





















































































































































































































































































































































































































































































































































































































































































































































































































































































































































THE LOCUS WITH RESPECT TO THREE LINES ETC. 125

But Rv,, Rv,, Rv,, Ry, are straight lines drawn in fixed
directions (parallel to CT,, etc.) to meet the sides of the
inscribed quadrilateral Q,Q,Q,Q. '

Hence the conic has the property of the four-line locus with
respect to the sides of any tnscribed quadrilateral.]

The beginning of Book IV. of Apollonius’ work contains
a series of propositions, 23 in number, in which he proves
the converse of Propositions 62, 63, and 64 above for a great
variety of different cases. The method of proof adopted is the
reductio ad absurdum, and it has therefore been thought
unnecessary to reproduce the propositions.

It may, however, be observed that one of them [IV. 9] gives
a method of drawing two tangents to a conic from an external
point.

Draw any two straight lines through T' each cutting the
conic in two points as @, Q' and
R, R'. Divide QQ’ in O and RR’
in O’ so that

7Q:TQ'=Q0: 0Q’,

TR:TR'=RO': O'R'.
Join 00’, and produce it both ways
to meet the conic in P, P’. Then

P, P’ are the points of contact of the
two tangents from T.




INTERSECTING CONICS.

Proposition 77.
[IV. 24.]

No two conics can sintersect in such a way that part of one
of them 18 common to both, while the rest 18 not.

If possible, let a portion ¢'Q’'PQ of a conic be common
to two, and let them diverge at Q. Take Q'
any other point on the common portion and
join QQ’. Bisect QQ’ in V and draw the
diameter PV. Draw rqug’ parallel to QQ".

Then the line through P parallel to QQ’
will touch both curves and we shall have in
oue of them gv =vq’, and in the other rv=1vq’;

*. v = qu, which is impossible.

There follow a large number of propositions with regard to
the number of points in which two conics can meet or touch
each other, but to give all these propositions in detail would
require too much space. They have accordingly been divided
into five groups, three of which can be combined in a general
enunciation and are accordingly given as Props. 78, 79 and 80,
while indications are given of the proofs by which each
particular case under all the five groups is established. The
terms “ conic” and “ hyperbola” in the various enunciations do
not (except when otherwise stated) include the double-branch
hyperbola but only the single branch. The term “ conic ” must
be understood as including a circle.
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Group I. Propositions depending on the more elementary
considerations affecting conics.

1. Two conics having their concavities in opposite directions
will not meet in more than two points. [IV. 35.]

If possible, let ABC, ADBEC be two such conics meeting in
three points, and draw the chords of contact 4B,
BC. Then AB, BC contain an angle towards
the same parts as the concavity of ABC. And
for the same reason they contain an angle towards o
the same parts as the concavity of ADBEC.

Therefore the concavity of the two curves -
is in the same direction: which is contrary to
the hypothesis.

2. If a conic meet one branch of a hyperbola in two
points, and the concavities of the conic and the branch are in
the same direction, the part of the conic produced beyond the
chord of contact will not meet the opposite branch of the
byperbola. [IV. 36.]

‘The chord joining the two points of intersection will cut both
the lines forming one of the angles made by the asymptotes of
the double hyperbola. It will not therefore fall within the
opposite angle between the asymptotes and so cannot meet the
opposite branch. Therefore neither can the part of the conic
more remote than the said chord.

3. If a conic meet one branch of a hyperbola, it will not
meet the other branch in more points than two. [IV. 37.]

The conic, being a one-branch curve, must have its
concavity in the opposite direction to that of the branch which
it meets in two points, for otherwise it could not meet the
opposite branch in a third point [by the last proposition]. The
proposition therefore follows from (1) above. The same is true
if the conic touches the first branch.

4. A conic touching one branch of a hyperbola with its
concave side will not meet the opposite branch. [IV. 89.]
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Both the conic and the branch which it touches must be on
the same side of the common tangent and therefore will be

y C

separated by the tangent from the opposite branch. Whence
the proposition follows.

5. If one branch of a hyperbola meet one branch of
another hyperbola with concavity in the opposite direction
in two points, the opposite branch of the first hyperbola
will not meet the opposite branch of the second. [IV. 41.]

—

The chord joining the two points of concourse will fall
across one asymptotal angle in each hyperbola. It will not
therefore fall across the opposite asymptotal angle and
therefore will not meet either of the opposite branches.
Therefore neither will the opposite branches themselves meet,
being separated by the chord referred to.

6. If one branch of a hyperbola meet both branches of
another hyperbola, the opposite branch of the former will not
meet either branch of the second in two points. [IV. 42.]

For, if possible, let the second branch of the former meet
one branch of the latter in D, E. Then, joining DE, we use
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the same argument as in the last proposition. For DE
crosses one asymptotal angle of each hyperbola, and it will
therefore not meet either of the branches opposite to the
branches DE. Hence those branches are separated by DE
and therefore cannot meet one another: which contradicts

the hypothesis.

Similarly, if the two branches DE touch, the result will be
the same, an impossibility.

7. If one branch of a hyperbola meet one branch of
another hyperbola with concavity in the same direction, and
if it also meet the other branch of the second hyperbola in one
point, then the opposite branch of the first hyperbola will not
meet either branch of the second. [IV. 45.]

X

A, B being the points of meeting with the first branch and
H.C. 9
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C that with the opposite branch, by the same principle as
before, neither AC nor BC will meet the branch opposite to
ACB. Also they will not meet the branch C opposite to
AB in any other point than C, for, if either met it in two
points, it would not meet the branch AB, which, however,
it does, by hypothesis.

Hence D will be within the angle formed by AC, BC
produced and will not meet C or AB.

8. If a hyperbola touch one of the branches of a second
hyperbola with its concavity in the opposite direction, the
opposite branch of the first will not meet the opposite branch
of the second. [IV. 54.]

The figure is like that in (6) above except that in this case
D and E are two consecutive points; and it is seen in a similar
manner that the second branches of the two hyperbolas are
separated by the common tangent to the first branches,
and therefore the second branches cannot meet.

Group II. containing propositions capable of being ex-
pressed in one general enunciation as follows:

Proposition 78.
No two conics (including under the term a hyperbola with
two branches) can intersect 1n more than four points.

1. Suppose the double-branch hyperbola to be alone
excluded. [IV. 25.]
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If possible, let there be five points of intersection 4, B, C,
D, E, being successive intersections, so that there are no others
between. Join AB, DC and produce them. Then

(a) if they meet, let them meet at I. Let O, O’ be
taken on AB, DC such that T4, TD are harmonically divided.
If OO0’ be joined and produced it will meet each conic, and the
lines joining the intersections to T' will be tangents to the
conics. Then T cuts the two conics in different points P, P’,
since it does not pass through any common point except E.

Therefore ET:TP=EI:IP
and ET:TP'=EI:IP')’
where 00’, TE intersect at I.

But these ratios cannot hold simultaneously; therefore the
conics do not intersect in a fifth point E.

(b) If AB, DC are parallel, the conics will be either

ellipses or circles. Bisect AB, DC at M, M’'; MM’ is then

L
a diameter. Draw ENPP’ through E parallel to AB or DC,
meeting MM’ in N and the conics in P, P’. Then, since MM’
is a diameter of both,
NP=NE=NP/,
which is impossible.
Thus the conics do not intersect in more than four points.

2. A conic section not having two branches will not meet
a double-branch hyperbola in more than four points. [IV. 38.]

This is clear from the fact that [Group I. 3] the conic
meeting one branch will not meet the opposite branch in more
points than two.

9—2
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8. If one branch of a hyperbola cut each branch of a second
hyperbola in two points, the opposite branch of the first
hyperbola will not meet either branch of the second. [IV. 43.]

The text of the proof in Apollonius is corrupt, but Eutocius
gives a proof similar to that in Group I. 5 above. Let HOH’
be the asymptotal angle containing the one branch of the first
hyperbola, and KOK"’ that containing the other branch. Now
A B, meeting one branch of the second hyperbola, will not meet
the other, and therefore AB separates the latter from the
asymptote OK'. Similarly DC separates the former branch
from OK. Therefore the proposition follows.

4. If one branch of a hyperbola cut one branch of a second
in four points, the opposite branch of the first will not meet the
opposite branch of the second. [IV. 44.]

The proof is like that of 1 (a) above. If E is the supposed
fifth point and T is determined as before, ET meets the inter-
secting branches in separate points, whence the harmonic
property produces an absurdity.

5. If one branch of a hyperbola meet one branch of a
second in three points, the other branch of the first will not
meet the other branch of the second in more than one point.
[IV. 46.]
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Let the first two branches intersect in A4, B, C, and (if
possible) the other two in D, E. Then

(a) if AB, DE be parallel, the line joining their middle
points will be a diameter of both conics, and the parallel chord
through C in both conics will be bisected by the diameter;
which is impossible.

(b) If AB, DE be not parallel, let them meet in O.

Bisect AB, DE in M, M’, and draw the diameters MP, MP’
and M'Q, M’Q’ in the respective hyperbolas. Then the tangents
at P, P will be parallel to A0,and the tangents at ¢, Q parallel
to BO.

Let the tangents at P, Q and P, @ meet in T, 7".

Let CRR’ be parallel to A0 and meet the hyperbolas in
R, R, and DO in O

Then TP*:TQ'=A0.0B:D0.0E

= T'P": T'Q™ [Prop. 59]
It follows that

RO'.0C:DO.OE=R0.00:D0.0E,
whence RO'.0C=R0.00;
which is impossible.
Therefore, ete.

6. The two branches of a hyperbola do not meet the
two branches of another hyperbola in more points than four.
[IV. 55.]
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Let A, A’ be the two branches of the first hyperbola and
B, B’ the two branches of the second.

Then (a) if A meet B, B’ each in two points, the proposition
follows from (3) above;

(b) if A meet Bin two points and B’ in one point, A’ cannot
meet B’ at all [Group I 5], and it can only meet B in one
point, for if A’ met B in two points A could not have met B’
(which it does);

(c) if A meet Bin two points and A’ meet B, 4’ will not
meet B’ [Group I. 5], and A’ cannot meet B in more points than
two [Group L 3];

(d) if A meet B in one point and B’ in one point, 4’ will
not meet either B or B’ in two points [Group L 6];

(e) if the branches A, B have their concavities in the same
direction, and A cut B in four points, A’ will not cut B’ [case
(4) above] nor B [case (2) above] ;

(f) if A meet B in three points, A’ will not meet B’ in
more than one point [case (5) above].

And similarly for all possible cases.

Group III. being particular cases of

Proposition 79.
Two conics (1ncluding double hyperbolas) which touch at one
point cannot intersect tn more than two other points.

1. The proposition is true of all conics excluding hyperbolas
with two branches. [IV. 26.]

The proof follows the method of Prop. 78 (1) above.
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2. If one branch of a hyperbola touch one branch of another
in one point and meet the other branch of the second hyperbola
in two points, the opposite branch of the first will not meet
either branch of the second. [IV. 47.]

The text of Apollonius’ proof is corrupt, but the proof of
Prop. 78 (3) can be applied.

3. If one branch of a hyperbola touch one branch of a
second in one point and cut the same branch in two other
points, the opposite branch of the first does not meet either
branch of the second. [IV. 48.]

Proved by the harmonic property like Prop. 78 (4).

4. If one branch of a hyperbola touch one branch of a
second hyperbola in one point and meet it in one other point,
the opposite branch of the first will not meet the opposite
branch of the second in more than one point. [IV. 49.]

The proof follows the method of Prop. 78 (5).

5. If one branch of a hyperbola touch one branch of
another hyperbola (having its concavity in the same direction),
the opposite branch of the first will not meet the opposite
branch of the second in more than two points. [IV. 50.]

The proof follows the method of Prop. 78 (5), like the last
case (4).

6. If a hyperbola with two branches touch another hyper-
bola with two branches in one point, the hyperbolas will not
meet in more than two other points. [IV. 56.]

The proofs of the separate cases follow the methods em-
ployed in Group I. 3, 5, and 8.

Group I'V. merging in
Proposition 80.

No two conics touching each other at two points can intersect
at any other point.

1. The proposition is true of all conics excluding hyperbolas
with two branches. [IV. 27, 28, 29.]
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Suppose the conics touch at 4, B. Then, if possible, let
them also cut at C.

(a) If the tangents are not parallel and C does not lie
between 4 and B, the proposition is proved from the harmonic
property;

(b) if the tangents are parallel, the absurdity is proved by
the bisection of the chord of each conic through C by the chord
of contact which is a diameter;

(c) if the tangents are not parallel, and C is between 4 and
B, draw T'V from the point of intersection of the tangents to the
middle point of AB. Then T'V cannot pass through C, for then
the parallel through C to 4B would touch both conics, which is
absurd. And the bisection of the chords parallel to A B through
O in each conic results in an absurdity.

2. If a single-branch conic touch each branch of a hyper-
bola, it will not intersect either branch in any other point.
[IV. 40.]

This follows by the method employed in Group I. 4.

3. If one branch of a hyperbola touch each branch of a
second hyperbola, the opposite branch of the first will not meet
either branch of the second. [IV. 51.]

A

5
o
E
Let the branch AB touch the branches AC, BE in A, B.
Draw the tangents at 4, B meeting in 7. If possible, let CD,
the opposite branch to AB, meet AC in 0. Join CT.

Then 7 is within the asymptotes to 4B, and therefore CT
falls within the angle ATB. But BT, touching BE, cannot
meet the opposite branch AC. Therefore BT falls on the side
of CT remote from the branch AC, or CT passes through
the angle adjacent to ATB; which is impossible, since it falls
within the angle ATB.



INTERSECTING CONICS. 137

4. If one branch of one hyperbola touch one branch of
another in one point, and if also the other branches touch in
ove point, the concavities of each pair being in the same
direction, there are no other points of intersection. [IV. 52.]

This is proved at once by means of the bisection of chords
parallel to the chord of contact.

5. If one branch of a hyperbola touch one branch of another
in two points, the opposite branches do not intersect. [IV. 53.]

This is proved by the harmonic property.
6. If a hyperbola with two branches touch another hyper-

bola with two branches in two points, the hyperbolas will not
meet in any other point. [IV. 57.]

The proofs of the separate cases follow those of (3), (4), (5)
above and Group I. 8.

Group V. Propositions respecting double contact between
conics, .

1. A parabols cannot touch another parabola in more
points than one. [IV. 30.]
This follows at once from the property that TP = PV.
2. A parabols, if it fall outside a hyperbola, cannot have
double contact with the hyperbola. [IV. 31.]
For the hyperbola
CV:CP=CP:CT
=CV-CP:CP-CT
=PV PT.
Therefore Py > PT.
And for the parabola P'V=PT: therefore the hyperbola
falls outside the parabola, which is impossible.
3. A parabola cannot have internal double contact with an
ellipse or circle. [IV. 32.]
The proof is similar to the preceding.
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‘4. A hyperbola cannot have double contact with another
hyperbola having the same centre. [IV. 33.]
Proved by means of CV.CT = CP*.
5. If an ellipse have double contact with an ellipse or a
circle having the same centre, the chord of contact will pass
through the centre. [IV. 34.]

Let (if possible) the tangents at 4, B meet in 7, and let V'
be the middle point of AB. Then TV s a diameter. If
possible, let C be the centre.

Then CP*= CV.CT = CP", which is absurd. Therefore the
tangents at 4, B do not meet, i.e. they are parallel. Therefore
AB is a diameter and accordingly passes through the centre.
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Proposition 81. (Preliminary.)
[V. 1,2 3]

If in an ellipse or a hyperbola AM be drawn perpendicular
to the axis AA’ and equal to one-half its parameter, and 1f CM
meet the ordinate PN of any point P on the curve in H, then

PN = 2(quadrilateral MANH).

Let AL be twice AM, ie. let AL be the latus rectum or
parameter. Join A’L meeting PN in R. Then A’L is parallel
to CM. Therefore HR=LM = AM.

Now PN*=AN.NR; [Props. 2, 3]
. PN*= AN (AM + HN)
= 2 (quadrilateral MANH).

In the particular case where P is between C and A’ in the
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ellipse, the quadrilateral becomes the difference between two
triangles, and
PN*"=2(ACAM - ACN'H’).
Also, if P be the end of the minor axis of the ellipse, the
quadrilateral becomes the triangle CA M, and
BC*=2ACAM.

[The two last cases are proved by Apollonius in separate
propositions. Cf. the note on Prop. 23 above, p. 40.]

Proposition 842.
[V. 4]

In a parabola, if E be a point on the axis such that AE 1s
equal to half the latus rectum, then the minimum straight line
Jrom E to the curve 18 AE ; and, if P be any other point on the
curve, PE increases as P moves further from A on either side.
Also for any point

PE'=AE"+ AN

Let AL be the parameter or latus rectum.
Then PN*=AL.AN
=24E.AN.
Adding EN", we have
PE*=24E.AN + EN?
=24E.AN + (AE ~ ANY
=AE'+ AN’
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Thus PE*> AE* and increases with AN, ie. as P moves
further and further from A.

Also the minimum value of PE is AE, or AE is the
shortest straight line from E to the curve.

[In this proposition, as in the succeeding propositions,
Apollonius takes three cases, (1) where N is between 4 and E,
(2) where N coincides with £ and PE is therefore perpen-
dicular to the axis, (3) where AN is greater than AE, and
he proves the result separately for each. The three cases will
for the sake of brevity be compressed, where possible, into one.]

Proposition 83.
[V. 5, 6]

If K be a point on the axis of a hyperbola or an ellipse such
that AE is equal to half the latus rectum, then AE 13 the least
of all the straight lines which can be drawn from E to the curve;
and, if P be any other point on it, PE increases as P moves
further from A on either sids, and

PE = AE + AN* 22 2P0 4 gy 0. AN
(where the upper sign refers to the hyperbola)®.

Also in the ellipse EA’ 18 the maximum straight line from
E to the curve.

Let AL be drawn perpendicular to the axis and equal to
the parameter; and let AL be bisected at M, so that AM = AE.

Let P be any point on the curve, and let PN (produced if
necessary) meet CM in H and EM in K. Join EP, and draw
MT perpendicular to HK. Then, by similar triangles,

MI=IK, and EN=NK.

* The area represented by the second term on the right-hand side of the
equation is of course desaribed, in Apollonius’ phrase, as the rectangle on the
base AN similar to that contained by the axis (as base) and the sum (or difference)
of the axis and its parameter. A similar remark applies to the similar expression
on the next page.




142 THE OONICS OF APOLLONIUS.

Now  PN*'=2 (quadrilateral MANH), [Prop. 81]
and EN*'=2AENK;
. PE*=2(AEAM + AMHK)
=AE'+ MI.HK
=AE'+ MI.(IK t IH)
=AE'+ MI.(MI £ IH).................. (1).

Now MI:IH=CA:AM=AA':p,
Therefore MI.(MI + IH): AA’.(AA’ t p,)=MI*: AA™,
t ]
- MI.(UI+ 1H)= Y00 A (44 1 p)
44’ p,
= 3 e
MI*. 1A
AA' +p,
= AN =g
whence, by means of (1),
AA' + p,
L
PE*=AE*+ AN*. V.

It follows that AE is the mintmum value of PE, and that
PE increases with AN, ie. as the point P moves further
from A.

Also in the ellipse the mazimum value of PE" is
AE*+ AA'(AA'—p)=AE*+ AA”—-24E . AA’
= FEA™.
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Proposition 84.
[v. 7]

If any point O be taken on the axis of any conic such that
A0 < }p,, then OA 1s the minimum straight line from O
to the curve, and OP (if P is any other point on it) increases as
P moves further and further from A.

Let A E be set off along the axis equal to half the parameter,
and join PE, PO, PA.

Then [Props. 82, 83] PE > AE,

8o that LPAE >/ APE;
and a fortior:
£PAO > APO,
so that PO> A40. ®

And, if P’ be another point more S
remote from A4,
PE > PE. A
‘. LEPP >/ EPP;
and a fortiors
£OPP >£0PP.
. OP' > 0P,

OE

and so on.

Proposition 88.
[V. 8]
In a parabola, if G be a point on the azis such that
AG > 3ps, and iof N be taken between A and @ such that
=Pe
NG 3

then, if NP 18 drawn perpendicular to the axis meeting the curve
wn P, PG s the minimum straight line from G to the curve [or
the normal at P].
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If P’ be any other point on the curve, P'G increases as P’ moves
Jurther from P in either direction.
Also P@F=PF+NN"

We have PN*=p,. AN’

=2NG.AN".
Also N'G=NN"+ NG +2NG.NN’
(according to the position of N').

Therefore, adding,
PG =2NG.AN+NN*+ NG
=PN'+ NG+ NN"
=PG@ + NN",

Thus it is clear that PG is the mintmum straight line from
@ to the curve [or the normal at P].

And PG increases with NN, i.e. as P’ moves further from
P in either direction.

Proposition 86.
[V. 9, 10, 11.]

In a hyperbola or an ellipse, if G be any point on A A’ (within
the curve) such that AG >%, and if GN be measured towards

the nearer vertex A so that
NG:CN=p,: AA' [=CB*': C4%,
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then, if the ordinate through N meet the curve in P, PQ s the
minimum straight line from G to the curve [or PG 1s the
normal at P]; and, if P’ be any other point on the curve, P'G
increases as P’ moves further from P on either side.

v _ a A4’ 1 p,
[=¢.NN7,
where P’N' is the ordsnate from P

Draw AM perpendicular to the axis and equal to half the
parameter. Join CM meeting PN in H and PN’ in K. Join
GH meeting P'N’ in H'.

Then since, by hypothesis,

NG:CN=p,: A4,
and, by similar triangles,

NH:CN=AM:AC

=pg: 44,
it follows that NH = NG,
whence also N'H'=N'G.
Now PN*=2 (quadrilateral MANH), [Prop. 81]

N@=2AHNG.
Therefore, by addition, PG =2 (quadrilateral AMHG).
H. C. 10
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Also PG*=PN*+ NG =2 (quadr. AMKN")+ 2AH'N'G
=2 (quadr. AMHG) + 2AHH'K.

.. PP-P@=20HH'K

=HI.(H'I + IK)
= HI.(HI t IK)
CA+AM AA’
=HP 22 LT o NN 2o AR

Thus it follows that PG is the minsmum straight line from
@ to the curve, and P'G increases with NN’ as P moves
further from P in either direction.

In the ellipse GA’ will be the mazimum straight line from
@ to the curve, as is easily proved in a similar manner.

Cor. In the particular case where G coincides with C, the
centre, the two minimum straight lines are proved in a sinrilar
manner to be CB, CB’, and the two maxima CA, CA’, and CP
increases continually as P moves from B to 4.

Proposition 87.
[v. 12]

If @ be a point on the axis of a consc and GP be the mins-
mum straight line from G to the curve [or the normal at P}, and
tf O be any point on PQ, then OP s the minimum straight line
JSrom O to the curve, and OF continually increases as P’ moves

Jrom Pto A [orto A').

Since PG> PG,
ZGPP >£GPP,
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Therefore, a fortiors,
<20PP >, 0PP,
or OP'> OP.
Similarly OP” > OF [&c. as in Prop. 84].
[There follow three propositions establishing for the three
curves, by reductio ad absurdum, the converse of the propo-

sitions 85 and 86 just given. It is also proved that the normal
makes with the axis towards the nearer vertex an acute angle.]

Proposition 88.
[V. 16, 17, 18]

If K’ be a point on the minor axis of an ellipse at a distance
JSrom B egqual to half the parameter of BB’ [or %—%'],thm E'B
18 the maximum straight line from E to the curve ; and, if P be
any other point on it, E'P diminishes as P moves further from
B on either side.

v _ gepa_ poy Po—BB[ CA*-CB*

Also E'B* EP—B”.—-BB, [—Bﬂ'. —GTBT— .

Apollonius proves this separately for the cases (1) where
B< BB, (2) where §=BB, and (3) where &> BB.

The method of proof is the same for all three cases, and only
the first case of the three is given here.

10—2
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By Prop. 81 (which is applicable to either axis) we have, if
Bm =1-°2-' = BE’, and Pn meets Cm, E'm in h, k respectively,
Pp*= 2 (quadrilateral mBnh).

Also nE™*=2AnkE’.
. PE®=2AmBE’' — 2 Amhk.
But BE™*=2AmBE’.

s BE"— PE™=2Amhk
= ms. (hs — ks) = ms. (hs — ms)

_ 4 mB-CB
=m. —

= Bn? pb—BB'
' BB’

whence the proposition follows.

Proposition 89.
[V. 19.]
If BE' be measured along the minor azis of an ellipse equal

toha{fthapammeter[orco-%'] and any point O be taken on the
minor ams such that BO > BE’, then OB 1s the maximum
straight line from O to the curve; and, if P be any other point
on it, OP diminishes continually as P moves tn either direction
Jrom B to B

The proof follows the method of Props. 84, 87.
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Proposition 90.
[V. 20, 21, 22
If g be a point on the minor axis of an ellipse such that
Bg>BO and By<ip [or%%'],andyouba measured to-
wards B so that
Cn :ng=BB : p[= CB*: CA'],
then the perpendicular through n to BB’ unll meet the curve in
two points P such that Pg is the maximum straight line from
g to the curve.
Also, 1f P’ be any other point on the curve, P'g diminishes as
P’ moves further from P on either side to B or B, and

P - Pt BB [ T 0T

BE s/
B8 »
P o O~ ) ./
'[<\x 7
» n M
o

Draw Bm perpendicular to BB’ and equal to half its para-
meter p,. Join Cm meeting Pn in A and P'n’ in &', and join
gh meeting P'n’ in k.

Then since, by hypothesis,

Cn :ng=BB : py=BC: Bm,
and Cn : nh = BC : Bm, by similar triangles,

it follows that ng = nh. Also gn’' = n'k, and As = ik, where hi is
perpendicular to P'n’.
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Now Pp* = 2 (quadrilateral mBnh),
ng'=2Ahng;
*. Pg'=2 (mBnh + Ahng).
Similarly  P'g*=2(mBn'A’' + Akn'g).
By subtraction,
Pg'— Pg*=2AM0k
=hi.(h'V - ke)
= hi. (k'S — ht)

Bm — B
BC

=nn" &—BB'.
. BF

=h|’.(

whence it follows that Pg is the mazimum straight line from g
to the curve, and the difference between Pg* and P'g* is the
area described.

Cor. 1. It follows from the same method of proof as that
used in Props. 84, 87, 89 that, if O be any point on Pg produced
beyond the minor axis, PO is the maazimum straight line that
can be drawn from O to the same part of the ellipse in which
Pg is a maximum, i.e. to the semi-ellipse BPB’, and if OP be
drawn to any other point on the semi-ellipse, OP’ diminishes as
P’ moves from P to B or B'.

Cor. 2. In the particular case where g coincides with the
centre C, the maximum straight line from C to the ellipse is
perpendicular to BB', viz. CA or CA’. Also, if g be not the
centre, the angle PgB must be acute if Pg is a mazimum ;
and, if Pg is a maximum [or a normal],

Cn:ng=CB:CA"
[This corollary is proved separately by reductio ad absurdum.]
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Proposition 91.
[V. 23]

If g be on the minor azis of an ellipse,and gP is a maztmum
straight line from g to the curve, and if gP meet the major axis
n G, GP 1s a minimum straight line from @ to the curve.

[In other words, the minimum from @ and the maximum
from g determine one and the same normal.]

9
We have Cn:ng=BB':p, [Prop. 90]
[=CB*: CA"]
mp,: AA'
Also On:ng=PN:ng
= NG : Pn, by similar triangles
= NG : CN.
o NG:CN=p,: A4,
or PG is the normal determined as the minimum straight line
from G. [Prop. 86]

Proposition 943.
[V. 24, 25, 26.]

Only one normal can be drawn from any one point of a conic,
whether such normal be regarded as the minimum straight line
Jrom the point in which it meets A A’, or as the mazimum strasght
line from the point in which (in the case of an ellipse) it meets
the minor ams.
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This is at once proved by reductio ad absurdum on assuming
that P@, PH (meeting the axis A4’ in G, H) are minimum
straight lines from @G and H to the curve, and on a similar
assumption for the minor axis of an ellipse.

Proposition 93.
[V. 27, 28, 29, 30.]

The normal at any point P on a conic, whether regarded
as a minimum straight line from sts intersection with the axis
AA’ or as a mazimum from sts intersection with BB’ (in the
case of an ellipse), is perpendicular to the tangent at P.

Let the tangent at P meet the axis of the parabola, or the
axis AA’ of a hyperbola or an ellipse, in 7. Then we have to
prove that TP@ is a right angle.

(1) For the parabola we have
AT=AN, and NG=%‘;

o NG:p,=AN: NT,
so that ITN.NG=p,. AN
= PN
And the angle at N is a right angle;
. £TPQ@ is a right angle.
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(2) For the hyperbola or ellipse

PN*:CN.NT
=p,: AA’ [Prop. 14]
= NG : CN, by the property of the minimum,

[Prop. 86]

=TN.NG:CN.NT.
~. PN*=TN.NG, while the angle at N is right;
*. £TPG@G is a right angle.

(8) If Pg be the maximum straight line from g on the
minor axis of an ellipse, and if Pg meet A4’ in G, PG is
a minimum from G, and the result follows as in (2).

[Apollonius gives an alternative proof applicable to all three
conics. If GP is not perpendicular to the tangent, let GK be
perpendicular to it.

Then 2 GKP > £ GPEK, and therefore GP > GK.

Hence a fortiors GP > GQ, where Q is the point in which
GK cuts the conic; and this is impossible because GP is a
minimum. Therefore &c.]

Proposition 94.
[V. 31, 33, 34.]

(1) In general, if O be any point within a conic and OP be
a maximum or a minsmum strasght line from O to the conic, a
strasght line PT drawn at right angles to PO wnll touch the
conic at P.
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(2) If O be any point on OP produced outside the conic,
then, of all strasght lines drawn from O’ to meet the conic in one
point but not produced so as to meet ¢ sn a second point, O'P
will be the minimum ; and of the rest that which ts nearer to it
will be less than that which 18 more remote.

(1) PFirst,let OP be a marimum. Then, if TP does not
touch the conic, let it cut it again at Q, and draw OK to meet
PQ in K and the curve in R.

T

o

Then, since the angle OPK is right, £ OPK > 2 OKP.

Therefore OK > OP, and a jfortiors OR > OP: which is
impossible, since OP is a maximum.

Therefore TP must touch the conic at P.

Secondly, let OP be a minimum. If possible, let TP cut the

curve again in Q. From any point between T'P and the curve
draw a straight line to P and draw ORK perpendicular to this

line meeting it at K and the curve in R. Then the angle OKP
is a right angle. Therefore OP > OK, and a fortiors OP > OR :
which is impossible, since OP is & minimum. Therefore TP
must touch the curve.



NORMALS AS MAXIMA AND MINIMA. 155

(2) Let O’ be any point on OP produced. Draw the
tangent at P, as PK, which is therefore at right angles to OP.
Then draw 0’'Q, O’R to meet the curve in one point only, and
let 0’'Q meet PK in K.

o

Then O'K > O'P. Therefore afortwn 0Q>O0P,and OP
is a minimum.

Join RP, RQ. Then the angle O’QR is obtuse, and therefore
the angle O’'RQ is acute. Therefore O’'R > 0'Q, and so on.

Proposition 98.
[v. 85, 36, 37, 88, 39, 40.]

(1) If the normal at P meet the axis of a parabola or the
azs AA’ of a hyperbola or ellipse in G,the angle PGA increases
as P or G moves further and further from A, but sn the
hyperbola the angle PGA will always be less than the complement
of half the angle between the asymptotes.

(2) Two normals at points on the same side of the axis AA’
wnll meet on the opposite side of that azts.

(8) Two normals at points on the same quadrant of an
ellspse, as AB, unll meet at a point within the angle ACB'.

(1) Suppose P’ is further from the vertex than P. Then,
since PG, P’'G’ are minimum straight lines from G, G’ to the
curve, we have
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(a) For the parabola
Ne=Ee=N@,

and P'N’'>PN;

.. 2P'G'A > £ PGA.
B
P nt
P, [

K
AN N a0 [C

° ~
\,
. 4
]

.I

(b) For the hyperbola and ellipse, joining CP and producing
it if necessary to meet P’N’ in K, and joining KG', we have
NG :CN'=p,: AA’ [Prop. 86]
=NG:CN;
o NG@ :NG=CN':CN
= KN’ : PN, by similar triangles.
Therefore the triangles PN@, KN'G’ are similar, and
.KG'N'= £ PGN.
Therefore 2 P'G'N’'> £ PGN.

(¢) In the hyperbola, let AL be drawn perpendicular to
AA’ to meet the asymptote in L and CP in 0. Also let AM

be equal to 229 .
Now AA’':p,=CA:AM=CN: NG,
and OA : CA= PN : CN, by similar triangles ;

therefore, ex aequals, OA : AM=PN : NG.
Hence AL : AM> PN : NG.
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But AL: AM=CA : AL; [Prop. 28]
»~.CA:AL>PN: NG;
~. 2 PGN is less than ZCLA.

(2) It follows at once from (1) that two normals at points
on one side of AA’ will meet on the other side of 44’.

(3) Regard the two normals as the mazimum straight
lines from g, ¢’, the points where they meet the minor axis of
the ellipse.

Then On :n'g =BB : p [Prop. 90]
=Cn:ng;
. On': Cg=0Cn:Cy.
But Cn’'>Cn; ..Cq >Cyg,

whence it follows that Pg, P’g’ must cross at a point O before
cutting the minor axis. Therefore O lies on the side of BB’
towards 4.

And, by (2) above, O lies below AC'; therefore O lies within
the 2 ACB'.

Proposition 96.
[V. 41, 42, 43.]

(1) In a parabola or an ellipse any normal PG will meet
the curve agasn.

(2) In the hyperbola (a), if AA’ be not greater than p,, no
normal can meet the curve sn a second point on the same branch ;
but (b), sf AA’ > p,, some normals will meet the same branch
agasn and others not.

(1) For the ellipse the proposition is sufficiently obvious,
and in the parabola, since PG meets a diameter (the axis), it
will meet another diameter, viz. that through the point of
contact of the tangent parallel to PG, i.e. the diameter bisecting
it. Therefore it will meet the curve again.
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(2) (a) Let CL, CL' be the asymptotes, and let the

tangent at A meet them in L, L'. Take AM equal to%'. Let
P@ be any normal and PN the ordinate.

/

P

Then, by hypothesis, CA $ AM,

and CA:AM=CA*: AL, [Prop. 28]
~.CASAL;
hence the angle CLA is not greater than ACL or ACL'.
But £4CLA><PGN; [Prop. 95]
- LACL' > £ PGN.

It follows that the angle ACL’' together with the angle
adjacent to PGN will be greater than two right angles.

Therefore PG will not meet CL' towards L’ and therefore
will not meet the branch of the hyperbola again.

(b) Suppose CA > AM or 223 . Then

LA :AM>LA : AC.
Take a point K on AL such that
KA :AM=LA : AC.
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Join CK, and produce it to meet the hyperbola in P, and
let PN be the ordinate, and PG the normal, at P.

P@ is then the mintmum from G to the curve, and
NG :CON=p,: AA’

=AM : AC.
Also CN : PN=AC : AK, by similar triangles.
Therefore, ez aequals, NG : PN=AM : AK

=CA : AL, from above.
Hence LACL'=2ACL =« PGN;

~. PG, CL' are parallel and do not meet.

But the normals at points between 4 and P make with the
axis angles less than the angle PGN, and normals at points
beyond P make with the axis angles greater than PGN.

Therefore normals at points between A and P will not meet -
the asymptote CL, or the branch of the hyperbola, again; but
normals beyond P will meet the branch again.
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Proposition 97.
[V. 44, 45, 46, 4%, 48.]

If P.G,, P,G, be normals at points on one side of the axis of
a conic meeting in 0, and if O be joined to any other point P on
the conic (it being further supposed sn the case of the ellipse
that all three lines OP,, OP,, OP cut the same half of the axis),
then

(1) OP cannot be a normal to the curve;

(2) §f OP meet the axis sn K, and PG be the normal
at P,

AG < AK when P 1is intermediate between P, and P,,

and AG>AK when P does not lie between P, and P,.

1. First let the conic be a PARABOLA.

o

Let P P, meet the axis in 7', and draw the ordinates P, N,,
P,N,.
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Draw OM perpendicular to the axis, and measure MH
towards the vertex equal to %’

Then MH=N_G,,
and NH=GM.
Therefore MH : HN,=N,G,: G M
=P.N, : MO, by similar triangles.

T!)el"efore HM.MO= PN, N'H} .................. (A).
Similarly HM . MO=PN, NH
Therefore HN,: HN,=P/N,: PN,
=TN,:TN,,
whence NN,: HN,=N\N,:TN,;
~TN,=
o Tﬁ;gﬁ:} ........................... (B).

If P be a variable point and PN the ordinate®, we have
now three cases:

TN <TN, or HN,......coovvvvnnneriniannninnnnens 1),
TN >TN, or HN,, but <TN, or HN,......(2),
TN>TN, or HN,...ccvvnnrvreinnniiiiinninennnns (3).

Thus, denoting the several cases by the numbers (1), (2),
(8), we have

NN:TN>NN: HN,.....ccoeeuuene. (1),
<NN: HN,......cocvvuunee (),
<NN:HN,.....ccoununns 3),

and we derive respectively
TN,:TN>HN: HN,.......c.ccenv.u. (1),
<HN:HN,......ooevvnveuene (2),
>HN: HN,........ccouuue. (3).

* It will be observed that there are three sets of points P, N, K, in the
figure denoted by the same letters. This is done in order to exhibit the three
different cases; and it is only necessary to bear in mind that attention must
be confined to one at a time as indicated in the course of the proof.

H.C. 11
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If NP meet P,P, in F, we have, by similar triangles,
PN,:FN>HN : HN,......(1) and (3),

But in (1) and (8) FN > PN, and in (2) FN < PN.
Therefore, a fortiors in all the cases,

PN,: PN>HN:HN,...... (1) and (3),
< HN: HN,................. (2)
Thus PN, .NH>PN.NH........cc00uvrcnv... (1) and (3),
< PN.NH...ccoovtvviinireninnennnenns (2)
e PN N o ) b7 (&) sbore.
Therefore MO: PN>NH : HM .................. (1) and (8),
SNH:HM .....ccovvvvvniininninnnnns ?)
and MO : PN=MK : NK.
Therefore MK:NK>NH :HM ....... (1) and (3),
<NH :HM.........ccvcc... 2),
whence we obtain MN : NK>MN : HM ....... (1) and (3),
<MN :HM........ccuv.ccu. (2),
8o that HM or NG > NK in (1) and (3),
and < NK in (2).

Thus the proposition is proved.

II. Let the conic be a HYPERBOLA or an ELLIPSE.

Let the normals at P,, P, meet at 0, and draw OM perpen-
dicular to the axis. Dividle CM in H (internally for the
hyperbola and externally for the ellipse) so that

CH:HM=AA': p,[or CA*: CB"},
and let OM be similarly divided at L. Draw HVR parallel
to OM and LVE, ORF parallel to CM.



NORMALS AS MAXIMA AND MINIMA, 163

Suppose P,P, produced to meet EL in 7, and let P,N,,
P,N, meet it in U,, U,.

Take any other point P on the curve. Join OP meeting
the axes in K, k, and let PN meet P,P,in Q and EL in U.

11—2
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Now CN,: N,G,=AA’: p,=CH : HM.
Therefore, componendo for the hyperbola and dividendo for

the ellipse,
CM :CH=CG,:CN,

=CG,~CM : CN,~CH

=M@, : HN,
=MQ@,: VUy.ceeeevevernnnncarens (A).
Next
FE :EC=AA':p,=CN,: NG,,
so that FC:CE=CG, : N,G,
Thus FC: N,U,=(CG@, : N,G,
=Cg, : P,N,, by similar triangles,
= FC+Cyg,: N,U,+ P,N,
=Fg, : PUy..coueiniiininnnnnns (B).
Again

FC.CM :EC.CH=(FC :CE).(CM: CH)
= (Fg,: P,U,). (MG, : VU,),
from (A) and (B),
and FC.CM=Fyg, MG,, ‘. Fg,: CM=FC: MG,.
.. EC.CH=P,U,. UV,
or CE.EV=PU, U,V
= P,U;. U,V, in like manner;
s BV U,V=PU,: P,U,
= TU, : TU,, by similar triangles,

whence " 0,0,: U,V=UU, TU,;
- TU,=VU,
wad 0 - VU’} ........................... ©).
Now suppose (1) that AN < AN,;

then U,V > TU, from (C) above;

S UU,:TU>UU,: UV,
hence TU,:TU>UV: UV,

s PU:QU>UV:UY,
by similar triangles.

Therefore PU,.UV>QU.UV,
and a fortiors >PU.UV.
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But PU,.U,V=CEL.EV, from above,
=LO0.0OR, *'» CE:LO=0R:EV;
. LO.OR>PU.UV.
Suppose (2) that AN > AN, but < AN,

Then TU, < UV;
S UOU:TU > UU:UY,
whence TU:TU,>UYV:UV,
S QU:PUSUYV:UV,
by similar triangles.
Therefore (a fortiors) PU.UV > P,U,. UV
> L0.OR.
Lastly (3) let AN be > AN,.
Then TU, > UV,
S UU:TU < UU: UV,
whence TU:TU, < UV: UV,
or QU:PU<UYV:UV;
S PULLUYV>QU.UV,
and a fortiors >PU.UV;

.. LO.OR>PU.UYV,
a8 in (1) above.

Thus we have for cases (1) and (3)
LO.OR>PU.UV,
and for (2) LO.OR< PU. UYV.

That is, we shall have, supposing the upper symbol to refer
to (1) and (3) and the lower to (2),

LO:PUZ UV:OR,
ie. LS:SUZ UV:LV;
s LU:USZLU: LV,

and LV Z US.



166 THE CONICS OF APOLLONIUS,

It follows that
FO:LVS FO:8U, or Fk: PU,

or CM : MH S Fk : PU;
.. FC:CES Fk: PU
SFk¥FC:PUFCE
SCk:PN
SCK:NE.
Therefore, componendo or dividendo,
FE :ECSCN: NK,

or CN : NK Z FE : EC,
Le. : A4’ : p,.
But CN:NG=A44':p,;

.. NE S NG;

i.e. when P is not between P, and P, NK < NG, and when P
lies between P, and P,, NK > NG, whence the proposition
follows.

CoRr. 1. In the particular case of a quadrant of an ellipse
where P, coincides with B, i.e. where O coincides with g,,
it follows that no other normal besides P,g,, Bg, can be drawn
through g, to the quadrant, and, if P be a point between 4 and
P,, while Pg, meets the axis in K, NG > NK.

But if P lie between P, and B, NG < NK.

[This is separately proved by Apollonius from the property
in Prop. 95 (3).]

CoRr. 2. Thres normals at points on one quadrant of an
ellipse cannot meet at ons povnt.

This follows at once from the preceding propositions.
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CoRr. 8. Four normals at points on one semi-ellipse bounded
by the major axis cannot meet at one point.

For, if four such normals cut the major axis and meet in one
point, the centre must (1) separate one normal from the three
others, or (2) must separate two from the other two, or (3)
must lie on one of them.

In cases (1) and (3) a contradiction of the preceding
proposition is involved, and in case (2) a contradiction of
Prop. 95 (3) which requires two points of intersection, one on
each side of the minor axis.

Proposition 98.
[V. 49, 50.]

In any conic, if M be any point on the axis such that AM 1is
not greater than half the latus rectum, and if O be any pownt on
the perpendicular to the azis through M, then no strasght
line drawn to any point on the curve on the side of the axis
opposite to O and meeting the axis between A and M can
be a normal.

Let OP be drawn to the curve meeting the axis in K, and
let PN be the ordinate at P.

We have in the parabola, since AM :'p& s

NM<%‘, ie. <NG.

Therefore, a fortiors, NK < NG.

For the hyperbola and ellipse AA’:p, is not greater
than CA : AM,

and CN:NM>CA:AM;
. CON:NM>AA4':p,
>CN: NG;
~. NM < NG,
and a fortior: NK < NG.

Therefore OP is not a normal,



PROPOSITIONS LEADING IMMEDIATELY TO THE
DETERMINATION OF THE EVOLUTE.

Proposition 99.
[V. 51, 62.]

If AM measured along the asis be greater than L2 (but in

the case of the ellipse less than AC), and if MO be drawn

perpendicular to the axis, then a certain length [y] can be assigned
such that

(a) if OM >y, no normal can be drawn through O which
cuts the axis; but, if OP be any straight line drawn to the curve
culting the axis in K, NK < NG, where PN 138 the ordinate and
PG@ the normal at P;

(b) if OM =y, only one normal can be so drawn through
0, and, sf OP be any other straight line drawn to the curve and
meeting the axis in K, NK < NG, as before ;

(c) f OM <y, two normals can be so drawn through O,
and, if OP be any other straisght line drawn to the curve, NK 13
less or greater than NG according as OP 18 not, or s, inter-
mediate between the two normals.

I Suppose the conic is a PARABOLA.
Measure MH towards the vertex equal to }—;i'.a.nd divideAH
at N, so that HN,=2N,4.
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Take a length y such that
y: P N,=NH:HM,
where P, N, is the ordinate passing through N,.
(a) Suppose OM >y.

Join OP, meeting the axis in K.

Then y: PN =NH:HM,

.. OM:P,N,>NH:HM,

or MK, : K N,>N.H:HM;

henee MN,:NK,>MN, : HM,
so that N.K, < HM,
ie. NE, <L

Therefore OP, is not a normal, and N, K, < N,G,.

Next let P be any other point. Join OP meeting the axis
in K, and let the ordinate PN meet the tangent at P, in Q.
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Then, if AN< AN,, we have,

since N,T'=24N,=N,H,
N.H>NT,

s NNN:NT>N,N:HN,;
thus TN, : TN> HN : HN,,
or PN :QN>HN:HN,
and a fortiors

PN,:PN>HN:HN,,
or PN,.NH>PN.NH;
But

THE CONICS OF APOLLONIUS.

If AN> AN,
N,T>NH,;
o NNN:NH>NN:N,T,
whence
HN,: HN>TN: TN,
>QN: PN,
>PN:PN,,
a fortiors
. PN,.NH>PN.NH.

OM.MH > P.N,.N H, by hypothesis;

.. OM.MH> PN.NH,
or OM: PN>NH : HM,

ie.
by similar triangles.

MK : KN > NH : HM,

Therefore, componendo, MN : NK > MN : HM,

whence

NE < HM or 4‘;-“.

Therefore OP is not a normal, and NK < NG.
(b) Suppose OM =y, and we have in this case
MN,: NK,=MN, : HM,

or NE=HM=R2=Ng,

and P,0 is a normal.

If P is any other point, we have, as before,
PN,.N.H>PN.NH,
and P N,.N, H is in this case equal to OM. MH.

Therefore

OM.MH>PN.NH,

and it follows as before that OP is not normal, and NK <NG.

(c) Lastly,if OM<y,

OM:P N, <N H:HM,
or OM.MH< P,N,.N H.
Let N, R be measured along N, P, so that
OM.MH=RN,.N H.
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Thus R lies within the curve.

Let HL be drawn perpendicular to the axis, and with AH,
HL as asymptotes draw a hyperbola passing through R.
This hyperbola will therefore cut the parabola in two points,
say P, P’

Now, by the property of the hyperbola,

PN.NH=RN,.N.H
= 0M.MH, from above;
.. OM:PN=NH : HM,
or MK : KN=NH : HM,
and, componendo, MN : NK=MN : HM;

s NE=HM=E=Ng,
and PO is normal. |
Similarly PO is normal.
Thus we have two normals meeting in O, and the rest of
the proposition follows from Prop. 97.

[It is clear that in the second case where OM =gy, O is the
intersection of two consecutive normals, ie. is the centre of
curvature at the point P,.

If then z, y be the coordinates of O, so that AM =g,
and if 4a=p,,
HM =2a,

N,H =} (z—2a),
AN, =} (z - 2a).
Also y:PN'=NH*: HM",
or y':4a. AN, =N H': 4a*;
. ay*=AN,. N H*
= (- 2a),
or 27ay* = 4 (z — 2a)',
which is the Cartesian equation of the evolute of a parabola.]
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IL Let the curve be a HYPERBOLA or an ELLIPSE.
We have AM>%‘, so that CA : AM< AA' : p,.

Therefore, if H be taken on AM such that CH : HM =
AA':p,, H will fall between 4 and M.
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Take two mean proportionals CN,, CI between C4 and
CH®, and let P,N, be the ordinate through N,.

Take a point L on OM (in the hyperbola) or on OM
produced (in the ellipse) such that OL : LM=AA’: p,. Draw
LVE, OR both parallel to the axis, and CE, HVR both
perpendicular to the axis. Let the tangent at P, meet the axis
in T and EL in W, and let P,N, meet EL in U,. Join OP,,
meeting the axis in K.

Let now y be such a length that
y:P N =(CM: MH).(HN,: N,O)
(z) Suppose first that OM > y;

s OM:P N, >y:PN,.
But

OM: PN, =(OM: ML).(ML: P N,)
=(0OM : ML).(N,U,: P,N,),

and
y:P,N,=(CM: MH).(HN, : N,C)
=(0M : ML).(HN, : N,0C);
o NU,: PN, >HN,:NC ..... coovene (1),
or PN,.NH<CN,.N,U,.
Adding or subtracting the rectangle U,N,. N, H, we have
PU,.UV<CH.HV '
<LO.OR, . CH: HM=0L : LM.

But, for a normal at P,, we must have [from the proof of
Prop. 97]
PU,.UV=LO0.0R

Therefore P,0 is not a normal, and [as in the proof of

Prop. 97]
N.K <NG,.

* For Apollonius’ method of finding two mean proportionals see the Intro-
duction,
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Next let P be any other point than P, and let U, N, K
have the same relation to P that U,, N,, K, have to P,.

Also, since U\N,: NP, > HN, : N,C by (1) above, let u,
be taken on U, N, such that
uN,: NP, =HN,:NQC.................. ),
and draw wuu v parallel to WUU,V.
Now CON,.CT=CA", sothat CN,:CA=CA :CT;
. CT is a third proportional to CN,, CA.
But CN, is a third proportional to CH, CI,
and ON,:CA=CI:CN,=CH :CI;
oo CH:CN,=CN,:CT
=CH ~CN,:CN,~ CT
=HN,: NT.
And CH:CN,=Pu,: PN,
since w, N, : N, P,= HN, : NC, from (2) above;
o HN,: NT=Pu,: PN,

=uw:N,T,
thus : vw=HN =up.
IfAN< AN,, If AN> AN,
wu < uY, wu, > uv,
and wu:uw>uy:uy, Soout, Uy > uu, t wy,,
whence uw : uw > uv : uy. whence
oo Pt Qu>uv i uy U, YU > WU wy,
(where PN meets P,T in Q); >Qu:Pu;
thus  P,.u9> Qu.uy thus Pu,.uv> Qu.uv
> Pu.uv,
a fortiors, > Pu.uv,
But, since a fortiors,
HN,: NC=uN,: PN, | and the proof proceeds as in
PN,.NH=CN,.Nu, the first column, leading to
and, adding or subtracting the | the same result,
rectangle ,N,. N, H, PU.UV<LO.OR.
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Pu, .uv=CH.Hv,
.. CH.Hv> Pu.uv,

and, adding or subtracting the
rectangle uU. UV,

PU.UV<CH.Hv+uU.UV

for the hyperbola,

or
PU.UV<CH.Hy-uU.UV
for the ellipse,

.. in either case, a fortiors,
PU.UV<CH.HV,
or PU.UV<LO.OR.

Therefore, as in the proof of Prop. 97, PO is not a normal,
but NK < NG.

(b) Next suppose OM =y, so that OM: PN, =y: P N,,
and we obtain in this case
UN,:N,P,=HN,: NC;
-.CN,.NU,=PN,. N H.
Adding or subtracting U, N,. N H, we have
PU,.UV=CH.HV =L0.0OR,
and this [Prop. 97] is the property of the normal at P,.
Therefore one normal can be drawn from O.

If P be any other point on the curve, it will be shown as
before that U, W = U,V, because in this case the lines WV, wv
coincide ; also

UU,: UW>UU,: UV in the case where UW< U,V,

and

UU,: UV>UU,: UW in the case where U, W > UV,
whence, exactly as before, we derive that
PU.UV>QU.TV
> PU.UV, a fortior,
and thence that PU.UV <LO.OR.
Therefore PO is not a normal, and NK < NG.
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(¢) Lastly, if OM <y, we shall have in this case
NU,:PN,<HN,:NC,

E ]
o
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and we shall derive
LO.OR<P,U,.UV.

Let 8 be taken on P, N, such that LO.OR =SU,. U,V,and
through 8 describe a hyperbola whose asymptotes are VW and
VH produced. This hyperbola will therefore meet the conic in
two points P, P, and by the property of the hyperbola

PU.UV=PU.UV=8U,.U,V=L0.0OR,
so that PO, P’O are both normals.
The rest of the proposition follows at once from Prop. 97.
[It is clear that in case (b) O is the point of intersection

of two consecutive normals, or the centre of the circle of
curvature at P.

To find the Cartesian equation of the evolute we have

«=CM,
oH & O0H _a
HM b " z~CH ¥
y_.OM BN
Also PN, -HE _.ZVT/" .................. (2),
cat OV BNy oo ®
where the upper sign refers to the hyperbola.
And, lastly, a:CN,=CN,:CI=CI:CH ............ (4).
From (4) CN!=a.Cl,
and CN,= Ta. CH;
*“ON!=a'.CH .......cuvveuveee. (5).

= C_y_ g_Nl
P.N,” HE NC
a't+ b CH-~CN,

== CN, !, by aid of (1),

Now, from (2),
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b.
Thus PN} =5,

whence PN}!=V. (&,—b:—b-,)‘ ........................ (6)-

a'z

But, from (l), CH = E;—i—b,.

a'z
Therefore, by (5), CN* = ey

3 ar '
whence CN'!=a". (a' 3 b’) ........................ (7).
Thus, from (6) and (7), by the aid of (8),

(o) 2.

or (aa) F (by)t = (" £ ]

Proposition 100.
[V. 53, 54.]

If O be a point on the minor azis of an ellipse, then

(a) tf OB : BC 4 AA’ : p,, and P be any point on either of
the quadrants BA, BA’ except the point B, and sf OP meet the
major axis in K,

PO cannot be a normal, but NK < NG;

(® +f OB: BC<AA’: p,, one normal only besides OB can
be drawn to either of the two quadrants as OP, and, if P’ be any
other point, N'K’ is less or greater than N'G’ according as P’
18 further from, or nearer to, the minor axis than P.

[This proposition follows at once as a particular case of the
preceding, but Apollonius proves it separately thus.]

(@) Wehave OB:BC<On:nC,

. On:nC,or CN:NK>AA': p,,
whence CN : NK >CN : NG,
and NK < NG.
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(b) Suppose now that
OB:BC< AA': p,.
Take a point n on O’B such that
On:nC=A44':p,.
8

P .

o

Therefore CN:NK,=AA4': p,,

where N is the foot of the ordinate of P, the point in which
nP drawn parallel to the major axis meets the ellipse,and K, is
the point in which O’ P meets the major axis;

~. NK, = NG, and PO’ is a normal.

PQ', BO' are then two normals through (', and the rest of
the proposition follows from Prop. 97.

12—2
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Proposition 101.
[V. 55, 56, 57.]

If O 18 ony point below the azis AA’ of an ellipse, and
AM > AC (where M 13 the foot of the perpendicular from O
on the axis), then one normal to the ellipse can always be drawn
through O cutting the azis between A and C, but never more than
one such normal.

Produce OM to L and CM to H so that
OL :LM=CH: HM=AA': p,,

and draw LI, IH parallel and perpendicular to the axis
respectively. Then with IL, TH as asymptotes describe a
[rectangular] hyperbola passing through O.
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This will meet the ellipse in some point P,. For, drawing
AD, the tangent at A, to meet /L produced in D, we have

AH:HM>CH : HM
> 44 :p,
>0L:LM;
~. AH.LM >OL.HM,
or AD.DI>O0L.LI

Thus, from the property of the hyperbola, it must meet AD
between 4 and D, and therefore must meet the ellipse in some
point P,.

Produce OP, both ways to meet the asymptotes in R, R’,
and draw R’E perpendicular to the axis.

Therefore OR = P, R’, and cbnsequently EN,= MH.

Now AA':p,=OL : LM
=ME : EK,, by similar triangles.
Also AA':p,=CH:HM,
. AA’: p,=ME -CH: EK, - MH
=CN,: N\K,,
since EN,=MH.

Therefore N, K, = N,G,, and P, 0 is a normal.

Let P be any other point such that OP meets AC in K.

Produce BC to meet OP, in F, and join FP, meeting the
axis in K'.

Then, since two normals [at P,, B] meet in F, FP is not
a normal, but NK’'> NG. Therefore, a fortiors, NK >NG.
And, if P is between 4 and P,, NK < NG. [Prop. 97, Cor. 1.]
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Proposition 104.
[V. 58, 59, 60, 61.]

If 0 be any point outside a conic, but not on the axis whose
extremity is A, we can draw a normal to the curve through O.

For the parabola we have only to measure MH in the
direction of the axis produced outside the curve, and of length

equal to %‘- , to draw HR perpendicular to the axis on the same

side as O, and, with HR, HA as asymptotes, to describe a
[rectangular] hyperbola through O. This will meet the curve
in a point P, and, if OP be joined and produced to meet
the axis in K and HR in R, we have at once HM = NK.

Therefore NK = %’ ,
and PK is a normal.

In the hyperbola or ellipse take H on CM or on CM
produced, and L on OM or OM produced, so that

CH:HM=0L:LM=AA’: p,.
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Then draw HIR perpendicular to the axis, and JLR’
through L parallel to the axis.

(1) If M falls on the side of C towards A, draw with
asymptotes IR, IL, and through O, a [rectangular] hyperbola
cutting the curve in P,

(2) If M falls on the side of C' further from A in the

hyperbola, draw a [rectangular] hyperbola with IH, IR’ as
asymptotes and through C, the centre, cutting the curve in P.
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Then OP will be a normal.
For we have (1) MK : HN=MK : LR/,
since OR = PR’, and therefore /L = UR'.
Therefore MK : HN = MO : OL, by similar triangles,
= MC : CH,
‘+ CH: HM=0L : LM.
Therefore, alternately,
MK : MC=NH:HO ............... (A).
In case (2) OL:LM=CH: HM,
or OL.LI=CH.HI,

[so that O, C are on opposite branches of the same rectangular
hyperbola].
Therefore PU:0OL=LI:IU,
or, by similar triangles,
UR':R'L=LI:1IU,

whence R'L=IU= HN;
o MK : HN=MK : R'L
=MO0:OL
=MC : CH,
and MK : MC = NH : HC, as before (A).

Thus, in either case, we derive
CK :CM=CN :CH,
and hence, alternately,
CN:CK=CH:CM,
so that CN:NK=CH: HM
=A44": p.;
.. NK = NG,
and OP is the normal at P.
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(3) For the hyperbola, in the particular case where M
coincides with C, or O is on the conjugate axis, we need only
divide OC in L, so that

OL:LC=AA’": p,,

and then draw LP parallel to A4’ to meet the hyperbola in P.
P is then the foot of the n_ormal through O, for

AA’:p,=O0L:LC
=0P: PK
=CN: NK,

and NK =NG.

[The particular case is that in which the hyperbola used
in the construction reduces to two straight lines.]

Proposition 103.
[V. 62, 63.]

If O be an internal point, we can draw through O a normal
to the conic.
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The construction and proof proceed as in the preceding
proposition, mutatis mutandis.
The case of the parabola is obvious; and for the hyperbola

or ellipse
MK : HN=0M : OL

=CM : CH.
~.CM:CH=CM 4+ MK : CH + HN
=CK :CN;
.. NE:CN=HM:CH
=pe: A4';
.. NK= NG,
and PO is a normal.



OTHER PROPOSITIONS RESPECTING MAXIMA
AND MINIMA.

Proposition 104.
[V. 64, 65, 66, 67.]

If O be a point below the axis of any conic such that either
no normal, or only one normal, can be drawn to the curve through
O which cuts the axis (between A and C in the case of the ellipse),
then OA 1s the least of the lines OP cutting the axis, and that
which 18 nearer to OA s less than that which is more remote.

If OM be perpendicular to the axis, we must have
A>T,

and also OM must be either greater than or equal to y, where
(a) in the case of the parabola
y:PN=NH:HM,
(b) in the case of the hyperbola or ellipse
y: PN ,=(CM: MH).(HN,: N,C),
with the notation of Prop. 99.

In the case where OM >y, we have proved in Prop. 99 for
all three curves that, for any straight line OP drawn from O to
the curve and cutting the axis in K, NK < NG;

but, in the case where OM =y, NK < NG for any point P
between 4 and P, except P, itself, for which N K, =N,G,.
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Also for any point P more remote from A than P, it is still
true that NXK < NG.

I. Consider now the case of any of the three conics where,
for all points P, NK < N@.

Let P be any point other than A. Draw the tangents
AY, PT. Then the angle OAY is obtuse. Therefore the per-
pendicular at 4 to A0, as AL, falls within the curve. Also,
since NK<NG, and PG is perpendicular to PT, the
angle OPT is acute.

(1) Suppose, if possible, OP = 0A.

With OP as radius and O as centre describe a circle.
Since the angle OPT is acute, this circle will cut the tangent PT,

o

but AL will Jie wholly without it. It follows that the circle
must cut the conic in some intermediate point as B. If RU
be the tangent to the conic at R, the angle ORU is acute.
Therefore RU must meet the circle. But it falls wholly
outside it : which is absurd.

Therefore OP is not equal to OA.
(2) Suppose, if possible, OP < 04.
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In this case the circle drawn with O as centre and OP
as radius must cut AM in some point, D. And an absurdity is
proved in the same manner as before.

Therefore OP is neither equal to OA4 nor less than 04,
ie. 04 < OP.

It remains to be proved that, if P’ be a point beyond P,
OP <OP'.

If the tangent T'P be produced to 7", the angle OPT" is
obtuse because the angle OPT is acute. Therefore the perpen-
dicular from P to OP, viz. PE, falls within the curve, and
the same proof as was used for 4, P will apply to P, P’

Therefore 0A < OP, OP < OP’, &c.

IL Where only one normal, OP,, cutting the axis can be
drawn from O, the above proof applies to all points P between 4
and P, (excluding P, itself) and also applies to the comparison
between two points P each of which is more remote from 4
than P,.
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It only remains therefore to prove that
(a) OP, > any straight line OP between OA and OP,,
(b) OP, < any straight line OP’ beyond OP,.

(a) Suppose first, if possible, that OP = OP,, and let Q be
any point between them, so that, by the preceding proof,
0Q> OP. Measure along OQ a length Og such that Og is
greater than OP, and less than 0Q. With O as centre and Ogq as
radius describe a circle meeting OP, produced in p,. This circle
must then meet the conic in an intermediate point R.

Thus, by the preceding proof, OQ is less than OR, and there-
fore is less than Og: which is absurd.

Therefore OP is not equal to OP,.
Again suppose, if possible, that OP > OP,. Then, by taking

on OP, a length Op, greater than OP, and less than OP, an
absurdity is proved in the same manner.

Therefore, since OP is neither equal to nor greater than OP,,

OP< OP,.
() If OP' lies more remote from OA than OP,, an
exactly similar proof will show that OP, < OP"'.

Thus the proposition is completely established.

Proposition 105. (Lemma.)
[V. 68, 69, 70, 71.]

If two tangents at points Q, Q' on one side of the axis of a
conic meet i T, and if Q be nearer to the axis than Q', then
Q< TQ'

The proposition is proved at once for the parabola and
hyperbola and for the case where @, Q' are on one quadrant of

an ellipse: for the angle T'VQ’ is greater than the a.ngle TV,
and QV = V(.
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Therefore the base T'Q is less than the base 7Q".

’

¢

Q
c A\

In the case where Q, Q' are on different quadrants of an
ellipse, produce the ordinate Q’N’ to meet the ellipse again
in ¢. Join ¢’C and produce it to meet the ellipse in R. Then
Q’'N’'=N'q,and ¢'C =CR, so that Q'R is parallel to the axis.
Let RM be the ordinate of R.

>

Now RM >QN;
. [Prop. 86, Cor.] CQ > CR,
ie. >0Q;
. £LCVQ>CVQ,
and, as before, < TQ.

Proposition 106.
[V. 72]

If from a point O below the azis of a parabola or hyperbola
it 18 possible to draw two normals OP,, OP, cutting the axis
(P, being mearer to the vertex A than P,), and if further
P be any other point on the curve and OP be joined, then
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(1) if P lies between A and P,, OP, is the greatest of all
the lines OP, and that which is nearer to OP, on each side is
greater than that which is more remote;

(2) if P lies between P, and P,, or beyond P,, OP, is the
least of all the lines OP, and the nearer to OP, 13 less than the
more remote.

°

By Prop. 99, if P is between A and P,, OP is not a normal,

but NK < NG. Therefore, by the same proof as that employed

in Prop. 104, we find that OP increases continually as P moves
from 4 towards P,.

We have therefore to prove that OP diminishes continually
as P moves from P, to P,, Let P be any point between
P, and P,, and let the tangents at P,, P meet in T. Join OT.

Then, by Prop. 105, TP, < TP.

Also TP!+OP!>TP*+ OP*,
since AK > A@, and consequently the angle OPT is obtuse.
Therefore OP < OP,.

Similarly it can be proved that, if P’ is a point between P
and P,, OP’' < OP.

That OP increases continually as P moves from P, further
away from 4 and P, is proved by the method of Prop. 104.

Thus the proposition is established.
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Proposition 107.
[V. 73]

If O be a point below the major axis of an ellipse such that
1t 18 possible to draw through O one normal only to the whole of
the semi-ellipse ABA’, then, if OP, be that normal and P, is on
the quadrant AB, OP, will be the greatest of all the straight
lines drawn from O to the semi-ellipse, and that which 1s nearer
to OP, will be greater than that which is more remote. Also
OA’ unll be the least of all the straight lines drawn from O to
the semi-ellipse.

It follows from Props. 99 and 101 that, if OM be per-
pendicular to the axis, M must lie between C and A’, and that
OM must be greater than the length y determined as in
Prop. 99.

Thus for all points P between A’ and B, since K is nearer
to A’ than G is, it is proved by the method of Prop. 104 that
04’ is the least of all such lines OP, and OP increases con-
tinually as P passes from 4’ to B.

For any point P’ between B and P, we use the method of
Prop. 106, drawing the tangents at P’ and B, meeting in T.

H. C. 18
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Thus we derive at once that OB < OP’, and similarly that OP’
increases continually as P’ passes from B to P,.

For the part of the curve between P, and A we employ the
method of reductio ad absurdum used in the second part of
Prop. 104.

Proposition 108.
[V. 74]

If O be a point below the major axis of an ellipse such that
two normals only can be drawn through it to the whole sems-
ellipse ABA’, then that normal, OP,, which cuts the minor azis
18 the greatest of all straight lines from O to the semi-ellipse,
and that which 18 nearer to it 18 greater than that which s more
remote. Also OA, joining O to the nearer vertez A, s the least
of all such straight lines.

It follows from Prop. 99 that, if O be nearer to 4 than to
4’, then P,, the point at which O is the centre of curvature,
is on the quadrant AB, and that OP, is one of the only two
possible normals, while P,, the extremity of the other, is on the
quadrant BA’; also OM =y determined as in Prop. 99.

In this case, since only one normal can be drawn to the
quadrant AB, we prove that OP
increases as P moves from A4 to
P, by the method of Prop. 104, as
also that OP increases as P moves
from P, to B.

That OP increases as P moves
from B to P,, and diminishes as
it passes from P, to 4’, is established by the method employed
in the last proposition.
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Proposition 109.
[v. 75, 76, 77.]

If O be a point below the major axis of an ellipse such that
three normals can be drawn to the semi-ellipse ABA’ at points
P, P,, P, where P,, P, are on the quadrant AB and P, on the
quadrant BA’, then (if P, be nearest to the vertex A),

(1) OP, is the greatest of all lines drawn from O to points
on the semi-ellipse between A’ and P,, and the nearer to OP, on
etther side 18 greater than the more remote ;

(2) OP, is the greatest of all lines from O to points on the
semi-ellipse from A to P,, and the nearer to OP, on either side
18 greater than the more remote.

(8) of the two maxima, OP, > OP,.

Part (2) of this proposition is established by the method of
Prop. 106.

Part (1) is proved by the
method of Prop. 107.

It remains to prove (3).

We have
CN,: NG =A4AA':p,=CN,: N,G,;

~. MN,: N,.G,<CN, : NG,
< MN,: N,G,, a fortiors,
whence MG, : N.G,< MG, : NG,;
and, by similar triangles,
OM:PN,<OM:PN,,
or PN,>PN,.

If then P,p, be parallel to the axis, meeting the curve in
p,, we have at once, on producing OM to R,

p,R> PR,
so that Op, > OP,;
~. a fortiors OP,> OP,.

13—2
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As particular cases of the foregoing propositions we have

(1) If O be on the minor axis, and no normal except OB
can be drawn to the ellipse, OB is greater than any other
straight line from O to the curve, and the nearer to it is greater
than the more remote.

(2) If Obe on the minor axis, and one normal (besides OB)
can be drawn to either quadrant as OP,, then OP, is the

greatest of all straight lines from O to the curve, and the nearer
to it is greater than the more remote.



EQUAL AND SIMILAR CONICS.

DEFINITIONS.

1. Conic sections are said to be equal when one can be
applied to the other in such a way that they everywhere
coincide and nowhere cut one another. When this is not the
case they are unequal

2. Conics are said to be similar if, the same number of
ordinates being drawn to the axis at proportional distances
from the vertex, all the ordinates are respectively proportional
to the corresponding abscissae. Otherwise they are dissimilar.

3. The straight line subtending a segment of a circle or a
conic is called the base of the segment.

4. The diameter of the segment is the straight line which
bisects all chords in it parallel to the base, and the point where
the diameter meets the segment is the vertex of the segment.

5. Equal segments are such that one can be applied to the
other in such a way that they everywhere coincide and nowhere
cut one another. Otherwise they are unequal

6. Segments are similar in which the angles between the
respective bases and diameters are equal, and in which, parallels
to the base being drawn from points on each segment to meet
the diameter at points proportionally distant from the vertex,
each parallel is respectively proportional to the corresponding
abscissa in each.
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Proposition 110.
[VL 1, 2]

(1) In two parabolas, if the ordinates to a diameter in each
are inclined to the respective diameters at equal angles, and if
the corresponding parameters are equal, the two parabolas are
equal.

(2) If the ordinates to a diameter in each of two hyperbolas
or two ellipses are equally inclined to the respective diameters,
and if the diameters as well as the corresponding parameters are
equal respectively, the two conics are equal, and conversely.

This proposition is at once established by means of the
fundamental properties

(1) QV*=PL.PYV for the parabola, and

(2) QV*=PV.VR for the hyperbola or ellipse
proved in Props. 1—3.

Proposition 111.
[VL 3]

Since an ellspse 18 limited, while a parabola and a hyperbola
proceed to infinity, an ellipse cannot be equal to either of the
other curves. Also a parabola cannot be equal to a hyperbola.

For, if a parabola be equal to a hyperbola, they can be
applied to one another so as to coincide throughout. If then
equal abscissae AN, AN’ be taken along the axes in each we
have for the parabola

AN :AN'=PN': P'N",
Therefore the same holds for the hyperbola: which is im-
possible, because
PN': P'N*=AN.A'N: AN’ . A'N".
Therefore a parabola and hyperbola cannot be equal.

[Here follow six easy propositions, chiefly depending upon
the symmetrical form of a conic, which need not be re-
produced.]
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Proposition 114.
[VL 11, 12, 18]

(1) AU parabolas are ssmilar.

(2) Hyperbolas, or ellipses, are similar to one another when
the “ figure” on a diameter of one 18 similar to the “ figure” on a
diameter of the other and the ordinates to the diamesters in each
make equal angles with the diameters respectively.

(1) The result is derived at once from the property

PN'=p,.AN.

(2) Suppose the diameters to be axes in the first place
(conjugate axes for hyperbolas, and both major or both minor
axes for ellipses) so that the ordinates are at right angles to the
diameters in both.

Then the ratio p, : A4’ is the same in both curves. There-
fore, using capital letters for one conic and small letters for the
other, and making AN : an equal to 44’ : aa’, we have at the
same time

PN*: AN.NA'=pn’: an.nd'.

But AN .NA': AN*=an.na : an’,
because A'N:AN=an:an;
. PN*: AN*=pn": an’,
or PN :AN=pn:an,

and the condition of similarity is satisfied (Def. 2).

Again, let PP’, pp’ be diameters in two hyperbolas or two
ellipses, such that the corresponding ordinates make equal
angles with the diameters, and the ratios of each diameter to
its parameter are equal.

Draw tangents at P, p meeting the axes in T, ¢ respectively.
Then the angles CPT, cpt are equal. Draw AH, ah perpen-
dicular to the axes and meeting CP, cp in H, h; and on CH,
ch as diameters describe circles, which therefore pass respectively
through 4, a. Draw QAR, gar through A4, a parallel respec-
tively to the tangents at P, p and meeting the circles just
described in R, r.
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Let V, v be the middle points of 4Q, ag, so that V, v lie on
CP, cp respectively.

Then, since the “figures” on PP’, pp’ are similar,

AV*:CV.VH =av': cv.vh, [Prop. 14]
or AV : AV. VR =av*: av.vr,
whence AV :VR=av:vr..cccceecvvcevnnn... (a),

and, since the angle AVC is equal to the angle ave, it follows
that the angles at C, ¢ are equal.
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[For, if K, k be the centres of the circles, and 7, ¢ the middle
points of AR, ar, we derive from (a)

VA:AI=va:as;
and, since LKVI = £kw,
the triangles K V1, kvi are similar.

Therefore, since VI, v: are divided at 4, @ in the same ratio’
the triangles KV A, kva are similar;

S LAKV = Laky;
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hence the halves of these angles, or of their supplements, are
equal, or
£ KCA = £ kea.]
Therefore, since the angles at P, p are also equal, the
triangles CPT, cpt are similar.

Draw PN, pn perpendicular to the axes, and it will follow
that
PN*:CN.NT=pn*:cn.nt,
whence the ratio of 44’ to its parameter and that of aa’ to
its parameter are equal. [Prop. 14]

Therefore (by the previous case) the conics are similar.

Proposition 113.
[VI. 14, 15]

A parabola ts neither similar to a hyperbola nor to an
ellipse; and a hyperbola 18 not similar to an ellipse.

[Proved by reductio ad absurdum from the ordinate pro-
perties.]

Proposition 114.
[VIL 17, 18]

(1) If PT, pt be tangents to two stmilar conics meeting the
azes in T, t respectively and making equal angles with them ;
if, further, PV, pv be measured along the diameters through P,
p 8o that

PV: PT=pv:pt,
and if QQ’, q¢’ be the chords through V, v parallel to PT, pt
respectively : then the segments QPQ’, gpq' are similar and
similarly situated.

(2) And, conversely, if the segments are similar and
similarly situated, PV : PT=pv:pt, and the tangents are
equally inclined to the axes.
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I. Let the conics be parabolas.

Draw the tangents at A, @ meeting the diameters through
P,pin H, h, and let PL, pl be such lengths that

PL:2PT=0P: P
and pl : 2pt=op : ph,
where O, o are the points of intersection of A H, PT and ah, pt.

Therefore PL, pl are the parameters of the ordinates
to the diameters PV, pv. [Prop. 22]

H P

LV A__»

i A

Hence QV*=PL.PV,
qv' =pl.pv.
(1) Now, since £ PTA = /pta,
£ OPH = £ oph,
and the triangles OPH, oph are similar.
Therefore OP: PH =op : ph,
so that PL : PT=pl: pt.
But, by hypothesis,
PV:PT=pv:pt,
o PL:PV=pl:py,
and, since QV is a mean proportional between PV, PL, and qv

between pv, pl,
QV:PV=gqv:pv
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Similarly, if V7, v’ be points on PV, pv such that
PV: PV =pv:pv,
and therefore PL: PV’ =pl: pv,

it follows that the ordinates passing through V’, v’ are in the
same ratio to their respective abscissae.

Therefore the segments are similar. (Def. 6.)

(2) If the segments are similar and similarly situated,
we have to prove that

£ PTA = 2 pta,
and PV:PT=pv:pt.

Now the tangents at P, p are parallel to QQ’, q¢’ respec-
tively, and the angles at V, v are equal.

Therefore the angles PT A, pta are equal.
Also, by similar segments,
QV:PV=gqv:py

while PL:QV=QV:PV, and pl: qu=gqv:pv;
o PL: PV=pl:pv
But PL:2PT=0P: PH}
pl:2pt=op:ph )’
and OP : PH =op : ph,
by similar triangles.
Therefore PV:PT=pv:pt.

II. If the curves be hyperbolas or ellipses, suppose a
similar construction made, and let the ordinates PN, pn be
drawn to the major or conjugate axes. We can use the figures
of Prop. 112, only remembering that the chords are here QQ’,
9¢’, and do not pass through 4, a.

(1) Since the conics are similar, the ratio of the axis to its
parameter is the same for both.
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Therefore =~ PN*:CN.NT=pn*: cn.nt. [Prop. 14]
Also the angles PTN, ptn are equal,
therefore PN:NT=pn:nt.
Hence PN :CN=pn: cn,
and £ PCN = £ pcn.
Therefore also ¢ CPT = ZLcpt.
It follows that the triangles OPH, oph are similar.
Therefore OP : PH =op : ph.
But OP : PH=PL: 2P
op:ph=pl:2pt |}’
whence PL : PT=pl : pt
Also, by similar triangles,
PT:CP=pt:cp;
~ PL:CP=pl:cp,
or PL: PP =pl:pp ..., (A).

Therefore the “figures” on the diameters PP’, pp’ are
similar.

Again, we made PV :PT=pv:pt,

so that PL:PV=pl:py.......ccccuv....... (B).
We derive, by the method employed in Prop. 112, that
QV : PV =gqv: py,

and that, if PV, pv be proportionally divided in the points V7,
v/, the ordinates through these points are in the same ratios.

Also the angles at V, v are equal.
Therefore the segments are similar.

(2) If the segments are similar, the ordinates are in the
ratio of their abscissae, and we have
QV:PV=qv:pv
PV:PV'=pv:pv}.
PV :QV =pv:¢v
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Then RV*: Q' V*=¢gv': ¢'v*;
S PV.VP': PV'.V'P' =pv.op': pv'.vp,
and . PV:PV' =pv:pv,
so that P'V:PV =py:p.
From these equations it follows that
PV :VV' =pv: w’}
and PV :VV =pv o)’
whence PV :PV=p%v:pv;
S PV.VP:PV™=pv.vp: pv™
But PV*:QV*=pv: ¢v*;

S PV .VP:QV*=pv.vp: gV

But these ratios are those of PP’, pp’ to their respective
parameters.

Therefore the “ figures” on PP’, pp’ are similar; and, since
the angles at V, v are equal, the conics are similar.

Again, since the conics are similar, the “figures” on the
axes are similar.

Therefore PN*:CN.NT =pn":cn.nt,
and the angles at N, n are right, while the angle CPT is equal
to the angle cpt.

Therefore the triangles CPT, cpt are similar, and the angle
CTP is equal to the angle ctp.

Now, since PV.VP':QV'=pv.vp : qv",

and QV': PV*=qv*: pv';
it follows that PV:P'V=pv:ph,
whence PP’ : PV=pp :pv.
But, by the similar triangles CPT, cpt,
CP:PT=cp:pt,
or PP’ : PT=pp :pt;

s PV:PT=pv:pt,
and the proposition is proved.
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Proposition 118.
[VL 21, 22]

If two ordinates be drawn to the axes of two parabolas, or the
major or conjugate azxes of two similar ellipses or two similar
hyperbolas, as PN, P'N"' and pn, p'n’, such that the ratios AN : an
and AN': an’ are each equal to the ratio of the respective latera
recta, then the segments PP’, pp’ will be similar ; also PP’ will
not be similar to any segment in the other conic which is cut off
by two ordinates other than pn, p'n’, and vice versa.

[The method of proof adopted follows the lines of the
previous propositions, and accordingly it is unnecessary to
reproduce it.]

Proposition 1186.
[VL 26, 27.]

If any cone be cut by two parallel planes making hyperbolic
or elliptic sections, the sections will be simslar but not equal.

On referring to the figures of Props. 2 and 3, it will be seen
at once that, if another plane parallel to the plane of section be
drawn, it will cut the plane of the axial triangle in a straight
line p’pm parallel to P’PHM and the base in a line dme parallel
to DME; also p’pm will be the diameter of the resulting
hyperbola or ellipse, and the ordinates to it will be parallel to
dme, t.e. to DME.

Therefore the ordinates to the diameters are equally
inclined to those diameters in both curves.

Also, if PL,' pl are the corresponding parameters,
PL:PP'=BF.FC: AF'=pl: pp.
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Hence the rectangles PL. PP’ and pl.pp’ are similar.
It follows that the conics are similar. [Prop. 112]

And they cannot be equal, since PL. PP’ cannot be equal to
pl.pp. [Cf. Prop. 110(2)]

[A similar proposition holds for the parabola, since, by
Prop. 1, PL : PA is a constant ratio. Therefore two parallel
parabolic sections have different parameters.]
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Proposition 117.
(VI 28]

In a given right cone to find a parabolic section equal to a
given parabola.

Let the given parabola be that of which am is the axis and
al the latus rectum. Let the given right cone be OBC, where

O is the apex and BC the circular base, and let OBC be a
triangle through the axis meeting the base in BC.

Measure OA along OB such that

al : 0A = BC*: BO.OC.
H. C. 14
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Draw AM parallel to OC meeting BC in M, and through
AM draw a plane at right angles to the plane OBC and cutting
the circular base in DME.

Then DE is perpendicular to 4 M, and the section DAK is
a parabola whose axis is A M.

Also [Prop. 1), if AL is the latus rectum,
AL : AO=BC": BO.0C,

whence AL =al, and the parabola is equal to the given one
[Prop. 110].

No other parabola with vertex on OB can be found which is
equal to the given parabola except DAE. For, if another such
parabola were possible, its plane must be perpendicular to the
plane OBC and its axis must be parallel to OC. If A’ were
the supposed vertex and A’L’ the latus rectum, we should have
A'L' : A’0=BC":B0.0C=AL: AO. Thus, if 4’ does not
coincide with 4, AL’ cannot be equal to AL or al, and the
parabola cannot be equal to the given one.

Proposition 118.

[VL 29.]

In a given right cone to find a section equal to a given
hyperbola. (A necessary condition of possibility is that the ratio
of the square on the azis of the cone to the square on the radius
of the base must not be greater than the ratio of the transverse
azis of the given hyperbola to its parameter.)

Let the given hyperbola be that of which aa’, al are the
transverse axis and parameter respectively.

L Suppose OI": BI' < aa’: al, where I is the centre of the
base of the given cone.

Let a circle be circumscribed about the axial triangle OBC,
and produce OI to meet the circle again in D.



PROBLEMS. 211
Then OI :ID=0I*: BI*,
so that OI :ID<aa’: al

-

Take E on ID such that O : IE=aa’: al, and through £
draw the chord QQ’ parallel to BC.

Suppose now that 44', 4 A are placed in the angle formed
by OC and BO produced, such that AA’=A A’'=aqa’, and
AA', A A’ are respectively parallel to 0Q, 0, meeting BO
in M, M".

Through A’AM, A'A M’ draw planes perpendicular to the
plane of the triangle OBC making hyperbolic sections, of which
A’AM, A’A M’ will therefore be the transverse axes.

Suppose 0Q, 0Q to meet BC in F, F’.
Then ad :al=0I : IE
=OF : FQ or OF' : F'Q
= OF': OF.FQ or OF*: OF'.F'Q
=(0F': BF.FC or OF*: BF' .F'C
=AA":ALor AA’: AL,
14—2
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where AL, AL, are the parameters of AA4’, A A/ in the
sections respectively.
It follows, since AA'=A A’ =ad,
that AL=AL =al

Hence the two hyperbolic sections are each equal to the given
hyperbola.

There are no other equal sections having their vertices on
0cC.

For (1), if such a section were possible and OH were parallel
to the axis of such a section, OH could not be coincident
either with 0Q or OQ. This is proved after the manner of
the preceding proposition for the parabola.

If then (2) OH meet BC in H, QQ in R, and the circle
again in K, we should have, if the section were possible,
ad’ :al=0H': BH .HC
=0H': OH.HK
=0H : HK ;
which is impossible, since
ad :al=0I:IE=0H: HR.
II. If OI': BI*=aaq’ : al, we shall have OI : ID maa’: al,
and 0Q, 0Q' will both coincide with OD.

In this case there will be only one section equal to the
given hyperbola whose vertex is on OC, and the axis of this
section will be perpendicular to BC.

III. If OI': BI*>aa’ : al, no section can be found in the
right cone which is equal to the given hyperbola.

For, if possible, let there be such a section, and let ON be
drawn parallel to its axis meeting BC in N.

Then we must have aa’ : al= ON*: BN. NC,
so that OI*:BI.IC>ON®: BN.NC.

But ON*> OI', while BI.IC>BN . NC': which is absurd.
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Proposition 119.
[VL 30.]

In a given right cone to find a section equal to a given ellipse.

In this case we describe the circle about OBC and suppose
F, F’ taken on BC produced in both directions such that, if
OF, OF' meet the circle in Q,

OF : FQ=0F' : F'Q =aa’ : al.

o

Then we place straight lines 44’, 4, A/ in the angle BOC
so that they are each equal to aa’, while A4’ is parallel to
0Q and 4,4, to 0Q.

Next suppose planes drawn through AA4’', 4,4, each
perpendicular to the plane of OBC, and these planes determine
two sections each of which is equal to the given ellipse.

The proof follows the method of the preceding proposition.
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Proposition 120.
[VL 31.]

To find a right cone similar to a given one and contasning
a given parabola as a section of it.

Let OBC be an axial section of the given right cone, and
let the given parabola be that of which AN is the axis and AL
the latus rectum. Erect a plane passing through AN and
perpendicular to the plane of the parabola, and in this plane
make the angle NAM equal to the angle OBC.

Let AM be taken of such a length that AL : AM=BC : BO,
and on AM as base, in the plane MAN, describe the triangle
EAM similar to the triangle OBC. Then suppose a cone
described with vertex £ and base the circle on AM as diameter
in a plane perpendicular to the plane EAM.

The cone EAM will be the cone required.
For LMAN=¢0BC=¢t EAM=¢ EMA;
therefore EM is parallel to AN, the axis of the parabola.

Thus the plane of the given parabola cuts the cone in a
section which is also a parabola.

Now AL: AM=BC: BO
=AM : AE,

or AM*=FEA .AL;
S AM*: AE . EM=AL : EM

=AL: EA.
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Hence AL is the latus rectum of the parabolic section of
the cone made by the plane of the given parabola. It is also
the latus rectum of the given parabola.

Therefore the given parabola is itself the parabolic section,
and EA M is the cone required.

There can be no other right cone similar to the given one,
having its vertex on the same side of the given parabola, and
containing that parabola as a section.

For, if another such cone be possible, with vertex F, draw
through the axis of this cone a plane cutting the plane of the
given parabola at right angles. The planes must then intersect
in AN, the axis of the parabola, and therefore ' must lie in the
plane of EAN.

Again, if AF, FR are the sides of the axial triangle of the
cone, FR must be parallel to 4N, or to EM, and

LAFR=¢BOC=¢ AEM,
so that F must lie on AL or AE produced. Let AM meet
FR in R.
Then, if AL’ be the latus rectum of the parabolic section of
the cone FAR made by the plane of the given parabola,
AL : AF=AR': AF.FR
=AM': AE.EM
=AL: AE.

Therefore AL’, AL cannot be equal; or the given parabola
is not a section of the cone FAR.

Proposition 121.
[VL 32]

To find a right cone similar to a given one and containing a
given hyperbola as a section of st. (If OBC be the given cone and
D the centre of its base BC, and if AA', AL be the axis and
parameter of the given hyperbola, a necessary condition of
possibility is that the ratio OD*: DB* must not be greater than
the ratio AA’': AL.)
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Let a plane be drawn through the axis of the given
hyperbola and perpendicular to its plane; and on A’A4, in the
plane so described, describe a segment of a circle containing an

angle equal to the exterior angle B’'OC at the vertex of the
given cone. Complete the circle, and let EF be the diameter
of it bisecting AA’ at right angles in 1. Join A’E, AE, and
draw A parallel to EF meeting A’E produced in G.

Then, since EF bisects the angle A’EA, the angle EGA
is equal to the angle EAG. And the angle AEG is equal
to the angle BOC, so that the triangles EA®, OBC are similar.

Draw EM perpendicular to AG.

Then OD*: DB*=EM* : MA®
=IA*: EI"
=FI:IE.

L Suppose that

OD': DB*< AA': AL,
so that FI:IE<AA': AL
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Take a point H on EI such that FI: IH=AA’': AL, and
through H draw the chord QQ’ of the circle parallel to 44’
Join 4’Q, AQ, and in the plane of the circle draw A R making
with 4Q an angle equal to the angle OBC. Let AR meet
A’Q produced in R, and QQ’ produced in N.

Join FQ meeting A4’ in K.
Then, since the angle QAR is equal to the angle OBC, and
LFQA=}4£AQA=42B'0C,
AR is parallel to FQ.
Also the triangle QAR is similar to the triangle OBC.

Suppose a cone formed with vertex Q and base the circle
described on AR as diameter in a plane perpendicular to that
of the circle FQA.

This cone will be such that the given hyperbola is a
section of it.

We have, by construction,
AA': AL=FI:IH
= FK : KQ, by parallels,
=FK.KQ: KQ’
=A'K.KA : KQ"
But, by the parallelogram QKAN,
A’K : KQ=QN : NR,
and KA:KQ=QN:NA,
whence A'K.KA:KQ'=QN': AN.NR.

It follows that
AA': AL=QN*': AN.NR.

Therefore [Prop. 2] AL is the parameter of the hyperbolic
section of the cone QAR made by the plane of the given
hyperbola. The two hyperbolas accordingly have the same
‘axis and parameter, whence they coincide [Prop. 110 (2)]; and
the cone QAR has the required property.
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Another such cone is found by taking the point Q instead
of Q and proceeding as before.

No other right cone except these two can be found which
is similar to the given one, has its apex on the same side of the
plane of the given hyperbola, and contains that hyperbola as a
section.

For, if such a cone be possible with apex P, draw through
its axis a plane cutting the plane of the given hyperbola at
right angles. The plane thus described must then pass
through the axis of the given hyperbola, whence P must lie in
the plane of the circle FQA. And, since the cone is similar to
the given cone, P must lie on the arc 4'Q4.

Then, by the converse of the preceding proof, we must have
(if FP meet A’A in T)
AA': AL=FT:TP;
& FT:TP=FI:IH,
which is impossible.
II. Suppose that
OD*:DB*=AA': AL,
8o that FI:IE=AA": AL.

In this case @, Q' coalesce with K, and the cone with
apex K and base the circle on AG as diameter perpendicular
to the plane of FQA is the cone required.

III. If OD*: DB*>AA’: AL, no right cone having the
desired properties can be drawn.

For, if possible, let P be the apex of such a cone, and we

shall have, as before,
FT:TP=AA": AL

But AA : AL<OD*: DB® or FI:IE.
Hence FT : TP < FI : IE, which is absurd.

Therefore, etc.
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Proposition 1242.
[VI 33]

To find a right cone ssmilar to a given one and contasning
a given ellipse as a section of it.

As before, take a plane through 4.4’ perpendicular to the
plane of the given ellipse; and in the plane so drawn describe
on AA’ as base a segment of a circle containing an angle equal
to the angle BOC, the vertical angle of the given cone. Bisect

~ the arc of the segment in F.

Draw two lines FK, FK’ to meet 44’ produced both ways

and such that, if they respectively meet the segment in Q, Q’,

FK:KQ=FK':K'Q=AA': AL.
Draw QN parallel to A4’, and AN parallel to QF, meeting in N.
Join 4Q, A’Q, and let 4'Q meet AN in R.

| 4

Conceive a cone drawn with Q as apex and as base the circle
on AR as diameter and in a plane at right angles to that
of AFA’'.

This cone will be such that the given ellipse is one of
its sections.
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For, since FQ, AR are parallel,
£FQR= £ ARQ,
o £ARQ=¢FAA’
=« OBC.
And LAQR= ¢ AFA’
= £ BOC.

Therefore the triangles QA R, OBC are similar, and likewise
the cones QA R, OBC.

Now AA’: AL=FK : KQ, by construction,
=FK.KQ: KQ*
=A'K.KA: KQ*
=(A'K:KQ).(KA: KQ)
=(QN: NR).(QN: NA), by parallels,
=QN*': AN.NR.

Therefore [Prop. 3] AL is the latus rectum of the elliptic

section of the cone QAR made by the plane of the given

ellipse. And AL is the latus rectum of the given ellipse.
Therefore that ellipse is itself the elliptic section.

In like manner another similar right cone can be found with
apex Q' such that the given ellipse is a section.

No other right cone besides these two can be found satis-
fying the given conditions and having its apex on the same
side of the plane of the given ellipse. For, as in the preceding
proposition, its apex P, if any, must lie on the arc AFA’.
Draw PM parallel to 4’4, and A’M parallel to FP, meeting
in M. Join AP, A’P, and let AP meet A’M in S.

The triangle PA’S will then be similar to OBC, and we
shall have PM*: AM . MS=AT.TA’ : TP*=FT.TP : TP? in
the same way as before.

We must therefore have

AA': AL=FT:TP;
and this is impossible, because

AA’: AL=FK: KQ.



VALUES OF CERTAIN FUNCTIONS OF THE
LENGTHS OF CONJUGATE DIAMETERS.

Proposition 123 (Lemma).
[VIL 1.]

In a parabola®, if PN be an ordinate and AH be measured
along the axis away from N and equal to the latus rectum,
AP*=AN.NH. [=AN (AN + pa))

This is proved at once from the property PN* = p,. AN, by
adding AN" to each side.

Proposition 124 (Lemma).
[VIL 2, 8]

If AA’ be divided at H, internally for the hyperbola, and
externally for the ellipse, so that AH: HA' =p,: AA’, then,
if PN be any ordinate,

AP*: AN.NH=AA’: A'H.

* Though Book VIL is mainly concerned with conjugate diameters of a
central oonie, one or two propositions for the parabola are inserted, no doubt
in order to show, in connection with particular propositions about a central

conic, any obviously corresponding properties of the parabola.
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Produce AN to K, so that
AN.NK=PN?*;
thus AN NK:AN_ AN
=PN*: AN.A'N
=pe: A4’ [Prop. 8]
= AH: A’H, by construction,
or NK:A'N=AH:A’H.

N H

It follows that
AN+ NK:AN=A'H+ AH: A'H

(where the upper sign applies to the hyperbola).

Hence A'K : A'N=AA’: A'H;

s AK4+AA': A'N+ A'H=A4A": A'H,

or AK:NH=AA': A’H.

Thus AN.AK: AN.NH=A4A4': A’H.

But AN.AK = AP since AN.NK = PN*.

Therefore AP*: AN.NH=AA': A'H,

The same proposition is true if A4’ is the minor axis of an
ellipse and p, the corresponding parameter.
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Proposition 128 (Lemma).
[VIL 4]

If in a hyperbola or an ellipse the tangent at P mest the azis
A4’ in T, and if CD be the sems-diameter parallel to PT, then

PT*:CD*=NT:CN.

Draw AE, TF at right angles to CA to meet CP, and
let AE meet PT in O.

Then, if p be the parameter of the ordinates to PP’
we have

£:Pr=0P:PE. [Prop. 23]
Also, since CD is parallel to PT, it is conjugate to CP.
Therefore g. OP=CD"...oocvveeeeereennn. (1).
Now OP : PE=TP: PF;
. E:PT=PT: PF,
or E.PF=PT" .ccooirrrnnne, @).
From (1) and (2) we have

PT*:CD*=PF:CP
=NT : CN.
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Proposition 126 (Lemma).
[VIL 5.]

In a parabola, if p be the parameter of the ordinates to the
diameter through P, and PN the principal ordinate, and of AL
be the latus rectum,

p=AL+ 4AN.

o

pd

T A N

[ 8

Let the tangent at 4 meet PT in O and the diameter
through P in K, and let P@, at right angles to PT, meet
the axis in G.

Then, since the triangles PTG, EPO are similar,

GT:TP=0P: PE,

3 GT=123 ............... (1) [Prop. 22]
Again, since TPQ is a right angle,
TN.NG=PN*
=LA.AN,
by the property of the parabola.
But TN =2AN. [Prop. 12]
Therefore AL=2NG@ .....cc..ceevvvurenenn. (?);
thus AL+4AN=2(TN +NG@G)
=2T@

=p, from (1) above.
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[Note. The property of the normal (NG = half the latus
rectum) is incidentally proved here by regarding it as the
perpendicular through P to the tangent at that point. Cf.
Prop. 85 where the normal is regarded as the minimum straight
line from G to the curve.]

DEr. If AA’ be divided, internally for the hyperbola, and
externally for the ellipse, in each of two points H, H' such that
AH:AH=AH': AH'=AA': p,,
where p, is the parameter of the ordinates to Ad’, then AH,
A’H’ (corresponding to p, in the proportion) are called

homologues.

In this definition A4’ may be either the major or the
msnor axis of an ellipse.

Proposition 127.
[VIL 6, 7.]

If AH, A’H' be the “homologues” wn a hyperbola or an
ellipse, and PP’, DD’ any two conjugate diameters, and if AQ
be drawn parallel to DD’ meeting the curve tn Q, and QM be
perpendicular to AA’, then

PP*: DD"=MH': MH.

Join A’Q, and let the tangent at P meet A4’ in T.

Then, since 4'C=CA, and QV = VA (where CP meets Q4
in V), 4'Q is parallel to CV.

Now PT*:CD*=NT:CN [Prop. 125]

=AM : A’M, by similar triangles.

And, also by similar triangles,

CP': PT*=A'Q": AQ",
whence, ez aequals,
CP':CD*=(AM: A'M).(4'Q": AQ")
=(AM: A'M)x(A4'Q*: A’M.MH')
x\(A’M.MH’ tAM MH)x (AM.MH : AQ").
H. C. 15
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But, by Prop. 124,
A'Q*: AM MH'=AA': AH',
and AM MH:AQ'=A'H: AA'=AH': AA".
Also A’'M .MH': AM MH=(A'M: AM).(MH' : MH).
It follows that
CP*:CD*=MH’': MH,
or PP™: DD"=MH': MH.
This result may of course be written in the form
PP’ :p=MH': MH,
where p is the parameter of the ordinates to PP".

Proposition 128.
[VIL 8, 9, 10, 11.]

In the figures of the last proposition the following relations
hold for both the hyperbola and the ellipse :
(1) 4A”:(PP'+DD'y=A'H.MH':(MH' + VMH . MHy,
(2) AA™:PP'.DD'=A'H:vMH.MH'
(38)A44™: (PP*4+ DD™)=A'H: MH+ MH".

(1) We have
AA”™: PP"=CA*: CP*;
. AA™: PP"=CN.CT : CP* [Prop. 14]
=A'M.A'A: A'Q",
by similar triangles.
Now A'Q': A'M.MH' =AA':AH’ [Prop. 124]

=AA'": A'H

=AM AA:A'M.A'H,
whence, alternately,

AM A'A:AQ =AM AH: A’'M.MH'.
Therefore, from above,
AA™: PP*=A'H: MH' ............... (a),
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Again, PP*: DD™*=MH': MH ...(8), [Prop. 127]
=MH": MH.MH';
s PP': DD'=MH': VMH . MH’
Hence PP’': PP’y DD’'=MH': MH' + VMH.MH’,
and PP™: (PP’ + DD'y= MH™: (MH' + VMH . MH')*.
Therefore by (a) above, ez aequalt,
AA™:(PP'4+ DD'y=A'H.MH' : (MH' + VMH . MH')".
(2) We derive from (vy) above
PP*: PP'.DD' = MH' : VMH . MH'.

Therefore by (a), ez aequals,
AA™: PP'.DD'=A'H :vMH.MH.
(8) From (8),

PP*:(PP™*+ DD")=MH': MH + MH'.
Therefore by (), ez aequals,
AA™:(PP*+ DD")=A'H : MH + MH"'.

Proposition 129.
[VIL 12, 13, 29, 30.]

In every ellipse the sum, and in every hyperbola the difference,

of the squares on any two conjugate diameters is equal to the sum
or difference respectively of the squares on the azes.

Using the figures and construction of the preceding two
propositions, we have

AA™:BB*=AA':p,
= A’H : AH, by construction,
=A'H : A'H'.
Therefore
AA™: AA 4+ BB"=A'H: AH+ A'H'
(where the upper sign belongs to the ellipse),
or AA™: AA®+BB*=A'H : HH' ............... (a).
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Again, by (a) in Prop. 128 (1),
AA™: PP*=A'H : MH',
and, by means of (8) in the same proposition,
PP": (PP*4 DD")=MH' : MH + MH'
=MH': HH'
From the last two relations we obtain
AA™ . (PP*4DD™)=A'H : HH'.
Comparing this with (a) above, we have at once
(PP” 4 DD™)=(AA" + BB™).

Proposition 130.
[VIL 14, 15, 16, 17, 18, 19, 20]
The following results can be dertved from the preceding
propositions, vis.
(1) For the ellipse,
AA™: PP" -~ DD"=A'H:2CM,;

and for both the ellipse and hyperbola, if p denote the parameter
of the ordinates to PP’,

¢)) AA™:p'=A'H.MH' : MH",

(3) AA™:(PP'4py=A'H . MH':(MH + MH')",

(4) AA”:PP' .p=A'H:MH, and

(5) AA™:PP*4p*'=A'H.MH': MH" + MH".

(1) We have

AA™: PP*=A'H : MH’, [Prop. 128 (1), (a)]
and PP"*: PP*~DD*=MH': MH' - MH [ibid, (B)]
=MH': 2CM in the ellipse.
Therefore for the ellipse
AA™: PP*~ DD"=A'H : 2CM.
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(2) For either curve
AA™: PP*=A'H : MH’, as before,
=A'H.MH': MH",
and, by Prop. 127,
. PP™:p'= MH" : MH*,;
. AA":p*=A'H.MH': MH".
(3) By Prop. 127,
PP :p=MH': MH;
s PP*:(PP'4p)=MH":(MH + MH')".
And AA™: PP*"=A'H.MH': MH", as before ;
. AA"™: (PP ¢ p)=A'H.MH': (MH + MH')".
4) AA™: PP*= A'H : MH', as before,
and PP™: PP'.p=PP':p
=MH': MH,; [Prop. 127]
. AA" . PP’ .p=A'H: MH.
(5) AA™: PP*"=A'H.MH': MH", as before,
and PP": PP*4p'=MH": MH™ + MH",
by means of Prop. 127
s AA™: PP*" 4 p'=A'H. MH': MH"+ MH".

Proposition 131.
[VIL 21, 22, 23]

In a hyperbola, if AA’ wz BB’ then, sf PP’, DD’ be any

other two conjugate diameters, PP’ orz DD’ respectively ; and

decreases

the ratio PP': DD’ continually {or increases

Surther from A on either side.
Also, yf AA'=BB’, PP'=DD".

} as P moves
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(1) Of the figures of Prop. 127, the first corresponds to
the case where AA4’> BB’, and the second to the case where
AA’ < BB’

. first . .
Taking then the {seeon d} figure respectively, it follows
from
PP*:DD*=MH': MH [Prop. 127]
that PP’ 2 DD".
Also AA":BB"=AA':p,= A'H : AH, by construction,
=AH':AH,
and AH': AHm_Z MH': MH,
while MH' : MH {dmpmsbes } continually as M moves further
or increases

from A4, t.e. a8 Q, or P, moves further from 4 along the curve.

Therefore @ AA”: BB” orz PP*: DD,

and the latter ratio {di".‘i“i’h“ } as P moves further from 4.
or increases

And the same is true of the ratios
AA': BB’ and PP’ : DD’
(2) If AA’=BB’, then A A'=p,, and both H and H’
coincide with C.
In this case therefore
AH=AH' = AC,
MH=MH'=CM,
and PP'= DD’ always.

Proposition 134.
[VIL 24.]
In an ellipse, if AA’ be the major, und BB’ the minor, axis,
and of PP’, DD’ be any other two conjugate diameters, then
AA': BB’> PP’: DD’,
and the latter ratio diminishes continually as P moves from
At B
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We have CA*:CB*=AN.NA': PN*;
. AN.NA’> PN*,
and, adding CN* to each,
CA*> CP?,

or

Also CB*: CA*=BM.MB’: DM*,
where DM is the ordinate to BB’.

Therefore BM.MB’' < DM*,
and, adding CM*, CB*< CD*;

s BB'< DD’ ......c.uvnvenennnnns (2).

Again, if PP/, DD/ be another pair of conjugates, P,
being further from A than P, D, will be further from B
than D.

And AN.NA': AN,.NA'=PN': PN
But AN,.NA'>AN.NA';
~. PN'>PN?
and AN, NA'-AN.NA'>PNS'—-PN"
But, as above, AN, .N A'>PN'

and AN,.NA'—~AN.NA'=CN*-CN},;
.. CN*~CN!>PN}!-PN*;
thus CP*>CP;},
or PP'>PP,.....counne.. (3).

In an exactly similar manner we prove that
DD’ < DD, .......ccovvnnnnnnn (4).
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We have therefore, by (1) and (2),
AA’: BB'>PP':DD’,
and, by (3) and (4), PP’: DD’'> P,P,: D,D,.
Cor. It is at once clear, if ps, p, p, are the parameters
corresponding to A4’, PP’, P P/, that
Pa<p, P<p, etc.

Proposition 133.
[VIL 25, 26.]
(1) In a hyperbola or an ellipse
AA'+ BB'< PP'+ DD,
where PP’, DD’ are any conjugate diameters other than
the awxes.

(2) In the hyperbola PP’ + DD’ increases continually as P
moves further from A, while in the ellipse it increases as P
moves from A until PP’, DD’ take the position of the equal
conjugate diameters, when it is a maximum.

(1) For the hyperbola

AA” ~ BB*= PP"™~ DD" [Prop. 129]
or (44'+ BB').(AA’ ~ BB’)=(PP'+ DD’).(PP’' ~ DD’),
and, by the aid of Prop. 131,
AA’' ~ BB’ > PP'~DD’;
.. AA’'+ BB’ < PP’'+ DD’

Similarly it is proved that PP’ + DI’ increases as P moves
further from A.

In the case where AA’'=BB, PP'=DD’, and PP’'>AA4’;
and the proposition still holds.

(2) For the ellipse

AA’': BB'> PP’ :DD’;

. (AA™+BB"): (A4’ + BB’} > (PP*+DD"): (PP’ + DD')'*
But AA"+ BB”®=PP"+DD"; [Prop. 129]
. AA’+BB'< PP'+DD'.

* Apollonius draws this inference directly, and gives no intermediate steps,
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Similarly it may be proved that PP’+ DD’ increases as
P moves from A until PP’, DD’ take the position of the equal
conjugate diameters, when it begins to diminish again.

Proposition 134.
[VIL 27.]
In every ellipse or hyperbola having w - awes
AA’ ~ BB'> PP’ ~ DD’,
where PP’, DD’ are any other conjugate diameters. Also, as P
moves from A, PP’ ~ DD’ diminishes, sn the hyperbola con-
tinually, and in the ellipse until PP’, DD’ take up the position
of the equal conjugate diameters.
For the ellipse the proposition is clear from what was
proved in Prop. 132.
For the hyperbolu
AA”™ ~ BB" = PP* ~ DD",
and PP’'>AA'
It follows that
AA’ ~- BB'> PP’ ~ DD',
and the latter diminishes continually as P moves farther
from A.

[This proposition should more properly have come before
Prop. 133, because it is really used (so far as regards the
hyperbola) in the proof of that proposition.]

Proposition 1385.
[VII 28.]
In every hyperbola or ellipse
AA’' .BB'< PP'.DD’,

and PP’'.DD’ tincreases as P moves away from A, in the
hyperbola continually, and tn the ellipse until PP’, DD’ coincide
with the equal conjugate diameters.

We have d4A’+ BB'< PP'+ DD, [Prop. 133]
so that .. (A4’ +BB’)' < (PP'+ DD'y".
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And, for the ellipse,
AA” + BB™ = PP” + DD". [Prop. 129]
Therefore, by subtraction,
AA' .BB'<PP'.DD’,

and in like manner it will be shown that PP.DD’ increases
. until PP’, DD’ coincide with the equal conjugate diameters.

For the hyperbola [proof omitted in Apollonius] PP’ > 4 A4’,
DD’ > BB’,and PP’, DD’ both increase continually as P moves
away from A. Hence the proposition is obvious.

Proposition 136.
[VIL 31.]
If PP, DIY be two conjugate diameters in an ellipse or
n conjugate hyperbolas, and if tungents be drawn at the four
extremities forming a parallelogram LL'MM’, then
the parallelogram LL'MM’ = rect. AA’. BB'.
Let the tangents at P, D meet the axis 44’ in T, T”

respectively. Let PN be an ordinate to 4A4’, and take a

length PO such that
PO*=CN.NT.

Now CA*: CB*'=CN.NT: PN* [Prop. 14]
= P0*: PN*,
or CA :CB=PO: PN;
». CA*: CA.CB=P0.CT:CT.PN.
Hence, alternately,
CA': PO.CT=CA.CB:CT.PN,
or CT.CN:PO.CT=CA.CB:CT.PN ...... (1).
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Again, PT*:CD*=NT:CN, [Prop. 125]
so that 2ACPT:2AT'DC=NT:CN.
But the parallelogram (CL) is a mean proportional between
2ACPT and 2AT'DC,
for 2ACPT : (CL)=PT :CD
=CP : DT"
=(CL):2AT'DC.
Also PO is a mean proportional between ON and NT.
Therefore
2ACPT : (CL)y=P0:CN=PO.CT:CT.CN
=CT.PN: CA .CB, from (1) above.
And 2ACPT =CT.PN;
<. (CLy=CA .CB,
or, quadrupling each side,
OLLMM'=AA'. BB

Proposition 137.
[VIL 33, 34, 35.]

Supposing p, to be the parameter corresponding to the azis
AA’ in a hyperbola, and p to be the parameter corresponding
to a diameter PP’,

(1) of AA’ be not less than p,, then p, < p, and p tncreases
continually as P moves further from A ;
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(2) if AA’ be less than p, but not less than % , then ps < p,
and p increases as P moves away from A ;

(3) if A4’ < %‘ , there can be found a diameter P, Py on

either side of the azis such that p,=2P,P;,. Also p, is less
than any other parameter p, and p increases as P moves further
Jrom P, in either direction.
(1) (a) If AA’ = p,, we have [Prop. 131 (2)]
PP'=p=DD’,
and PP’, and therefore p, increases continually as P moves
away from A.

% If AA’'>p,, AA’>BB’, and, as in Prop. 131 (1),
PP’: DD’, and therefore PP’: p, diminishes continually as P
moves away from A. But PP’ increases. Therefore p in-
creases all the more.

(2) Suppose 44’ <p, but 4:%'.

Let P be any point on the branch with vertex 4; draw
A’Q parallel to CP meeting the same branch in Q, and draw
the ordinate QM.

Divide A’A at H, H' so that
A'H: HA=AH' : HA'=AA’: p,,
as in the preceding propositions.
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Therefore AA":p'=A'H.AH': AH™ ............ (a).
We have now AH > AH' but $24H'
And MH + HA > 24H;
.. MH+HA:AH>AH: AH',
or (MH+ HAYAH' > AH".................. B)-

It follows that
(MH + HAYAM : MH + HA)AH', or AM: AH',
<(MH+ HA) AM: AH".
Therefore, componendo,
MH' : AH' < (MH+ HA)AM + AH*: AH*

whence A'H.MH': A’'H.AH' < MH*: AH",
or, alternately,
A'H.MH': MH'< A'H.AH': AH".

But, by Prop. 130 (2), and by the result (a) above, these
ratios are respectively equal to 44”: p*, and 44" : p,".

Therefore AA™:p'< AA”: p,,
or Pa<p-

Aguin, if P, be a point further from A than P is, and if
A’Q, is parallel to CP,, and M, is the foot of the ordinate QM,,

then, since AH $»24H’,
MH <2MH’;

also M.H + HM > 2MAH.
Thus (M,H + HM) MH' > MH".

This is a similar relation to that in (8) above except that
M is substituted for 4, and M, for M.

We thus derive, by the same proof, the corresponding result
to (vy) above, or
MH :MH < M H': MH",
whence A'H.M\H':M H'< A’'H.MH’': MH",
or AA™:pl<AA™:p',
so that p < p,, and the proposition is proved.
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(3) Now let A4’ be less than %‘-‘ .

Take a point M, such that HH’ = H'M,, and let Q,, P, be
related to M, in the same way that Q, P are to M.

Then P,P/:p,=MH': M,H. [Prop. 127)
It follows, since HH' = H'M,, that
p.'—- 2P.P°'.

Next, let P be a point on the curve between P, and A4,
and Q, M corresponding points.

Then MH .H'M< HH"”
since MH' < M,H'.

Add to each side the rectangle (MH + HH’) MH', and we
have

(M,H+ HM)MH’' < MH".

This again corresponds to the relation (8) above, with M
substituted for 4, M, for M, and < instead of >.

The result corresponding to () above is

M,H' : MH' > M H*: MH*,
s AH.MH' : MH*> A'H.MH': MH",

or AA™:p'> AA™: p'.

Therefore P > Po-

And in like manner we prove that p increases as P moves
from P, to A.

Lastly, let P be more remote from A than P, is.

In this case H'M > H'M,,
and we have MH' .H'M,> HH",
and, by the last preceding proof, interchanging M and M, and
substituting the opposite sign of relation,

AA™:p'< AA™: ),

and P> Po.

In the same way we prove that p increases as P moves
further away from P and A.

Hence the proposition is established.
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Proposition 138.
[VIL 36.]

In a hyperbola with unequal azes, if p, be the parameter
corresponding to AA’ and p that corresponding to PP’,
AA’ ~p,> PP’ ~ p,
and PP’ ~ p diminishes continually as P moves away from A.
With the same notation as in the preceding propositions,
A'H: HA=AH': H'A'= AA': p,,
whence AA™:(AA' ~p,)=A'H.AH': HH".
Also [Prop. 180 (3)]
AA™:(PP'~p)=A'H.MH': HH".

But A'H.MH'>A'H.AH';
s AA": (PP ~p)y>AA™: (A4’ ~p,)
Hence AA’ ~p,> PP ~p.

Similarly, if P,, M, be further from 4 than P, M are,
we have
A'H MH'>A'H.MH’,
and it follows that
PP'~p>P,P/~p,
and so on.

Proposition 139.
[VIL 37.]

In an ellipse, if P, P/, D,D, be the equal conjugate diamesters
and PP’, DD’ any other conjugate diameters, and sf p,, p, Pa> Pb
be the parameters corresponding to P,P/, PP', AA’, BB’
respectively, then

(1) AA’'~p, s the maximum value of PP'~p for
all points P between A and P,, and PP’ ~ p diminishes con-
tinually as P moves from A to P,,
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(2) BB’ ~ p, is the maximum value of PP’ ~ p for all
points P between B and P,, and PP’ ~ p diminishes continually
as P passes from B to P,,

(8) BB ~py>AA’' ~p,.

The results (1) and (2) follow at once from Prop. 182.

(8) Since p,: BB'=AA’: p,, and p, > A4’, it follows at
once that BB’ ~p, > AA’ ~ p,.

Proposition 140.
[VIL 38, 39, 40.]

(1) In a hyperbola, if AA’ be not less than ¥ p,,
PP +p>AA'+ p,,
where PP’ i3 any other diameter and p the corresponding
parameter; and PP'+p will be the smaller the nearer P
approaches to A.

(2) If AA'< }p,, there 13 on each side of the axis a
diameter, as P, Py, such that PP, =}p,; and P,P, + p, 18
less than PP’ + p, where PP’ i3 any other diameter on the same
side of the axis. Also PP’ + p increases as P moves away from
P,

(1) The construction being the same as before, we suppose

(a) AA' & p,.
In this case [Prop. 137 (1)] PP’ increases as P moves from
4, and p along with it.

Therefore PP’ + p also increases continually.
(%) Suppose AA’<p,but ¢ §pa;
s AH' ¢} AH;

thus AH' ¢ }(AH + AH'),
and (AH + AH').4AH' ¢ (AH + AH')".

Hence 4(AH+AH')AM :4(AH+AH')AH',or AM:AH’,

P4(AH+ AH')AM : (AH+ AH'Y;
H. C. 16
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and, componendo,
MH :AH' $4(AH+ AH)AM+(AH+ AH"Y:(AH+ AH')"
Now
(MH+ MH')Y—-(AH+AH') =2AMMH+ MH'+ AH+AH)
>4AM(AH+ AH");
;. 4AM(AH+AH'Y+ (AH+ AH'Y < (MH+ MH').
It follows that
MH':AH'< (MH + MH")*: (AH + AH")",
or AH.MH':(MH+MH')< A'H.AH':(AH+AH');
s AA™: (PP’ +p)< AA™:(AA’ + p,) [by Prop. 130 (8)]).

Hence AA' 4+ p,< PP’ +p.
Again, since AH' ¢ }(AH + AH"),
MH' > }(MH + MH');

. 4(MH+MH')MH' >(MH + MH")".
And, if P, be another point further from A than P is, and

Q,, M, points corresponding to Q, M, we have, by the same proof
as before (substituting M for 4, and M, for M),

AHMH :(MH+MH)<A'H. MH' : (MH + MH')",
We derive PP’ +p< PP/ +p,;

and the proposition is established.
(2) We have AH'< }AH, so that AH'< § HH'.
Make H'M, equal to § HH', so that M .H' =} M H.
Then PP/:p,=MH': MH=1:3,

and P0P°I=%.

Next, since MH =}M,H,
MH'= }(M,H + M,H').
Now suppose P to be a point between 4 and P,, so that
M,H' > MH';
s (M H+MH'Y >(M,H+MH').4M H',
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Subtracting from each side the rectangle (M,H + MH’).4MM,,
(MH + MH'Y > (M ,H + MH'). 4MH';
s (MH + MH') .4MM, : (M,H+ MH") .4MH’, or MM, : MH’,
>(M,H+ MH').4MM, : (MH + MH')".
Therefore, componendo,
MH' MH' >(M ,H+MH'y. 4MM,+(MH + MH'Y":(MH+MH"')
>(M,H+MH') :(MH + MH')".
Hence
A'H MH' : M,H+ MH)>A'H.MH': (MH + MH')".
Therefore [Prop. 130 (3)]
AA™: (P Py +p)>AA4": (PP’ +p),
and PP'+p>P,P/+p,.
Again, if P, be a point between P and A, we have
(MH+ MH'Y* > (MH + M\H") . 4MH’,
and we prove exactly as before that

P,P/+p,>PP'+p,
and 8o on.

Lastly, if MH > M, H, we shall have
(MH + M,H') . 4M ,H' > (M, H + M H")".

If to both sides of this inequality there be added the
rectangle (MH + M,H'). 4MM,, they become respectively

(MH + M, H').4MH' and (MH + MH')’,
and the method of proof used above gives
PP/ +p,< PP'+p,
and so on.
Hence the proposition is established.

16—°
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Proposition 141.
[VIL 41.]

In any ellipse, if PP’ be any diameter and p its parameter,
PP'+p>AA’ +p.,andPP’+putholucthammPuto
A. Also BB'+ p,>PP'+p

A 'y
With the same construction as before,
AH:HA=AH : H'A

=AA": p,

= : BB’,
Then AA’:(AA'+p.)=A'H': HH"

=A'H.AH' : HH"......... (a).
Also AA™ :BB"=AA':p,=A'H: A'H’'

=A'H.A'H': A'H® }
and BB*: (BB'+p)=A'H": HH"

Therefore, ez aequalt,
AA™:(BB'+p)'=A'H. A’'H': HH"......... B)-
From (a) and (B), since AH’> A'H’,
AA' + p.< BB+ p.

Again AA™: (PP'+p)'=A'"H.MH' : HH", [Prop. 130 (3)]
and AA™:(P,P/+p)=A'H. MH': HH",
where P, is between P and B, from which it follows, since

AH'>MH >MH' > A'H',
that AA'+p,< PP’ +p,
PP +p< PP/'+p,
PP/ +p,<BB’'+py,

and the proposition follows.
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Proposition 144.
[VIL 42)]
In a hyperbola, if PP’ be any diameter with parameter p,
AA’.p,< PP’.p,
and PP’. p increases as P moves away from A.
We have A'H:HA=AA4":AA'.p,,

and A'H:MH=AA™: PP'.p, [Prop. 130 (4)]
while AH< MH;
o AA'.p,< PP'.p,

and, since M H increases as P moves from 4, so does PP’. p.

Proposition 143.
[VIL 43]

In an ellipse AA’.p, < PP'.p, where PP’ i3 any diameter,
and PP’.p increases as P moves away from A, reaching a
maximum when P coincides with B or B’.

The result is derived at once, like the last proposition, from
Prop. 130 (4).

[Both propositions are also at once obvious since
PP'.p=DD"]

Proposition 144.
[VIL 44, 45, 46,
In a hyperbola,
(1) fA4'&ps,or
() f AA'<p,, but AA™& § (AA' ~ p,)', then
AA"+p¢’<P-P"+p',
where PP’ 13 any diameter, and PP" + p* increases as P moves
away from 4 ;
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(3) if AA" <} (AA’ ~ p,), then there will be found on either
side of the axis a diameter P, Py such that P,P,*=}(P,P,’ ~ p,)",
and P,P,* + p;' will be less than PP™+ p*, where PP’ is any
other diameter. Also PP"+ p* wnll be the smaller the nearer
PP’ is to P,P,.

(1) Let AA’ be not less than p,.

Then, if PP’ be any other diameter, p > p,, and p increases
a8 P moves further from A [Prop. 137 (1)]; also 44’ < PP",
which increases as P moves further from 4 ;

. AA"+p'< PP+ p',
and PP” 4 p* increases continually as P moves further from 4.

(2) Let AA’ be less than p,, but 44”4 § (44’ ~ p,)".
Then, since AA' : p,=A'H: AH=AH': A'H’,
24H" 4« HH",
and 2MH'.AH' > HH".
Adding 24 H.AH' to each side of the last inequality,
e(MH+ AH')AH'>2AH.AH'+ HH"
>AH'+ AH"™;
. 2(MH+ AH')AM : 2(MH + AH')AH', or AM: AH’,
<2(MH+ AH')AM : AH*+ AH".
Therefore, componendo,
MH':AH'<2(MH+ AHYAM + AH"+ AH": AH*+ AH"™,
and MH'+ MH"=AH'+AH™+2AM(MH + AH’),
so that MH :AH'< MH*+ MH™: AH*+ AH",
or AH MH' :MH*+MH"<A'H.AH':AH'+ AH™;
s AA™:PP*+p'< AA": AA™+p,". [Prop. 180 (5)]
Thus AA™+ pg' < PP™ 4 p'.
Again, since 2MH"™> HH",
and (if AM,>AM) 2M,H'.MH’ > HH",
we prove in a similar manner, by substituting M for A and M,

for M, that
PP*+p'< PP+ p’.
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(3) Let AA’ be less than § (44’ ~ p,),

so that 2AH*< HH",
Make 2M H” equal to HH™.
Now MH': MH = PP, : p, [Prop. 127]
so that P,P* =% (PP, ~p,).
Next, if P be between 4 and P,,
M H™= HH",
and eMH' .MH'< HH".

Adding 2MH . MH’ to each side,
2(M,H+ MH') MH' < MH* + MH",
and, exactly in the same way as before, we prove that
PP + p! < PP™ 4 p.
Again, if P, be between 4 and P,
2MH' .M,H' < HH",
whence (adding 2M, H . M, H’)
S(MH+ M\HYM\H' < M\H"+ M\H",
and, in the same way,

PP+ p'< PP +p".
Similarly PP +p'<AA"+p,.
Lastly, if AM> AM,,
eMH'.M,H' > HH",
and, if AM,> AM,

2M,H' .MH' > HH"”;
whence we derive in like manner that
PP* +p*> P,P* + p,’,
P,P" 4+ p'>PP" + p',

and so on.
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Proposition 145.
[VIL 47, 48.]

In an ellipse,

(1) if AA"$}(AA'+p,), then AA™+p< PP+,
and the latter increases as P moves away from A, reaching a
maximum when P coincides with B ;

() of AA™> (A4’ +p,)', then there unll be on each side
of the axis a diameter P,P, such that P,P,* = {(P,P, + p,)',
and P,P,” + p; will then be less than PP™ +p* in the same
quadrant, while this latter increases as P moves from P, on either
side.

(1) Suppose 44" 3 §(A4' +p.)
Now A'H.AH':AH'+AH®=AA":A44"+p,
Also AA™ :BB*=p,: BB'=AA' :p,=A'H : A'H’
=A'H.A'H' : A’H",
and BB": (BB +p')=A'H™: AH'+ A’'H";
hence, ez aequalt,
AA™ . (BB*+p)=A'H.A'H' : AH*+ A'H",
and, as above,
AA™:(AA"+p)=A'H.AH' : A’H*+ A’'H™,

Again, A4 3 F(A4' +po),
». 24’H.AH’' ¥ HH",
whence 24'H.MH' < HH".
Subtracting 2MH . MH’, we have
24'M .MH' < MH*+ MH".................. (1),

s 24'M AM :24'M . MH', or AM : MH',
>24'M.AM : MH* + MH",
and, since 24'M.AM+ MH'+ MH™=A'H* + A’H",
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we have,'componendo,

AH' : MH' > A'H*+ A’'H™ : MH* + MH",
s AH. AH':A'H*+ A'H* > A’'H.MH' : MH* + MH",
whence AA™:(AA"+p,")> AA™ : (PP +p"),

[Prop. 130(5)]
or AA™ 4+ p;' < PP+ p"

Again, either MH < M\H', or MH & M\ H".

(a) Let MH< M\H'.
Then MH*+ MH" > M,H*+ M,H",
and MH'+ M H”> M\ H'.2(M,H' - MH)*;
o MM, .2(M\H'- MH): M\H'.2 (M,H'—~ MH), or MM, : M\ H’,
>MM,.2(M\H' - MH) : M\H* + M, H*.
But MH*+ MH"—(M,H*+ M, H") =2 (CM* - CM,*);
S MM, .2(M\H'-MH)+ M\H*+ M\H" = MH* + MH",
thus, componendo, we have
MH' : M\H' > MH*+ MH™ : M\H*+ M,H";
therefore, alternately,

A'H . MH' : MH*+ MH*>A'H.M\H' : \\H*+ M\H",
and AA™: PP* +p*'> AA™: P, P,” + p*,[Prop. 130 (5)]
so that PP+ p'< P,P" +p"

o If MH & M. H’,
MH'+ MH™ » M\H*+ M\H",
and it results, in the same way as before, that

A'H.MH' : MH*+ MH" > A'H M\H’' : M\H* + M,\H",
and PP*+p'< P, P," +p".

Lastly, since
A'H AH :AH*+ A’'H”=AA" : BB®+py’,
and A'H.MH :MH'+ M\H”=AA": P,P," +p),

* Asin (1) above,

M, H*+ M H">24'M, . M,H’
>MH'.3(MH' - A'H’)
>M,H’'.3 (M,H’ - MH), a fortiori.
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it is shown in the same manuner that

P,P"+p'< BB™ +p"
(2) Suppose AA™> (A4 +p,),
so that 24AH™ > HH".

Make 2M,H"™ equal to HH", so that
MH*={HH"=HH' .CH’;
. HH':MH = M,H': CH'
=HH' ~ M,H' : M\H' ~ CH",

whence MH :CM,=HH' : M,.H',
and HH'.CM,=M,H.M,H'.
If then (a) AM< AM,

4CM,.CH' >2MH .M, H'.
Adding 2MM,. M, H’ to each side,
4CM,.CH' + °MM, M ,H' > 2M . H . M H’,
and again, adding 4CM ",
2(CM +CM,) MH' > (M,H* + M,H").
It follows that
2(CM+CM,) MM, : 2(CM + CM,) M,H’, or MM, : M H',
<2(CM+CM,) MM, : (M, H* + M .H™).
Now 2(CM+CM)MM,+ M,H*+MH™

=MH'+ MH",
so that, componendo,

MH : M\H' < MH*+ MH™ : M,H*+ M H",
and

AH MH : MH*+ MH*< A'H. M H' . M\H*+ M,H"”
whence P,P +p< PP*+p',
Similarly, if AM, < AM,
2HH'.CM >2M,H MH',
and we prove, in the same manner as above,
PP*+p'< P, P,* + py".
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And, since 2HH'.CM,>24H .M H',
in like manner
P,P"+p'< AA™ +p,'
Lastly (b), if AM > AM,, the same method of proof gives
PP +p! < PP*+p',
etec.

Proposition 146.
[VIL 49, 50.]

In a hyperbola,

(1) i A4’ > p,, then
AA™ ~ p < PP” ~ p*, where PP’ is any diameter, and PP" ~ p'
increases as P moves further from 4 ;
also PP? ~p*'> AA" ~p, . AA' but <2(AA™ ~p,. A4’):

(2) #f AA' < p,, then
AA™ ~ p' > PP™ ~ p*, which diminishes as P moves away
Jrom A;
also PP™~ p*> 2(AA™ ~ pg. AA").

(1) Asusual, AH: AH=AH : A'H' = AA’: p,;

s A’'H.AH': AH” ~ AH'=AA": AA" ~ p,".
Now MH': AH'< MH : AH;
o MH :AH'<MH'+ MH : AH'+ AH
<(MH'+ MH)HH':(AH'+ AH)HH',

ie. <MH™~ MH': AH™~ AH".

Hence

A'H.MH': MH” ~ MH'< A'H . AH': AH" ~ AH*;
s AA™: PP"~p'< AA™: AA™ ~ p,*, [Prop. 180 (5)]

or AA™ ~ p< PP"~ p"

Again, if AM > AM,

MH :MH <M H: MH;
S MH:MH<MH+MH: MH'+ MH,
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and, proceeding as before, we find
PP”~p'< P,P"~p},
and so on.
Now, if PO be measured along PP’ equal to p,
PP* ~ p*=2P0.0P'+ OP"™,;
‘. PP® ~ p*> PP’'.OP’ but < 2PP’. OP".
But PP’ .OP'=PP*-PP'.PO
=PP"*-p.PP'
=AA"-p, . AA’; [Prop. 129]
‘. PP"~p'>AA" ~p,. A4’ but <2(44"~p,. 4 A").
(2) If A4’ < ps,
MH':AH'>MH: AH;

S MH :AH'>MH'+ MH : AH'+ AH,
and

A'H.MH':A'H.AH'>(MH'+ MH)HH':(AH'+ AH)HH',
ie. >MH™~ MH*: AH” ~ AH".
Therefore, proceeding as above, we find in this case
PP™ -~ p'<AA" ~ p,;
Similarly
’ PP”~p'< PP™~p',
and so on.
Lastly, if PP’ be produced to O so that PO = p,
AA”~p,.AA'= PP"~ p. PP’ [Prop. 129]
= PP’ . OP',
And PP"” -~ p*'= PP* ~ PO*
=2PP'.P'0+ P'0®
> 2PP'.OP'
or >2(AA" ~ p,. A4
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Proposition 147.

[VIL 51
In an ellipse,
(1) sf PP’ be any diameter such that PP'> p,
AA™ ~ pt> PP" ~ p',

and PP"™ ~ p* diminishes as P moves further from A ;
(2) of PP’ be any diameter such that PP’ < p,
BB™ ~ py' > PP" ~ p',
and PP"™ ~ p* diminishes as P moves further from B.
(1) In this case (using the figure of Prop. 141)
AH': MH'< AC:CM
~A'H.AH': A’H.MH'< 2HH' . AC : 2HH'.CM
ie. <AH” -~ AH*: MH™ ~ MH".
Therefore, alternately,
A'H AH' : AH® ~ AH'< A’'H MH': MH™ ~ MH".
Hence
AA™: AA™~ pl< AA™: PP” ~ p*, [Prop. 130 (5)]
and AA™~ p> PP~ p,
Also, if AM, > AM, we shall have in the same way
A'H.MH': A’H M\H'< MH"~ MH*: M H* ~ M . H",
and therefore = PP"~p'> P P~ p® and so on.
(2) P must in this case lie between B and the extremity

of either of the equal conjugate diameters, and M will lie
between C and 4’ if P is on the quadrant 4 B.
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Then, if M, corresponds to another point P,,and AM, > AM,
we have

MH'> M H', and CM < CM;
. AH.MH': A'H.M,H'>CM : CM,
>20M.HH': 2CM,. HE',

ie. >MH"'~ MH™: MH* ~- M H",
whence, in the same manner, we prove
PP""P‘< PIPI"~p!,;

and PP”™~ p* increases as P moves nearer to B, being a
mazimum when P coincides with B.
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