oN= ocKXR Rcos oKP +KH!

Thisis a decided improvement on Brahmagupta’s corres-
ponding rule. The declination ©oN obtained would be very
nearly accurate.

Having obtained oN, Bhaskara® then directs the finding of
NH. thus,

— KXR sin oKP
NH= R cos oN
He then directs the finding of MK on the ecliptic of which

NH is the projection by means of the times of rising of the signs
of the zodiac on the equator.

Thus, the Indian methods show a beginning and develbp-
ment only. The Greek method asgiven by Ptolemy is mathe-
matically accurate.

Greek Method®

To transform the celestial longitude and celestial latitude to
right ascension and declination.

Let the great circle 7/{¢X meet the equator at A. Ptolemy
would then from the given value of YK. find Y4 and aK{by
using his tables for the rising of signs of the zodiac on the equa-
tor. He then takes 7tPo for the triangle and YN & Q for the
transversal. The Menelaus’ Equation, then, is

sin /XQ _sin PN _sin L

sin QP"'sin Ne¢“sin AR
Here Q=90+, QP=00°, PN=90°; cA=0K+KaA.
KAa=90°+K A, whence Ne¢ is obtained.

He next takes PNQ for the triangle and /o A for the trans-
versal,

. sin PN sin QA sin Ne =1
“Usin Q7 smn AN Tsin 0P
Here PA=0, RQ=90°+0, QA=90"—YA.
Hence the above equation gives him aN. Now,
YN=Y &A— AN,

1, Bhaskara, Grahaganita XIII, 3,
2, Ibid, XIII, 4, 4
3. Manitius, Ibid, Vol, IT, Achtes Buch, pp, 84-85,
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It is almost needless to say that neither in the method nor
in the rulesis there any agreement between the Indian and
Greek spherical astronomy in the solution of this problem.

Kaye’s view?

As to Kaye, it appears that he hasnot been ableto find a
method in the translation of the Suyrasiddhanta by Burgess. The
figures of his paper referred to before do not show the “Aksakset-
ras” even in their projections on the meridian place. He refers
to Braunmuhl's History of Trigonometry but does not appear to
have been able tofollow him in his “Methode der indischen
Trigonometrie.” Kaye, however, is not slow in belittling Indian
trigonometry when he says :—The Indian astronomers employed
the sine function principally and the versed sine occasionally ;
they never employed the tangent function; and generally. but not
always. preferred to employ the sine of the complementary angle
rather than the cosine functions.”

N It is evident that Kaye
never understood the meaning
R Ny of the Indian functions of
’ N P ‘sine’ and ‘cosine.’  These
™ 1 functions are fully explained
M3 My, by Bhaskara® when  he
w My . | MyfA E says:— '

P, Ng “Of that point the dis-
Nj tance from the east-west line

Py . : .
, is the sine and the distance of
s the point from the north-south

line is the “cosine™.

Fig 14

In (Fig. 14), of the arc AP;, P:Mi is the ‘“sine”
and PiN; is the “cosine” of AP;, P:M:is the “sine” and PN,
is the “cosine™; of APs, PsM; is the “sine” and PsNj is the
“cosine”; etc. It is evident that a better definition of these fun-
ctions was never given.

We have thus seen that some of the solutions of Aryabhata

L J.A.S.B,N.S, XV, p. 154,
2. 7% Rl TE-RERE R SR |
AREHERARE Fawr | Fifesr

—(Bh#skara, Grahaganita, commentary. II, 88-21
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are imperfect, of Brahmagupta the solutions are more accurate,
while those of Bhaskara are generally mathematically correct.
The date of the scientific ancient Indian Astronomy is indeed
499 A. D., while that of the Syntaxis is about 150 A. D. Itis by
these shortcomings and differences in the methods, new ideas (e.g.,
the idea of the differential calculus)* and the like, that we
can safely say that Indian Astronomy in its scientific form.
although of a later date than the “Syntaxis” of Ptolemy. is origi-
nal and not borrowed from foreign source. There is evidence
that some crude form of Greek astronomy was transmitted to
India and went by the name of the “Romaka™ or the “Paulisa”
Siddhanta, prior to the time of Aryabhata but our great Indian
astronomers, Aryabhata with his pupils, Vargha-mihira and
Brahmagupta, had to construct a new science altogether.

(This Chapter is almost a reproduction of the paper by
P. C. Sengupta, as acknowledged earlier).

Reference

P.C. Sengupta: The Khandakhadyaka, 1934






CHAPTER VII
Epicyclic Theory
of Ancient Indians

We shall give here some details of the Indian concepts
regarding the motion of planets or wandering bodies among the
stars. The Vedanga Jyotisa (1400 B. C. or earlier) doas not speak
of this, A comparison of the astronomical constants of the
Greek and the ancient Indian systems, points unmistakably to the
conclusion that the Indian constants as determined by Aryabhata
I and his successors, are almost in all cases different from those
of Greeks. Indian astronomers were highly original in their con-
cepts and treatment. The originality of Aryabhata I and other
astronomers would be seen from what we are discribing below.

Apparent Motioas of the Sun and Moon

We have the following passages from Aryabhata :

All planets move in eccentrics to their orbits at the mean
rates of angular motion, in the direction of the signs of the
zodiac from their apogees (or aphelia) and in the opposite
directions from their Sighroccas.

The eccentric circles of planets are equal to their concentrics

and the centre Of the eccentric is removed from the centre
of the Earth.

The distance between the centre of the Earth and the centre

of the eccentric is equal to the radius of the planet’s epicycle;

on the circumference (whether of the epicycle or of the

eccentric) the planet undoubtedly moves with the mean

motion.

Here the central idea was that undou-

btedly planets moved unifomly in circles

olPl Ec A\p round the- Eart{l: if the motion appeared

to be variable, it was due to the fact that

H the centres of such circle (i. e. the con-

S centric circles) did not coincide with the
centre of the Earth.
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Let E represent the centre of the Earth(Fig.15).APM the Sun’s
circular orbit or concentric; let A and P be the apogee and the
perigee respectively. From EA, cut off EC equal to the radius of
the Sun’s epicycle. With centre C and radius equal to EA describe
the eccentric A'P'S cutting AP and AP produced at P’ and A’.
Here A’ and P’ are the real apogee and perigee of the Sun’s orbit.
Let PM and P'S be any two equal arcs measured from P and P.

The idea is that the mean planet M and the apparent Sun S
move simultaneously from P and P’ in the counterclockwise
direction along the concentric and the eccentric circles. They
move with the same angular motion and arrive simultaneously
at M and S.

Here EM and CS are parallel and equal. hence MS is
also equal and parallel to EC. Let SH be drawn perpendicular
to EM. ;

" The angle PEM is the mean anomaly and the angle P'ES the
true anomaly; the angle SEM is the equation of the centre, isreadily
seen to be plus (-+) from P’ to A’ and minus (—) from A’ to P’..
Thus as regards the character of the equation, the eccentric circle
is quite right. We now turn to exmine how far it is true as to
the amount.

Let the angle SEM denoted by E and the angle / PEM
=/ P'CS=0; EP=CP’'=q; EC=MS=p, then

SH psin
tan E__HE a—p cos 8
E=Z sin G“ism 20+:2 sm 39
a 5 37 cresvenes
Now the true value of E in elliptic motion is given by
) 3
E=( 2e—£4 ) sin 9-!-%«32 sin 26 +l~;-§ sin 36%;...

3
e .
It we now put £ ='23-—Z», as a first appox1mat10n——~Z =2e.

Hence pz"Ze . which is greater than —- vy e’ by i e’. In thej

case of the Sun if the value of p be correctly taken the error in the
coefficient of the second term becomes+3'; similarly in the case of
the Moon. the corresponding error becomes+8'.

*Godfray’s Astronomy, p. 149,
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Again if %=23, what is the centre of the eccentric circle is

the empty focus of the ellipse or that the ancient astronomers
practically took the planets to be moving with uniform angular

motion round the empty focus. This was not a bad approxi-

mation.
Also ES=r=EH approximately.

r=gqg ( 1—-2 cos 6)
a

but in the elliptic motion
r=a (1—e cos §).¥

Hence the error is not very considerable here also.

This is the way in which the ancient astronomers, both
Greek and Hindu, sought to explain the inequalities in the motion
of the Sun and the Moon. In the casz of the Moon, these astro-

3
nomers took the coefficient 23—-% =300" nearly; the modern value

is 377 nearly. The reason for this has been pointed out to be
that the Moon was observed correctly only at times of eclipses.
At the eclipses of sygygies, the evection term of the Moon’s equa-
" tion .diminishes (numerically) the principal ecliptic term by
about 76'.

We have thus far explained the idea of planetary motion of
the ancients under the eccentric circle costruction. The same,
however, is explained under the epicyclic construction.

Let AMP be the circular orbit of the Sun, having E the centre

of the earth for the centre. (Fig. 16)

U Let the diameter AEP be the apse
g line. A the apogee and P the perigee-
Let M be the mean position of the

> Sun in the orbit. With M as the
P E ¢ |~ centre: describe the epicycle UNS.
Let EM cut the epicycle at N and U.
Now the construction for finding S
the apparent Sun is thus given:—
Fig. 16

Make /. UMS=/MEA, the arc US is measured clockwise
whereas the arc A to M is measured counterclockwise.

From this construction MS is parallel to EA. If EC be
measured equal to MS, the radius of the epicycle, along EA to-

* Godfray’s Astronomy, p, 149.
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wards the apogee, then CS is a constant length and C is a fixed
point. Hence the locus of S is an equal circle with the centre at
C. Thus both the eccentric, and the epicycle and the concentric
combined. led to the same position.

It was thus usual to explain the planetary motion under
both the assumed constructions; and both gave the position for a
planet. The eccentric circle construction appears to be the earlier
in the history of astronomy and the latter was later. If the
former construction can be traced to Apollonius of Perga who did
so much to develop the “conic sections™ as science, the reason why
he preferred the eccentric circle to the ellipse, appears to be that
either that this planetary construction was always deep-rooted in
the minds of men or that he was carried by the idea that “the
circle was the most perfect curve.’ We are inclined to the view
that the eccentric circle idea was transmitted from Babylonia to
Greece. We now pass on to consider the Indian construction for
the possition of superior and inferior planets.

Superior Planets

With regard to the five planets, Mercury, Venus, Mars.
Jupiter and Saturn, the Indian astronomers give only one constru-
ction for finding the apparent geocentric position. Each of
these “star planets” is conceived as having twofold planetary
inequalities : (i) the inequality of apsis, (ii) the inequality of the
$ighra. With regard to the superior planets, the éighra apogee or
the $ighrocca coincdded with the mean position of the Sun. As -
Varzhamihira observed. of the other planets beginning with Mars.
the Sun is the so-called $ighra. (PSi. XVIIL. 1)

Let AMSP be the concentric of which the centre E is the

same as that of theearth(Fig.17);
A'MiP' the eccentric circle of
apsis of a superior planet, of
which the centre is C;A,M.S.P be
respectively the apogee, the Mars
.planet, the direction of the
$ighra and the perigee of the
concentric; A"MiP’ be the
apogee, the planet as corrected
by the equation of apsis, P’ the
perigee in the eccentric. The arc

Fig. 17
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AM=arc A’'M;; MM, is parallel and equal to EC. As used be-
fore, both the concentric and thz eccentric are of the same radius.

Here the mean planet M in the concentric is taken to be,
deflected to M, due to the true motion in the eccentric circle.
Join EM; cutting the concentric at M,. Now let ES be joined
and let S’ be taken along ES, such that

ES'_ Sighra periphery of the planet in degrees
360
_Sun’s mean distance from the Farth
Planets mean distance from the Sun or the Earth:

ES’ thus determined is called theradius of the $ighra epicycle of
the superior planet.

With § as the centre and the radius equal to ES or EA
describe another circle which is called the $ighra eccentric cutting
ES produced at S". Now measure the arc S"M; in the concen-
tric=SM, in the concentric. The apparent superior planet is
seen in the direction EM; from the Earth. Thisis the construc-
tion used in Hindu astronomy calculating the geocentric longitude
of any star planet.

It is evident in the case of a superior planet that the eccen-
tric having S’ for the centre and whose radius=EA=R the
standard radius for any circular orbit. is the mean orbit of
the planet and S’ the mean position of the Sun. In other words,
in the case of a superior planet, the $ighra eccentric represents
the mean orbit round the Sun. If the parallelogram CES'C’ be
constructed, then an equal circle described with C’ as the centre
is the apparent eccentric orbit of the superior planet.

In the actual method of calculating the geocentric longitude
of a “star planet” there are four operations given. the first two of
which have the effect of changing the arc MA or rather the point
A. The last two operations relate to the two displacements MM,
and M.Ms. We have here followed solely the construction of
the eccentric circles; the same geocentric position of a superior
planet could be equally well obtained by the epicyclic cons-
truction. In describing the constructions for finding the position:
of an inferior planet we shall follow the epicyclic construction

only
Inferior Planets

Let E be the centre of the Earth (Fig. 18), AMS the orbit of
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a mean inferior planet or the mean Sun. EA the direction of the
apogee of apsis and ES that of the
&ighra. The inequality of the apsis takes
the mean geocentric planet from M to
M, such that MM, is parallel to EA.
Let EM; be joined cutting the con-
centric at M, ; M, is taken as the
centre of the Sighra epicyle or the
real circular orbit in which the appa-
rent planet moves.

Fig. 18
With M, as the centre and the radius of theinferior pla-
nents’ &ighra epicycle as radius, describe the circle NVU which
is here the ¢ighra epicycle or the real circular orbit. In it draw
the radius MyV parallel to ES; then VP is the geocentric position
of the inferior planet.

Here the first displacement MM, is due to the inequality
of apsis and is for finding the position of M, the centre of the
real circular orbit. The idea was that the apparent planet moved
in a circular orbit of which the centre was very near the mean
position of the Sun, the first operation in this construction was
calculated to determine the centre of this so-called circular orbit
of an inferior planet.

The $ighra of an inferior planet moves round the FEarth 'at

- the same mean rate in which the inferior planet moves round the

Sun; hence the line ES in this figure is always parallel to the line

joining the Sun to the mean heliocentric inferior planet, and in
our construction, it is parallel to M, V.

This in brief is an outline of the Indian idea of planetary
motion as taught by Aryabhata I, Brahmagupta and Bhaskara II.

- 0 I—
B Reference
P.C. Sengupta : The Khandakhadyaka. 1934,



CHAPTER VIII

Brahmagupta
and Arithmetic

Scope of Ganita

The word Ganita means the science of calculation. The
term occurs in the Vedanga Jyautisa (c.1200B. C):

Just as the crest is to the peacocks, and just as the head-
gem is to the snakes, so the Ganita among the Vedanga
Sastras stands at the head.! (V]. 4)

In the ancient Buddhistic literature, we find mention of
three classes of ganita :° (i) mudra (finger arithmetic). (ii)
ganana (mental arithmetic), and (iii) saw.khyana (higker arith-
metic in general). In the Brahmasphutasiddhanta, Brahmagupta
uses the word ganita in the sense of eatire calculations. His
ganitadhyaya (Chapter XII) includes ;

() Mi¢raba (mixtures). (i) Sredhs (series). (iii) Ksetra

plane figures), (iv) Vrtta-ksetra (circles), (v) Khata (ex-

cavations), (vi) Citi (piles of bricks), (vii) Krakacika

(sawn pieces of timber). (viii) Rasi (heaps or mounds of

grain, and (ix) Chaya (shadow).

Brahmagupta also uses the term Dhulikarma (literally meaning
“ 3snpwork™) for higher mathematics :

The one learned man Who knows the dhaliharma or th

science of mathematics as propounded by Brahmagupta

would far excell them in learning who are taught the
calculations according to Aryabhata. Visnucandra and
others.? . :

- Inthese ten chapters of the Brahmasiddhanta has been
given the dhulikarma or the science of entire calculations

1. 71 Rren wRTt AnE S - :
% 7%, Aain-ameTa aftwd g Rueeg 1 ‘ VdJ. 4.
2. AR TR TR ARG ERE ¢ |
A s gREaRTEEd W aE —BrSpSi. X. 62.
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which is faultless.!

This science of dhulibarma has not been imparted by great
teachers for blasphemy. One who would be using it tor this
purpose would lose all good name.?

Brahmagupta uses the term ganita only for those calculations
which are of arithmetical in nature. The science of algebra, the
foundations of which was laid by Aryabhata I, was named as
byttaka or kujtabara by Aryabhata, and in the Brahmasphuta-
siddhanta also it is separately dealt with under Kugtadhyaya or
bujtabadhaya (Chapter XVIII). Later on the term bijaganita
was specifically given to the science of algebra.

The Kuitadhyaya of the Brahmasphutasiddhanta deals with
the () concept of kuttaka (pulveriser) , addition of positive and
negative as well as zero quantities, equations in one unknown
(eka-varna samikarana). equations in several unknowns (aneka-
varna samibarana), equations involving products of unknowns
(bhavita) and quadratic equations (varga-prakrtih) (Chapter XVIII
of the Brahmasphutasiddhanta).

Aryabhata, Bhaskara and
Brahmagupta use Place Value Notations.

In Europe the first definite traces of the place-value nume-
rals are found in the tenth and eleventh centuries, but the
numerals came into general use in mathematical text books only
in the seventeenth century. In India, however. Aryabhata I
(499). Bhaskara I (522), Lalla (c. 598) and Brahmagupta (628)
all use the place value numerals. There is no trace of any other
system in their works. Perhapsin this country we had the place
value system as early as 200 B.C. if not earlier. The use of a
symbol for zero is found in Pingala's Chandah Satra (perhaps of
200 B.C). Inliterature, we have an indication of the place
value from about 100 B.C. and later in the Puranas from the
second to the fourth century A.D. The Bakhasali Manuscript
(perhaps of 200 A.D.) uses the place-value notations. The

earliest use of the place value principle with the letter numerals
1. !r{ﬁﬁsr mgﬁltﬂ’rﬁrmﬁgamm I o
| wﬁz{féw S C il . - —BrSpSi. X. 66.
zWaW4mml MR o
- éﬁ”Wm aﬁ A TN |  —BrSpSi. X. 67
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is found in the works of Bhaskara I about the beginning of the
sixth century A.D. Thusfor 3179, the expressive words are
Navadrirupagni* (nava 9, adri 7. rupa 1 and agni 3). Similarly
in the Brahmasphutasiddhanta, for a large number like 2296828522,
the expressive terms are DVIYAMASARASTAPAKSAVASURA-
SANAVADVIYAMAH(Dviyama two twos 22, Sara 5,asta 8, paksa
2, vasi 8, rasa 6. nava 9, dviyamah 22)2 Such usages are to be
found in all works, which clearly state the place value concept
was popular as a routine. From India, this system reached Arabia.
During the reign of the Khalif Al-Mansur (753774 A.D.) there
came embassies from Sindh to Baghdad, and among them were
scholars: who brought along with them several works on mathe-
matics including the Brahmasphutasiddhanta and the Khanda-
khadyaka of Brahmagupta: With the help of these scholars, Al-
fazari, perhapsalso Yakubibn Tarik, translated them into Arabic.
Both works were largely used and exercised great influence on
Arab mathematics. It was on that occasion that the Arabs first
became acquainted with a scientific system of astronomy. It is
acceptable to all writers on the subject that it was at that time
that the Hindu numerals were first definitely introduced amongst
the Arabs. Arabs at first adopted the ghobar form of num-
erals which they had already obtained (but without zero) from
the Alexandrians or from the Syrians. This they continued for
about two centuries, but since they were not suited to their right-
to-left script, they gave them up and adopted the more convenient
ones. For a detailed discussion on how numerals went to the
west from India and spread in Europe one is referred to this dis-
cussion in the History of Hindu Mathematics. Part1 by Datta
and Singh (1935, Single volume Edition, 1962, pp. 83-104).
It is remarkable that Brahmagupta's works like the Brahma-
sphutasidhanta and the Khandakhadyaka became instrumental in
the spread of the place-value notation in the neighouring coun-
tries of the Middle East, and from their this system spread into
_Europe.

. Operations and Determinations in Patiganita

The word Patiganita is a compound formed from the words
pati» meaning ‘board’, and ganita, meaning ‘science of calculation’,

1. MBh. 1. 4;
2, BrSpSi 1-16.
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hence it means the science of calculation which requires the uses
Aof writing material (the board). The word pafi is not Sanskrit
(it originated in the non-Sanskrit literature in India); the oldest
term in Sanskrit for the board is Phalaka or paita. However this
term got currency in the Sanskrit literature also about the
beginning of the seventh century. Brahmagupta does not use
the term patiganita: he favours the use of the term dhalikarma or
writing figures on dust spread on a board or on the ground. The
word patiganita was translated into Arabic as ilm-hisab-al-takht

(calculation on board) and the word dhalikarm a as hisab-al-ghobar
(calculation on dust).

Brahmagupta, in the very first verse in the Chapter XII
(Ganitadhyaya) refers to twenty operations (parikarma) and
eight determinations :

He who distinctly and severally knows the twenty logistics,
addition etc.. and the eight determinations (vyavahara)
inculding (measurement by) shadow is a ganaka (mathe-
matician).!

The commentators have given the list of these logistics
(parikarma) and determinations (vyavahara) as follows;

(A) Parikarma or logistics

Samkalitam (addition)

Vyavakalitam (subtraction)

Gananam (multiplication)

Bhagaharah (division)

Vargah (square)

Vargamilam (square-root)

Ghanah (cube)

Ghanamulam (cube root) ,

13. Five standatd forms of fractions (Pafica-jati)
“Trairadikam (the rule of three)
. Vysta-traira$ikam (the inverse rule of three)
Pafica-radikam (the rule of five)
Sapta-rasikam (the rule of seven)
18. Nava-radikam (the rule of n ine)

l-ﬁsﬁﬁirﬁimﬁmaximﬁamﬁu o '
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19, Ekada$a-raSikam (the rule of eleven)
20. Bhanda-pratibhandam (barter and exchange)

(B) Vyavahara or determinations

1. Misrakah (mixzture)
2. Sredhi (progession or series)
3. Ksetram (plane figures)

4. Khatam (excavation)

5. Citih (stock)

6. . Krakacikah (saw)

7. Raéih (mound)

8. Chzaya (shadow)

Cf the operations enlisted here, the first eight have been
considered fundamental by later writers as Mahavira. The opera-
tions of duplatien and mediation (doubling and halving) were
considered fundamental by Arabs, Greeks and Egyptians; since
they were not familiar with the place-value system.

Mathematics in this country developed as an aid to astro-
nomy, and therefore, for the first time we find Aryabhta(499AD.)
in his Aryabhafiya describing as a special section (Ganitapada).
Brahmagupta (628 A.D.) also followed Aryabhata in this respect
and gave the science of calculation (ganita) a special place in his
treatise on astronomy. The Siddhanta treatises, earlier than those
of Aryabhata and Brahmagupta do not contain a chapter exclu-

ATSA[d devoted to ganita (the Surya-Siddhanta and the Siddhantas
of Vasistha.Pitamaha and Romaka are thus without ganita
chapetrs). Later on Bhaskara I and Lalla also did not include
ganita as a section or chapter in their treatises.It is said, howe-
ver, that Lalla wrote a separate treatise on Pdafiganita.

It may further be remarked here that Aryabhata I gives
the rules for finding the square and cube-roots only whilst Bra-
hmagupta gives the cube-root rule only (BrSpSi. XII. 7).

Maultiplication

Undoubtedly the common Indian name ‘multiplication’ is
“gunana’, this term occurs in the Vedic literature also. The other
terms for this logistics are hanana, vadha, ksaya etc., which all
mean ‘killing’ or ‘destroying.’ The synonyms of ‘hanana’ (killing)
for multiplication have been used by Aryabhata I (499). Brahma-
gupta (628), Sridhara (¢.750) and later writers, and these terms
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also occur in the Bakhadali Manuscript.

Aryabhata I does not mention the everyday methods of
multiplication in his Aryabhativa probatly because they were
t00 elementary to be included in a Siddhanta work. Brahma-
gupta, however, in a supplement to the section on mathematics
in his Siddhanta, gives the names of some methods with very
brief descriptions of the processes:—

The multiplicand repeated, as in gomutrika as often as
there are digits in the multiplier, is severally multiplied
by them and (the results) added according to places;
this gives the product. Or the multiplicand is repeated
as many times as there are component parts in the
multiplier.!

(the word bheda occurring in the verse has- been translated
as “integrant portions” by Colebrooke p. 319. Again by the term
bheda are meant portions which added together make the whole,
or aliquot parts which multiplied together make the entire
quantity.

The multiplicand is multiplied by the sum or the differ-
ence of the multiplier and an assumed quantity and,
from the result the product of the assumed gquantity
and the multiplicand is subtracted or added.?

(Colebrooke thinks that this is a method to obtain the true
product when the multiplier has been taken to be too great or

too small by mistake® Datta and Singh think. however, that
this is not correct.*

Thus Brahmagupta mentions four methods of multiplica-
tion: (i) gomutrika, (i) khanda. (iii) bheda. and (iv) ista. The com-

mon and the well known method of kapata-sandhi has been omitted
by him. '

1 mﬂa@@n@mﬁazl
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3. Colebrooke, T, H., Hindu Algebra, p. 320,

4. Datta, B. and Singh, A.N., History of Hindu Mathematics Pt, 1
(Arithmetic), p. 135 (1962)..
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(i) Gomutrika-method or zig-zag method. The word gomz-
trika means “similar to the course of cow’'s urine", hence
“zigzag”. This method in all essentials is the same as the sthana-
khanda method. The following illustration is based on the
commentary of Prthudaka Svami :

Example : To multiply 1223 by 235.
The numbers are written thus :

2 1223
3 1223
5 1223

The first line of figures is t hen multiplied by 2, the process
beginning at units place, thus: 2X3=6; 3 is rubbed out and 6
substituted in its place, and so on. After all the horizontal lines
have been multiplied by the corresponding numbers on the left
in the vertical line, the numbers on the pafi stand thus :

2446
3669
6115

287405
after being added together as in the present method.

The sthana-khanda and the gomutrika methods resemble
modern plan of multiplication most closely.

(ii) Khanda Method *+ or Parts Multiplicatian Method :
Since the days of Brahmagupta, this method of multiplication

also became very popular. We have two methods under this
head : ‘

(i) The multiplier is broken up into two or more Parts
whose sum is equal to it. The multiplicand is then multiplied
severally by these and the results added.

To take an example :

13 x158=(6+7) x158=(6x158)+(7 x158)
=0948-+1106
=2054 :

(i1) The multiplier is broken up into two more aliquot
parts. The multiplicand is then multiplied by one of these. the
resulting product by the second and so on tillall the parts are
exhausted. The ultimate product is the result.
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Thus for example :

96 x 237=(4 x 4% 6) %237
=(4x237)x4x6=048%x4x6
=(4XxC48) x6=3792 X6
=22752

These methods of multiplication are found among the
Arabs and the Italians, having obtained from reople of India.
They were known as the “Scapezzo” and “‘Repiego” methods
respectively amongst Italians.

(1) Ista-gunana Methed or the Algebraic Method.

We have already quoted the relevant verse from the Brah-
masphuta-siddhanta in this connection; (XIL. 56) :

The multiplicand is multiplied by the sum or the
difference of the multiplied and an assumed quantity
and from the result the product of the assvmed quan-
tity and the multiplicand is subtracted or added.!

This method is of two kinds according as we (i) add or (b)
subtract an assumed number. The assumed number is so chosen
as to give two numbers with which multiplication will be easier
than with the original multiplier. The two ways are illustrated
below : ‘

(i) 93%13=(93+7) X13—7x13=1300—91=1209.
(i) 93X13=(50+43)13=C0 % 1343 x13=1170+139
=1209

This method was in use among the Arabs and in Europe,
obviously having gone out from this country.

This process has been regarded as an inverse of multipli-
cation. The terms used for this operation are bhagahara, bhajana,
harana, chedana, etc. all these terms more or less carrying the
sense “to break into parts'’, “to divide” etc., excepting “harana’
which denotes “to take away”, This term shows the relation

of division to the operation of subtraction. The dividend

is ‘termed as bhajya. harya etc. the - divisor is known as

1. o R TaRuRAE R | |
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bhajaka, bhagahara or simply hara; quotient is known as labdhi or
labdha (or “what is obtained™).

India never regarded this operatioa as a difficult one; in
Europe, this operation was regarded as a tedious one till the
15th century or so. Division was such a common operation that
Aryabhata did not regard it as worth being included in his
treatise. But since he has given the methods of extracting
square-roots and cube-roots, which obviously depend on division,
we conclude that the method of division was known to him.
Most Siddhanta writers have followed Aryabhata I in omitting
this operation from their texts. this being regarded too elemantary
to be included. Brahmagupta does not give details of this
operation. The later treatises on Arithmetic as Sridhara’s
Trisatika and the Pagiganita (1.20) and Aryabhata II (c.950 A.D.)
have given the details of this operation.

Square

The Sanakrit term for square isvarda or krti (varga lite-
rally means “rows” or “troops™ of similar things). In mathema-
tics, it usually means the square power and also the square figurs
or its area. Thus we find in the Aryabhatiya :

A square figure of four equal sides (and the number
representing its area) are called varga. The product of
the two equal quantities is also vargal.

The term krti means “doing”, “making” or “action”. It
carries with it the idea of specific performance probably the gra-
phical representation.

For the first time we have a definite rule for squaring in the
writings of Brahmagupta. But it does not mean that prior to him
it was not known. It must have been known to Aryabhata I
since he has given the square-root method.

Brahmagupta gives his method of squaring briefly as
follows :
Combining the product, twice the digit in the less
(lowest) place into the several others (digits) with its
(i.e. of the digit in the lowest place) square (repeatedly)
gives the square.?

1. FEEE: B qeTEd® ga | —Arya. 11. 3.
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The method has been more clearly enunciated by Mahavira
(850 A.D.) in the Ganitasarasamgraha :

Having squared the last (digit), multiply the rest by
the digits by twice the last. (which) is moved forward
(by one place). Then moving the remaining digits con-
tinue the same operation (process), This gives the
square.}

Brahmagupta’s method of squaring is shown by the follow—
ing example :
To square 125.
The number is written down
125
The square of the digit in the last place, i. e., 5*=25 is set
over it thus :
25
125

Then, 2 x 5=10 is placed below the other digits, and 5 is
rubbed out, thus: ) ‘
25
12
10

Multiplying by 10 the rest of the digits, i.e., 12 and setting
the product over them (the digits), we have.

1225
12
10
Then rubbing out 10 which is not required and moving the
rest of the digits, 1. e. 12 we, have
1225
12
Thus one round of operations is completed.
, Again as before, setting the square of 2 above it and 2Xx2=4
below 1. we have
1625
1
4

1. GSS.P. 12
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Multiplying the remaining digit 1 by 4., and setting the
product above it, we have
5625
1
Then moving the remaining digit 1, we obtain
5625
1

Thus the second round of operations is completed.
Next setting the square of 1 above it the process is comple-
ted for there are no remaining figures, and the result stands thus :
15625

Algebraic Method of Squaring

Brahmagupta in his Brahmasphutasiddhania gives a minor
method of squaring thus:

The product of the sum and the difference of the
number (to be squared) and an assumed number plus
the square of the assumed number give square®.

This may be represented by the following identity :
n*=(n—a) (n+a)+a’

This identity has been used for squaring by most of the
Indian mathematicians. Thus
15=(15—5) (15+5)+5>=225

We arenot giving here other identities which have been
used by latter mathematicians of India in getting the squares
of numbers; for example, when Mahzavira says :

The sum of the squares of the two or more portions of
the number together with their products each with the

others multiplied by two gives the square? :

he obviously refers_to the identity
(a+b+concnn)2=a>+b024+c2 ... +2ab+......

Cube
The Sanskrit term for cube js ghana. It when usedin
the geometrical sense also means the solid cube. In the arithmeti-

cal sense, it means the continued product of the same number
taken three times. Thus we have the definition in the Arya-

1. TRREgAREEY: SREenRg: | ~ BrSpSi. XII. 63
2. GSS. p. 13, ’
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bhatiya :
The continued product of three equals and also the
solid having twelve (equal) edges are called ghana.!

A method of cubing applicable to numbers written in the
decimal place-value notation, has been in use in this country
from before the 5th century A.D. Aryabhata I (499 A.D.) had
the familiarity with this method; he, however, does not give the
method of cubing il his treatise, though he describes the inverse
process of extracting the cube-root.

Brahmagupta gives the method of cubing in the following
verse :

Set down the cube of the last (antya); then place at the
next place from it, thrice the square of the last multi-
plied by the succeeding; then place at the next place
thrice the square of the succeeding multiplied by the
last, and (at the next place) the cube of the succeeding.
This gives the cube.?

The rule may be illustrated by an example.

Example : To cube 1357.

The given number has four places, i.e., four portions. First
we take the last” digit 1and the succeeding digit 3,ie. 13 and
apply the method of cubing thus :

(1) Cube of the last (1%)

(ii) Thrice the square of the
last (3.1*) multiplied by
the succeeding (3) gives
3.3.1%») = 9 (placing at the

' next place)

1

I

(i11) Thrice the square of the
succeeding, multiplied by

the last gives (3.32.1) = 27 (placing at the
next place)
(iv) Cube of the succeeding (3% = 27 (placing atthe
‘ next place)
Thus 13° is the sum ' 2197
1. GTErERst S SRATER, H —Arya, II. 3.

| SRR B AR = - —BrSPSi. XII, 6.
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bhativa :
The continued product of three equals and also the
solid having twelve (equal) edges are called ghana.*

A method of cubing applicable to numbers written in the
decimal place-value notation, has been in use in this country
from before the 5th century A.D. Aryabhata I (499 A.D.) had
the familiarity with this method; he, however, does not give the
method of cubing ift his treatise, though he describes the inverse
process of extracting the cube-root.

Brahmagupta gives the method of cubing in the following
verse :

Set down the cube of the last (antya); then place at the
next place from it, thrice the square of the last multi-
plied by the succeeding; then place at the next place
thrice the square of the succeeding multiplied by the
last, and (at the next place) the cube of the succeeding.
This gives the cube.?

The rule may be illustrated by an example.

Examyple : To cube 1357.

The given number has four places, i.e., four portions. First
we take the last digit 1and the succeeding digit 3ie. 13 and
apply the method of cubing thus :

(i) Cube of the last (1%) = 1

(ii) Thrice the square of the

last (3.1%) multiplied by

the succeeding (3) gives

(3.3.1») = O (placing at the
next place)

(it}) Thrice the square of the

succeeding. multiplied by
the last gives (3.3%.1) = 27(placing at the
~ next place)
27 (placing atthe
next place)

(iv) Cube of the succeeding (3%

, 'VI‘h:us‘l?F is the sﬁm ‘219 |
1. GETPRERT S SR | | —Arya, II. 3.

o @m B AR s o= | —BrSpSi. XII, 6.
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After this we take the next figure. 5, i.e., the number 135,
and in this consider 13 as the last and 5 as the succeeding. Then
the method proceeds thus :

(i) The cube of the last
(13%) as already obtained = 2197

(i1) Thrice the square of the
last multiplied by the
succeeding, i.e. 3.13%5 = 253 (placing at the
next place)
(iii) Thrice the square of the
succeeding multiplied
by the last, i.e, 3.5%13 = 975 (placing at the
next place)
(iv) Cube of the succeeding.
ie 5° 125 (placing at the
next place)
Thus 135° is the sum 2460375

Now the remaining figure 7 is taken, so that the number is
1357, of which 135 is the last and 7 the succeeding. The method
proceeds thus :

(i) Cube of the last, i.e.
(135%) as already
obtained = 2460375

(i1) Thrice the square of
the last into the succee-
ding, i.e, 3. (135)%. 7 = 382725 (placing at the
next place)
(iii) Thrice the square of
the succeeding into the
last, i.e. 3.72. 135 = 19845 (placing at the
next place)
(iv) Cube of the succeeding

ie. 7 = 343 (placing at the
) © mnextplace)
Thus (1357)% is the sum 2498846293

Evidently these methods of cubing are based on the identiry:
(a+b)*=a3+3a’b+3ab*+b°

and keeping in mind the place values of numerals in a given
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number (this accounts for keeping the results of each of the four
operations at the next place).

Square-Root

Indian synonyms for square-root are vargdamiila or pada .
of a brti. The word mula means the “root” of atree, which may
also mean the “foot”’ or the lowest part or bottom of a thing and
hence “pada” or foot also became a synonym of rout. Brahima-
Gupta defines squ#re-root as follows :

The pada (root) of a brti (square) is that of which it is
the square.!

While the word miila for root is the oldest in Indian litera-
ture (it occurs in Anuyogadvara-satra. c¢- 100 B.C.), the word
pada for root probably for the first time occurs in the writings
of Brahmagupta. The term miula was borrowed by the Arabs who
translated it by jadhr, meaning “basis of square”’. The Latin term
radix also is a translation of the term mula. In the Sulba litera-
ture and in the Prakrta texts, we find a term karam: for square-
root. In geometry, this term karan: means a “side”, In later days.
the term karani was reserved for surds, i.e. a squareroot which

caanot be exactly evaluated, but which may be represented by a
line. .

We would like to quote here a rule for determining square-
root of numbers from the Aryabhativa :

Always divide the even place by twice the square-root
(upon the preceding odd place); after having subtracted
from the odd place the' square (of the quotient), the
quotient put down at the next place (in the line of the
root) gives the root®.

As an illustration, we shall proceed to find the square-root
of 18225,

The odd and even places are marked out by vertical (I) and
horizontal (——} Iine; : The other steps are as follows :

1. v gl o | | BrSpSi. XV1IL 35
2. W Slaeiitae B e |
| IEH gE @ed MR 3@ || — Arya, 11. 4.
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[ |

18225
Subtract square 1 root = 1
Divide by twice —_—
the root 28 placing quotient at the
6 next place, the root=13
22
Subtract square of .
quotient 9
Divide by twice 26)132(5 placing quotient at the
the root 130 next place, the root=135
Subtract square 5
of the quotient 25

The process ends. The square-roct of 18225 is thus 135.

It has been stated by Kaye, that Aryabhata’s method of
finding out the square-root is algebraic in character, and that it
resembles the method given by Theon of Alexandria. Arya-
bhata’s method is purely atithmetic and not algebraic is the
view of Datta and Singh who do not agree with Kaye on this
point,

Cube Root

The Sanskr't term for cube-root is ghanamula or ghanapada.
The first mention of the operation of cube-root is found in the
Aryabhatiya of Aryabhata'I (499 A.D.), though the operation
is given in only a concise form :

Divide the second aghana place by thrice the square
of the cuberoot; subtract from the first aghana place
the square of the quotient multiplied by thrice the
preceding (cube-root); and (subtract) the cube (of the
quotient) from the ghana place; (the quotient put
down) at the next place (in the line of the root) gives

(the root).
As has been explained by all the commentators on the |
* Aryabhatiya. the units place is ghana; the tens place is first
aghana, the hundreds place 1s the second aghana, thé thousands
‘place is ghana, the ten thousands place is first aghana. the hun-

1. swemg, W, e Bt o gee |
Ffegd gfuawire: som, oo s || —Arya. 1L 5
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dred-thousands place is second aghana, and so on. Thus to find
out the cuberoot, one has to mark out the ghana, first aghana
and second aghana places, then the process of finding out the
cube-root begins with the subtraction of the greatest cube num-
ber from the figures up to the last ghana place. Though this has
not been explicitly mentioned in the rule, the commentators
say that it is implied in the expression ghanasya miula-vargena
etc. (“by the square of the cube-root etc.”)

We are reproducing here an illustration given by Datta
and Singh.

Example. Find the cube-root of 1953125.

The places are divided into groups of three by marking
them as below [ghana (1) first aghana (—) and second aghana
(=]

| —— 1 —=1

1953125

Subtract cube 1 eiiiee v ve e oo () Root=1
Divide by thrice
square of root,
ie. 3.1% 392 .. (a)Placing quotient
Subtract square 6 after the root 1
of quotient mul- 35 ~ gives the root 12
tiplied by thrice I N ()
the previous root,
ie. 2231
Subtract cube of 233
quotient, i»e. 2° 8 we (0
Divide by thrice
square of the root.
e 3.122 432)2251(5  ** (a) Placing quotient
Subtract square of 2160 after the root
quotient multiplied 12 gives the
by thrice the pre- 912 root 125
* vious root, i. e.

5312 - 900
Sub'n:ad:l cube of 125 e (B)

. quotient, ie. 5 125 .. (0

 Thus the cube-root=125.
- From the details given, it‘ would be clear that the present
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method of extracting the cube-root is almost a contraction of the
method first given by Aryabhata I (499 A.D)

The method of Aryabhata has been invariably followed by
Indian mathematicians. Brahmagupta in his Brahmasphuia-
siddhanta repeats the method in the following words :

The divisor for the second aghana place is thrice the
square of the cube-root; the square of the quotient
multiplied by three and the preceeding (root) must be
subtracted from the next (@ghana place to the right).
and the cube (of the quotient) from the ghana place
(the procedure repeated gives) the root.!

Sridhara and Aryabhata II have further improved on the
method of extracting cube-root proposed by Aryabhata I and
followed by Brahmagupta. Rule for finding the cube-root as
given by Sridhara in his Patiganita is as follows :

(Divide the digits beginning with the units’ place into
periods of) one ghana-pada (one “cube’ place) and two
aghana-padas (two ‘‘non-cube” places). Then subtrac-
ting the (greatest possible) cube from the (last) ghana-
pada and placing the (cube) root underneath the
third place (to the right of the last ghana-pada),
divide out the remainder up to one place less (than
that occupied by the cube root) by thrice the square
of the cube-root, which, is not destroyed. S:tting
down the quotient (obtained from division) in the
line (of the cube-root), (and designating the gquotient
as the ‘first’ (adima) and the cube-root as the ‘last’
(antya), subtract the square of that guotient, as multi-
plied by thrice the ‘last’ (antya) from one place less
than that occupied by the quotient (uparima-rasi) as

before, and the cube of the ‘first’ (@dima) from its own
place.

(The number now standing in the line of cube-root is
the cube-root of the given number up to its last-but
one ghana-pada (cube place) from the left). -

Again apply the rule, *“(placing cube-root) under the
third place™ etc. (provided there be more than two
ghana-padas (cube places) in the given number; and

1. 3 oo i, e e | )
Ty BryagReer w1E, Swa g6t g || —BrSpSi. X11.7
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continue the process till all ghana~padas (cube-places)
are exhausted). This will give the (cube) root (of the
given number).

K.S. Shukla in his translation and commentary of this book
has given the illustration of extracting cube-root as

follows :
Example :- To find the cube root of 277167808,

Let us indicate ghana-padas or ‘cube’ places by ‘“c” and
aghana-padas or non-cube places as “n’" :

ANCRANCANBC
277167808
Subract the greatest possible cube (i.e. 6° or 216) from
the last ‘cube’ place (i.e. from 277) and place the cube-
root (i.e. 6) underneath the third place to the right of
the last ‘cube’ place; thus we have
BRACANRCNANBC
61167808 (remainder)
6 (line of cube-root)
Dividing out by thrice the square of the cube-root (i.e.
by 3.6° or 108) the remainder up to one place less
than that occupied by the cube-root (i.e. 611) and
setting down the quotient in the line of the cube-root
(to the right of the cube-root), we have
RHCHANCRNG
7167808 (remainder)
65 (line of cube-root)
Let now quotient 5 be called the ‘first’ (adima) and
the cube-root 6 the ‘last’ (antya). Then subtracting
the square of the ‘first’ (adima) as multiplied by thrice
the ‘last’ (antya) (i.e. 3x6X5% or 450) from one place
less than that occupied by the quotient (i.e. from 716},
we get

1. eFoEwERRR 2 o () Aisure gaeal T |
S TR 1l 2 ||
wFRRT 3 PR (8) e, |

- @=d e o Tl Rt B 1 o 1)
| R R MR, SR (3) W |
.. TR N wEs AR s '

T : - —8ridhara, Patigapita, 29-31
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nncnncnnc
2667808 (remainder)
65 (line of cube-root)

And subtracting the cube of the ‘first* (adima) (ie.5
or 125) from its own place (i.e. from 2667), we get

RNCNNCHNNhC

2542808 (remainder)
65 (line of cube-root)

One round of the operation is now over; and the num-
ber 65 standing in the line of the cube-root is the cube-
root of the given number (277167808) up to its last-but-
one ‘cube’ place ( ghana pada ) from the left (ie.of
277167),

As there is one more ‘cube’ place (ghana-pada) on the
right, the process is repeated, Thus placing the cube-
root (i-e. 65) under the third place beginning with the
last-but-one ‘cube’ place (ghana-pada), we have
nncnncnnc
2542808 (remainder)
€5 (line of cube-root)

Dividing out 25428 by 3.65% (=12675) as before, and
placing the quotient in the line of the cube-rcot, we
have
BHCHBCANC
7808 (remainder)
652 (line of cube-root)

Subtracting 3X65x%2% (=780) we get.
NNCRABRCBNBC
8 (remainder)
652 (line of cube-root)

Finally subtracting 2°=8 from 8, we get

ANCHACABRC -
0 (remainder)
652 (line of cube-root)

The second round of operation is now over. There
teing no more of ghana-pada (‘cube’ place) on the
right, the process ends, The quantity in the line of
cube root, viz. 652, is the cuberoot of the given
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ncmber. The remainder teing zero. the cute-toot

1s exact,
Fractions

The ccuzept of {ractions in India can be traced to very
early times. In the Rgveda! we find such terms as one-half
(ardha) and threefourths (tri-pada). In a passage of the
Maitrayani Samhita® are mentioned the fractions one-sixteenth
(kal@), one-twelfth (kustha), one-eighth ($apha) and one-fourth
(vadg). In the Salba Sutras® we have not only a mention of
fractions, but they have been used in the statement and solution
of problems of geometric nature. Here in the Sulba, unit frac-
tions are denoted by the use of cardinal number with the term
bhaga or amsa; thus panica-dasa-bhaga (literally “fifteen parts™) is
equivalent to one-fifteenth, sapta-bhaga (literally, “seven parts")
is equivalent to one-seventh, and so on... The use of ordinal
numbers with the term bhaga or amsa is also quite common :
thus paficama bhaga stands for one-fifth. ' The composite fractions
like tri-astama stands for three-eighths and dvi-saptama for two-
sevenths. In the Bakhasals Manuscript, the term tryasta occurs
for 3/8 and 3% is called trayastrayasta (three-three-eighths).

The Sanskrit term for fraction is bhinna (literally meaning
‘broken’). Otviously the European terms as fractio, fraction,
roupt, rotto or rocto are translations of the same term; they are
derived from the Latin fractus (frangere) or ruptus meaning
‘broken’. The Indian term bhinna has a few more connotations;
it stands for such numbers of the form :

240 Y, (% of &), (22S o & 5
b—'i_‘d)a (b of d)a(bidOf b)Or(aj: c ).

_ These forms were termed jati’ ie., ‘classes’, and the Indian
treatises contain special rules for their reduction to proper frac-
tions. Sridhara and Mahavira each enumerate six jatis. while our
author. Brahmagupta, gives only five (Bhaskara II gives only
four). The need for division of -fractions in ‘classes’ arose out
of the lack of proper symbolism to indicate mathematical opera-
tions. (Datta and Singh Arithmetic, p. 188). The only operational
symbol in use was a dot, standing for the negative sign,
© 1. Ry, X.904

© .2 Mait S.TIL 77,

3B, Darta, Sib, op. 2128
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Reduction to lowest terms.—A non-mathematical work,
Tattvarthadhigama-Sutra-Bhasya by Umasvati (c.150A.D.) casua-
1ly mentions as follows in the context of a philosophic discourse:

Or, as when the expert mathematician, for the purposz
of simplifying operations, removes common factors
from the numerator and denominator of a fraction,
there is no change in the value of the fraction. so....»

Reduction to common denominator. Whenever we have to
add or subtract fractions, we follow this reduction operation
to a common denominator. Brahmagupta gives the reduction
along with the similar processes :

By the multiplication of the numerator and denomi-
nator of each of the (fractional) quantities by other
denominators, the quantities are reduced to a common
denominator. In addition, the numerators are united,
In subtraction their difference is taken.?

Fractions in combination :—Since there ‘was no proper
symbolism available to these early Indian mathematicians, they
divided combination of fractions into four classes :

Bhaga, prabhaga, bhagapavaha and bhaga-bhaga.

(i) Bhaga has been mentioned by Brahmagupta (BrSpSi.

“XIIL 8) thus: (iidii %‘i') usually written as

HHAZHAE
where the dots denote subtraction.

(ii) Prabhaga : The form(f of & of ;—)

o1

This is written as
| a [ ¢ l el
bldlf
(i1i) Bhaganubandha :The form ( a+t "[57_) is written as

a
b
<

LIL%2 .
2. Ruirriegw : AR gw=aae | |
GHREIST TN FRFRASTRR FE 11 ~BrSpSi. XIL 2.
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and the form
PR TATITE ST P
q-l-sofq-!—uof q—l—s q

is written as

ool ]

b\ . .
(iv) Bhagapavaha. i.e. the form {a— -E) is written as

a
.b\
<

p r p t P ¥ . PY__
and the form sofq uof(q 5°fq)

q
i1s written as

, P
_q
Y
S

.2
U

(v) Bhaga-bhaga : The form

()5 %)

There does not appear to have been any notation for divi-
sion, such compounis being written as

a p
blorlg
¢ r

S

just as for bhaganubandha. That division is to be performed was

known from the problem, e.g., 1+% was written as sad-bhaga-

bhaga, i.e. “onesixth bhaga-bhaga” or “one divided by one-
sixth”. It is only in the Bakhsali Manuscript that the term bha
is sometimes placed before or after the quantity affected.

(vi) Bhagamaty, i.e.. combinations of forms enumerated
above. Mahavira, the author of the Ganitasarasamgraha (850
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A.D.) gives twenty-six variations of this class. We shall illus-
trate it by the following example from Sridhara :
What is the result when half, one-fourth of one-fourth,
one divided by one-third, half-plus half of itself, and
one-third diminished by half of itself, are added
together ? (T'risatika, p. 12).

A modern writer would have written it as :
314G of D+HA=HHG+E of DA of )
In the old Indian notation, it is written as

11111111 1
2141441112 3
311 1
2 2
The defect of the notation isobvious: I-i'—l can be read
4] 4
1
also as i4+% and |1 ]canalso be read as 13%.
3

And therefore the original meaning is inferred from the
context or from the enunciation of the problem.

The rules for reduction of the first two classes (bhdga and
prabhdga) are those of addition or subtraction and multiplica-
tion. The rule for the reduction of the third (bhaganubandha_)
and fourth (bhagapavaha) classes are given by Brahmagupta in
the Brahmasphuta-siddhanta thus :

The (upper) denominator is multiplied by the deno-
minator and the upper numerator by the same (deno-
minator) increased or diminished by its own numera-
tor.!
“Numerator” is known as “amsa” and the “denominator”

as “cheda.”

We give here from Sridhara’s Pafiganita (about 900 A.D.,
according to K.S. ‘Shukla, 750 A.D. according to Datta and
Singh) a rule for reducing a fraction of the bhaganubandha class
(i.e., a whole number increased by a fraction or a fraction incre-
ased by a fraction itself) :

1. o ARSI a R | |
Pam qem: wgddwimm: 4 —BrSpSi. XIL9S.




176 " BRAHMAGUPTA AND ARITHMETIC

In the bhaganubandha class, the whole numter (ruipa-
gana) is multiplied by the denominator (of the frac-
tion) should be increased by the numerator (of the
fraction) or the uprer denominator having been
multiplied by the lower denominator, the initial
numerator (i.e. the upper numerator) should be multi-
plied by the sum of the lower numerator and denomi-
nator.!

(Patiganita, 39 cf. BrSpSi. XII. 9 (ii); GSS. (iii) 113
This means that

. b actb
i) a+'(';-- c
@) %—-i—-% oE—Z— (which was written by Indians in
the style
a
b
¢
d
a(d+c)

is equal to ¥

Addition and Subtraction of Fractions

In the Brahmasphuja-siddhanta, Brabmagupta gives the
rule for the addition and subtraction of fractions :

If the denominators (cheda) of fractions are different
then reduce these fractions to a common denomina-
tor. Now for the additions, unite the numerators and
take their difference in case of subtraction.?
Brahmagupta and Mahavira give the method under Bhaga-
jati. :
Multiplication
Brahmagupta says :
The product of the numerators divided by the pro-
1. VR SEEET 68 1 9 | ,
B ﬁmmﬁm i —Patiganita 39.
2. RrRRSRT: TRSRITAT: SR | :
- SRS e SRS R —BrSpSi. XII. 2
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duct of the denominators is the (result of) multiplica-
tion of two or more fractions,

While all other writers give the rule in the same way as
Brahmagupta, Mahavira in the Ganitasarasamgraha refers to
cross reduction in order to shorten the work :

In the multiplication of fractions, the numerators are
to be multiplied by the numerators and the denomi-
nators by denominators, after carrying out the pro-
cess of cross reduction, if that be possible.?

Division of Fractions

The Aryabhativa does not explicitly give the rule of divi-
sion, but under the Rule of Three, we have an indication of

. . X3
thisoperation. The Rule of Three states the result as L

where f stands for phala i.e. “fruit”, i for iccha, i.e., demand or
requisition, and p for pramans ie. argument. When these
quantities gre fractiqual, we get an expression of the form

a . ¢

b d

m

n

for the evaluation of which Aryabhata I states:
The multipliers and the divisor are mulnphed by the
denominators of each other.

These quantities are written in the following way

a m
b n
c
, , d
Transferring the denominators we have
‘ a m
n b
d

c

Performing multiplication the result is ;—%—3 The above
mterpretauon of the obscure line in the Aryabhativa is based
L mﬁuﬁa 1o gt a1 |
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on the commentaries of Suryadéva and Bhaskara I (the commen-
tary of Paramesvara ‘on this line is vague and misleading).
Suryadeva in thls connect1on says :

Here by the word gunakara is meant the multiplier
.and mult plicand, i.e.; - the phala and’ icth@ quantities
_that ere m\ﬂtlphed together. By Bhagaharg is meant
the pramiza quantity. The denominators of the phala
and-iécli7 dre taken to the pramana. The denominator
of the pramana is taken with the phala and iccha. Then
multiplying these, i.e., (the numerators of) the phala
“and iccha and this denominator, and dividing by (the
product, of) the numbers standing with the pramana
the result is the quotient of the fractions.

Brahmagupta gives the method of division as follows :
The denominator and numerator of the divisor having
been ‘interchanged. the denominator of the dividend is
" multiplied by the (new) numerator. Thus division of
proper fractions is performed 1

Square and Square-Root of Fractmns

Brahmagupta says as follows in this connection:—
The square of the numerator of a proper fraction divi-
ded by the square of the denominator gives the
square®.
This rule of Brahmagupta has been followed by other
authors also, The rule regarding the square-root as given by
Brahmagupta is as follows :

The square-root of the numerator ofa proper fraction divi-

ded by the square-root of the denomlnator gives the square-
root? CoL

: 'Ihe Rule of Three -

The Indian term in Sanskrrc for* the Rule of Three is Trai-
rasika (hterally,_jthree terms”).” The “term occurs in the Bakh~
sals - Manuwscript also, arid -also in the' Arvabhiagiya. indicating the

1. o SRR BT dres L s e .

S QST MR R %ﬁ'x’iﬁvﬁ- e “‘BrSpSz. XII 4”
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antiquity of the term. Bhaskara in his commentary of the
“Aryabhatiya gives a justification of the use of this term for the
Rule of Three thus:

Here three quantities are needed (in the statement and
calculation) so the mathod is called trairasika (meaning
thereby the “rule of three terms™).

The problem of the Rule of Three has the form :

If p (pramana) _Vlelds f (phala) what will ¢ (iccha)
yield ?

Aryabhata II (the author of the Mahasiddhanta, 950 A.D.)
uses the terms mana, vinimaya and iccha, instead of pramana.
vhala and iccha respectively. It has also been pointed out by
several authors that the ﬁrst and third terms are similar, i.e., of
the same denomination.

-+ Weshall give here the Rule of Three as given by Aryabhata

I and Brahmagupta
~In the Rule of Three, the phala (“fruit”), being multi-
plied by the iccha (“‘requisition’) is divided by the
pramana (‘argument”). The quotient is the fruit
corresponding to the iccha The denominators of one
being multiplied with the other - give the multiplier
(i.e, numerator) and the divisor. (i.e. denominator).!
In the Rule of Three pramama (“argument”), phala
(“fruit”) and iccha (“requisition™) are the (given)
terms; the first and the last terms must be similar. The
iccha mult1phed by the phald and d1v1ded by the
pramana gives thé fruit (of the demand) 2
Sridhara also gives the Rule of Three almost in the same
words. ‘Bhaskara II, Narayana and others follow Brahmagupta
and Srldhara in the Trazrds‘zka operatlon Sndhara in his Pafiga-

nita says i

1. smﬁmﬁ'trﬁr aﬁ"&mﬁmﬁa et |
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In (solving problems on) the Rule of Three, the argu-
ment (pramana) and the requisition (iccha), which are
of the same denomination, should be set down in
the first and last places; the fruit (phala), which is of
a different denomination, should be set down in the
middle, (this having been done) that (middle quantity
multiplied by the last quantity should be divided by
the first quantity.

We shall illustrate the Rule of Three by an example from

the Pafiganita (Example 25) :

_Example, If 1 pala and 1 karsa of sandalwood are obtai-
ned for ten and a half panas, then for how much will
nine palas and one karsa (of sandalwood) be obtai-
ned 2

Here in this Example.
argument=1 pala and 1 karsa=1} ot 5[4 palas; fruit=
10} or 21/2 panas;
and requisition=9 palas and 1 katsa=9} or 37/4 palas.
According to the Rule we shall write them as :
‘ 1109
1 11
4 2 4
Converting these into proper fractions we havé
|5 21 37 |
14 _2 41

Then applying the rule, (i.e. multiplying the second and the
last and dividing by the first), we have

2l 5 21 ><3
2 4] 274
- 3
~ Or transferring denominators ~ 5|_ 21437 pala
% 2} 524

1. SRRRIRERRIARFIR RRIRSE %4 o
TRl s RSl . —Papiganita 43.
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=4 purana, 13 panas. 2 kakinis and 16 varatakas. (One purana
is equivalent to 16 panas; one pana is equivalent to 4 kakinis,
and One kakini is equivalent to 20 varatakas or cowries.

Inverse Rule of Three

This isknown as vyasta-trairasika (literally meaning “inverse
rule of three terms)”. After having described the rule of three.
Brahmagupta proceeds to give an account of this inverse rule
of three:

Divide the phala with iccha and multiply by pramana;
this gives the vyasta-trairasika inverse rule of three.

Here pramana is the argument dlso khown as the first term
and, and phala is the fruit also known as thé middle term and
iccha is known as requisition or the last term. As Bhaskara I¥
clearly states, this rule is applied where with the increase of the
iccha, the phala decreases or with its decrease the phala increases
(Lilavaty). |

Rule of Compound Proportion

Brahmagupta and other writers call the rule of compound
proportions as pafica-rdsika, Sapta-rasika etc., meaning the
rule of five terms, rule of seven termsetc. depending on the
number of terms involved the problems.  These are
sometimes grouped under the general application of the “Rule of
Odd Terms*. Aryabhatd I(499 A.D.) though actually gives the
rule of three appears to have beén quite familiar with the rule
of compound proportion also. In fact the difference between
the rule of three'and compound propottion is more or less arti-
ficial. This view was expressed by Bhﬁska‘.ra I (525 A.D.) in his
commentary on the Aryabhajiyad : o

Here Acarya Aryabhdti has deseribéd the Rule of
Three only. How the weéll-known Rules of Five ete. are
to be obtained ?1 say thus : The Acarya has described
only the fundameéntsls of anupata (proportion). All
others such- as the Rule of Five ete. follow from that
fundamental rufe of propomon How ? The Rule of
Five etc. consist of combmatmns of the Rulé of Thiee

“**In the Rule of FiVe. fhétc hre two- ﬁufé‘s of

1. mmt&mmﬁmmmmf L
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Three, in the Rule of Seven three Rules of Three, and
0 on. This I shall point out in the examples.

Brahmagupta gwes the following rule relating to the solu-

tion of problems in compound proportion :
In the case of odd terms beginning with three terms
up to eleven, the result is obtained by transposing
the fruits of both'sides, from one side to the other,
and then dividing the product of the larger set of
. terms by the product. of the smaller set. In all the
fractions, .the transpos11§10n of denominators, in like
manner, takes place on both sides?!

This may be illustrated by taking ‘an example from the
commentary of - Prthudaka Svmm on the Bmhmasphutaszd-
dhanta : . .

Example -——If there-s an increase of 10 in 3 months on
100 (niskas), what would be the increase on
60 (niskas) in 5 months,
Here the Pramana paksa (the first set of terms) is
100 niskas, 3 months, 10 niskas (phala)
The second set-or the iccha paksa is
60 niskas, 5 months, x niskas

The terms are Wntten in compartments as bGIOW

100
Feme

3

‘10

w0
5

0

In the above 10 (written lowest) is the fruit of the first side
(pramana paksa) and there is no fruit on the second side or the
icca paksa. intarchangmg the fruzts we get
100 60
E N

10

bWt —_._0 :
The larger fet bf terms .is on the second ‘side (icch@ paksa).
4 The product of the - numbers is 3,000, ‘The - product of the

%mxmmm'ml
wﬁmhw ' | ‘
mm{ : eBrsbsz-; XIL 1112,
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number on the side of jche smaller set of terms is 300. Therefore
. 3 '
the required result is ggg =10.

Rule of Three as a Particular Case

According to, Brahmagupta, the above method of “‘com-
pound proportion” may be applied to the Rule of Three. " Takmg
the example solved under the Rule of Thxee

If one pala and one karsa-of sandal . wood are obtamed

'~ for ten and a half panas, for how much will be obtam-*

ed nine palas and one karsa - ‘
ae, . @ karsds=1pala),

We shall represent them accordmg to tbe Rule of Com-
pound Proportion as .

Pramima pabsa * 1 pala, 1 kar,sa, 10% paanar '
orfpala * % pana,
Iccka paksa  : 9pala, L karsa,, X pana .
or 37/4 pala % pana
This we shall represent as. o

EEa
4 4
21 '0 mals o,
2 .. TN

Transposing the fruits, we have " » .. - S
e A7

The product of numbers on the side of . the larger set is
divided by the product of the numbers on the 51de of the smaller
set, 0 in this case is not a number. It is the s‘ymbol for the
unknown or absence, Hence the result i is: e

‘ 374.21!* . o
5.42 P
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The above method of working Rule of Three
is found among Arabs, although it does not seem to
have been used in India after Brahmagupta.

Problem Containing Quadratic Equation

Perhaps Aryabhata Iis the first man in the history of
mathematics to give a solution of a quadratic equation (499
A.D.). In his Aryabhativa, he gives a rule for the solution of the
following problem (I am reproducing it as described by Datta
and Singh) :

The principal sum p (=100) is lent for one month
(interest unknown=x). This unknown interest is then
lent out for t(=six) months. After this period, the
original interest (x) plus the interest on this interest
amounts to A(=16). The rate-interest (x) on the
principal (p) is required.
This problem requires the solution of the quadratic
equation ‘—
tx®+px—AP=0
—pl2=V/ €2+ Apt
t
The negative value of the radical does not give a solution
of the problem; so that the result is
_V Apt+(p[2)*—p|2
t

This solution is stated by - Aryabhata I in the following
words ¢

which gives x=

Multiply the sum of the interest on the principal and
the interest (A) by the time (t) and by the principal
(p). Add to this result the square of half the principal
(p[2)®. Take square-root this. Subtract half the
principal (p[2) and divide the remainder by the time
(t). The result will be the (unlmown) interest (x) on
the principal! -

 Here the Sanskrit terms are mulg for pnncipal and phala
for inww:
,'41, WWW! | '
‘ﬁmw e Arya, I1. 25,
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Brahmagupta (628 A.D.) gives a more general rule:He
enunciates his problem thus:

The principal (p) is lent out for t; .months and the
unknown interest on this (=x) is lent out for t; months
at the same rate and becomes 4. To find x.

This evidently gives the quadratic :

£ Apt
xs,,_.e_l. — api =0

t2 to

whose solution is

2

pmrt A [ AR (PRY_ ot
ta 2ty 2ty

The negative value of the radical does not giwe a solution

of the problem, so it is discarded.
Brahmagupta states the formula thus ¢

Multiply the principal (p) by its time (t) and divide
by the other time (t2) (placing the result) at two places.
Multiply the first of these by the mixture (4). Add to
this the square of half the other. Take the square-root of
this (sum). From the result subtract half the other.
This will be the interest (x) on the principal.!

A Problem on Interest

Brahmagupta gives a solution of a problem on interest :
1n what time will a given sum s, the interest on which
for t months is r, become k times itself ?

The rule for the solution of this problem as given by Brah-

magupta is : :
The given sum multiplied by its time and divided by
the interest (phala), being multiplied by the factor
(guna) less one, is the time (required).?
Miscellaneous Problems

Brahmagupta in his Ganitadhyaya of the Brahmasphuta-
siddhanta gives numerous solutions in relation to misceﬂaneous
problems. Here I shall be quoting a few of the p;oblems which

1. FEEHRER: W Rarssafaa | . ‘
SRR, AR SrRad, 1 - —BrSpSi. XIL. 15.
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have been quoted by his commentator Prthudaka Svami in
connection with one of his karana-sutra.

1. A horse was purchased by (nine) dealers in partner-
ship. whose contributions were one, etc. up to nine;
and was sold by them for five less than five hundred.
Tell me what was each man’s share of the sale proceed?®
2. Four colleges (mathas), containing an equal num-
ber of pupils, were invited to partake of a sacrificial
feast. A fifth, a half, a third and a quarter (of the
total number of pupils in the college) came from the
respective colleges to the feast; and added to one, two,
three and four, they were found to amount to eighty-
seven; or; with those deducted they were sixty seven.
Find the actual number of the pupils that came from
each college®

3. Three (unequal) jars of liquid butter, of water and
of honey, contained thirty-two, sixty and twenty-four
Pala respectively ; the whole was mixed together and
the jars filled again. Tell me the quantity of butter,
of water and of honey in each jar®.
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CHAPTER IX
Brahmagupta as an
Algebraist

Ancient Indian name for algebra is Bijaganita where
bija means element or analysis and ganita stands for the science
of calculation. As early as 860 A.D., Prthudaka Svami used this
epithet for algebra in his commentary. Brahmagupta calls
algebra as Kutfakaganita or merely kuitaka, a term which was
later on used for “pulveriser’” which deals with that special sec-
tion of algebra which is connected with indeterminate equations
of the first degree. Algebrais often also known as avyakta-
ganita or the calculations with unknowns, in contrast to arith-
metic which was known as vyakta-ganita or the calculations with
knowns.

*

Algebra goes te Europe from India

In the history of mathematical sciences, as Colebrooke
rightly remarks, it has long been a question to whom the inven-
tion of algebraic analysis is due. There is no doubt that Europe
got algebra from Arabs mediately or immediately. But the
Arabs themselves scarcely pretend to the discovery of algebra.
Colebrooke says that they were not in general inventors but
scholars during the short period of their successful culture of the
sciences; and the germ at least of the algebraic analysis is to be
found among the Greeks in an age not precisely determined, but
more than probably anterior to the earliest dawn of civilisation
among the Arabs; and this science in a more advanced state
subsisted among the Hindus prior to the earliest disclosure of it
by the Arabiansto modern Europe. (Colebrooke: Disserta-
tion on the Algebra of the Hindus)"

Colebrooke based his observations on the texts he could
procure for his studies. These were : Bhaskara II's Bijaganita or
Vijaganita (1150A.D.) and Lilavati (1150A.D.), the Ganitadhyaya
and Kutiakadhyaya of Brahmagupta in his famous treatise the
Brahma Siddhanta or rather the Brahmasphutusiddhanta (628

1, Colebrocke, H, T., Mi‘scellan_eous Essays, Vol. IL, 1872, p. 418,
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AD.)). There can be no doubt regarding the age of these two
authors. Bhaskara II completed his great work on the Siddhanta-
Siromani in 1072 Saka, and Karana-kutahala a practical astro-
nomical treatise in 1105 Saka; these dates are based on the
passazes given by Bhaskara himself in his works. The Bija-
ganita and the Lilavat: form parts of the great treatise, the

Siddhanta-firomani. The genuineness of the text is established,
as Colebrooke says, with no less certainty by numerous commen-
tators in Sanskrit, besides a Persian version of it. Those com-
mentaries comprise a perpetual gloss, in which every passage of

the original is noticed and interpreted : and every word of it is
repeated and explained. From comparison and collation of
various texts, it appears then that the work of Bhaskara, exhibit-
ing the same uniform text which the modern transcripts of it
do, was in the hands of both Muhammedans and Hindus
between two or three centuries ago : and numerous copies of it
having been diffused throughout India, at an earlier period, as of
a performance held in high estimation, It was the subject of
study and habitual reference in countries and places so remote
from each other as thenorth and wast of India and the Southern
Peninsula.

This though not marking any extraordinary antiquity, nor
approaching to that of the author himself, was a material point
_ to be determined : as there will be in the sequel. so says Cole-

brooke, occasion to show, that modes of analysis, and in parti-
cular, general methods for the solution of indeterminate prob-
lems both of the first and second degrees. are taught in the
Bija-ganita, and those for the first degrees repeated
in the Lilavati, which were unknown to the mathematicians of
the West, until invented anew in the last two centuries by
algebraists of France and England! Bhaskara who himself
flourished more than six hundred and fifty years ago, was in
this respect a compiler and took those methods from Indian
authors as much more ancient than himself.

Regarding the age of the precursors of Bhaskara II, Cole-
brooke says : The age of his precursors cannot be determined

. with equal precision. He then proceeds to examine the evidence
- as follows :

. !- Calebrocke, H. T., MiscM Essays, p, 421.
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Towards the close of his treatise on Algebra. Bhaskara
II informs us, that it is compiled and abridged from
the more diffuse works on the same subiect, bearing
the names Brahme (meaning no doubt Brahmagupta),
Sridhara and Padmanzbha; and in the bedy of his
treatise, he has cited a passage of Sridhara’s algebra
and another of Padmanabha. He repeatedly adverts
to preceding writers and refers to them in general
terms, where his commentators understand him to
allude to Aryabhata, to Brahmagupta to the latter's
scholiast Caturveda Prthuidaka Svami and to the other
writers above mentioned.

Most, if not all, of the treatises, to which ke thus
alludes, must have been extant, and in the hands of
his commentators, when they wrote; as appears from
their quotations of them; more especially those of
Brahmagupta and Aryabhata, who are cited. and
particularly the first mentioned, in several instances.
A long and diligent research in various parts of India,
has, however, failed of recovering any part of the
- Padmanabha Bija (or the algebra of Padmanabha) and
of the algebraic and other works of Aryabhata.

But the translator has been more fortunate in regard
to the works of Sridhara and Brahmagupta, having in
his collection Sridhara’s compendium of arithmetic,
and a copy incomplete however, of the text and
scholia of Brahmagupta’s Brahmasiddhanta comprising
among other no less interesting matter, a chapter
treating of arithmetic and mensuration; and another,
the subject of which is algebra : both of them fortu-
nately complete. The commentary is a perpetual one;
successively quoting in length each verse of the text;
procceeding to the interpretation of it, word by word;
and subjoining elucidations and remarks; and its colo-
phon, at the close of each chapter, gives the title
of the work and the name of the author. Now . the
name which is there given, Caturveda Prthudaka
Svami, is that -of a celebrated scholiast of Brahmagupta.
‘frequently cited as such by the commexn¥aries of
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Bhaskara and by other astronomical writers; and the
title of the work, Brahmasiddhanta or sometimes Brah-
masphutasiddhanta, corresponds, in the shorter form,
to the known title of Brahmagupta’s treatise in the
usual references to it by Bhaskara’s commentators, and
answers, in the longer form, to the designation of it, as
indicated in an introductory couplet which is quoted
from Brahmagupta by Laksmidasa, a scholiast of Bhas-
kara II. Remarking this coincidence, the translator
proceeded to collate, with the text and commentary,
numerous quotations from both, which he found in
Bhaskara’s writings or in those of his expositors. The
result confirmed the indication and established the
identity of both text and scholia as Brahmagupta's
treatise, and the gloss of Prthadaka. The authenticity
of the Brahmasiddhanta is further confirmed by numer-
ous quotations in the commentary of Bhattotpala on
the Samhita of Varahamihira : as the quotations from
the Brahmasiddhanta, in that commentary, (which is
the work of an author who flourished eight hundred
and fifty years ago) are verified in the copy under
consideration. A few instances of both will suffice,
" and cannot fail to produce conviction.

It is confidently concluded, that the chapters on arith-
metic and algebra, fortunately entire ina copy in many
parts imperfect, of Brahmagupta’s celebrated work as
here described, are genuine and authentic. It remains
to investigate the age of the author.

Mr. Davis, who first opined to the public a correct
. view of the astronomical computations of the Hindus
is of opinion, that Brahmagupta lived in the seventh
century of the Christian era. Dr. William Hunter, who
resided for some time with a British Embassy at Ujjay-
ini, and made diligent researches into the remains of
. Indian science at that ancient seat of Hindu astrono-
mical knowledge, was there furnished, by the learned
- astronomers whom he consulted, with the ages of the
.. principal ancient authorities. They assigned to Brah-
;. magupta the date of 550 Saka; which answers to A.D.
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623. The grounds on which they proceeded are unfor-
tunately not specified : but as they gave Bhaskara’s
age correctly, as well as several other dates right,
which admit of being verified; it is presumed that they
had grounds. though unexplained, for the information
which they communicated..

Mr. Bentley, who is little disposed to favour the anti-
quity of an Indian astronomer, has given his reasons
for considering the astronomical system which Brah-
magupta teaches, to be between twelve and thirteen
hundred years old {1263 years in A.D. 1759). Now as
the system taught by this author is professedly one
corrected and adapted by him to conform with the
observed positions of the celestial objects when he
wrote, the age, when their positions would be conform-
able with the results of computations made as by him
directed, is precisely the age of the author himself:
and so far as Mr. Bentley’s calculations may be consi-
dered to approximate the truth, the date of Brahma-
gupta’s performance is determined with like approach .
to exactness, within a certain latitude however of
uncertainty for allowance to be made on account
of the inaccuracy of Hindu observations.

The translator has assigned on former occasions the
grounds upon which he sees reason to place the author's
age, soon after the period when the vernal equinox
coincided with the beginning of the lunar mansion and
zodiacal asterism Asvini, where the Hindu ecliptic
now commences. He is supported in it by the senti-
ments of Bhaskara and other Indian astronomers, who
infer from Brahmagupta’s doctrine concerning the
solistitial points, of which he does not admit a periodi-
cal motion, that he lived when the equinozes did not,
sensibly to him, deviate from the beginning of Aswini
and middle of citra on the Hindu sphere. On these
grounds it is maintained., that Brahmagupta is rightly
placed in the sixth or beginning of the seventh century
of the Christian era, as the subjoined calculations will
more particularly show., The age when Brahmagupta
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flourished, seems then, from the concurrence of all these
arguments, to be satisfactorily settled as antecedent
to the ecrliest dawn of the culture of sciences among
the Arabs; and consequently establishes the fact, that
the Hindus were in possession of algebra before it was
known to the Arabians.

Brahmagupta's treatise, however, is not the earliest
work known to have been written on the same subject
by an Indian author. The most eminent scholiast of
Bhaskara IT (Gane$a) quotes a passage of Aryabhata
specifying algebra under the designation of Bija. and
making separate mention of Kuffaka, which more par-
ticularly intends a problem subservient to the general
method of resolution of indeterminate problems of the
first degree : he is understood by another of Bhaskara’s
commentators to be at the head of the elder writers, to
whom the text then under consideration adverts, as
having designated by the name of Madkyamaharana
the resolution of affected quadratic equations by means
of the completion of the square. Itisto be presumed.
therefore, that the treatise of Aryabhata then extant,
did extend to quadratic equations in the determinate
analysis, and to indeterminate problems of the first
degree; if not to those of the second likewise, as most
probably it did.

This ancient astronomer and algebraist, so says Cole-
btrooke, was anterior to both Varzhamihira and
Brahmagupta, being repeatedly named by the latter;
and the determination of the age when he flourished
is particularly interesting as his astronomical system,
though on some points agreeing, essentially dis-
agreed on others, with that which the Hindu astrono-
mers still maintain.

He, as Colebrooke says, is considered by the commen-
tators of the Suryasiddhanta and Siromani. as the
earliest of uninspired and mere human writers on the
sdence of astronomy, as having introduced requisite

'corrections into the system of Para§ara, from whom he
‘took the numbers for the planetary mean motions; as
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having been followed in the tract of emendation,
after a sufflcient interval to make further correcticn
requisite, by Durgasinba and Mihira; who were again
succeeded after a further interval by Brahmagupta, son
of Jimu.

In short, says Colebrocke, Aryabhata was founder of
one of the sets of Indian astronomers, as Pulida, an
author likewise anterior to both Varzhamihira and
Brahmagupta, was of another : which were distingui-
shed by names derived from the discriminative tenets
respecting the commencement of planetary motions at
sunrise according to the first, but at midnight accord-
ing to the latter, on the meridian of Lanka, at the
beginning of the great astroriomical cycle. A third
sect began the astronomical day. as well as the great
period, at noon.

Aryabhata’s name accompanied the intimation which
the Arab astronomers (under the Abbasside Khalifs, as
it would appear,) received, that three distinct astro—
-nomical systems were current among the Hindus of
those days : and it is but slightly corrupted. certainly
not at all disguised, in the Arabic representation of
it Arjabahar, or rather Arjabhar. (corrupted {orm of
Aryabhata). The two other systems were, first
Brahmagupta’s Siddhanta which was the one they
became best acquainted with. and to which they apply
the denomination of the sind-hind; and second, that of
Arca, the Sun, which they write Arcand a corruption
still prevalent in the vulgar Hindi.

Aryabhata appears to have had more correct notions
of the true explanation of celestial phenomena than
Brahmagupta himself, so says Colebrooke; who ina
few instances, correcting errors of his predecessor, but
oftener deviating from that predecessor’s juster views.
has been followed by the herd of modern Hindu astro-
nomers, in a system not improved, but determrated.
since the time of the more ancient author.

Consu:lermg the proficiency of Aryabhata in astronomi-
cal science, and adverting to the fact of his having
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written algebra, as well asto the circumstance of his
being named by numerous writers asthe founder of a
sect, or author of a system in astronomy, and being
quoted at the head cf algebraists, when the commen-
tators of extant treatises have occasion to mention
early and original writers on this branch of science, it
is not necessary to seek further for a mathematician
gualified to have been the greatimprover of the ana-
Igtic art, and likely to have been the person by whom
it was carried to the pitch to which it is found to have
attained among the Hindus, and at which it is observ-
ed to be nearly stationary through the long lapse of
ages which have since passed : the later additions being
few and unessential in the writings of Brahmagupta,
of Bhaskara and of Jiianarzja, though they lived at
intervals of centuries from each other.

Aryabhata, Colebrooke rightly says. then being the
earliest author known to have treated of Algebra among
the Hindus, and being likely to be, if not the inventor,
the improver of that analysis, by whom too it was
pushed nearly to the whole degre= of excellence which
it is found to have attained among them; it becomes
in an especial manner interesting to investigate any
discoverable trace in the absence of better and more
direct evidence, which may tend to fix the date of his
labours; or to indicate the time which elapsed between
him and Brahmagupta, whose age is more accurately
determined.

Taking Aryabhata, for reasons given, to have preceded
Brahmagupta and Varahamihira by several centuries;
and Brahmagupta to have flourished more than twelve
hundred years ago, and Varzhamihira, concerning
whose works and age, Colebrooke has given a few
nates, and has placed him at the beginning of the sixth
century after Christ, it appears probable that this
earliest of known Hindu algebraists wrote as far back
asthe fifth century of the Christian era; and perbaps in

~ an earlier age. Hence it is concluded that he is nearly

as ancient as the Greecian algebraist Diophantus, sup-



ALGEBRA GOES TO EUROPE FROM INDIA 197

posed on the authority of Abulfaraj, to have flourished
in the time of the Emperor Julian or about A. D.
360.

Colebrooke further says : Admitting the Hindu and
Alexandrian authors to be nearly equally :ncient, it
must be conceded in favour of the Indian algebraist,
that he was more advanced in the science: since he
appears to have been in rossession of the resolution of
equations involving several unknowns, which it is not
clear, nor fairly presumable, that Diophantus, kne-w:
and a general method of indeterminate problems of at
least the first degree, to a knowledge of which the
Greecian algebraist had certainly not attained ; though
he displays infinite sagacity and ingenuity in particu-
lar solutions ; and though a certain routine is indiscer-
nible in them.

Colebrooke appears to be of the view that Greeks.
were the first to discover the solution of equations
involving one unknown; and this knowledge was passed
to ancient Indians by their Greek instructors in impro-
ved astronomy. But “by the ingenuity of the Hindu-
scholars, the hint was rendered fruitful and the algeb-
raic method was soon ripened from that slender beginn-
ing to the advanced state of a well arranged science,
as it was taught by Aryabhata. and as it is found in -
treatises compiled by Brahmagupta and Bhaskara.*” .

We do not agree with this analysis in entirety. Indian
algebra is entirely of Indian roots. It had its beginning
in the times of Samhitas and Brahmanas. Some of the
equations and problems were solved by geometric
methods. It must have had its origin in the Sulba
period if not before. Aryabhata undoubtedly was the.
discoverer of many algebraic solutions of equations of
the first and higher order with one and more unkno-
wns. It is rather too much to trace the influence of
Diophantus on Indian algebra which developed in this
country independently. Brahmagupta is one of the
most brilliant algebraists we ever had in the entire
history of mathematics.
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Techuical Terms
Cozfficient—

"In the ancient Indian algebra, there is no systematic term
for the coefficient. Usually, the power of the unknown is men-
tioned when the reference isto the coefficient of that power. At
one place, for example, we find Prthudaka Svami (the commenta-
tor of Brahmagupta's Brahmasphuitasiddhanta) writing “the num-
ber (ankae) which is the coefficient of the square of the unknown is
called the ‘square’ and the number which forms the coefficient of
the (simple) unknown is called the ‘unknown quantity’ (avyakta-
mana).”* However, at many places, we find the use of a technical
term also. Brahmagupta once calls the coefficient samkhya®
(number) and on several other occasions gunaka® or gunakara®
(multiplier). Prtthudaka Svami (860 A.D.) calls it anka (number)
or prakrti (multiplier). These terms may also be seen in the.
works of Sripati® (1039) and Bhaskara II” (1150 A.D.), The
former also used the word r#@pa for the same purpose.®

Unknown Quantity

The unknown quantity has been termed as yavat-tavat
(meaning so-much-as or as-many-as) in literature as early as 300
B. C. (vide the Sthananga-sutra®). In the Bakhasali Manuscript,
it has been termed as yadrccha. vadicha or kamika (or any desired
quantity)’. Aryabhata I in one of his verses calls the unknown
as gulika™ (literally meaning a shot) From the early seventh
century A.D., the word avyakta was used for unknown quantities.
Brahmagupta uses this term in his Brahmasphutasiddhanta®®
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Power

Since long, the word varga has been used for the second
power; the word also stands for square (Uttaradhyayana Satra’,
B. C.c.300). The third power is similarly known as ghana, the
fourth power as varda-varga (square-square), the sixth power as
ghanawvarga (cube-square) and the twelfth power as ghana-varga-
varga (cube-square-square). In later days, the fifth power was
called vargaghana ghata (here the word ghata means product; the
term means product of cube and square). The former system was
multiplicative, rather than additive; wheras the latter was on the
additive system. The seventh power on the additive system was
known as varga-varga-ghana-ghata (product of square-square and
cube). Brahmagupta, however, uses a more scientific system for
expressing the powers more than four. He calls the fifth power .
as Pafica gata (literally meaning, raised to the fifth), the sixth
power as sad-gat (raised to the sixth) and so on, thus adding the
suffix gata to the name of the number indicating that power.?
Bhaskara IT has followed the system of Brahmagupta almost consi-
stently for powers one and upwards.

Equation

Perhaps Brahmagupta has for the first time used the term
samakarana or samikarana (literally meaning making equal) or
simply sama (equal or equation )®. Prthudaka Svami (860)
employs the term sdmya (equality or equation) for equation®.
The equation is said to possess two Paksas® (sides) Itara-Paksa
and apara-paksa.
Absolute Term

Brahmagupta uses the term riipa (literally meaning appeer-
ance) for an absolute term. It represents the visible or known

1. Chapter XXX, 10, 11,
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portion of the equation whilst itsother part is practically invisible
or unknown.

Unknowns and Symbolism

Aryabhata I (499 A. D.) probably used coloured gulikas or
shots for represtnting different unknowns. Brahmagupta men-
tions varna as the symobls for unknown. He has, however. not
indicated how these varnas or colours were used assymbols for
unknowns. Perhaps we might conculude from this that the
method of using colours as symbols for unknown guantities was
very common and familiar to the algehraists. Datta and Singh
say that the Sanskrit word varia denctes colour as well as a letter
of alphabet, and therefore, letters of alphabet came into use for
unknown quantities : k@laka (black), nilaka (blue), pitaka (yellow)
lokita (red), haritaka (green), Svetaka (white), citraka (variegated),
kapilaka (tawny), pingalaka (reddish-trown), dhuimraka (smoke-

coloured). patalaka (pink). savalaka (spotted), $yamalaka (blackish)
mecaka (dark blue) etc®.

It should be further noted that the first unknown quantity

yavat-tdvat is not a varpa or colour. It thus clearly indicates

that the use of colours as symbols came at a later stage, whilst the
word yavat-tdvat was in currency from much earlier times. Some
authorities think that the term yavat-tavat is a corrupted form of
vavakastavat (where yavaka weans red). Prthudaka Svami has
sometimes used the term yavaka for an unknown quantity®.

Laws of Signs

Brahmagupta has in his Chaper XVIII devoted a special
section entitled “Dhanarna Sunyanam Sambkalanam” or calcu-

lations dealing with quantities bearing positive and negative signs
and zero,
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Regarding addition, Brahmagupta says :
The sum of two positive numbers is positive, of two
negative numbers is negatis e; of a positive and negative
number is the differencel.

Regarding subtraction, Brahmagupta further says :
From the greater should be subtracted the smaller; (the
final result is) positive, if positive from positive, and
negative, if negative, from negative. If, however, the .
greater is subtracted from the less, that differenceis
reversed (in sign), negative becomes positive and
positive - becomes negative. When positive is to be
subtracted from negative or negative from positive,
then they must be added together®.

Mahavira (850 A, D.). Bhaskara IT (1150 A.D.) and Narayana
(1350 A. D.) have also given similar rules regarding addition
(Sankalanam) and the subtraction (vyvavakalanam),

Again, the rule given by Brahmagupta regarding Multipli-
cation is as follows -

The product of a positive and a negative (number) is
negative; of two negatives is positive; positive multiplied
by positive is positive®.

His rule regarding division is as follows;

Positive divided by positive or negative divided
by negative becomes positive. But positive divided by
negative and negative divided by positive remains
negative®,

Similar rules for multiplication and division were provided
by later authorities as Mahavira and Bhaskara II.
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Brahmagupta lays down the rules regarding evolution and
involution as follows :

The square of a positive or a negative number is positive
«....The (sign of the) root is the same, as was that from
which the square was derived®.

As regards the latter portion of this rule, Prthudaka Svami
has the following comment to make : “The square-root should be
taken either negative or positive, as will be most suitable for
subsequent cperations to be carried on.”

‘It will be interesting to observe the following observation
of Mahavira (850 A. D.) regarding square-root of a negative
quantity “Since a negative number by its own nature is not a
square, it has no squaretoot.”? So says Sripati : “A negative
numter by itself is non-square, so its square-root is unreal; so the
rule (for the square-root) should be applied in the case of a posi-
tive numter.”’

Algebraic Operations

Brahmagupta and other algebraists recoghise six operations
as fundamental in algebra : addition, subtraction, multiplication.
division, squaring and the extraction of the square-root.

Regarding addition and subtraction Brahmagupta says:
Of the unknowns, their squares, cubes, fourth powers,
fifth powers, sixth powers, etc..addition and subtraction
are (performed) of the like; of the unlike (they mean
simply their) statement severally.

In place of “of the like”, Bhaskara IT usesthe term “of those
of the same species (jati) amongst unknowns” :
Addition and subtraction are performed of those of the
same species (jati) amongst unknowns; of different species
they mean their separate statement.?

1. a0 a1 e SR A |
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This means that the numerical coefficients of x cannot be
added to or subtracted from the numerical coefficients of ¥
or x? or x® or xy and so on because these terms belong to different
jati or they do not belong to the category of the “‘like”.

Again, regarding multiplication, Brahmagupta says :

The preduct of the two like unknowns is a square; the
product of three or more like unknowns is a power of
that designation. The multiplication of unknowns of
unlike species is the same as the mutual product of
symkbols; it is called bhavita (product or factum).!

Having given the rules of the operations for addition, sub-
traction and multiplication, Brahmagupta does not think
it necessary to deal with other operations. His section on the
calculations with zero, negative and positive quantities ends here.

How is an Equation Formed?

Prthudaka Svami while commenting on a verse in Brahma-
sphutasiddhanta speaks as follows :

In this case, in the problem proposed by the questioner,
yavat-tavat is put for the value of the unknown quantity.
Then performing multiplication, division etc. as required
in the problem the two sides shall be carefully made
equal. The equation being formed in this way, then
the rule (for its solution) follows.?

Plan for Writing Equations

When in regards to a given problem, an equation has been
formed, it has to be written down for further operations.
This writing down of an equation is technically known
as nydasa Perhaps the oldest record of nyasa is to be found in the
Bakhasali Manuscript. According to the procedure prescribed in
this work, the two sides of an equation are put down one after the
other in the same line without any sign of equality being inter-
posed. Thus the equations :

NV xFb=s Vx—7=t
appear as

1. geulad sFrenkermg adsghE: |
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0 5 yu mu O sa 0 7 4+ mu 0
1 1 1 1 1 1

Here yu (2) stands for yuta (I7), meaning added, subtraction
is+sign, derived from Ksaya or (¥%) meaning diminished, gu
@) for guna or gunita, meaning :multiplied; bha (®1) for division
from bhajita and mua () for squareroot, from mula meaning
root; zero () was used to mark a vacant place.

Again, the following equation

x+2x+3 X 3x+12 X 4x=300
is represented as ;

ll | 2 1 3 3 '1 d,rfya 300

There is no sign for unknown in the Bakhasali Manuscript.

Later on this plan of writing equations as adopted in Bakha-
$ali Manuscript was abandoned in India; a new cne was adopted
in which the two sides are written one below the other without
any sign of equality. It must be stated that in this new plan the
term of similar denominations are usually written one below the
other and even the terms of absent denominations on either side
are clearly indicated by putting zeros as their coefficients. We
find a reference to this new plan in the algebra of Brahmagupta.

From which the square of the unknown and the unkno-
wn are cleared, the known quantities are cleared (from
the side) below that®. ‘

Here in this verse, the words ‘“‘adhastat” clearly indicate
that one side of the equation is written below the other., As an
illustration, Prthudaka Svami represented the equation? :—

10x—8=x%+1

as :

ya va 0 va 10 ru 8  (x20+x10—8)
ya val ya 0 ru 1 *14+2x.0+1)

which means, ¥* was written as yavat-varga (va@ va) and
% was written as yavat or ya. The minus sign was represented
by a dot at the top of the number.(—8 was written as 8). We
shall take another illustration from Prthudaka Svami.

He would write the equation

197x—1644 y—z=6302
as

1. BrSpSi. XVII. 43; compare also Bhaskara II, Bijaganita-
2. BrSpSz XVIIL. 49 (com.)
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ya 197 bka 1644 ms 1 m O
ya 0 Fka 0 ns 0 rz 6302

Here the first unknown x is represented by ya(vat), the
second unknown y by ka(laka) and the third unknown z by »s-
(laka) and the term without unknown. a mere number is wrirten
by ra(paka). The two sides, one written below the other if
written in the present form, would appear as :

197x—1644y—z-+0=0x+0y+07+6302.

The Bijaganita of Bhaskara IT also follows the same proce-
dure. One instance from it would be quoted here to illustrate
the method of expressing equations.

8x+4x°+ 102 x=4x°+1232x

or 8x*+4x%+10y%x=4x%+0x>+123%x

is written as follows on Bhaskara’s or Brahmagupta’s plan :

23 is ghana of yavat (abbreviated as ya gha)

%% is varga of yayat (abbreviated as ya va)

9% is varga of kalaka (abbreviated as bz va)

the coefficients 10 and 12 are bhavita (abbreviated as
bha).

The equation is :

ya gha 8 va va 4 ka va ya. bha 10
va gha 4 ya va 0 ka va ya. bha 12

Datta and Singh state that the use of the old plan of writ-
ing equations is sometimes met with in later works also. For
instance, in the MS. of Prthudaka Svami's commentary® on the
Brahmasphutasiddhanta. an incomplete copy of which is preserv-
ed in the library of the Asiatic Society of Bengal (No. IB6). we'
find a statement of equations thus : “first side yavargah 1 yavakah
200 rz@ 0; second side yavargah 0 yavakah 0 rz 1500.

Sodhana or Clearancc of an Equation

After nyasa or statement of an equation, the operation to
be performed is known as fodhana (clearance) or samsodhana
(equi-clearance or complete clearance). The nature of
this clearance varies according to the kind of equation
In the case of an equation in one unknown only, whether linear,

1. BrSpSi. X1I. 15 (com.)
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quadratic or of higher powers, one side of it is cleared of the
unknowns of all denominations and the other side of it of the
absolute terms, so that the equation is ultimately reduced to one
of the form

ax’+bx=c,
where a, b ¢ may be positive or negative; some of them may
even be zero. Thus Brahmagupta observes :

From which the square of the unknown and the un-
known are cleared, the known quantities (rtpani) are -
cleared (from the side) below that.t

On this Prthudaka Svami comments as follows :

This rule has been introduced for that case in which
the two sides of the equation having been formed in
accordance with the statement of the problem, there are
present the square and other powers of the unknown
together with the (simple) unknown. The absolute
terms should be cleared off from the side opposite to
that from which are cleared the square (and other
powers) of the unknown and the (simple) unknown.
When perfect clearance (samsodhana) has been thus
made...?

$ridhara and Bhaskara II have also given the rules of
clearance almost on the same lines. Thus the equation
yava 09210 ra 8
vavalya Ol
after perfect clearance having been made will be (according to
Prthudaka Svami)
‘ vavalyalOrz9
i.e. the equation 10x—8=x2+1
after clearance would become
2*—10x=~—0,

Classification of Equations

Usually equations are classified as :
simple equation : yavat-tavat
quadratic : varga

1. Wi O oo R drER ~ BrSpSi. XVIIL 43.
2. BrSpSi. XVIIL 43 (com.) S




CLASSIFICATION OF EQUATIONS 207

cubic : ghana
biquadratic : varga-varga

Brahmagupta classified them as

(1) equations in one unknown quantity: eka-varra
samikarana.

(ii) equations in several unknowns : aneka-varna sami-
karana.

(iii) equations involving products of unknowns:
bhavita.

- Ebka-varna samikaranas (equations with one unknown) are
further divided into (i) linear equations, and (ii) quadratic equa-
tions (avyakta-varga samikarana).

Prthudaka Svami has classified equations in a different
manner as follows :

(1) linear equations with one unknown : eka-yarna
samikarana.

(ii) linear equations with more unknowns : aneka-
varna samikarana.

(iii) equations with one, two or more unknowns in their
second or higher pcwers : wadhyamaharana. .
(iv) equations involving products of unknowns: bha-
vita.

As the method of solution of an equation of the third class
(i.e. equations with one or several unknowns in their second or
higher powers) is based upon the principle of the elimination
of the middle term, that class is called by the term madhyama
(middle) gharana (elimination). The classification of Brahma-
gupta and Prthudaka Svami more or less received recognition by

later writers on algebra as Bhaskara II and others.

Linear Equations with
One Unknown and Their Solutions

The first solution of a linear equation with one unknown is
obtainable in the Sulba Sutras but not through an algebraic
process,—the Sulba process is geometrical. It is said that there
is a reference in the Sthananga Satra’ (c. 300 B.C.) to a linear
equation by its name yavai-tayat. There has been a good deal of
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controversy regarding the date of the Bakhasali Manuscript
where we have definitely a method of solving linear equations
by the Rule of False Position. It would be interesting to give
an account of this rule here by taking an illustration from the
Bakhasali Manuscript.

Problem :

The amount given to the first is not known.
The second is given twice as much as the first; the third
thrice as much as the second; and the fourth four times
as much as the third. The total amount distributed is
132. What is the amount of the first ?
(BMS. Folio 23, recto)
In modern algebraic language, the solution of the problem
would be given by the equation

x+2x+6x+24x=132
where x is the amount given to the first.

The solution of this equation is given asfollows in the
Bakhasali Manuscript :

‘Putting any desired quantity in the vacant place’; any
desired quantity is | 1 ||, ‘then construct the series’
| 1 ‘ 2 |2 3 6 | 4
1 1 1 1 111 I
‘multiplied’ 11]2]6]241; ‘added’ 33. ‘Divide the
visible quantity’ , lg% {; which) on reduction be-

ccmes | l{ | (This is) the amount given (to the first)

(BMS. Folio 23, recto)
The Rule of False Position may be regarded as an early
stage of the development of thescience of algebra, since no
symbol could have been evolved for an unknown quantity. As
soon as the system of notations was introduced, the application
of this Rule was no longer considered as necessary. Thus we
find that Aryabhata I does not mention of this Rule.
Aryabhata I states as follows regarding the solution of
. linear equations :
The difference of the known ‘amounts’ (rupaka) relat-
ing to two persons should be divided by the difference
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of the coefficients on the unknown (gulika). The
quotient will be the value of the unknown (gulika), if
their possessions be equal.!

The original verse contains the term “‘gulikantara” which
has been here translated as the difference of the coefficients
of the unknowns. We have already stated earlier that Aryabhata
uses the term gulika or shot for an unknown quantity.(gulikantara
literally means only the difference of unknowns). This practice
is also followed by other Indian algebraists. Prthudaka Svami
rightly observed that according to the usual practice in this
country, “the coefficient of the square of the unknown is called
the square (of the unknown) and the coefficient of the (simple)
unknown is called the unknown.?

The rule given by Aryabhata. then. contemplates a problem
of this kind :

Two persons, who are equally rich, possess respectively
a, b times a certain unknown amount together with
¢ d units of money incash. What is that amount ?

Now if x be the amount unknown, then according to the

problem
ax+c=bx+d

Thence
~d=c
a—b
Aryabhata has merely expressed this solution in his langu-

X

age.
Regarding the solution of linear equations, Brahmagupta
says :
In a (linear) equation in one unknown. the difference
of the known terms taken in the reverse order, divided
by the difference of the coefficients of the unknown
(is the value of the unknown).?

1. nRErRT e g gewig STaEERm |
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Similar solutions have been offered by the other Indian
algebraists who followed Brahmagupta like Sripati, Bhaskara IT
and Nariyana. Here again, we take a problem proposed by
Brahmagupta in this connection :

Problem :
Tell the number of elapsed days for the
time when four times the twelfth part of
the residual degrees increased by one, plus
eight will be equal to the residual degrees
plus one.!

Prthudaka Svami hassolved this problem as follows :

Here the residual degrees are (put as) yavat-tavat. va;

increased by one, ya 1 1% 1; twelfth part of it 22 =72~ 112’” 1
yal ral

four times this. 5 plus the absolute quantity

eight,ygi-?fgg’. This is equal to the residual degrees
plus unity. The statement of both sides tripled is

val .ra25
ya 3 a3

This difference between the coefficients of the unknown
is 2. By this the difference of the absolute terms,
namely 22, being divided, is produced the residual of
the degrees of the Sun, 11. These residual degrees should
be known to be irreducible. The elapsed days can be
deduced then, (proceeding) as-before.

If put in the modern notations, it means the solution of the
equation :

—i‘-"é (1) +8=x+1,

from which we have

x+25=3x+3
or 2x=22
or x=11.

Rule of Concurrence or Samkramana

.Brahmagupta has included this rule in algebra, whereas

other Indian mathematicians included it in arithmetic. Sawm-
1. mmmm ! ,
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bramana is the solution of the simultaneous equations of the
type :
x+y=a
x—y=b
Brahmagupta’s rule for solution is:
The sum is increased and diminished by the difference
and divided by two; (the result will be the two un-
known quantities) : (this is) concurrence (Sawikra-
mana)-
Brahmagupta restates this rule in the form of a problem
and its solution :
The sum and difference of the residues of two (heavenly
bodies) are known in degrees and minutes. What are
the residues? The difference is both added to and
subtracted from the sum. and halved; (the results are)
the residues.?
Linear Equations with Several Unknowns

The first mention of a solution of the problem with more
than one unknown is found in the Babkhasali Manuscript, and a
system of linear equations of this type is solved in the Bakha$ali
treatise substantially by the False Position Rule.

A generalised system of linear equations will be
b1 x— c1x1=a1 be2x— CaXe=Ag:esseenr
ba Jx—cnx =an
Therefore
__S(ale)
22=56l0-1
Hence
_ br R
= X S@lo—1 e
’ r——L 23
One particular case, where bi=by=bz=......=bn =1 and c1=
C27=C3=......=¢n =C has been treated by Brahmagupta at one
place. He gives the rule as follows :

1. amisREcER figm: dRaRRTR a1 |
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The total value (of the unknown quantities) plus or
minus the individual values (of the unknowns) multi-
plied by an optional number deing severally (given),

- the sum (of the given quantities) divided by the num-
ber of unknowns increased or decreased by the multi-
plier will be the total value; thence the rest (can be
determined).!

St =a1 SxFcxs=as, DXFECXI=agmen

Dxtcx =an
Therefore
2x___a1+az+as+ ...... +an
n=c
Hence
1( = a1+a7+a3+ ...... +an\,
X1 n =+ c |

and so on for xa xs etc.

Now we shall give the rule enunciated by Brahmagupta
for solving linear equations involving several unknowns :

Removing the other unknowns from (the side of) the
first unknown and dividing by the coefficient of the
first unknown, the value of the first unknown (is obtai-
ned). In the case of more (values of the first un-
known), two and two (of them) should be considered
after reducing them to comon denominators. And
(so on) repeatedly. If more unknowns remain (in the
final equation). the method of the ‘pulveriser (should be
employed). (Then proceeding) reversely (the values
of other unknowns can be found).?
Prthudaka Svami has commented on this rule as follows :

In an example in which there are two or: more un-
known quantities, colours such as yavat-tavat, etc.
should be assumed for their values. Upon them should

1. Wﬁz TR A T R ER, | -
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be performed all operations conformably to the state-
ment of the example and thus should be carefully
framed two or moresides and also equations. Equi-clear-
ance snould be made first between two and two of
them and so on to the last: from one side one un-
known should be cleared, other unknowns reduced to
a common denominator and also the absolute numbers
should be cleared from the side opposite. The
residue of other unknowns being divided by the
residual coefficient of the first unknown will give the
value of the first unknown. If there be
obtained several such values, then with two and two
of them. equations should be formed after reduction to
common denominators. Proceeding in this way to the
end find out the value of one unknown. If that value
be (in terms of) another unknown then the coefficients
of those two will be reciprocally the values of the two
unkno=ns. If, however, there be present more un-
knowns in that value, the method of the pulveriser
should beemployed. Arbitrary values may then be
assumed for some of the unknowns.

Datta and Singh have said that the above rule of Brahma-
gupta, and also the one indicated in the commentary of Prthudaka
Svami. embraces the solution of indeterminate as well as the
determinate equations. In fact, all the examples given by
Brahmagupta in illustration of the rule are of indeterminate
character. So far as the determinate simultaneous equations are
concerned, Brahmagupta's method for solving them will be easily
recognised to be the same as our present one.

. Quadratic Equations

The geometrical solution of a quadratic’ equation in this
country would take us to the Vedic Sulba period. The Bakha-
{als Manuscript also contains certain problems which need the

solving of quadratic equations. I shall quote one out of the
numerous available :

A certain person travels s yojana on the first day and b
yojana more on each successive day. Another who
travels at the uniform rate of S yojana per day. hasa

start of t days. When will the first man overtake the
second ? T :
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This problem would today te expressed in terms of the
following equation : :

SG+x)=x {s+( )b}

where x is the number of days after which the first
overtakes the second. We may write this equation
as
bx2—{2(S—s)+b}x=2tS
whence the value x would be after solving the quadra-
tic : .
x=\/{2(S—s)+b}2+8bts+{2(5—s)+b}
2b

The Bakhasali Manuscript gives this solution as follows :

The daily travel (S) diminished by the march of the
first day (s) is doubled; thisisincreased by the common
increment (b). That (sum) multiplied by itself is
designated (as the ksepa quantity). The product of the
daily travel and the start (¢) being multiplied by
eight times the common increment, the ksepa quantity
is added. The square-root of this (is increased by the
bsepa quantity; the sum divided by twice the common
increment will give the required number of days)
(BMS. Folio 5, recto)

v AryabhataI (499 AD.)is regarded as the founder of
algebra, since he gives the solutions of a few quandratic problems.
For example to find the number of terms of an arithmetical pro-
gression (A.P.), he gives the following rule :

The sum of the series multiplied by eight times the
common difference is added by the square of the dif-
ference between twice the first term and the common
difference: the square-root (of the result) is diminished
by twice the first term and (then) divided by the com-
mon difference : half of this quotient plus unity is the
number of terms.!

In the modern notatxons of algebra, the solumon Would be
expressed as follows : -

1. wiseR gfer R Rl | 4
et R = wfid w1 —Arya. 11,20
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— 1§ V8bs+(2a—b)—2a
=1} b +

There is another certain interest problem!, the solution of

which has been provided in the Aryabhativa as
o=V Apt+(i2 —pl2
t
which is the solution of the quadratic equation :
txt+px—Ap=0

Ayabhata I has thus given the solutions of a few quadratic
equations, but he nowhere gives the procedure of solving these
equations.

We give here the Rules of Brahmagupta for the solution of
quadratic equations. He undoubtedly is not the discoverer of
these rules; but perhaps for the first time in the history of algebra
we find the process of solving a quadratic equation so clearly
indicated.

First Rule :

The quadratic : the absolute quantities multiplied by
four times the coefficient of the square of the unknown
are increased by the square of the coefficient of the
middle (i.e. unknown); the square-root of the
result being diminished by the coefficient of the middle
and divided by twice the coefficient of the square of
the unknown, is (the value of) the middle.®

T his expressed in the modern notations would mean
o A dac+b2—b
2a
It would be noted that in this rule, Brahmagupta Las emp-
loyed the term madhya (middle) to imply the simple unknown
as well as its coefficient. The origin of the term is doubtless
connected with the mode of writing the quadratic equation in
the form
ax*+bx+0=0x*+0x+c¢
so that there are three terms on each side of the equation.
1. O GFH FIA TR F g |
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Second Rule :
The atsolute term multiplied by the coefficient of the
square of the unknown is increased by the square of
half the coefficient of the unknown; the square-root of
the result dimiaished by half the coefficient of the
unknown and divided by the coefficient of the square
of the unknown is the unknown.?

This when expressed in the modern algebraic notations
would be
_Vac+G[2 —(b/[2)
- a
Here if the quadratic\equation is
ax®+bx+c=0
the ‘absolute term’ is ¢ (the one without the unknown x), ‘the
coefficient of the square of unknown’ means the coefficient of x?,
i.e. a and the ‘coefficient of the unknown’ means the coefficient
of x.i.e. b.

The above two methods of Brahmagupta are exactly the-
same as were suggested by Aryabhata L.

The root of the quadratic equation for the number of terms
of an arithmetic progression (A.P.) is given by Brahmagupta
according to the first rule 2 :

\/ 8!15-5—(2a——b)2 —(a—b)
zb

Third Rule:

Brahmagupta also suggests a Third Rule which is very
much the same as is used commonly now. Though it
has not been expressedly suggested as.a -new. rule, we
find its application in a few. instances. For example this
rule has been suggested in connection Wxth the following
problem on interest :

A certain sum (p) is lent out for a period (#1);
the interest accrued (x) is lent out again at this

1. ?ﬂﬁﬁm%ﬁmﬂil ) o '
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rate of interest for another period (¢2) and the
total amount is A. Find x.

The equation for determining x is

o x=A.
pt

The solution of this equation would be:

= pli_ A 1_ Ph
% /\/( th 2ty

Brahmagupta has stated the result in exactly the same form.

Prthudaka Svami has illustrated it in solving the following pro-
blem of interest :

Problem :
A sum of five hundred panas (p) is lent out
for a period of 4 months (t1); the interest
accrued (x) is lentout again at this rate of
interest for another period of 10 months (#2)
and the total amount is 78 (4). Give the
pramana-phala. i.e., the interest accrued x.

Here pramana-kala (t1)=4 months

pramana-dhana (p)=500 panas
para-kala (12), the subsequent period=10 months
misra dhana or the total interest accrued (A) =78 panas.

Brahmagupta states his solution of such quadratics like
this :

Take the product of the pramana-dhana (p) or the sum
originally lent out and pramana-kala. i.e. the period for
which originally lent out (t1); and divide by the para-
kala or the subsequent time (f2); place this result at
two places. Multiply the one placed at the first place
with the miéra-dhana (A). that is with the total inter-
est accrued; in this product add the square of half the
one placed in the second place; now take the square-
root of it, and from it subtract half of the one placed
at the second place!

1. FEEHRER: WEEEl Erssafismm, |
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Thus in the above example the product of pramana-dhana
and pramana kala d1v1ded by parakale is (iot1,ltz)v1s 50? 0X4 = 200.
This is first multiplied byZ2iHe - tolal'interést deetued "(XA); it
becomes 200 X78=15600. To this is now added square of half
of 200 (which is 10000) ; it becom{a,s 15600 »plus 10000 =25§00. Its
square-root is taken which' fs'160 From this ' Subtacted half of
the quantity (i.e. half of 200 which'is 100y Thus 160-100=60.
which is the answer. It was the interestswhich first accrued ().

.. Another Quadratic P?obleml‘ sy

-_. . Brahmagupta refers totan astronomical problem which
involves the quadratic equation

2
(72+aD2 T 24 apx=144(—1§ — )

where a=agra (the sine of the aimplitude ?f the Sun), b=palabha
(the equinoctial shadow cgf a gno;no‘n. 12 anguli long), R=radius,
and x="Fkonasanku (Sine of the alrltude of“the Sun when his
altltude is 45°) D;v1d1ng out by (72-!—42) we have

2mx——n,

. .d ) N
whete '

_12ap  , 144(R%Y2— v*)
T72+a% ne _72+a’
Therefore we have
x=vVm +ntm

as stated by Brahmagupta. We find the same result in the
Surya-siddhanta and in the text of Sripati. Aryabhata II (1150)
also followed the method of Aryabhata I and Brahmagupta in
solving a quadratic equation in connection with finding out the
number of terms in an arithmetical progression.(A.P.) whose first
term is (a), common difference is b and the sum is s. The number
of terms n is given by*

- \/255 l—(a~b{)2)’—a+bl

o Two Roots of a Quadratic Equation and Brahmagupta
' A quadratic equation has two roots- This must have been
,‘i‘mcwn to Indian algebraists even at a very early stage. Bhiaskara
II in his’ Bijaganita has quoted a rule ascribed to an ancient

writer Padmanzabha whose works are not available now :

1 Mahasiddhanta: Bhaskara II, XV. 50
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If (after extracting roots) the square-root of the absolute
side (of the quadratic) be less than the negative abso-
lute term on the other side, then taking it negative as
well as positive two values (of the unkuown) are
found?.

The term used here' is dvividhotpadyate mitih which m_ea;ng
that two values are obtained. 4 '

The existence of two roots of a quadratic equation appears
to have been known also to Brahmagupta (628 A.D.). In illustra-
tion of his rules for the solution of a quadratic he has stated two
problems involving. pras:tmally the same equation :

Problem I : The square-toot of the rasidue of the
revolution of the Sun less 2 is diminished by‘ 1, mult-
plied by 10 and added by 2; when will this be equal
to the residue of the’ revolution of the Sun less 1, on
Wednesday 2 .. ..o 0F o .-

-ietr « Problem IF: Whemrwill-the « square:-ofy @aé-fourth the
.residue of the exceeding months less three. be equal to
.the residue of the exceeding months ?

We shall follow Prthudaka Svamiin solving the Problem I.
In this problem the residue of the revolutionsof #£He Sun
may be supposed to be x*+2; then by the question, we hgve

10 (x 1)+2 xz'_’t]’.vh Crosg ol g oa ey
or x> —10x=—9 B ',
. Again in Problem IT, if we put. 4 3501: ;hq realdue of the
exceedmg month, then we have .. ot Do
Lo e )(x__s)z._ bR, e se z.r' o

boor s xA—10r=—9, < '..
Now by the second rule of Brahmagupta, retaining both

the signs of the radical, we get : s
=5i\/25—:‘9=9 or 1, .- e ~ Frey

1. = TS IEEETTeT | o R

© wed g Fe ffeders Rf 1T ¢ —Bhaskaka, “Bijaganita
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As shown by Prthudaka Svami, the first value is taken by
Brahmagupta for the Problem I and second value for the protlem
II. Thus it is quite clear that Brahmagupta uses sometimes the
positive and at other timesthe negative sign with the radical.
Hence we shall say that Brahmagupta knew that a quadratic
equation would have two roots, and according to the requisite-
ness of the problem, one value out of the two would be utilised.

Simultaneous Quadratic Equations

Indian authors usually treated problems involving various.
forms of simultaneous quadratic equations.

O 57 i‘z} (ii) x+y b}
W T w0 |

For the solutlon of the combination (i), Aryabhata I gives
the following rule in his Aryabhatiya .
The square-root of four times the product (of two quan-
tities) added with the square of their difference, being
added and diminished by their difference and halved
gives the two multiplicands.}
This means that
+=3VEFD+d), y=3 EF4b—d)

For the solution of the same combination, Brahmagupta
states as follows :

The square-root of the sum of the square of the diffe-
rence of the residues and two squared times the product
of the residues, being added and subtracted by the
difference of the residues and halved (gives) the desi-
red residues severally.?

(Here by difference of the residues is mesnt x—y; and by
product of the residues is meant xy.)

Brahmagupta does not seem to give the solution for simulta-
neous equations of the combination (ii), Mahavua (850 A.D.)

1. Gl gumdeiy st Sgare | |
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has given the solution :

Subtract four times the area (of a rectangle) from the
square of the semi-perimeter then by sankramana bet-
ween the square-root of that (remainder) and the semi-
perimeter, the base and the upright are obtained.!
(GSS. VII. 129%)

This expressed in the modern notations would be :

x=3(a+ vV a—4b), y=%(a—\ a® —4b)
For the combination (iii), Mabavira in his Ganita-Sara-
Samgraha gives the following rule :

Add to and subtract twice the area (of a rectangle) from
the square of the diagonal and extract the square-roots.
By sankramana between the greater and lesser of these
(roots), the side and upright (are found).?

This put in modern notations would be :
x=% v/ c+2b+V c—2b).
y=3}(Vc+2b—V c—2F).
For the combination (iv), Aryabhata I gives the following
rule :

_From the square of the sum (of two quiantities) subtract
the sum of their squares. Half of the remainder is
their product®

The remaining operations will be similar to those for the
equations (ii); so that
=1 (a+V2—a), y=} (a—VE—ad.
Brahmagupta in this connection says :

Subtract the square of the sum from twice the sum of
squares; the square-root of the remainder being added
to and subtracted from the sum and halved, (gives)
the desired residues.*

. GSS. VII. 129

GSS. VIIL 127%

dee & it FEeed
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These equations have also been treated by Mahavira,
Bhiskara 1T and Narayana. Narayana has attempted two other
forms of quadratic equations :

2__ R ‘
O] BN L3

For their solutions, see Datta and Smgh, Algebm. P 84

Rule of Dlssnmlar Operatmns :
Datta and Singh say that the process of solving the follow-
ing two particular cases of simultaneous quadratic equations was
distinguished by most Indian mathematicians by the special
designation visama-karma or dissimilar operation :
2 2
2i—pi=m " x——y=m}
@ —-y==n§ ) (11)x+y=p
These equations have been regarded by these mathematicians
as if of fundamental importance. They have giyeg the following
solutions (expressed in modern algebraic symhols) :
For the combination (i) :

m m
= %(7"’” ) . yz% (_n‘—n ),

For the combinaticn (i) :

1 2 ).

We shall express these solutions as follows in the words*of
Brahmagupta :

Thc difference of the squares (of the unknowns) is divi-
ded by the difference of the unknowns and the quotient

. is increased and diminished by the difference and
divided by two ; (the results will be the two unknown
quantities) ; (this is) dissimilar operation.

The same rule is restated by him on a different occasion in
the course of solving a problem,

If then the difference of their squares, also the :differé-
nce of them (are given) ; the difference - of - the™ squares

1 ANSREE Rgw dwremr v a1 ~
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is divided by the difference of them. and this (latter)
is added to and subtracted from the quotient and then
divided by two ; (the results are) the residues whence
the number of elapsed days (can be found).?
> This visama-barma or dissimilar operation has been descri-
bed by other Indian algebraists also, as Aryabhata II (Mahasi-
ddhants, RVIE 22)7 Sripdti’ (Siddhanta-sekhara, XIV. 13) ; Bha-
skara II (Lilavat@)’ and ‘Nariyana (Gamta kaumudz, 1, 32).

™or

Indetgrmmate Equanops of the First Degree

s — e hae e
Aryabhata I showld bé giveti the' credit of giving for the
first time a treatment of the.indeterminate equation of the first
degree. In his Aryabhatiya, we find a method for obtaining the
general solution in positive integers of the simple indeterminate
equation :
" by—ax=c
for integral values of ab.c, and further indicated how to
extend it to get positi ve integral solutions of simultaneous indeter-
minate equations of the first degree. His disciple Bhaskara I
(522) showed that the same method might be applied to solve :
by—ax=—c¢
and further that the solution of thisequation would follow
that of by—ax=—1. These methods of Aryabhata I and Bhz-
skara I have also been adopted by Brahmagurta, and in certain
cases, the improvement were suggested by Aryabhata II in t’he
nnddle of the tenth century A.D.

The problems which were treated by ancient Indian algeb-
raists and which led them to the investigation of the simple inde-
terminate equation of the first degree may be classified under
three heads:

Class I : To find a number N which being divided by
two given numbers (a.b) will leave two given remain-
ders ( R1; Rz).

Thus we have :

N=ax+Ri=by+Rs

1. WARAN &K AREITINT, |
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Hence * by—ax=R,—R:
Putting c=RivR;
we get by-ax=x=c

the upper or lower sign being taken according as Ri1is grea-
ter than or less than Rs.

Class I[ : To find a number (x) such that its product
with a given number (a) being increased or’
decreased by another given number (8§) and
then divided by a third given number (B)
will leave no remainder.

This means that in other words, we shall have to get the
solution of :

axtr__
B y

in positive integers.

Class III : Here we have to deal with an equation of the
form : )
by+ax= =£¢

Kutiaka, Kuitakara and Kujta : These are the three terms
which Brahmagupta has used in regards to the subject of indeter-
minate analysis of the first degree. Aryabhata I has also descri-
bed this method in brief, but he does not use the word kutfaka.
In the Mahabhaskariva of Bhaskara I we have the terms kujta-
kara and kugta (522 A.D.) MBh. I. 41,49). These words have
been translated into English as pulveriser or grinder. According
to Datta and Singh, the Hindu method of solving the equation
by-ax= =E ¢ is essentially based on a process of deriving from it
successively other similar equations in which the values of the
- coefficients (a:b) become smaller and smaller. Thus the process
is indeed the same as that of breaking a whole thing into smaller

pieces, and this accounts for its name kutiaka or ‘pulveriser’.

In the problems of the Class I, the quantities (a and b) are
called’ divisors’ bhagahara, bhajaka. cheda etc.) and Ri and ' Ra
as ‘remainders’ (agra or fesa etc). while in a problem of the
Class I1; B is ordinarily called the 'divisor’ (bhagahara or bha-
jaka) and Y the ‘interpolator’ ksepa, ksepaka etc.) ; here a is called
the "dividend’ (bhajya), the unkown quantity to be found (x) is

- called the 'multiplier’ or (gunaka or gunakara etc) and v the
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quotient or phala. In later years, Mahavira has called the unknwn

number (x) as rasi.

Preliminary Operatigne
in Kuttaka-Kamma

Usually it has been suggested that in order that an equation
of the form
by—ax= = c or by+tax= L ¢
may be amenable to solution, the two numbers @ and b must not
have a common divisor; for otherwise, the equation would be
absurd, unless the number ¢ had the same common divisor, So
before the rules which we shall give hereafter, could be applied,
the numbers a b. ¢ must be made prime (drdha or firm; nicchedq
or having no divisor. or nirapavarta ,» meaning irreducible to
each other.
In this connection Bhaskara I writes :
The dividend and divisor will become prime to each
other on being divided by theresidue of their mutual
division. The operation of the pulveriser should be
considered in relation to them.*

Similarly we find in the writings of Brahmagupta :

Divide the multiplier and the divisor mutually and
find the last residue; those quantities being divided by
the residue will be prime to each other.®

Aryabhata’s Rule : Aryabhata I is probably the first Indian
writer on this subject, but the operation given by him is rather
obscure. His disciple Bhaskara I has given the solutjon of inde-
terminate equations of the first degree in more satisfactory langu-
age. We shall give here the translation of Aryabham’s verse from
the Aryabhatiya, as rendered by Bibhutibhusan Datta, because
other translations of this verse do very often confuse the sense:

Divide the divisor corresponding to the greater remair
der by the divisor corresponding to the smaller remain-
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Hence * by—ax=R,—R:
Putting c=RiVR;
we get by-ax=xc

the upper or lower sign being taken according as R1 is grea-
ter than or less than Ra.

Class IL : To ind a number (x) such that its product
with a given number () being increased or’
decreased by another given number (8) and
then divided by a third given number (8)
will leave no remainder.

This means that in other words, we shall have to get the
solution of :

ax+tr

B

in positive integers.

Class III : Here we have to deal with an equation of the
form : ’
by+ax= ==¢

Kuttaka, Kutabara and Kufta - These are the three terms
which Brahmagupta has used in regards to the subject of indeter-
minate analysis of the first degree. Aryabhata I has also descri-
bed this method in brief. but he does not use the word kutfaka.
In the Mahabhaskariva of Bhaskaral we have the terms kufta-
kara and kutta (522 A.D.) MBh. I. 41,49). These words have
been translated into English as pulveriser or grinder. According
to Datta and Singh, the Hindu method of solving the equation
by-ax= == ¢ is essentially based on a process of deriving from it
successively other similar equations in which the values of the
coefficients (a:b) become smaller and smaller. Thus the process
isindeed the same as that of breaking a whole thing into smaller
pieces, and this accounts for its name kuttaka or ‘pulveriser’.

In the problems of the Class I, the quantities (q and b) are
called’ divisors’ bhagahara, bhajaka. cheda etc.) and Ry and "R
.as ‘remainders’ (agra or Sesa etc.). while in a problem of the
Class II; B is ordinarily called the ‘divisor’ (bhagahara or bha-
~ jaka) and Y the ‘interpolator’ ksepa, ksepaka etc.) ; here a is called
the "dividend’ (bhzjpa), the unkown quantity to ‘be found (x) is
called the ‘multiplier’ or (gumaka or gunakara etc) and v the
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quotient or phala. In later years, Mahavira has called the unknwn
number (x) as ras.

Preliminary Operations
in Kuttaka-Karma

Usually it has been suggested that in order that an equation

of the form
by—ax= == cor bytax= +¢

may be amenable to solution, the two numbers a and b must not
have a common divisor; for otherwise, the equation would be
absurd, unless the number ¢ had the same common divisor. So
before the rules which we shall give hereafter, could be applied.
the numbers a, b. ¢ must be made prime (drdha or firm; niccheda
or having no divisor. or nirapavarta, meaning irreducible to
each other.

In this connection Bhaskara I writes :

The dividend and divisor will become prime to each
other on being divided by the residue of their mutual
division. The operation of the pulveriser should be
considered in relation to them.!

Similarly we find in the writings of Brahmagupta :

Divide the multiplier and the divisor mutually and
find the last residue; those quantities being divided by
the residue will be prime to each other.?

Aryabhata’s Rule : Aryabhata I is probably the first Indian
writer on this subject, but the operation given by him is rather
obscure. His disciple Bhaskara I has given the solution of inde-
terminate equations of the first degree in more satisfactory langu-
age. We shall give here the translation of Aryabhata’s verse from
the Aryabhativa, as rendered by Bibhutibhusan Datta, because
other translations of this verse do very often confuse the sense:

Divide the divisor corresponding to the greater remain-
der by the divisor corresponding to the smaller remain-
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der. The residue (and the divisor corresponding to the
smaller remainder) being mutually divided, the last resi-
dueshould be multiplied by such an optional integer
that the product being added(in case the number of quo-
tients of the mutual division is even) or subtracted (in
case the number of quotients is odd) by the difference
of the remainders (will be exactly divisible by the last
but one remainder. Place the quotients of the mutual
division successively one below the other in a column;
below them the optional multiplier and underneath it
the quotient just obtained). Any number below .:
the penultimate) is multiplied by the one just above
it and then added by that just btelow it. Divide the
last number (obtained by doing so repeatedly) by the
divisor corresponding to the smaller remainder; then
multiply the residue by the divisor corresponding to
the greater remainder and add the  greater remainder.
(The result will be) the number corresponding to the
two divisors.!

There is an alternative rendering of this passage also as

follows: -

Divide the divisor corresponding to the greater remain-
der by the divisor corresponding to the smaller remain-
der. Theresidue (and the divisor corresponding to
the smaller remainder) being mutually divided (until
the remainder becomes zero), the last quotient should
be multiplied by an optional integer and then added
(in case the number of quotients of the mutual division
is even) or subtracted (in case the number of quotients
is odd) by the difference of the remainders. (Place the
other quotients of mutual division successively one
telow the other in a column; below them the result just
obtained and underneath it the optional integer). Any
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number below (i.e. the penultimate) is multiplied by
the one just above it and then added by that just
below it. Divide the last number (obtained
by doing so repeatedly) by the divisor corres-
ponding to the smaller remainder; then multiply the
residue tythe divisor corresponding to the greater
remainder and add the greater remainder. (The result
will be) the number corresponding to the two divisors.

Aryabhata’s problem may be enunciated thus:

To find a number (N) which being divided by two
given numbers (a, b) will leave two given remainders
(Rla RZ)-

This gives :
=ax+Ri=by+R:
(where Riis a greater remainder and Rs lesser remainder, and a
is the divisor corresponding to greater remainder and b the
divisor corresponding to the lesser remainder.)

Denoting as before by ¢ the difference between R1 and
Ri, we get

(1) b:v=ax+c. if Ri>R»
(i) ax=by+c if R:>R; '

the equation being so written as to keep ¢ always positive.

Hence the problem now reduces to making either

ax+c bytc
5ot

according as Ri>Rs or Re>Ry, a positive integer. So Aryabhata
says : Divide the div‘isor corresponding to the greater remainder
etc.”

Now we shall proceed with the details of the operation as
proposed by Datta and Singh in his History of Hindu Mathema-
tics, Part II. Algebra :

Suppose Ry >Rs; then the equation to be solved will be
ax+c=by oD
a, b being prime to each other.
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Let
b)a(q
bq
7’1) b (Lh
r1q1
1’2) Tt (Gz
Yoz
18]
Tm-L) Y m—2 (q:.u"l
fm—1 dm~1
Tm) 7m—1 (qm )
ToaGm
1’m+1
Then we get (when a< b, we shall have ¢=0, ri=a)
a=bg-+ri
b=rg1+tra
r1=req2+7r3
r9=raqstre

rm=2=rm—1 Gm—1+7rm
Tm—l=rmqm+ rm+1
Now, substituting the value of a in the given equation (1)
we get
by=(bq+r)x+c

Therefore
y=qx+y1
where
) bym=rix+e¢
In other words, since a=bg+r1 on putting
=qx+mn o GD

the given equation (i) reduces to '

byi=rix+c ‘ (i)

Again, since b=r1g1+r3
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putting similarly x=qy1+21
the equation (iii) can be further reduced to
r1X1=72Y1—C (iv)
and so on,
Writing down the successive values and reduced equations
in columns, we have

D) y=gqx+n (1.1) byi=rix+c

@) x=gy1+x1 (1.2) rixi=rayi—c

(3) yi=gex1+ye (L.3) raye=rsxi+c

(4) x1=qsys+x2 (1.4) raxe=r ve—c

(5) ya=qax2+ys (1.5) reva=rsxatc

(6) xe=qsys+xs - (1.6) rsxs=reys—c
(@n-1) yn—1==gen—2 xa-1+yn (1. 2n-1) r20~2 Yn=ren—1 Xp-1-+C
(2n) xn—1=qen—1 yn+2xn 1. 2n) ron—1 Xn=ram Yn—C
(2n+1) yn==qen Xn+Ya+1 (I. 2n+1) r2n yn+1=1’2n+1 xntc

Now the mutual division can be continued either (i) to the
finish or (i) so as to get a certain number of quotients and
then stopped. In either csse the number of quotients found, negle-
cting the first one (g). as is usual with Aryabhata, may be even
or odd.

Case (i) First suppose that the mutual division is continued
until the zero remainder is obtained. Since a, b are prime to
each other, the last one remainder is unity.

Subcase (i.1.). Let the numbar of quotients be even. We
then have

ren=1, ren-1==0, gan=rgn-1
The equations (1.2n) and (I.2n+1). therefore become
Yn=qon %n +C
and
ynti=c )
respectively. Giving an arbitrary integral value (t) to xn
we get an integral value of yn. From that we can find the value
of xn—1 by the equation (2n). Procceding backwards step by
step we ultimately find the values of x and y in positive integers.
So that the equation (I) is solved.

Subcase (. 2) : If the number of quotients be odd, we shall
have ‘
ran—1=1 ran=0, gan-1=ran-3.
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The equations (2n-+1) and (I. 2n+41) will then be absent and
the equations (I. 2n—1) and (L. 2n) will be reduced respectively
to o
Xn=1=qam~1 y— C
and xn=—c¢ '

Giving an arbitrary integral value (¢') to v» we get an in-
tegral value of xn-1. Then proceeding backwards as before we
calculate the values of x and ».

Case (i) : Next suppose that the mutual division is stopped
after having obtained an even or odd number of quotients.

Subcase (33.1) : If the number of quotients obtained be
even the reduced form of the original equation is

re ¥ +1=re +1 2, +c¢

or Pn +1=rau +1 xn +¢
, o
Giving a suitable integral value () to xn as will make
gy =tmILEFC integral number,

Ien

we get an integral value for yn by (@n+1). The values of
x and v can then be calculated by proceeding as before.

Subcase (7i.2) : If the number of quotients be odd the reduc-
ed form of the quotient is
Y2n~1 Xn="gn Yn—¢C

—Yan¥n—C
Yan 1

Oor Xn

Puttmg yn.=t', where t' is an integer, such that
Yan t —C

=3 whole number,
Yan'—

we get an integral value of xa—1 by (@n). Whence can be
calculated the values of x and v in integers.

If x=a 2and y=F bethe least integral soll;tion of ax+c=
by, we shall have ‘
‘ ad-+c=bR
Therefore a(bm+a)+ c=b (am+RB).
m being any integer. Therefore, in general,
) x=bm+a
But we have calculated before that
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x=qw1tzx1;
g1+ x1=bm-+«

Thus it is found that the minimum value @ of x is equal to
the remainder left on dividing its calculated value by b. whence
we can calculate the minimum value of N (=aa+Ru1). This will
explain the rationale of the operations described in the latter
portion of the rule of Aryabhata L.

Bhaskara I and Ku{faka Operation

In Chapter I of the Mahabhaskariya, Bhaskara I has descri-
bed the preliminary operation to be performed on the divisor
and dividend of a pulveriser. We shall quote it from the edition
of K.S, Shukla:

The divisor (which is “the number of civil days in a
yuga) and the dividend (which is *“the revolution num-
ber of the desired planet’”) become prime to each other
. on being divided by the (last non-zero) residue of
the mutual division of the number of civil daysina
vuga and the revolution number of the desired planet.
The operations of the pulveriser should be performed
on them (i.e. on the abraded divisor and abraded
dividend). So has been said.!
An indeterminate equation of the flrst degree of the
type
ax—c
Ly
(with x and » unknown) is known in Hindu mathematics by
the name of “pulveriser” —kutiakara). In this equation, a is
called the “dividend” (bhajya), b the “‘divisor’” (bhagahara). c
the interpolator (ksepa). x the “‘multiplier” (gunakara), and ¥
the “quotient” (lIabdha).
In the pulveriser contemplated in the above stanza :

a=revolution number of a planet.-
b=civil days in a yuga.
c=residue of the revolutions of the planet (Sesa)
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x=ahargana ,
and y=complete revolutions performed by the planet.

The text says that as a preliminary operation to the solu-
tion of this pulveriser, a and b. i-e., civil days in yuga and revo-
lution-number of the planet, should be made prime to each other
by dividing them out by their greatest common factor, That is
to say, in solving a pulveriser, one should always make use of
abraded divisor and abraded dividend.

The interpolator, i.e., the residue, should also be divided
out by the same factor. (This instruction is not given in the
text, but it is implied that the residue should be computed for
the abraded dividend and abraded divisor).

Set down the dividend above and the divisor (hara)
below that. Divide them mutually and write down
the quotients (labdha) of division one below the other
(in the form of a chain). (When an even number of
quotients is obtained) think out by what number the
(last) remainder be multiplied so that the product
being diminished by the (given) residue be exactly
divisible (by the divisor corresponding to that remain-
der). Put down the chosen number called mati below
the chain and then the new quotient wunderneath it.
Then by the chosen number multiply the number which
stands just above it, and to the product add the quoti-
ent (written below the chosen number). (Replace the
upper number by the resulting sum and cancel the
number below). Proceed afterwards also in the same
way (until only two numbers remain). Divide the
upper number (called the “multiplier’’) by the divisor
by the usual process and the lower one (called the
‘“‘quotient”) by the dividend : the remainders (thus
obtained) will respectively be the ahargana and the
revolutions etc. or what one wants to know.*

‘ We shall illustrate the operation by taking a problem from
the Laghu-Bhaskariya (VIII. 17) :
The sum, the difference, and the product increased by
one, of the residues of the revolution of Saturn and
Mars—each is a perfect square. Taking the equations
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furnished by the above and applying the method of
such quadratics, obtain the (simplest) solution by the
substitution of 2, 3 etc. successively in the general solu-
tion). Then calculate the ahragana and the revolu-
tions performed by Saturn and Mars in that time toge-
ther with the number of solar years elapsed.’

Let x and v denote the residues of the revolution of Mars
and Saturn respectively. Then we have to find out two numbers
x and v such that each of the expressions x+ x—y and xy+1
may be a perfect square.

Let x+y=4P?% and x—»=4Q?, so that

x=2P%*4-2(?
yp=2P>*—-2(Q?*
and therefore xy+1=(2P?—1)?+4(P*— Q%

Hence the condition that xy+1 be a perfect square isthat

P2=(Q* Substituting these values, we have

2=2(Q*+ Q%

y=2(Q*~Q?%
where Q may possess any of the values 2, 3, 4.......but not 1. (We
neglect the case when x or ¥ is zero).
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Putting Q=2 we get x=40 and y=24, which is the least
solution.

Assuming now that the residues of the revolution (manda-
laja-$esa) of Saturn and Mars are 24 and 40 respectively, we have
to obtain the ahargana (which means the number of mean civil

days elapsed since the beginning of Kaliyuga, or, in fact, any
epoch).

The revolution-number of Saturn is 146564, and the
number of civil days in a yuga is 1,577.917.500. In the present
problem, these are respectively the dividend and the divisor.
Their H.C.F. is 4, so that dividing them out by 4 we get 36641
and 394.479.375 as the abraded dividend and abraded divisor
respectively. We have, therefore, to solve the pulveriser

36641x—24_
394479375

where x and y denote the ahargana and the revolutions respecti-
vely made by Saturn.

Mutually dividing 36641 and 394479375, we get
3€641) 394479375 (10766

304477006
2369) 36641 (15
35535
1106) 2369 (2
157) 1106 (7
10
7) 157 (22
154
N7@Q
_6
1%x27—24=3)3(1
3
0

We have chosen here the number 27 as the optional

numter (mati). In fact, mati may be chosen at any stage after
- an even number of quotients are obtained,
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Writing down the quotients one below the other as pres-
cribed in the rule, we get the chain

10766

15

2

7

22

2

(mati) 27
1

Reducing the chain, we successively get
10766 10766 10766 10766 10766 10766 3108044439

(multiplier)

15 15 15 15 15 288689 288689
(quotient)

2 2 2 2 18665 18665

7 7 7 8714 8714

22 22 1237 1237

2 55 55

(mati)
27 27
1

(it would be seen in this reduction of chain that mati
or 27 X2 plus 1 is 55; 55 %22 plus 27 is 1237; 1237 x7
plus 55 is 8714; 8714 X2 plus 1237 is 18665; 18665 x15
plus 8714 is 288689; and finally 288689 x10766 plus
18665 is 3108044439 which is the multiplier).

Dividing 3108044439 by 394479375, and 288689 by 36641,
we obtain 346688814 and 32202 respectively as remainders, (This
division is performed only when the multiplier and quotient are
greater than the divisor and dividend respectively). These are
the minimum values of x and y satisfying the above equation.

Therefore, the required ahargana=346688814. and the
revolutions performed by Saturn=32202.

To obtain the ahargana and the revolutions of Mars, one
has to solve the equation :
191402 z—40 _
131493125
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where z and w denote the ahargana and the revolutions per-
formed by Mars respectively.

The general solution of this equation is
2z=131493125 54118076020
y=191402 s-+171872
where s=0, 1, 2, 3....... When s=0, we have the least solution.

Brahmagupta’s Rules Concerning
Indeterminate Analysis of the First Degree

For the solution of Aryabhata’s problem, Brahmagupta
gives the following rule :

What remains when the divisor corresponding to the
greater remainder is divided by the divisor correspond-
ing to the smaller remainder--that (and the latter
divisor) are mutually divided and the quotients are
severally set down one below the other. The last residue
(of the reciprocal division after an even number of quo-
tients has been obtained) is multiplied by such an optio-
nal integer that the product being added with the differ-
ence of the (given) remainders will be exactly divisible
(by the divisor corresponding to that residue). That
optional multiplier and then the (new) quotient just
obtained should be set down (underneath the listed
Quofcients). Now. proceeding from the lower-most
number (in the column), the penultimate is multiplied
by the number just above it and then added by the
number just below it. The final value thus obtained
(by repeating the above process) is divided by the
divisor corresponding to the smaller remainder. The
r esidue being multiplied by the divisor corresponding
to the greater remainder and added to the greater
remainder will be the number in viewl
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Brahmagupta further observes:

Such is the process when the quotients (of mutual
division) are even in number. But if they be odd.
what has been stated before as negative should be
made as positive, or as positive should be made
negative!

Regarding the direction for dividing the divisor corres
ponding to the greater number by the divisor corresponding to
the smaller remainder, Prthudaka Svami (860A.D.) observes that
it is not absolute, rather optional; so that the process may be
conducted in the same way by starting with the division of the
divisor corresponding to the smaller remainder by the divisor
corresponding to the greater remainder. But in this case of in-
version of the process, he continues, the difference of the remain-
ders. must be negative.

That is to say, the equation
by=ax+c
can be solved by transforming it first to the form
ax=by—c
so that we shall have to start with the division of b by a.

For the details of the “Theory of the pulveriser” as applied
to the problems in Astronomy. the reader is referred to the writ-
ings of Bhatta Govind, translated by K.S. Shukla, and given as
an Appendix to the edition of the Laghu-Bhaskariva. For the
rationale of the rules in relation to Autfaka or the pulveriser

operation, one may also refer to the chapters by Datta and Singh
in the History of Hindu Mathematics: Algebra.

Solution of by=ax ==1.

This simple indeterminate equation has a special use in
astronomical calculations and therefore, Indian algebraists have
paid special a ttention to it. In fact, this equaticn is solved
exactly in the same way as the equation by=ax & c; it is a parti-
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cular case oaly of the more general latter equation. Of coutse, there
is a little justification also for treating it separately, since both
the types of equations represent two different physical conditions
of the astronomical problems. In the case of by=ax+tc, the
conditions are such that the value of either ¥ or x, more particu-
larly of the latter, hasto be found and the rules for solution
formulated with that objective. But in the case of the equation
by=ax=+1 the physical conditions require the values of both
v and x.

The equation by=ax=+1is usually known by the name
sthira-buttaka. literally meaning the ‘constant pulveriser’ Prthu-
daka Svami also names it as drdha-kuitaka meaning firm-pulveri-
ser. Later on this term drdha-was confined to another sense,
equivlent to nicched (having no divisor) or nirapavarta (irreduci-
ble), The origin of the name sthira-kuttaka or constant pulveriser
has been explained by Prthudaka Svami as being due to the fact
that the interpolator (1) is here invariable.

For thesolution of this equation. we shall quote Bhaskara

I’s rule and the rule by Brahmagupta, Bhaskara I writes in this
connection as follows

The method of the pulveriser is applied also after
subtracting unity, The multiplier and quotient are
respectively the numbers above and underneath. Multi-
plying those quantities by the desired number divide
by the reduced divisor and dividend; the residues are
in this case known to be the (elapsed) days and (resid-
ues of) revolutions respectively®.

The pulveriser

5 =Y w O
may be written as
X1y . (@)

where z=cX and y=cY. If X=0a, Y=4 is a solution of (2), then
x==te, y=cf will be a solution of (i). Hence the above rule.

1. TERFHIEni TEm AT | : '
' @4 9 W wagede: 1l —MBh. 1. 45




BRAHMAGUPTA'S RULES OF ANALYSIS 239

Brahmagupta's Rule in this connection is as follows :
Solution of by=ax—1 :

Divide them (i.e., the abraded coefficient of the multi-
plier and the divisor) mutually and set down the quo-
tients one below the other. The last residue (or the
reciprocal division after an even number of quotients
has been obtained) is multiplied by an optional integer
such that the product being diminished by unity will
be exactly divisiblz (by the divisor correponding to
that residue). The (optional) multiplier and then this
quotient should be set down (underneath the listed
quotients). Now proceeding from the lower most
term to the uppermost, by the penultimate multiply
the term just above it and then add the lowermost
number. (The uppermost number thus calculated being
divided by the reduced divisor, the residue (is the quan-
tity required. This is the method of the constant pul-
veriser’.

Solution of

bytax=x+c

Indian algebraists usually transformed this equation as
by=-ax-c,so that itappeared as a particular case of by=ax+c,
in which ¢ was negative. Brahmagupta has been the first

person to solve this equation, but the rule given by him is
obscure :

The reversal of the negatix}e and positive should be
made of the multiplier and interpolator.?

Prthudaka Svami has tried to explain it, but he too is not
very clear. He says:
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If the multiplier be negative, it must be made positive;
and the additive must be made negative : and then the
method of the pulveriser should be employed.

Prthudaka Svami. however, does not indicate how to derive
the solution of the equation .

by=—ax+c D)
from that of the equation
by=ax—¢ «.(2)
The method, however, seems to have been this :
Let x=0a, =/ be the minimum solution of (2). Then
we get
. bR=a a—c
or b(a—B)=-ale-b)+c
Hence x=a-b, y=a~-8 is the minimum solution of (1). This
rule is very clearly indicated by Bhaskara II and others.

We shall give two examples from Bhaskara II (Bijaganita)
to illustrate the rule :

Example I.
13y=-60x + 3

By the method described before, we find that the minimum
solution of
13y=60x-+3

is x=11, y=51. Subtracting these values from their respective
abraders, namely 13 and 60, we get 2 and 90. Then by the
maxim : “In the case of the dividend and divisor being of differ-
ent signs. the results from the operation of division should be
known to be so”, making the quotient negative we get the solu-
tion of
13y=-60x+3
as x==2, y=-9. Subtracting these values again from their respec-
tive abraders (13. 60). we get the solution of
13p=-60x-3

as x=11, y=-51.

‘ Example I1.

. Tly=18x+10
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Proceeding as before. we find the minimum solution of
11y=18x-+10
to be x=8, y=14. These will also be the values of xand ¥ in
the case of the negative divisor but the quotient for the reasons

stated before should be made negative. So the solution of
-11y=18x+10

is x=8, y=-14. Subtracting these (i.e., their numerical values)

from their respective abraders, we get the solution of
-11y=18x-10

as x==3, y=-4,

“When the divisor is positive or negative the numeri-
cal values of the quotient and multiplier remain the
same : when either the divisor or the dividend is
negative. the quotient must always be known to be
negative™,

One Linear Equation in

More Than Two Unknowns

Whenever a linear equation involves more than two unkno-
wn’s the Indian algebraists used to assume arbitrary values for all
the unknowns except two and then to apply fthe method of bug-
taka or “pulveriser”. In this connection, Brahmagupta says :

The method of the pulveriser (should be employed if
there be present many unknowns (in any equation)?,

1. Bhaskara II gives the following rule :
“Those(the multiplier and quotient)cbtained for a positive divi-
dend being treated in the same manner give the results corres-
ponding to a negative dividend.”

The treatment alluded to in this rule is that of subtraction
from the respective abraders, He has further elaborated ir
thus :

The multiplier and quotient should be determjned by
taking the dividend, divisor and interpolator as positive. They
will be the quantities for the additive interpolator,
Subtracting them from their respective abraders, the quantities
for a negative interpolator are found. If the dividend or divi-
sor, be negative, the quotient should be stated as negative, the
quotient should be stated as negative,
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FEIAAEEE 8 &) Featagg ! — BrSpSi. XVIII. 51

—Bijaganiia



242 BRAHMAGUPTA AS AN ALGEBRAIST

We shall take up one of the problems posed by
Brahmagupta concerning astronomy and leading to
the equation .

197x—1644 y—2z=6302.

Hence
1644 y+2z+6302
197
The commentator assumes z=131. Then
_ 1644 y+6433
_ 197 ;
hence by the usual method of the pulveriser
x=41; y=1.

General Problem of Remainders

" A certain type of simultaneous indeterminate equationsof
the frst degree arise out of the general problem of remainders
which may thus be stated : To find a number N which being

severally divided by a1, az. as.cee..... an, leaves as remainders r1, 7%
TBressseeeeTn Tespectively. ‘

While dealing with such a case, we shall have the following
series of equations :

N=agix1+ri=azxz+re=asxs+rs=.c..=dn 2n + 71 .

We have reasons to believe that the method of solution of
these equations was known to AryabhataI. In the translation of
the verse in the Aryabhafiva, II. 32-33 (the translation of which
we have already given), the term dvicchedagram should be
translated as “the result will be the remainder corresponding to
the product of the two divisors”, instead of “the result will be the
number corresponding to the two divisors.” (the last line of the
translation). This explanation is in fact given by Bhaskara I, the
direct disciple and earliest commentator of Aryabhata I. Such a
rule is clearly stated by Brahmagupta?.
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The rationale of this method is not difficult. I shall quote it
from the book of Datta and Singh: Starting with the considera-
tion of the first two divisors, we have

N=aixi+rn=a,x.+r,.

By the method described before, we can find the minimum
vaJue @ of x, satisfying this equation. Then the minimum value
of N will be a,x-r;. Hence the general value of N will be given
by

N=a: (a;t+«)+n

=aia; t+ai«+r1

where t is an integer. Thus aiz+r1 is the remainder left on

dividing N by a1 a2 as stated by Arybhata I and Brahmagupta,

Now taking into consideration the third condition, we have
N=a,a:t}a,ar,=asxs+rs

which can be solved in the same way as before. Proceeding in

this way successively, we shall ultimately arrive at a value of

N satisfying all the conditions ;

Prthudaka Svamiremarks -

Wherever the reduction of two divisors by a common
measure is possible, there ‘the product of the divisors’
should be understood as equivalent to the product of
the divisor corresponding to the greater remainder and
quotient of the divisor corresponding to the smaller
remainder as reduced (i.e. divided) by the common mea-
sure. When one divisor is exactly divisible by the
other, then the greater remainder is the (required)
remainder and the divisor corresponding to the greater
remainder is taken as ‘the product of the divisors'.
(The tputh of) this may be investigated by an intelligent
mathematician by taking several symtols.

As an illustration we shall take up a problem quoted by
Bhaskara IT in his Bijaganita, and which in its solution follows
the method of Aryabhat.a 1. Prthudaka Svami while commenting
on serveral verses from Brahmagupta (BrSpSi. XVIII. 3-6)

1. i.e., if p be the LCM. of a, and a2, the general value of N satisfying
the above two conditions will be
N=pt+aa+r,
instead of N=g,ast+a,a+7,.
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observes that such problems were very popular amongst the an-
cient Indian mathematicians.

Problem : To find a number N which leaves remainders 5,
4,3,2 when divided by 6,54,3 respectively.

That is to solve the equations:
N=6x+5=5y+4=4z+3=3w-42.

We have since N=6x-+5=5y-+4,

5y-1

6
But x must be integral, so y=6t--5, x=5t44
Hence N=30t+29
Again N=30t+29=42z43

_ 2z--13
Therefore, t= T

Since t must be integral, we must have z=155+14;
hence t=2s5+1. Therefore

N=60s+59.

The last condition is identically satisfied. The method given
here is the one followed by Prthudaka Svami.

Thus when N=60s-+59=6x+5

_ 6052-54=105 +9 D
Again. when N =60s5459=5y+4,
= OB _pastnn
- Again when N=60s+59=4z+3
= Oot_150114
Lastly, when N=60s+59=3w-}2,
w= O pps410,

Varga Prakrti or Krti Prakrti or Square-Nature

The word varga-prakrti (literally meaning ‘square-nature’)
~ has been given by Indian algebraists to the indeterminate quadra-
tic equation
" Nx*tc=yt
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Here in this equation the absolute number ¢ should be
ripa (or unity). which means the equation
Nxttl=y?
or it may be any absolute number. The most fundamental
equation of chis class has been regarded as
Nx?+1=y?
" where N is a non-square integer.

This branch of mathematics has originated from the number
which is the prakrti of the squate of yavat, etc. (the unknown
x etc.), and therefore, it is called varga- prakrti. The quantity
N of the above equation is known as Prakrti. Brahmagupta uses
the term GUNAKA (multiplier) for the same purpose’.

This term gunaka together with its variation guna appears
occasionally also in the writings of later authors. For example,
Sripati (Siddhanta-sekhara. XIV. 32) employs the term gunaka
where as Bhaskara I1 and Nariyana use the term guna in their
Bsijaganitas.

In this connection. we would now like to quote from
Prthudaka Svami (863 A.D.) from his commentary on the
Brahmasphutasiddhanta :

Here are stated for ordinary wuse the terms which
are well known to people. The number whose square,
multiplied by an optional multiplier and then increased
or decreased by another optional number, becomes
capable of yielding a square-root, is designated by the
term the “lesser root™ kanistha pada or the “first root”
adya-mula). The root which results, after those opera-
tions have been performed is called by the name the
“sreater root” (jyestha pada) or the “second root™
(anya-miula). If there be a number multiplying both
these roots, it is called the “augmenter” (udvartaka);
and on the contrary, if there be a number dividing the
roots, it is called the “abridger” (apavartaka),
Thus in the'equation
Nx®+c=y2,
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« is known as the lesser root, ¥ is the greater root, IV is the multi-
plier (gunaka) and c is interpolator or ksepaka. Bhaskara II has
used the word “hrasvamila” for kanistha pada or adya-mila lite-
rally meaning “Isser root”. The earlier terms, the “first root”
(adyamila) for the value of x and the “‘second root” or the “last
root” antya-mila for the value of v are quite free from ambiguity
Their use is found in the algebra of Brahmagupta. The later
terms appears in the works of his commentator Prthtidaka Svami.

Brahmagupta uses the term ksepa, praksepa or praksepaka
in the sense of “interpolator.” Again, when negative, the inter-
polator is sometimes distinguished as the ‘‘subtractive” or
Sodhaka and the positive interpolator is then called “the addi-
tive.”

Lemmas of Brahmagupta

Prior to our giving the general solution of the Square-nature
or Varga-Prakrti, it would be better to give two Lemmas esta-
blished by Brahmagupta. We have the following in the Brahma-
sphutasiddhanta :

Cf the square of the optional number multiplied by the
gunaka and increased or decreased by an other optional
number, ista, (extract) the square root. (Proceed) twice.
_The product of the first roots multiplied by the gunaka
together with the product of the second roots will
give a (fresh) second root; the sum of their cross-pro-
ducts will be a (fresh) first root. The" (corresponding)
interpolator will be equal to the product of the (previ-
ous) interpolators.!

There is a little difficulty in ascertaing the real sense of the
rule given in these lines since the word dvidha (twice) has two
implications. Firstly, it may mean that the earlier operations of
finding roots are made on two optional numbers with two optio-
nal interpolators, and with the results thus obtained the sutse-
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quent operations of their composition are performed. Secondly,
it may also mean that the earlier operations are made with
one optionally chosen number and one interpolator. and the
subsequent ones are carried out after the repeated statement of
those roots for the second time. It is also implied that in the
composition of the quadratic roots, their products may ke added
together or subtracted from each other.

In other words, if x=a, y=[ be a solution of theequation :

Nx*+b=y2,
and x=qa’, y=L' be a solution of
Nx2+p'=y?

then according to the above
x=af3'+ta'B, y=LB';LNaa

is a solution of the equation

Nx?+hk'=y2,
In other words, if
Na*+=3
Narz+k'=3'x
then
* N(eB' o' B)+kk'=(BB'+No’)*? €8]

In particular, taking e=a', 8=3"and k=F’, Brahmagupta
finds from a solution x==0a, y=F of the equation

Nzt +k*=y?
a solution x=2af, y=8%+4Na*® of the equation
Nx?+hb=y*
That,is, if o
Na?+b=p*
then :
N(Q@aB)*+ PP=(B*+ Na2)? {an

This result will be hereafter called Brahmagupta's Corol-
lary.

Thus Brahmagupta's First Lemma says that if two solutions
of the equation (of the Square-nature) Nx*+1=3® are known,
then any number of other solutions can be found. For example
if two solutions of the Square—nature are (a, b) and also (&b}
then two other solutions will be :

x=ab'*+a'b, vy =bb'+Nad'.
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We can compose this solution with the previous ones, and
get another solution, and thus proceed on to innumerable solu-
tions. From Brahmagupta’s Corollary to First Lemma we get
another set of solutions. If (a, b) be solution of the Square-

nature, then another solution of it is
x=2ab, and y=b*+Na?

Thus even if we have only one solution, we can get the
other solution also (since N is known), and thus we can get any
number of solutions one after the other by this Principle of
Composition.

Brahmagupta's Lemmas have been described by Bhaskara
II (1150 A.D.) in the following words :

Set down successively the lesser root (hrasva). greater
root (jyestha) and interpolator (ksepaka); and below
them should be set down in order the same or an
another (set of similar quantities). From them by the
Principle of Composition (Bhavana) can be obtained
numerousroots. Therefore the Principle of Composi-
tion will be explained here. (Find).the two cross-pro-
ducts (vajrabhyasa) of the two lesser and the two greater
roots; their sum is a lesser root. Add the product of
the two lesser roots multiplied by the prakrti to the
product of the two greater roots, the sum will be a
greater root. In that (equation) the interpolator will
be the product of the two previous interpolators. Again
the difference of the two cross-products is a lesser root.
Subtract the product of the two lesser roots multiplied
by the prakrti from the product of the two greater
roots; (the difference) will be greater root, Here also
the interpolator is the product of the two (previous)
interpolators.!
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Principle of Composition

The above results have been technically known amongst
Indian algebraists as Bhavana (demonstrated or proved, hence
theorem or lemma). The word bhavana also means “composition
or combination” in algebra. Bhavana may be of two types:
Samasa Bhavana (or addition Lemma, or additive composition)
and Antara Bhavana (or subtraction Lemma or subtractive
composition), Whenever, again, the bhavana is made with two
equal sets of roots and interpolators, it is technically named as
Tulya Bhavana (or composition of equals), and when with two
unequal sets of values then it is known as Atulya Bhavana (or
composition of unequals).

Proof of Brahmagupta’s Lemmas

It is significant to be indicated that Brahmagupta’s Lemmas
were rediscovered by Euler in 1764 and by Lagrange in 1768,
and a considerable importance was attached to them. Krspa
(1580 A.D.) the commentator on the Bijaganita of Bhaskara II
gives the following proof of Brahmagupta's Lemmas

Let (2,8) and («,'B") be the two solutions of the equation
nx®+h=1%
we have .
No+k=p*
Na2+}=B"
Multiplying the first equation by B'%, we get
NoZpr2 -+ ppre=p2a
Now, substituting the value of factor 3* of the interpolator -
from the second equation, we get
Na? B2+k (Na?+R)=pp"
or N(2%7?--Nka+kk'=3"
Again, substituting the value of % from the first equation
in the second term of the left-hand side expression, we have
Na28?+Nao?(B2—Na*)+kk'=p*p2
or N(a’%+a?8?) kb —=p%R24 N%?a??
Adding+2NaBa’8’ to both sides, we get
N(of'+oB)?+ Rk =(B8' L Naa")?
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Brahmagupta’s Corollary also follows at once from the
above by putting «’=a, B'=p and k'=k.

N Qo)+ =L Ne?)?

Thus the roots are x=20f and y=PB*2No® which is the
Corollary.

It would be seen that modern historians of mathematics are
incorrect when they say that Fermat (1657) was the first to
state that the equation Nx*-+1=y®, where N is a non-square
integer has an unlimited number of solutions in integers. For
this assertion, history takes us to the early Seventh CenturyA.D.
when Brahmagupta wrote his classical treatise, the Brahmasphu-
tasiddhanta, and gave the well known two Lemmas and the
Corollary to the first Lemma.

Second Lemma of Brahmagupta

In the Brahmasphuta siddhanta, we find another important
Lemma by Brahmagupta stated as follows :

On dividing the two roots (of a square- Nature) by the

square-root of its additive or subtracrive, the roots for
interpolator unity (will be found).*

This Lemma when expressed in the modern language of
algebra would mean that if x=a3y=8 be a solution of the
equation.

Nx?+hi=y?
then x=ea[k, y=B/k is a solution of the equation
Nx*+1=yp2,

This -rule, at another place, has been re-enunciated . as
follows :

If the interpolator is that divided by a square then

the roots will be those multiplied by its square-
root?
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This rule may be expressed in terms of symbols as follows,
Suppose the Vargda-prakrti (Square-nature) to be
Nztd-pPd=92
so that its interpolator (ksepa) p’d is exactly divisible by the
square p®. Then, putting therein u=x/p, v=y/p. we derive the
equation
Nuy?td=y*%
whose interpolator is equal to that of the original Square-nature
divided by p». Itis clear that the roots of the original equation
are p times those of the derived equation.

Rational Solution

Indian algebraists have usually suggested the following
method to obtain a first solution of Nx*+1=3*:
Take an arbitrary small rational number, e, such that
its square multiplied by the gunaka N and increased
or diminished by a su'tably chosen rational number %
will be an exact square.

In other words, we shall have to obtain empirically a rela-
tion of the form
NQZik._:ﬁz
where ¢, &, and B are rational numbers. Let us call this
relation as the Auxiliary Equation. Then by Brahmagupta's Coro-
llary, we get from it the relation

N(QaB)*+k*=(p*+No*)?,

or N(zf;;@)’ +1 =(ﬁ~———’+£’ o )’

Hence, one rational solution of the equation Nx*+1=yp? is

given by
_ 24 B +Na
x= b ] _’V—— k

Work on the rational solution of the Sguare-nature has been
also done by Sripati. In fact, his solution, given in 1039 A.D.
is of historical significance. He derives the rational solution
without the aid of the “auxiliary equation.” He gives the follo-
wing rule :
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Unity is the lesser root. [Its square multiplied by the
prakyti is increased or decreased by the prakrti com-
bined with an (optional) number whose squareroot
will be the greater root. From them will be obtained
two roots by the Principle of Composition*

Thus if m?® be the rational number opt1ona11y chosen, one
shall have the identity :

NI+ (mP—N)=m?,
or NIP—(N—m?)=m?
Then by applying Brahmagupta's Corollary we get
NQ@m)*+(m?v N)9=(m’+N)’

. 2m _{m*+N
..N(-———mng +1= (mwN

Hence

2m__m*+N
mo N " muN

where m is any rational number, is a solution of the equation
Nx?+1=yp2,
This rationol solution of the varga-prakrti which was used

by Sripati in 1039 A.D. was rediscovered in Europe by Broun-
cker in 1657.

We shall close this discussion by taking an illustration
from Bhaskara I : '

Problem : Tell me, O mathematician, what is that square
which multiplied by 8 becomes, together with
unity: a square; and what square multiplied by
11 and increased by unity, becomes a square.

This means that we have to solve the equations:
8xi+t+1=yp" S ¢ )

11 +1=p' ...(G1)
In the second example, let us assume 1 as the lesser root.
Fullowmg the method of Snpatx, let us multiply its square by

the prakbrti (here in eq. iis prakrti is 11), then let us subtract 2
(an optional number) and then extracting the square-roots we

1. Sripati, Siddhanta-dekhara XIV. 33
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get the greater root as 3. Hence the statement for the com-
- position is
m=11 [=1 g=3 i=-2
=1 g=3 i==2
Here m=multiplier (gunaka or prakrti), [=lesser root
(kanistha-mula). g=greater root (jyestha-mula) and i=interpola-
tor (ksepa).

Here we have set down successively the lesser root. greater
root and interpolator, and below them again set down the same
(See Brahmagupta’s Lemmas described by Bhaskara II). Now
proceeding as before we obtain the roots for the additive 4:

1=6, g=20, ({or) i=4.
Then by the rule:

“If the interpolator (of a varga-prakrti or Square-nature)
divided by the square of an optional number be the
interpolator (of another Square-nature), then the two
roots (of the former) divided by that optional number
will be the roots (of the other). Or, if the interpolator
be multiplied, their roots should be multiplied.’?

are found the roots for the additive unity
1=3, g=10 (for) i=L.
Whence by the Principle of Composition of Equals, we get

the lesser and greater roats : [—60, g=199 (for) i= 1. In this
way an infinite number of roots can be deduced.

Alternative method:-Bhaskara II has given another method
for finding the two roots for the additive unity :

Or divide twice an optional number by the difference
between the square of that optional number and the
prakyti. This (quotient) will be the lesser root (of a
Square-nature) when unity is the additive. From that
(follows) the greater root.?
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Let us solve the first example 8x2+1=3% We assume the
optional number to be 3. Its square is 9; the prakrti of multiplier
is 8, their difference is 9-8=1. Dividing by this twice the optional
number (2x3, i.e.6), namely 6, we get the lesser root for the addi-
tive unity as 6. Whence proceeding as before. we get the greater
to be 17, Thus here x=6 and y=17.

Let us use this method for the equation 1lax®41=9% Let
the optional number be 3. Itssquare is 9: multiplier or prakyti
is 11; the difference is 11—9=2; dividing by this twice the
optional number (2x3), namely 6, we get 6/2=3, which is the
lesser root. Consequently the greater root would be 10, Thus
for this equation x=3 and y=10.

Solution in Positive Integers

The Indian algebraists usually aimed at obtaining solutions
of the vargda-prakrti or Square-nature in positive integers or
abhinna. The tentative methods of Brahmagupta and Sripati
always did not furnish solutions in positive integers. These. auth-
ors, however. discovered that if the interpolator of auxiliary equa-
tion in the tentative method bet-1, +2or=4, an integral solu-
tion of the equation Nx?+1=3% can always be found. Thus
Sripati says :

If 1, 2 or 4 be the additive or subtractive (of. the auxi-
liary equation), the lesser and greater roots will be
integral (gbhinna) .
‘ (i) 1f k==1, then the auxiliary equation will be
Na*+1=p
where « and P are intergers. Then by Brahmagupta’ Corollary
we get
x=208 and y=F+Na2

as the required first solution in positive integers of the equation
Natt1=3? C
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(ii) Let k=2; then the auxiliary equation is
Na?d-2=32
By Brahmagupta’s Corollary, we have
NQ2:B)+4={F*+Na2)?

or N (azga)2+1=(Bz AL )

Hence the required first solution is
x=0aB, y=}(F@+N2*)
Since Nu?=32 F 2,
we have 3 (*+No?)=0% T 1=0 whole number.
(iii) Now suppose k=-4: 5o that
Nea?+-4=02
With an auxiliary equation like this, the first integral solution
of the equation N2®+I=3%is
=%aB

p=3(B*—2).

if a is even; or
r=33(—1)
y=i B (B*~2);
if B is odd.
Thus we find Brahmagupta saying:
In the case of 4 as additive the square of the second
root diminished by 3, then halved and multiplied by
the second root will be the (required) second root:
the square of the second root diminished by unity and
then divided by 2 and multiplied by the first root will
be the (requircd) first root (for the additive unity).!
Datta and Singh has given the following rationale of this
solution.
Since N a®+4=p? _ @
wehave N (a/2)+1=(B[2)} (ii)
Then by Brahmagupta’s Corollary. we get

2 2\ 2
N @r+i= (G +8F)

1. mmMmu
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Substituting the value of N in the right-hand side expres-
sion from (i), we have

n(%) =7 2’ B
Composing (ii) and (i),
v{ze-n | = {5 -9 }’

Hence x=1 of, y=1 (B>~-2);
and x=1a(B?—1), y=1B(?—3);
are solutions of Nx?+1=9%

If B be even. the first values of (x,y) areintegral. If B be
odd. the second values are integral.

(iv) Finally. suppose k= —4; the auxiliary equation is
Na?—4 = B2

Then the required first solution in positive integers of
Nxt4-1=y2is
=1af(B®+3) (B*+1)
y=(@+2) {3(B*+3) (B*+D—1}.

Brahmagupta says*

In the case of 4 as subtractive, the square of the second
is increased by three and by unity; half the product of
these sums and that as diminished by unity (are
obtained). The latter multiplied by the first sum less
unity is the (required) second root; the former multi-
plied by the product of the (old) roots will be the first
root corresponding to the (new) second root.!

The rationale of this solution. as given by Datta and Singh

is as follows :

Na?—4=f? (i)
N(af2)*~1=(B[2)*

Hence by Brahmagupta s Corollary we get

2
N( ) +1= (B TN
1, mﬁhﬁﬁgﬁmmil
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- ={iE+p (D)

Again applying the Corollary. we get

N {1aB@+2)P+H1={3B*+42+2)}*  (id)
Now by the Lemma weobtain from (ii) and (iii)

N {3aB(B*+3) (B2+D)}*+1

=[(B*+2){3(8*+3) B+D—1}P

Hence x=}aB(B*-+3) (B*+1).

y=(p*+2) {1(8*+3) @+1)—1}
is a solution of Nx*+1=y?

This can be proved without difficulty that these values of x
and y are integral. Since 1f B isevenm B2+2 is also even. And
hence the above vatues of x and » are integral. On the other
hand, if B is odd, B% is also odd; under these conditions 241 and
B%+3 are even, In this also, therefore. the above values must be
integral.

Putting p=08, ¢g=B?+2, we can write the above solution
in the form

x=3p (¢—1).
=39(¢"—3).

This was the form in which the solution was found by .
Euler.

Cakravila or Cyclic Method

We have shown in the preceding articles that the most
fundamental step in Brahmagupta’s method for the general
solution in positive integers of the equation

Nx?+1=3
where N is a non-square integer, is to form an auxiliary equation
of the kind

Nat+k=b*
where a and b are positive integers and k=1, +2 ort4 From
this auxiliary equation, by the Principle of Composition, applied
repeatedly whenever necessary, one can derive, as we have alrea-
dy shown above, one positive integral solution of the original
Varga-prakrii or Square-Nature. And thence again., by means
of the same principle. an infinite number of other solutions in
integers can be obtained. How to form an auxiliary equation of
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this type was a problem, write Datta and Singh, which could
not be solved completely nor satisfactorily by Brahmagupta. In
fact, Brahmagupta had to depend on trial. Success in this direc-
tion was. however, remarkably attained by Bhaskara II. He evol-
ved a simple and elegant method which assisted in deriving an
auxiliary equation having the required interpolatorz:1,+2, ors
4, simultaneously with its two integral roots, from another auxi-
liary equation empirically formed with any simple integral value
of the interpolator, positive or negative. This methol has been
technically known as Cabravala or the cyclic method. This is
s0 called because it proceeds as in a circle, the same set of opera-
tions being applied again and again in a continuous round. For
the details of this method, our reader is requested to consult
the Algebra of Bhaskara II and the narrative on this method as
given by Datta and Singh under the title “Cyclic Method” in

their History of Hindu Mathematics: Algebra, 1962 Edition,
pp. 161-72. '

Solution of Indeterminate
Quadratic Equation

It is remarkable to see that Brahmagupta was the first
algebraist in the history of mathematics to find ageneral solu-
tion of the indeterminate quadratic equation

NaPtc=y?
in positive integers. We have the following verse in the
Brahmasphutasiddhanta in this connection:

From two roots (of a Square-nature or varga-prakrti)
with any given additive or subtractive, by making
(combination) with the roots for the additive unity
other first and second roots (of the equation having)
the given additive or subtractive (can be found).!

Let us take the following two equations:
ak=an-+b; and bik=bn+Na
From them we get : by eliminating n

- atb—ab=1

1 vww&wﬁt‘aml
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Hence b1=a1l;—1= a whole number.
—t)2 2
Now ni—N (a1 b bzzﬁ Na
a’k®*—2bkai+k
= =
_ k(a®h—2ba1+1)
= =

Therefore -52 ar’k—2bar+1) is a whole number.

Since a, k have no common factor, it follows that
a*k—2bar+1_n—N

& 5 —ki=an integer.
a_ an_
Also =N - a’k—2batl
k a
a’’(b*—Ng*)—2ba;+1
a2

aitb—1\? .
= ( e )'—Nal-

Thus having known a single solution in positive integers
of the equation Nx?’tc=y? says, Brahmagupta, an infinite
number of other integral solutions can be obtained by making
use of the integral solutions of Na®+1=3% If (pg) be a
solution of the former equation found empirically and if (& 8)
be an integral solution of the latter, then by the principle of
Composition

x=pBtqe; y=qBLNpa
will be a solution of the former. Repeating the operations, we
can easily deduce as many solutions as we like. .
FORM Mn?x*>tc=9*:
In this connection. Brahmagupta says :
It the remainder is that divided by a square, the first
root is that divided by its root'.

This seems to mean that if we have the equation
Mn2x2Lc=y? : )
such that the multiplier (ie. the coefficient of x*) is divisible

1. Fifeer T0% FF o i W@l | —BrSpSi. XVIIL.70
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by n?% then we are justified in saying that if we put nx=u, the
equation (i) becomes Mu?+c=y*  (ii),

and clearly the first root of (i) is equal to the first root of (ii)
divided by n. The corresponding second root will be the same
for both the equations.

FORM a’x*+c=y*:
We find Brahmagupta giving the following rule in this

connection : This is a solution of a particular form of a
varga-prakrti or Square-nature.

Tf the multiplier be a square, the interpolator divided
by an optional number and then increased and
decreased by it, is halved. The former (of these
results) is the second root; and the other divided by
the square-root of the multiplier is the first root.!

Thus the solutions of the equation

atx?Ec=y%
1 _i__c
T 24 -m

_ i_c
y —*(m—{-m)

where m is an arbitrary number.

are

Bhaskara II and Narayana have also given the same
solutions as proposed by Brahmagupta.

Rational Geometrical Figures

In the days of the Taittiriva Samihita and the Satapatha
Brahmana, Indian mathematicians got familiarity with the
solution of such equations

2+y =z
and the results were arrived geometrically on the basis of the
law of rectangle as propounded by Baudhayana in the Sulba Sutras
and which goes by his name, The reader is referred to the Chapter
~on Baudhayana, the first Geometer- in- the author’s*Founders
of Sciences in Ancient Indw” Baudhﬁyana (c.800B.C.) gave a

1 F T Wﬂmmﬁﬁa TR | ,
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method . of transforming a rectangle into a square, which is
equivalent to the algebraic identity :

m=(n=5) ~(%57)

where m, n, are any two arb1trary numbers.

Brahmagupta in connection with the solution of rational
triangles says :

The square of the optional (ista) side is divided and
then diminished by an optional number; half the
result is the upright, and that increased by the optional
number gives the hypotenuse of a rectangle.

We shall put these statements of Brahmagupta in the
algebraic language thus : If m, n be any two rational numbers,
then thesides of a right angled triangle will be

- moi(Z=n ) 2 (Btn)

This Sanskrit term ista may either mean “siven” or
“optional””. With the former meaning the rule would imply the
method of finding rational right angles having a given leg.

Brahmagupta was the first to give a solution of the equa-
tion x*+3%=2z% in integers. His solution is

me—n?, 2mn, m2+n2
m and » being two unequal integers.?

"Thus if m=7 and n=4 then m?*-n*=33, 2mn=56 and
m2+n?=65; then the three numbers 33, 56 and 65 bear the rela-
tion 33*-+562=65°.

Mahavira (850 A.D.) also states

The difference of the squares (of two elements) is the
upright, twice their product is the base and the sum
of their squares is the diagonal of a generated
rectangle.’

Isosceles Triangles with Integral Sides : The following state-
ment of Brahmagupta in this connection is very significant :

1 mmfﬁﬁﬁaﬁamﬁﬁ:l _
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The sum of the squares of two unequal numbers is the
side; their product multiplied by two is the altitude,
and twice the difference of the squares of those two
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