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DISSERTATION.

Tz history of sciences, if it want the prepossessing attractions of political -
history and narration of events, is nevertheless not wholly devoid of in-
terest and instructien. A laudable curiosity prompts to inquire the sources
of knowledge ; and a review of its progress furnishes suggestions tending to
promote the same or some kindred study. We would know the people and
the names at least of the individuals, to whom we owe particular discoveries
and sucgessive steps in the advamcement of knowledge. If no more be
obtained by the research, still the inquiry has not been wasted, which points
aright the gratitude of mankind. :
. In the history of mathematical science, it has long been a questnon to
whom the invention of Algebraic analysis is due? among what people, -in
what region, was it devised? by whom was it cultivated and promoted? “or
by whose labours was it reduced to form and system? and finally from what
quarter did the diffusion of its knowledge proceed? No doubt indeed is
entertained of the source from which it was received tmmednatel%;ay ‘modern
'Europe; though the channel have been a matter of question eare well
assured, that the Arabs were mediately or immediately our instructors in this
study. But the Arabs themselves scarcely pretend- to the discovery of
Algebra. They were not in general inventors but scholars, during the
short period of their successful culture of the sciences : and the germ at least
of the Algebraic analysis is to be found among the Greeks in an age not
precisely determined, but more than. probably anterior to the earliest dawn
of civilizagtion among the Arabs: and this -science in a more advanced state
subsisted among the Hindus prior to'the ‘earliest disclosure of it by the
Arabians tp modern Europe.

The object of the present publication is to exhibit the science in the state
in which the Hindus possessed it, by-an exact version of the most approved

. b , ]



i bISSERTATION.

treatise on it in the ancient language of India, with one of the earlier treatises

(the only extant one) from which it was compiled. The design of this pre-

liminary dissertation is to deduce from these and from the evidence which

. will be here offered, the degree of advancement te which the science had
arrived in a remote age. Observations will be added, tending to a compa-
rison of the Indian, with the Arabian, the Grecian, and the modern Algebra:
and the subject will be left to the consideration of the learned, for a con-
clusion to be drawn by them from the internal, no less than the external
proof, on the question who can best vindicate'a claim to the merit of having
originally invented or first improved the methods of computation and analysis,
which are the groundwork of both the simple and abstruser parts of Mathe-
matics; that is, Arithmetic and Algebza: so far at least as the ancient inven-
tions are affected; and also in pasticular points, where recent discoveries are
concerned.

In the actual advanced condmon of the analytic art, it is not hoped that
this .version of ancient Sqnscrit treatises on Algebra, Arithmetic, and Mensu-
ratton, will add to the resources of -the art, and throw new light on mathe-
matical science, in any other respect, than as concemns its history. Yet the
remark may not seem inapposite, that had an earlier version of these treatises
been completed, had they been translated and given to the public, when the

_notice of mathematicians was first drawn to the attainments of the Hindus
in agtronomy and in sciences connected with it, some addition weuld have
been then made to the means and resources of Algebra for the general solu~
tion of problems by methods which have been re-invented, or have been per-
fected, in the last age.

- The treatises in question, which occupy the present volume, are the Vija-

- gatiita and Lildoatt of Buascara AcHARYA and the Garitédhaya and

Cultacdd’hyaya of Braumrcupra. The two first mentioned constitute the

preliminary portion of BuAscara’s Course of Astronomy, entitled Séddhénta-
dirémani. The two last are the twelfth and eighteenth chapters of a similar
course of astronomy, by BRAHMEGUPTA, entitled Brahma-sidd hinta.

The questions to be first examined in relation to these works. are their
authenticity and their age. To-the consideration of those points we now
proceed.

The period when BuAscara, the latest of the authors now named, ﬂou-
rished, and the time when he wrote, are ascertained with unusual precision.




DISSERTATION. iii’

He completed his great work, the Sidd’hénta-sirémarii, as he himself informs
us in a passage of it,! in the year 1072 Saca. This information receives cor-
roboration, if any be wanted, from the date of another of his works, the
Carana-cutuhala, a practical astronomical treatise, the epoch of which is
1105 Saca;* 33 years subsequent to the completion of the systematic
treatise. The date of the Sidd'hdntadirémani, of which the Vija-ganita and
Lildoati are parts, is fixt then with the utmost exactness, on the most satis-
factory grounds, at the middle of the twelfth century of the Christian era,
A.D. 1150.

The genuineness of the text is established with no less certainty by nume-
rous commentaries in Sanscrit, besides a Persian version of it. .Those com-.
mentaries comprise a perpetual gloss, in which every passage of the original
is noticed and interpreted : and every word of it is repeated and explained..
A comparison of them authenticates the text where they agree; and would.
serve, where they did.not, -to detect any alterations of it that might have
taken place, or variations, if any had crept in, subsequent to the composition
of the earliest of them. A careful collation of several commentaries,* and.

.of three copies of the original work, has been made ; and it will be seen i
the notes to the translation how unimportant are the discrepancies. .

* From comparison and collation, it appears then, that the work of Bmas-
CARA, exhibiting the same uniform text, which the modern transcripts of it
do, was in the hands of both Mahommedans and- Hindus between two and
three centuries ago: and, numerous copies of it having been diffused through~
out India, at an earlier period, as of a performance held in high estimation,:
it was the subject of study and habitunal reference in countries and places

" so remote from each otlier as the north.and west of India and the southern-
peninsula: or, to speak with the utmost precision, Jambusara in the west, :
Agra in North Hindustan, and Pérthapira, Gélagrdma Amaré'oati, .and
Nand‘ grdfna, in the sout:h - -

Gélddlyé,a or-lecton on the sphere. . 11, § 56. - As. Res. vol. 12. p. 214.
® As. Res, ibid
3 Though the matter be mtroductory, the preliminary treatises on arithmetic and algebra may
bave been added subsequently, as is hinted by one of the commentators of the astronomical part.
(Viértic.) The order there intimated places them after the computation of plancu, but before thc
. treatise on spherics; which contains the date.
-4 Note A.
' bg



iv - ' - DISSERTATION."

. This, though not marking any extraordinary antiquity, nor approaching’
to that of the author himself, was a material point to be determined : as there
will be in the sequel occasion to show, that modes of analysis, and, in parti-
‘cular, general methods for the solution of indeterminate problems both of the
first and second degrees, are taught in the Vija-ganita, and those for the first
degree repeated in the Lildvati, which were unknown to the mathematicians
of the west until invented anew in the last two centuries by algebraists of
France and England. It will be also shown, that BuAscara, who himself
flourished more than six hundred and fifty years ago, was in this respect a
compiler, and took those methods from Indian authors as much more ancient
than himself. ' :

That BuAscara’s text (meaning the metrical rules and examples, apart

from the interspersed gloss;) had continued unaltered from the' period of the
compilation of his work until the age of the commentaries now current, is
apparent from the care with which they have noticed its varipus readings,
and the little actual importance of these variations; joined to the considera--
tion, that earlier commentaries, including the author’s own explanatory
annotations of his text, were extant, and lay before them for consultation
and reference. Those earlier commentaries are occasionally cited by name:.
particularly the Gavita-caumudi, which is repeatedly quoted by more than
one of the scholiasts.*
.. No doubt then ean be- reasonably entertained, that we now possess the
anthmetlc and algebra of BuAscara, as composed and published by him in
the middle of the twelfth céntury of the Christian era. The age of his pre-
_cursors cannot be determined with equal precision. Let us proceed, how-
ever, to examine the evidence, such as we can at present collect, of their
antiquity.

‘Towards the close of his treatise on Algebra,* BuAscara mforms us, that
it is compiled and abridged from the more diffuse works on the same subject,
bearing the names of BraHME, (meaning no doubt BRAHMEGUPTA,)
SRIP’HARA and PADMANABHA; and in the body of his treatise, he has cited
a passage of SRID’HARA’s algebra,® and another of Papman£BHA’st He
repeatedly adverts to preceding writers, and refers to themn in general terms,,

* For example, by SURYADASA, under Lildvati, §.74; end still more frequently by Ranaa~
NAT'HA.
* Vija-gasita, § 218. ‘ 3 Ibid. § 13t 4 Ibid. § 142.
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where his commentators understand him to allude to ,ABYA-BHA'I{'ICA, to
BRAHMEGUPTA, to the latter’s scholiast CHATURVEDA PRIT'HUDACA SWAm,
and to the other writers above mentioned.

Most, if not all, of the treatises, to which he thus alludes, must have bcen.
extant, and in the hands of his commentators, when they wrote; as appears
from their quotations of them; more especially those of BRaAnMEGUPTA and
ARYA-BHATTA, who are cited, and particularly the first mentioned, in several
instances.* A long and diligent resedrch in various parts of India, has, how-,
ever, failed of recovering any part of the Padmandbha 'oya, (or Algebra of
PAapMANABHA,) and of the Algebraic and other works of ARYA-BH ATTA ' But
the translator has been more fortunate in regard to the works of SRID'HARA
and BrAHMEGUPTA, having in his collection SriD’'HARA'S compendium of -
arithmetic, and a copy, incomplete however, of the text and scholia of Brag-
" MEGUPTA’S Brahma-sidd’hdnta, comprising among other no less interesting
matter, a chapter treating of arithmetic and mensuration ; and another, the
subJect of which is algebra both of them fortunately complete.*

. The commentary is a perpetual one ; successively quoting at length each
verse of the text ; proceeding to the interpretation of it, word by word ; and
subJommg elucidations and remarks : and its colophon, at the close of each
chapter, gives the title of the work and name of the author.* Now the name,
which is there given, CHATURVEDA PriT’HUDACA SwAMY, is that of a cele-
brated scholiast of BranMEeUPTA, frequently cited as such by the commen-
tators of BuAscArA and by other astronomical writers: and the title of the
work, Bréhma-siddhénta, or sometimes Brdhma aphuta-azdd’hénta, corre-
sponds, in the shorter form, to the known title of BRAHMEGUPTA’s treatise in
the usual references to it by BHAscARA’s commentators ;° and answers, in the
longer form, to the designation of it, as indicated in an introductory couplet
which is quoted from BramMEGUPTA by LacsuMipAsa, a scholiast of
BuAscara? k

Remarking this coincidence, the translator. proceeded to collate, with the

i

' Vij.-gan. Ch. 5. note of SURYADASA. Also Vij-gas. §174; and Lil. §246 ad ﬁnem.

* For example, under Lil. Ch. 11. '3 Note G. * Note B.

3 Vésani-bhéshya by CHATURVEDA PRIT'HUDACA SwAMi, son of Map'udsupaxa, on the
Brakma-sidd'hénta ; (or sometimes Brakma-sphut a-sidd"Adnta.)

¢ They often quote from the Brakma-sidd'hinta after premising a reference to BRAHMEGUPTA.
7 Note C.
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text and commentary, numérous quotations from both, which he found in
BuAscaRrA’s writings or in those of his expositors. The result confirmed the
indication, and established the identity of both text and scholia as BrAnME-
GUPTA’s treatise, and the gloss of PriT’'RUDACA. The authenticity of this
Brahma-sidd’hdnta is further confirmed by numerous quotations in the com-
mentary of BHATT6TPALA on the sankitd of VARAHA MIHIRA : as the quo-
tations from the Brahma-sidd’hénta in that commentary, (which is the work
. of an author who flourished eight hundred and fifty years ago,) are verified
in the copy under consideration. A few instances of both will suffice ; and
cannot fail to produce conviction.
~ It is confidently concluded, that the Chapters on Arithmetic and Algebra,
 fortunately entire in a copy, in many parts imperfect, of BRAHMEGUPTA’S
celebrated work, as here described, are genuine and authentlc It remains
to investigate the age of the author. "

Mr. Davis, who first opened to the public a correct view of the astronomical
computations of the Hindus,® is of opinion, that BraumMzeuPrra lived in the
7th century of the Christian era.? Dr. WirLram Hoxrer, who resided for
some time with a British Embassy at Ujjayant, and made diligent researches
into the remains of Indian science, at that ancient seat-of Hindu astronomical
knowledge, was there furnistied by-the learned astronomers whom he consulted;
with the ages of the principal ancient authorities. They assigned to Beanue-
cupTA the date of 550 Saca; which answers to A. D.628. The grounds,
on which they proceeded, are unfortundtely not specified : but, as they gave
BuAscara’s age correctly, as- well as several other dates right, which admit of
being verified ; it is presumed, that they had grounds, though unexplained, for
the information which they communicated.*

Mr. BenTLEY, who is little disposed to favour the antiquity of an Indian
astronomer, has given his reasons for considering the astronomical system
which BranMEGUPTA teaches, to be between twelve and thirteen hundred
years old (1263§ years in A. D. 1799). 'Now, as the system taught by this
author is professedly one corrected and adapted by him to conform with the
observed positions of the celestial objects when he wrote,® the age, when
their positions would be conformable with the results of computations made
as by him directed, is precisely the age of the author himself : and so far-as

* Note D. * As. Res. 2. 295. .3 Ibid. 9. 242.
4 Note E. » 9 As. Res. 6. 586, ¢ Supra.
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Mr. BenTLEY's calculations may be considered to approximate to the truth,
the date of BRAEMEGUPTA’s performance is determined with like approach
to exactness, within a certain latitude however of uncertainty for allowance
to be made on account of the inaccuracy of Hindu obseryations.

The translatorhas assigned on, former occasions* the grounds upon which
he sees reason to place the author’s age, soon after the period, when the ver-
nal equinox coincided with the beginning of the lunar mansion and zodiacal
asterism Aswini, where the Hindun ecliptic now commences. He is sup-
ported in it by the sentiments of BuAscara and other Indian astronomers,
who infer from BranmeGcUPTA’s doctrine concerning the solstitial points, of
which he does not admit a periodical motion, that he lived when the equi-
noxes did not, sensibly to him, deviate from the beginning of Aéwint and
middle of Chitré on the Hindu sphere .2 On these groynds it is maintained,
that BRanMEGUPTA is rightly placed in the sixth or beginning of the seventh
¢entury of the Christian era; as the subjoined calculations will more parti-
cularly show.® The age when BRanmEGupTa flourished, seems then, from
the eoncurrence of all these arguments, to be satisfacterily settled as ante-

cedent to the earliest dawn of the culture of sciences among the Arabs ; and
- consequently establishes the fact, that the Hindus were in possession of
algebra before it was known to the Arabians.

BrauuEeeupTa’s treatise, however, is pot the earliest work known to have
been written on the same subject by an Indian ajithor. The most eminent
acholiast of BuAscARA* quotesa passage of ARYA-BHATTA specifying algebra
wnder the designation of ¥}ja, and making separate mention of Cuffaca, which
more particularly intends a problem subservient to the general method of
resolution of indeterminate problems of the first degree : ‘he is understood by,
another of BuAscAra’s commentators® to be at the head of the elder writers,
" to whom the text then under consideration adverts, as having designated by
the name of Mud’hyaméharara the resolution of affected quadratic equations
by means of the completion of the square. It is to be presumed, therefore,
that the treatise of Arva-BraTTA then extant, did extend to quadratic equa-
tions in the determinate analysis ; and to indeterminate problems of the first
degree ; if not to those of the second likewise, as most probably it did.

Thisancient astronomer and algebraist wasanterior to both VARAHA-MIHIRA

* As. Res. 9. 329. - * Ibid. 12. p. 215. . 3 Note F.
4 GaNEsa, a distiguished mathematician and astronomer. s Su'R. on Vij.-gan. § 128

-
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and BRAnMEGUPTA ; being repeatedly named by the latter; and the determi-
nation of the age when he flourished is particularly interesting, as his astro-
nomical system, though on some points agreeing, essentially disagreed on
others, with that which those authors have followed, and whlch the Hindu
astronomers still maintain.!

He is considered by the commentators of the .Surya scdd *hénta and Sirémariiy?
as the earliest of uninspired and mere human writers on the science of astro-
nomy ; as having introduced requisite corrections into the system of Para-
sARA, from whom he took the numbers for the planetary mean motions; as
having been followed in the tract of emendation, after a sufficient interval to
make further correction requisite, by DurcasiNua and M1nIRA ; Who were
again succeeded after a further interval by BRaAuMEGUPTA son of JisHnu.? .

In short, ARYA-BHATTA was founder of one of the sects of Indian astrono-
mers, as PuLisa, an author likewise anterior to both VARAHAMIHIRA and
BrAEMEGUPTA, was of another : which were distinguished by names derived
from the discriminative tenets respecting the commencement of planetary
motions'at sun-rise according to the first, but at midnight according to the
latter,* on the meridian of Lancd, at the beginning of the great astronomical
cycle. A third sect began the astronomical day, as well as the great period,
at noon. ' '

His name accompanied the intimation which the Arab astronomers (under
the Abbasside Khalifs, as it would appear,) received, that three distinct astro-
nomical systems were current among the Hindus of those days: and it is but
slightly corrupted, certainly not at all disguised, in the Arabic representation
of it Arjabahar, or rather: Arjabhar. The two other systems were, first, Bran-
MEGUPTA’S Sidd’hénta, which was the one they became best acquainted with,
and to which they apply the denomination of the sind-hind; and second, that

1

* Note G. * Nrisinka on Str. GANESa pref. to Grak. ligh.

3 As. Res. 2. 235,242, arid 244; and Note H.

4 BRAHMEGUPTA, ch. 11. The names are dudayaca from Udaya rising ; and Ardharétrica from

Ardharétri, midnight. The third school is noticed by BratréTrara the scholiast of VaRAHA
MIHIRA, under the denomination of Mddhyandinas, as alleging the commencement of the astrono-
mical period at noon: (from Madiyandina, mid-day.) )
* 8 The Sanscrit £,itis to be remembered, is the character of a peculiar sound often mistaken forr,
and which the Arabs were likely so to write, rather than with a te or with a tau. The Hindi { is
generally written by the English in India with an r. Example: Ber (: vata), the ladian fig.
vulg. Banian tree.
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of Arca the sun, which they write Arcand, a corruption still prevalent in
the vulgar Hindi.}

ARYABHATTA appears to'have had more correct notions of the true explana-
tion of celestial phenomena than BranMEGUPTA himself; who, in a few in-
stances, correcting errors of his predecessor, but oftener deviating from that
predecessor’s juster views, has been followed by the herd of modern Hindu
astronomers, in a system not improved, but deteriorated, since the time of
the more ancient author.

Considering the proficiency of ARyaBHATTA in astronomical science, and
adverting to the fact of his having written upon Algebra, as well as to the
circumstance of his being named by numerous wtiters as the founder of a
sect, or author of a system in astronomy, and being quoted at the head of
algebraists, when the commentators of extant treatises have occasion to
mention early and original® writers on this branch of science, it is not neces-
sary to seek further for a mathematician qualified to have been the great im-
prover of the analytic art, and likely to have been the person, by whom it
was carried to the pitch to which it is found to have attained among ' thé
Hindus, and at which it is observed to be nearly stationary through the long
lapse of ages which have since passed : the later additions being few and un-
essential in' the writings of BRAHMEGUPTA, of B:usc.uu, and of JNYANA
RAJA, though they lived at intervals of centuries ‘from each other. .

ArvABHATTA then being the earliest author known to have treated-of
Algebra among the Hindus, and being likély to be, if not the inventor, the
improver, of that analysis, by whom too.it was pushed nearly to the whole
degree of excellence which it is found to have attained among them; it be-
.comes in an especial manner interesting to investigate any discoverable trace
in the absence of better and more direct evidence, which may tend to fix the
date of his labours, or to indicate the time which elapsed between him and
BrauMEGUPTA, whose age is more accurately determined.?

Taking ARYABHATTA, for reasons given in the notes,’ to have preceded
Branmecurraand VARAHAMIHIRA by several centuries; and BRAHMEGUPTA
to have flourished about twelve hundred years ago;* and VARAHA MIHIRA,
.concermng whose works and age some further notices will be found in a sub-

¥ See notes I, K, .and N. * 8UnYa-DAsA on Vljo-gasita, ch. 5.
3 Note I. 4 Soe before and note F.
(]
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Jjoined note,! to have lived at the beginning of the sixth century after Christ,*
it appears probable that this earliest of krown Hindu algebraists wrote as
far back as the fifth century of the Christian era; and, perhaps, in an earlier
age. Hence it is concluded, that he is nearly as ancient as the Grecian
algebraist DroPHANTUS, supposed, on the authority of ABULFARAJ,® to have
flourished in the time of the Emperor JuLiaN, or about A. D. 360.

Admitting the Hindu and Alexandrian authors to be nearly equally
ancient, it must be conceded in favour of the Indian algebraist, that he was
more advanced in the science ; since he appears to have been in possession of
the resolution of equations involving several unknown, which it is not clear,
nor fairly presumable, that DiopHaNTUs knew ; and a general method for
indeterminate problems of at least the first degree, to a knowledge of which
the Grecian algebraist had certainly not attained ; though he displays infinite
sagacity and ingenuity in particular solutions; and though a certain routine
is discernible in them. :

A comparison of the Grecian, Hindu, and Arabianalgebras, wm more dis-
tinctly show, which of them had made the greatest progress at the earliest
oge of cach, that can be now traced.

The notation or algorithm of Algebra is so essential to this art, as to deserve
the first notice in a review of the Indian method of analysis, and a compari-
son of it with the Grecian and Arabian algebras. The Hindu algebraists use
‘abbreviations and initials for symbols: they distinguish negative quantities
by a dot;* but have not any mark, besides the absence of the negative sign,
to discriminate a positive quantity. No marks or symbols indicating opera-
tions of addition, or multiplication; &c. are employed by them: nor any an-
mouncing equality® or relative magnitude (greater or less).® But a factum is
-denoted by the initial syllable of a word of that import,” subjoined to the
terms which compose it, between which a dot is sometimes interposed. A
fraction is indicated by placing the divisor under the dividend,® but without
a line of separation. The two sides of an equation are ordered in the same

¥ Note K. a See before and note E. " 3 Pococke’s edition and translation, p. 89.

4 Vij.-gan. § 4. ’ T

$ The sign of equality was first used by Robert Recorde, becuuse, as he says, no two things can
be more equal than a pair of parallels, or gemowe lines of one length, Hutton.

¢ The signs of relative magnitude were irst introduced into European slgebra by Harriot.
* 1 Vij.-gan.§ 21, S Lil. §38. .
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manner, one under the other:* and, this method of placing terms under each
other being likewise practised upon other occasions,® the intent is in the
instance to be collected fromi the recital of the steps of the process in words
at length, which always accompanies the algebraic process, That recital is
also requisite to ascertain the precise intent of vertical lines interposed
between the terms of a geometric progression, but used also upon other
occasions to separate and discriminate quantities. The symbols of unknown
quantity are not confined to a single one: but extend to ever so great a
variety of denominations: and the characters used are initial syllables of the
names of colours,® excepting thefirst, which is the initial of ydvat-tévat, as much
as; words of the same import with BoMBELLI’s fants; used by him for thesame
purpose. Colour therefore means unknown quantity, or the symbol of it:
and the same Sanscrit word, varaa, also signifying a literal character, letters
are accordingly employed likewise as symbols ; either taken from the alpha-
bet ;* or else initial syllables of words signifying the subjects of the problem ;
whether of a general nature,® or. specially the names of geometric lines in
algebraic demonstrations of geometric propositions or solution of geometric
problems.® Symbols too are employed, not only for unknown quantities,
of which the value is sought; but for variable quantities of which the value
may bearbitrarily put, (7. Ch. 6, note on commencement of § 153—156,)and,

especially in demonstrations, for both given and sought quantities. Initials of
the terms for square and solid respectively denote those powers; and combined
they idicate the higher. These are reckoned not by the sums of the
powers; but by their products.” An initial syllable is in like manner used
to mark a surd root.® The terms of a compound quantity are-erdered sc-
cording to the powers; and the abselute number invariably comes last. It
also is distinguished by an initial syllable, as a discriminative token of
known quantity. Numeral coefficients are employed, inclusive of unity
which is always noted, and comprehending fractions;* for the numeral divisor
is generally so placed, rather than under the symbol of the unknown: and in
like manner the negative dot is set over the numeral coefficient: and not
over the literal character. The cocfficients are placed after the symbol of the

* Vij.-gan. and Brahm. 18, passim. * Vij.-gan. § 53. Y Vij-gan.§17. Brakm. c. 18, § 2.
4 Vij.-gon.ch:6, 3 Pijogan.§111.  © Flj.-ga. § 146,
7 Lil. § 26. ¥ Vij~gas. § 29. ? Vij.-gan, § 17.
10 Stevinus in like manner included fractions in coefficients. ‘
' c2
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unknown quantity.!” Equations are not ordered so as to put all the quanti-
ties posifive; nor to give precedence to a positive term in a compound quan-
" tity: for the negative terms are retained, and even preferably put in the first
place. In stating the two sides of an equation, the general, though not inva-
riable, practice is, at least in the first instance,'to repeat every term, which
‘occurs in the one side, on the other: annexing nought for the coefficient, if a
term of that particular denomination be there wanting.

If reference be made to the writings of DiopHANTUS, and of the Arabian
algebraists, and their early disciples in Europe, it will be found, that the
notation, which has been here described, is essentially different from all
theirs; much as they vary. DioruaNTUS employs the inverted medial of
MAndug, defect or want (opposed to vwagkis, substance or abundance®) to indi-
cate a negative quantity. He prefixes that mark 4 to the quantity in ques-
.tion. He calls the unknown, agifu@>; representing it by the final ¢, which
he doubles for the plural; while the Arabian algebraists apply the. equiva-
lent word for number to the constant or known term; and the Hindus, on
the other hand, refer the word for numerical character to the coefficient.
.He denotes the monad, or unit absolute, by w*; and the linear quantity is called
by him aritkmos; and designated, like the unknown, by the final sigma. . He
‘marks the further powers by initials of words signifying them: &, »*, 33, o',
“xx’, &c. for. dynamis, power (meaning the square); tubos, cube; dynamo-
‘dynamis, biquadrate, &c. But he reckons the higher by the sums, not the
products, of the lower. Thus the sixth power is with him the cubo-cubos,
.which the Hindus designate as the quadrate-cube, (cube of the square, or
square of the cube).

The Arabian Algebraists are still more sparing of symbols, or rather entlrely'
destitute of them.* They bave none, whether arbitrary or abbreviated, either
for quantities known or unknown, positive or negative, or for the steps and
operations of an algebraic process: but express every thing by words, and
phrases, at full length. Their European scholars introduced a few and very
few abbreviations of names: c’, ¢*, ¢’, for the three first powers; c°, q*, for

.the first and second unknown quantities; p, m, for plus and minus; and

' Viera did so likewise. :

* A word of nearly the same import with the Sanscri¢ d'hana, wealth, used by Hindu algebraists
for the same signification. :

3 Def. 9. 4 As. Res. 12. 183.
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¥ for the note of radicality ;. occur in the first printed work which is that of
‘Pacioro.!” Leonarpo Bonaccr of Pisa, the earliest scholar of the Arabians,*
is said by TararoN1 TozzerT1 to'have used the small letters of the alphabet
to denote quantities.” But LEoNARDO only does so because he represents
-quantities by straight lines, and designates those lines by letters, in elucidation
of his Algebraic solutions of problems.*

The Arabjans termed the unknown (and they wrought but on one) shai
thing. It is translated by LEonarDoO of Pisa and his disciples, by the corre-
spondent Latin word res and Italian cosa ; whence Regola de la Cosa, and
Rule of Coss, with Cossike practise and Cossike number of our older authors,
for Algebra or Speculative practice, as PAciorLo® denominates the analytic
art; and Cossic number, in writers of a somewhat later date, for the root of
‘an equation.

The Arabs termed the square of the unknown mdl, possession or wealth
translated by the Latin census and Italian censo ; as terms of the same import :
for it is in the acceptation of amount of property or estate’ that census was
. -here used by LEoNARDO.

The cube was by the Arabs termed Cdb a dle or cube ; and they combmed
these terms mdl and cdb for compound names of the more elevated powers;
in the manner of DiorHANTUS by the sums of the powers; and not like the
Hindus by their products. Such.indeed, is their method in the modern ele-
mentary works : but it is.not clear, that the same mode was observed by their
earlier writers; for their Italian scholars denominated the biquadratc and
higher powers Relato Jprimo, secundo, tertio, &c.

Positive they call zdid additional ; and negative ndkis deficient: and, as
before observed, they have no discriminative marks for either of them.

The operation of restoring negative quantities, if any there be,.to the po-
sitive form, which is an essential step with them, is termed jebr, or with the
article Aljebr, the mending or restoration. That of comparing the terms and
taking like from like, which is the next material step in the process of resolu-

* Or PacroLy, Pacivoro,—L1, &c.  For the name is variously written by Italian authors.
* See Note L.

- 3 Viaggi, 2d Edit. vol. 2, p. 62.
4 CossaLt, Origine dell’Algebra; i.
3 Robert Recorde’s Whetstone of Witte.

~ ® Secondo noi detta Pratica Speculativa. Summa 8. 1.
7 Census, quicquid fortunarum quis babet, Steph. Thes.
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tion, is called by them mukdbalah comparison. Hence the name of Tarik
uljebr wa aﬁufi‘abala, ‘the method of restoration and comparison,” which ob-
tained among the Arahs for this branch of the Analytic art; and hence our
uame of Algebra, from LEoNARDo of Pisa’s exact version of the Arabic title.
Fi istakhrdju'l majhulat ba tarik aljebr wa almukébalah, De solutione qua-
rundam quastionum secundum modum Algebre et Aimuchabaie.*

The two steps or operations, which have thus given name to the method of
analysis, are precisely what is enjoined without distinctive appellations of
them, in the introduction of the arithmetics of DiopnaNTUS, where he directs,
that, if the quantities be positive on both sides, like are to be taken from
like until one species be equal to one species; but, if on either side or on
both, any species be negative, the negative species must be added to both sides,,
so that they become positive on both sides of the equation : after which like
are again to be taken from like, until one species remain on each side.’

The Hindu Algebra, not requiring the terms of the equation to be all ex-
hibited in the form of positive quantity, does not direct the preliminary step
of restoring negative quantity to the affirmative state: but proceeds at once
to the operation of equal subtraction (‘samasédkana) for the difference of like
terms which is the process demominated by the Atabian Algebraists comparison
(makdbalak). On that point, therefore, the Arabian Algebra has more affinity
to the Grecian than to the Indian analysis.

As to the progress which the Hindus had made in the analytic art, it will
be seen, that they possessed well the arithmetic of surd roots ;* that they were
aware of the infinite quotient resulting from the division of finite quantity
by cipher ;* that they knew the general resolution of equations of the second
degree ; and had tonched upon those of higher denomination ; resolving them
i the simplest cases, and in those in which the solution happens to be prac-
ticable by the method which serves for quadratics :* that they had attained a .
general solution of indeterminate problems of the first degree:” that they had
arrived at a method for deriving a miltitude of solutions of answers to pro-

v Khuldsatél hisdb. ¢.8. Culeutta, .

3 Liber abbaci, 9. 15. 3. M.S. in Magliab. Libr.

3 Def. 11, -

4 Brakm. 18.§ 27—29. Vij.-gan. § 29—52.

3 Lil. § 45. Vij.-gan. § 15—16 and § 135.

¢ Vij~ga. § 129. and § 137—1838.

7 Brahm. 18.§ 3—18. Vij.-gan. 53—73. Lil.§ 248265,
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blems of the second degree from a single answer found tentatively ;* which
is as near an approach to a general solution of such problems, as was made
until the days of LAGrANGE, who first demonstrated, that the problem, on
_ which the solutions of all questions of this nature depend; is always resolvable
in whole numbers.? The Hindus had likewise attempted problems of this
higher order by the application of the method which suffices for those of the
first degree;* with indeed very scanty success, as might be expected.

They not only applied algebra both to astronomy* and to geometry ;* but
conversely applied geometry likewise to the demonstration of Algebraic rules.?
In short, they cultivated Algebra much more, and with greater success, than
geometry ; as is evident from the comparatively low state of their knowledge
in the one,” and the high pitch of their attainments in the other: and they
cultivated it for the sake of astronomy, as they did this chiefly for astro-
logical purposes. The examples in the earliest algebraic treatise extant
(BrAHMEGUPTA’S) are mostly astronomical : and here the solution of indeter-
minate problems is sometimes of real and practical use. The instances in the
later treatise of Algebra by BuAscaraA are more various: many of them geo-
metri¢ ; but one astronomical ; the rest numeral : among which a great number
of indeterminate ; and of these some, though not the greatest part, resembling
the questions which chiefly engage the attention of DiorHANTUS. But the
general character of the Diophantine problems and of the Hindu unlimited
ones is by no means alike : and several in the style of Diophantine are noticed
by Buascara in his arithmetical, instead of his algebraic, treatise.”

To pursue this summary comparison further, DiopraNTUS appears to have
been acquainted with the direct resolution of affected quadratic equations;
but less familiar with the management of them, he seldom touches on it.
Chiefly busied with indeterminate problems of the first degree, he yet seems
to have possessed no general rule for their solution. His elementary in-.
structions for the preparation of equations are succinct.® His notation, as '

* Brakm. 18. § 20—49. " Vij.-gan. 575—99. 8 Mem. of Acad. of Turin : and of Berlin.
© % Vi-gan. § 206—207. 4 Brakm. 18. passim. V%j.-gas.
$ Vij.-gar. § 117—127. § 146—152, - 8 Vij.-gan. § 212—214.

? Brahm. 12. § 21; corrected however in Lil. § 169—170.

s Lil. § 59—61, where it appears, however, that preceding writers bad treated the qllutwn alge-
braically. See likewise § 189—146

® Def. 33.
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before observed, scanty and inconvenient. In the whole science, he is very
far behind the Hindu writers: notwitlistanding the infinite ingenuity, by
which he makes up for the want of rule: and although presented to us under
the disadvantage of mutilation ; "if it be, indeed, certain that the text of only
six, or at most seven, of thirteen books which his introduction announces, has
been preserved." It is sufficiently clear from what does remain, that the lost
part could not have exhibited a much higher degree of attainment in the art.
It is presumable, that so much as we possess of his work, is a fair specimen
of the progress which he and the Greeks before him (for he is hardly to be
considered as the inventor, since he seems to treat the art as already known ;)
had made in his time.

The points, in which the Hindu Algebra appears partlcularly distinguished
from the Greek, are, besides a better and more comprehensive algorithm,—
1st, The mzinagem,ent of equations involving more than one unknown term.
(This adds to the two classes noticed by the Arabs, namely simple and com-
pound, two, or rather three, other classes of equation.) 2d, The resolution
of equations of a higher order, in which, if -they achieved little, they had, at
least, the merit of the attempt, and anticipated a modern discovery in the
solution of biquadratics. 3d, General methods for the solution of indeter-
minate problems of 1st and 2d degrees, in which they went far, indeed,
~ beyond DiopnanTys, and anticipated discoveries of modern Algebraists.
4th, Application of Algebra to astronomical investigation and geometrical
demonstration : in which also they hit upon some matters which have been
reinvented in later times.

This brings us to the examination of some of their anticipations of modern

discoveries, The reader’s notice will be herc drawn to three instances in

particular.

The first is the demonstration of the noted proposition of PyTHAGORAS,
concerning the square of the base of a rectangular triangle, equal to the
squares of the two legs containing a right angle. The demonstration is given
two ways in BuAscara’s Algebra, (Vij.-gari. § 146.) The first of them is the
same which is delivered by WaLris in his treatise on angular sectlons, (Ch.
6.) and, as far as appears, then given for the first time.*

' Note M, * He designates the sides C.D. Base B. Segments x, 3. 'I'hen

B:C::C: «
B:D::D: :} and therefore {D'
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On the subject of demonstrations, it is to be.remarked that the Hindu ma-:
- thematicians proved propositions both algebraically and geometrically : as is

particularly noticed by Buascara himself, towards the close of his Algebra,
where he gives both modes of proof of a remarkable method for the solution
of indeterminate problems, which involve a factum of two unknown quan-
tities. The rule, which he demonstrates, is of great antiquity in Hindu
Algebra: being found in the works of his predecessor BRAHMEGUPTA, and
being there a quotation from a more ancient treatise ; for it is injudiciously
censured, and a less satisfactory method by unrestricted arbitrary assumption
given in its place. BHAscArA has retained both.

The next instance, which will be here noticed, is the general solution of in-
determinate problems of the first degree. It was first given among moderns
by BAcHET de MEzirIAC in 1624.! Having shown how the solution of
equations of the form ar—bdy=c is reduced to ar—by==1, he proceeds to
resolve this equation: and prescribes the same operation on a and b as to find
the greatest common divisor. He names the residues ¢, d, ¢, f, &c. and the
last remainder is necessarily unity: 4 and b being prime to each other. By
retfacing the steps from e 1 or f+1 (according as the number of remainders
is even or odd) eF1=s, «dt1 =4, dcF 1 =y, ybt1 =B, BaF1 =a

: : . e qa. c b
‘orfr1=¢, LT =¢ wdt 19, &e. '
S e
The last numbers B and & will be the smallest values of » and y. Itis ob-
served, that, if @ and 4 be not prime to each other, the equation cannot
subsist in whole numbers unless ¢ be divisible by the greatest common mea-
sure of g and &. L

Here we have precisely the method of the Hindu algebraists, who have

not failed, likewise, to make the last cited observation. See Brakm. Algebra,

Therefore C* 4 D*<=(B x4 B =B into x4-2=) B?,
- The Indian demonstration, with the same symbols, is

B:C:: C:“} Tl)erefore{'l 'g—
B:D::D:2 3=D*
' B
Therefore B=n+)=§’_’+!_)_’ and B*=C'+4 D",
B B
' Probldmes plaisans et délectables qui se font par les nombres. 2d Edit, (1624). Lacnaxor’s
additions to EvLER’s Algebra, ij. 382. (Edit. 1807.)
d
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section 1. and Bhébsc. Lil. ch. 12. Vij. ch. 2. It is 30 prominent in the
Indian Algebra as to give name to the oldest treatise on it extant; and to
constitute a distinet head in the enumeration of the different branches of
mathematical knowledge in a passage cited from a still more ancient author.
See Lil. § 248.

Confining the comparizon of Hindu and modern Algebras to conspicuous
instances, the next for notice is that of the solution of indeterminate pro-
blems of the 2d degree: for which a general method is given by Branmx-
GUPTA, besides rules for subordinate cases: and two general methods (one of
them the same with BraRMEGUPTA’s) besides special cases subserviemt
however to. the universal selution of problems of this nature; and, to obtain
whole numbers in all circumstances, a’ combination of the method for pro-
blems of the first degree with that for those of the second, employing them
alternatedy, or, as tire Hinduw algebraist terms it, proceeding in a civele..

BrAscara’s second method (5. § 80—81) for a solution of the problem on
which all indeterminate ones of this degree depend, is exactly the same, which
Lord BrouNckEr devised to answer a question proposed by way of ¢hallenge
by Fermar in 1657. The thing required was a general rule for finding the
innumerable square numbers, wirich multiplied by a proposed (non-quadrate)
number, and then assuming an unit, will. make a square. Lord BROUNCKER's
rule, putting » for any given number, 7* for any square taken at pleasure,

. and d for dlﬁ'erence between % and 7* (* v2 n) was— (—er ‘r) the square

mqmmdb Imbhe Hmdn rule, using the same symbols, =7 is the square root

required.* But neither BRoUNCKER, nor WALLIS, who himself comtrived
another method, nor FErMAT, by whom the question was proposed, but whose
mode of solution was never made known by him, (probably because he had not
found anything better than WavLLis and BrRouNckER discovered,?) nor FrE-
NicLE, who treated the subject without, however, adding ta what had been .
. done by WaLLis and BrouNckEr;® dppear to have been aware of the impor-
tance of the problem and its universal use: a discovery, which, among the
moderns, was reserved for EuLER in the middie of the last century. To him,
among the moderns, we owe the remark, which the Hindus had made more
than a thousand years before,* that the problem was requisite to find all the

' Vij.-ged. § 2081, * Wallis, Alg. c. 98. ! Tbid.
+ Bhdscara Vij. § 173, and § 207. See likewise Braim. Alg. sect. 7.
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possible so]utlom of equations of this sort. LacraNGE tales credit for
baving further advanced the progress of this branch of the indetermimate
analysis, so lately as 1767 ;! and his_complete solution of equations of the
2d degree appeared mo earlier than 1769.°

It has been pretended, that traces of the art are to be dxcovered in the
writings of the Grecian geometers, and particularty in the five first proposi-
tions of EucLip’s thirteenth book ; whether, as WaLLis conjectures, what
we there have be the work of THEON or some other antient scholiast, rathef
than of EucLip himself:* Also examples of analytic investigation in Pae-
- Pus;* and indications of a method somewhat of a like nature with algebra;
er at least the effects of it, in the works of ARCHIMEDES and APOLLONIUS
though they are supposed to have very studiously concealed this their art of
invention.*

This proceeds on the ground of considering Analysu and Algebra, as in-
terchangeable terms ; and applying to Algebra Eucrip’s or THEON’s defmi-
tion of Analysis, ¢ a taking of that as granted, which is sought; and thence
by consequences arriving at what is confessedly true.’®

Undoubtedly they possessed a geometrical analysis; hints or traces of
which exist in the writings of more than one Greek mathematician, and-
especially in those of ArcHiMeDEs. But this is very different from the
Algebraic Calculus.. The resemblance extends, at most, to the method of
inversion; which both Hindus and Arabians consider to be entirely distinct
from their respective Algebras; and which the former, therefore, join with
their arithmetic and mensuration.’

. In a very general sense, the analytic art, as Hindu writers observe, is
merely sagacity exercised ; and is independent of symbols, which do not
constitute the art. In a more restricted sense, according to them, it is cal-
. culation attended with the manifestation of its principles: and, as they fur-
ther intimate, a method aided by devices, among which symbols and literal
signs are conspicuous.® Defined, as analysis is by an illustrious modera

! Mem. de YAcad. de Berlin, vol. 24.

* See French trandation of Euler's Algebra, Additions, p.286. And Legendre Theorie des
Nombres 1. § 6. No. 36.

3 WarLs, Algebra,-c. 2. ¢ lbid. and Pm'noe.

% Ibid. and Nunez Algebra 114. S WaLiis, following VIzTA's version, Alg. c. 1.

7 Lil,8.1.§47. Khulbsat. Histh. c. 8. $ Vij.-gad. § 110, 174, 215, 224

. de
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1
‘mathematician,' ¢ a method of resolving mathematical problems by reducing
them to equatiobs,” it assuredly is not to be found in the works of amy
Grecian writer extant, besides DiopHANTUS. '

In his treatise the rudiments of Algebra are clearly contained. He deli-
vers in a succinct manner the Algorithm of affirmative and negative quanti-
ties; teaches to form an equation; to transpose the negative terms ; and to
bring out a final simple equation comprising a single term of each species
known and unknown.

Admitting on the ground of the mention of a mathematician of his name,
‘'whose works were commented by HypaTia about the beginning of the fifth
century ;* and on the authority of the Arabic annals of an Armenian Chris-
tian;* which make him contemporary with Jurrans that helived towards
the middle of the fourth century of the Christian era; or, to speak with pre-
cision, about the year 360 ;* the Greeks will appear to have possessed in-
the fourth century so much of Algebra, as is to be effected by dexterous
application of the resolution of equations of the first degree, and even the
second, to limited problems; and to indeterminate also, without, however,
having attained a general solution of problems of this latter class.

The Arabs acquired Algebra extending to simple and compound (meaning
quadratic) equations; but it was confined, so far as appears, to limited pro-
‘blems of those degrees: and they possessed it so early as the close of the
eighth century, or commencement of the ninth. Treatises were at that
period written in the Arabic language on the Algebraic Analysis, by two
distinguished mathematicians who flourished under the Abbasside ALMAMUN:
and the more ancient of the two, MuiAMMED BEN Musa 4! Khuwdrezmi,
is recognised among the Arabians as the first. who made Algebra known to
them. He is the same, who abridged, for the gratification .of ALMAMUN, an
astronomical work taken from the Indian system in the preceding age, under
Armansur. He framed tables likewise, grounded on those of the Hindus;
which he professed to correct. And he studied and communicated to his

' D'ALEMBERT. * Suvipas, in voce Hypatia.

3 GREGORY ABULFARAJ. Ex iis etiam [nempe philosophis qui prope tempora Juliani ﬂorue-
runt] Diophautus, cujus liber, quem Algebram vocant, celebris est, in quem si immiserit se Lector,
oceanum hoc in genere reperiet.— Pococke.

4 JuLiaN was emperor from 360 to 863. See note M.
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countrymen the Indian compendious method of computation ; that is, their
arithmetic, and, as is to be inferred, their analytic calculus also.

The Hindus in the fifth century, perhaps earlier, were in possession of
Algebra extending to the general solution of both determinate and indeter-
minate problems of the 1st and 2d degrees: and subsequently advanced to
the special solution .of biquadratics wanting the second term ; and of cubics
i very restricted and easy cases. .

Priority seems then decisive in favour of both Greeks and Hindus against
any pretensions on the part of the Arabians, who in fact, however, prefer’
none, as inventors of Algebra. They were avowed borrowers in science:
and, by their own unvaried acknowledgment, from the Hindus they learnt
the science of numbers. That they also received the Hindu Algebra, is
much more probable, than that the same mathematician who studied the
Indian arithmetic and taught it to his Arabian brethren, should have hit
upon Algebra unaided by any hint or suggestion of the Indian amalysis.

. The Arabs became acquainted with the Indian astronomy and numerical
science, before they had any knowledge of the writings of the Grecian as-
tronomers and mathematicians: and it was not until after more than one
century, and nearly two, that they had the benefit of an interpretation of
DiorHaNTUS, whether version or paraphrase, executed by MunAMMED
ABULWAFA Al Buzjdni; who added, in a separate form, demonstrations of
the propositions contained in DiopHANTUS; and who was likewise author of
Commentaries on the Algebraic treatises of the Khuwarezmite MunAMMED
" BEN Musa, and of another Algebraist of less note and later date, ABI YAHYA,
whose lectures he had personally attended.’ Any inference to be drawn
from their knowledge and study of the drithmetics of DiopnaNTUS and
their seeming adoption of his preparation of equations in their own Algebra,
_or at least the close resemblance of both on this point, is of no avail against
the direct evidence, with which we are furnished by them, of previous in-
struction in Algebra and the publication of a treatise on the art, by an author
conversant with the Indian science of computation in all its branches.

But the age of the earliest known Hindu writer on Algebra, not being
with certainty carried to a period anterior, or even quite equal to that in
which DiopHANTUS is on probable grounds placed, the argument of priority,
so far as investigation has yet proceeded, is in favour of Grecian invention.

* Note N. * See note I. 3 See note N,
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The Hindus, however, had certainly made distinguished progress in the
science, so early as the century immediately following that in which the
Grecian taught the rudiments of it. The Hindus had the benefit of a good
arithmetical notation: the Greeks, the disadvantage of a bad one. Nearly
allied as algebra is to arithmetic, the invention of the algebraic calculus was
more easy and natural where arithmetic was best handled. No such marked
identity of the Hindu and Diophantine systems is observed, as to demon-
strate commuuication. They are sufficiently distinct to justify the pre-
sumption, that both might be invented independently of each other.

If, however, it be insisted, that a hint or suggestion, the seed of their know-
ledge, may have reached the Hindu mathematicians immediately from the
Greeks of Alexandria, or mediately through those of Bactria, it must at the
same time be confessed, that a slender germ grew and fructified rapidly, and
soon attained an approved state of maturity in Indian soil.

More will not be here contended for: since it is not impossible, that the hint
of the one analysis may have been actually received by the mathematiciaas of
the other nation; nor unlikely, considering the arguments which may be
‘brought for a probable communication on the subject of astrology; and ad-
verting to the intimate connexion between this aud the pure mathematics,
through the medium of astronomy.

The Hindus had undoubtedly made some progress at an early period in
the astronomy cultivated by them for the regulation of time. Their calen-
dar, both civil and religious, was governed chiefly, not exclusively, by the
moon and sun: and the motions of these luminaries were carefully observed
by them: and with such success, that their determination of the moon’s
synodical revolution, which was what they were principally concerned with,
is a much more correct one than the Greeks ever achieved.! They had a
division of the ecliptic into twenty-seven and twenty-eight parts, suggested
evidently by the moon’s period in days; and seemingly their own: it was
certainly borrowed by the Arabians.® Being led to the observation of the
fixed stars, they obtained a knowledge of the positions of the most remark~
able; and noticed, for religious purposes, and from superstitious notions, the
heliacal rising, with other pheenomeria of a few. The adoration of the sun,
of the planets, and of the stars, in common with the worship of the elements,

¥ As, Res. 2 and 12. . * As.Res. 9, Essay vi,
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held a principal place in their religious observances, enjoined by the Pédas:*
and they were led consequently by piety to watch the heavenly bodies.
They were particularly conversant with the most splendid of the primary
planets; the period of Jupiter being introdaced by them, in conjunction
with these of the sun and moon, imto the regulation of their calendar, sacred
and eivil, in the form of the celebrated cycle of sixty years, common to
them amd to the Chaldeans, and still retained by them. From that cycle
they advanced by progressive stages, as the Chaldeans likewise did, to laiger
periods ; at first by combining that with a mamber specifically suggested by
other, or more correctly determined, revolutions of the heavenly bodies ; and
afterwards, by merely augmenting the places of figures for greater scope,
(preferring this to the more exact method of combining periods of the
planets by an algebraic process; which they likewise investigated®y: wntil
they arrived finally at the unwieldy eycles named Makdyugas and Coalpas.
But it was for the sake of astrology, that they pushed their cultivation of
astronomy, especially that of the minor planets, to the length alluded to.
Now divination, by the relative ‘position of the planets, seems to lave been,
n part at least, of a foreign growth, and comparatively recent introduction,
among the Hindus. The belief in the influence of the planets ame stars,
upon human affairs, 8 with them, indeed, remotely antient; and was a
matural consequence of their creed, which made the san a divine beimg, and
the planets gods. But the notion, that the tendency of that suppesed in-
fluence, or the manner in which it will be exerted, may be foreseen by man,
and the effect to be produced by it foretold, through a knewledge of the posi-
tion of the plamets at a particular moment, is no necessary result of that
creed : for it takes from beings believed divine, frée-agency in other respects,
as i their visible movements. '

Whatever may have been the period when the notion first obtained, that
foreknowledge of events on earth might be gained by observations of planets
and stars, and by astronomical computation; or wherever that fancy took its
rise; certain it is, that the Hindus have received and welcomed communica-
tions from other nations on topics of astrology: and although they had astro-
logical divinations of their own as early as the days of ParASara and
GARGaA, centuries before the Christian era, there are yet grounds to presume

' As. Res. 8. * BRARMEGUPTA, Algebra.
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that communications subsequently passed ‘to them on the like subject, either
from the Greeks, or from the same common source (perhaps that of the
Chaldeans) whence the Greeks derived the grosser superstitions engrafted on
their own genuine and antient astrology, which was meteorological.

This opinion is not now suggested for the first time. Former occasions
have been taken of intimating the same sentiment on this point:* and it has.
been strengthened by further consideration of the subject. As the question
is closely connected with the topics of this dissertation, reasons for -this
opinion will be stated in the subjoined note.* ' : .

Joining this indication to that of the division of the zodiac into twelve
signs, represented by the same figures of animals, and named by words of the
same import with the zodiacal signs of the Greeks; and taking into consi-
deration the analogy, though not identity, of the Ptolemaic system, or rather
that of HrpparcHus, and the Indian one of excentric deferents and epicycles,
which in both serve ta account for the irregularities of the planets, or at least
to compute them, no doubt can be entertained that the Hindus received hints
from the astronomical schools of the Greeks.

It must then be admitted to be at least possible, if not probable, in the
absence of direct evidence and positive proof, that the imperfect algebra of
the Greeks, which had advanced in their hands no further than the solution
of equations, involving one unknown term, as it is taught by DropHANTUS,
was made known to the Hindus by their Grecian instructors in improved
astronomy. But, by the ingenuity of the Hindu scholars, the hint was
rendered fruitful, and the algebraic method was soon ripened from that slen-
der beginning to the advanced state of a well arranged science, as it was
taught by ArvyaBuaTra, and as it is found in treatises compiled by Bran-
MEGUPTA and BuAscaRA, of both which versions are here presented to the
public.

‘

' As. Res. 12. * Note O.
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NOTES AND ILLUSTRATIONS.

A, .
SCHOLIASTS OF BHASCARA.

THE oldest commentary of ascertained date, which has come into the
translator’s hands, and has been accordingly employed by him for the pur-
pose of collation, as well as in the progress of translation, is one composed |
by GancAp'HARA son of G6BARD'HANA and grandson of DivAcaRra,
inhabitant of Jambusara.! . It appears from an example of an astronomical
' computation, which it exhibits,* to have been written about the year
1342 Saca (A.D. 1420). Though confined to thie Lildvati, it expounds and
consequently authenticates a most material chapter of the Vija-ganita,
which recurs nearly verbatim in both treatises; but is so essential a part of
the one, as to have given name to the algebraic analysis in the works of the
early writers. His elder brother VisHNU PANDITA was author of a treatise
of arithmetic, &c. named Gariita-séra, a title borrowed from the compendium
of Srip’HARA. It is frequently quoted by him.

~ The next commentary in age,and consequent importance for the objects now
under consideration, is that of SURYA surr also named SUrYADASA, native of
Pérthapura, near the confluence of the Gédé and Vidarbhé rivers.* He was
author of a complete commentary on the Sidd’hdnta-sirémarii; and of a dis-
tinct work on calculation, under the title of Gariita-mdlati ; and of a compi-
lation of astronomical and astrological doctrines, Hindu and Muhammedan,
under the name of Sidd’hdnta-sanhitd-sdra-samuchchaya ; in which he makes
mention of his commentary on the Sirémarii. The gloss on the Lilévatt, en-

* A town situated in Gujrat (Gurjara), twenty-enght mlles north of the town of Broack.

* Lil. § 264.

3 Cuttacdd’hydya, the title of BRARMEGUPTA’s chapter on Algebra, and of a chapter in Anu-
BHATTA's work.

4 Gédéogys and Werds.
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titled Gaviitémrita, and that on the Vija-garita, named Strya-pracésa, both
excellent works, containing a clear interpretation of the text, with a concise
explanation of the principles of the rules, are dated the one in 1460, the other
in 1463 Saca; or A.D. 1588 and 1541. His father JNYANARAJA, son of
NAcANATHA, a Brahmen and astronomer, was author, among other works,
of an astronomical course, under the title of Sidd hdnta-sundara, still extant,’
which, like the Sidd'hdnta-sirémarii, comprises a treatise on algebra. It is
repeatedly cited by his son.

GANESa, son of CEsava, a distinguished astronomer, native of Nandi-
grdma, near Dévagiri, (better known by the Muhammedan name of Daule-
tdbdd),* was author of a commentary on the Sidd’hdnta-sirémani, which is
mentioned by his nephew and scholiast NrRisiNHa4 ; in an enumeration of his
works, contained in a passage quoted by ViswaANAT'HA on the Grahalighaoa.
His commentary on the Lfldvatf bears the title of Budd'hivildsint, and date of
1467 Saca, or A.D. 1545. It comprises a copious exposition of the text,
with demonstrations of the rules: and has been used throughout the trans-
lation as the best interpreter of it. He, and his father CEsava, and nephew
NrisiNHA, as well as his cousin LacsuMipAsa, were authors of numerous
works both on astronomy and divination. The most celebrated of his own
performances, the Grakaléghava, bears date 1442 Saca, answering to A.D.
1520.

The want of a commentary by GANESA on the Vlja-gariita, is supplied
by that of CrisHN4, son of BALLALA, and pupil of VisuNu, the disciple of
G aNESA’s nephew NrisinHA. It contains a clear and copious exposition
of the sense, with ample demonstrations of the rules, much in the manner of
GANXESa, on the Lildvatt ; whom also he imitated in composing a commen-
tary on that treatise, and occasionally refers to it. His work is entitled
Calpalatéveatéra. 1Its date is determined, at the close of the sixteenth
century of the Christian era, by the notice of it and of the author in a work
- of his brother RANGANATHA, dated 1524 Saca (A.D. 1602), as well as in

one by his nephew Muniswara. He appears to have been astrologer in’

the service of the Emperor JEnANGIR, who reigned at the beginning of the
~ seventeenth century.

The gloss of RANGANAT HA on the Védsand, or demonstratory annotations

* The astronomical part is in the library of the East India Company.
* Nandigrém retains its ancient name ; and is situated west of Daulctabad, about sixty-five miles.
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of BuAscArA, which is entitled Mita-bhéshini, contains no specification of
date ; but is determined, with sufficient certainty, towards the middle of -
the sixteenth century of the Saca era, by the writer's relation of son to
NmstnA, the author of a commentary on the Strya-sidd’hénta, dated
1542 Saca, and of the Vésand-vértica (or gloss on BuaAscara’s annotations
of the Sirémani), which bears date in 1543 Saca, or A.D. 1621; and his
relation of brother, as well as pupil, to CAMaLACARA, author of the Siddhénta-
tatwa-vivéca, also composed towards the middle of the same century of
the Saca era. NRisiNHA, and his uncle ViswaNAT'HA, (author of astrolo-
gical commentaries,) describe their common ancestor DivAcara, and his
grandfather RAmA, as Mahdrdshtra Brahmens, living at Gélagrima,' on
the northern bank of the Géddvari, and do not hint a migration of the
family. NRisiNHA’s own father, CrisuNA, was author of a treatise on
- algebra in compendious rules (‘sutra), as his son affirms.

The Vija-prabédha, a commentary on the Vija-gariita, by RAaa Cmsmu,
son of LacsuMaNA, and grandson of NRrisiNHa, inhabitant of 4dmarévat,
is without date or express indication of its period ; unless his grandfather
NrisiNaA be the same with the nephew .of Vi§waNATHA just now men-
tioned: or else identified with the nephew of GANESA and preceptor of
VisaNvu, the instructor of CrisANA, author of the Calpalatévatdra. The
presumption is on either part consistent with proximity of country: 4maré-
vatf not being more than 150 miles distant from Nandigréma, nor more than
200 from Gélagréma. 1t is on one side made probable by the author’s
frequent reference to a commentary of his preceptor CrisuNa, which in
substance corresponds to the Calpalatéoatéra; but the title differs, for he
cites the Navdncura. On the other side it is to be remarked, that CRisHNA,
father of the NuisiNuA, who wrote the Vasand-vértica, was author of a
a treatise on Algebra, which is mentioned by his son, as before observed.

The Manbranjana, another commentary on the Lildvatf, which has been-
used in the progress of the translation, bears no date, nor any indication
whatsoever of the period when the author RAMA-CrisuNA DEva, son of
SADADEvVA, surnamed APADEVA, wrote.

The Gariita-caumudi, on the Lildvatt, is frequently cited by the modern

* Gélghm of the maps, inlat. 18°N. long. 78° E.
* A great commercial town in Ber4r.

e?
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commentators, and in particuldr by SuRya-surr and RANGANAT’'HA : but
has not been recovered, and is only known from their quotations.

Of the numerous commentaries on the astronomical portion of BuAscAra’s
Sidd'hdnta-§irémaii, little use having been here made, either for settling the
text of the algebraic and arithmetical treatises of the author, or for interpreting
particular passages of them, a reference to two commentaries of this class,
besides those of SURYA-surl and GANESA, (which have not been recovered,)
and the author's own annotations and the interpretation of them by
Nrisinua above noticed, may suffice: viz. the Gaiiita-tatwa-chintdmani, by
LAacsHMIDASsA, grandson of CEsava, (probably the same with the father of
GANFEsA before mentioned,) and son of V AcuEsparTi, dated 1423 Saca, (A.D.
1501); and the Mdricha, by MuNiswaRra, surnamed Vi1swARUPA, grandson
of BALLALA, and son of RANGANAT'HA, who was compiler of a work dated
1524 Saca (A.D. 1602), as before mentioned. Muniswara himself is the
author of a distinct treatise of astronomy entitled Sidd hdnta-sdrvabhauma.

Persian versions of both the Lildvati and Vija-ganita have been already
notjced, as also contributing to the authentication of the text. The first by
Faizi, undertaken by the command of the Emperor AcsERr, was executed in
the 32d year of his reign; A.H. 995, A.D. 1587. The translation of the
Vija-ganita is later by half a century, having becn completed by Ata ULLan’
Rasufpf, in the 8th year of the reign of SuaAn JEnAN; A.H. 1044, A.D.

1634.

B.
ASTRONOMY OF BRAHMEGUPTA.

BRAHMEGUPTA’s entire work comprises twenty-one lectures or chapters §
of which the ten first contain an astronomical system, consisting (1st and 2d)
-in the computation of mean motions and true places of the planets; sd,
solution of problems concerning time, the points of the horizon, and the
position of places; 4th and 5th, calculation of lunar and solar eclipses; 6th,
rising and setting of the planets; 7th, position of the moon’s cusps; 8th,
observation of altitudes by the gnomon; 9th, conjunctions of the planets;
and, 10th, their conjunction with stars. The next ten are supplementary,
including five chapters of problems with their solutions: and the twenty-
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first explains the principles of the astronomical system in a compendious
. treatise on spherics, treating of the astronomical sphere and .its circles, the
tonstruction of sines, the rectification of the apparent planet from mean
motions, the cause of lunar and solar eclipses, and the construction of the
armillary sphere.

The copy of the scholia and text, in the translator’s possession, wants the
whole of the 6th, 7th, and 8th chapters, and exhibits gaps of more or less
extent in the preceding five ; and appears to have been transcribed from an
exemplar equally defective. From the middle of the 9th, to near the close of
the 15th chapters, is an uninterrupted and regular series, comprehending a very
curious chapter, the 11th, which contains a revision and censure of earlier
writers: and next to it the chapter on arithmetic and mensuration, which is
the 12th of the work. Itis followed in the 13th, and four succeeding chapters,
by solutions of problems concerning mean and true motions of planets, find-
ing-of time, place, and points in the horizon; and relative to other matters,
which the defect of the two last of five chapters renders it impracticable to
specify. Next comes, (but in a separate form, being transcribed from a diffe-
rent exemplar,) the 18thchapteron Algebra. The two, which should succeed,
(and one of which, as appears from a reference to a chapter on this subject,
treats of the various measures of time under the several denominations of
solar, siderial, lunar, &c.; and the other, from like references to it, is known
to treat of the delineation of celestial pheenomena by diagram,) are entirely
wanting, the remainder of the copy being defective. The twenty-ﬁrst'.
chapter, however, which is last in the author’s arrangement, (as the corre-
sponding book on spherics of BuAscara’s Sidd'hénta-sirémani is in his,)
has been transposed and first expounded by the scholiast : and very properly
80, since its subject is naturally preliminary, being explanatory of the prin-
ciples of astronomy. It stands first in the copy under consideration ; and is
complete, except one or two. initial couplets.

.
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C.
BRAHMA-SIDD’HANTA, TITLE OF BRAHMEGUP&'A’S
ASTRONOMY.

THE passage is this: “ Braumécta-graha-garitam mahaté céléna yat
C’hili-bhtitam, abhid hiyaté sphutan tat JisuNv-suta BRAHMEGUPTENA.”

¢ The computation of planets, taught by Branaa, which had become im-
perfect by great length of time, is propounded correct by BRAnMEGUPTA son
of JisaNu.’

The beginning of PriT'HUDACA’Ss commentary on the Brahma-sidd'hénta,
where the three initial couplets of the text are expounded, being deficient,
the quotation cannot at present be brought to the test of collation. But the
title is still more expressly given near the close of the eleventh chapter,
(§59) « Bréhmé sphuta-sidd’hénté ravindu-bha y6gam, &c.”

And again, (§ 61) “ Chandra-ravigrahanéndu-ch’hdyddishu sarvadé yaté
Bréhmé, drig-ganitaicyam bhavati, sphut-sidd’hintas taté Brdhmah.”
¢ As observation and computation always agree in respect of lunar and solar
eclipses, moon’s shadow (i. e. altitude) and other particulars, according to
the Brdhma, therefore is the Bréhma a correct system, (sphuta-sidd’hénta).’

It appears from the purport of these several passages compared, that
BrAHMEGUPTA’S treatise is an emendation of an earlier system, (bearing the
same name of Brahma-sidd’hdnta, or an equivalent title, as Pitamaha-
sidd’hénta, or adjectively Paitémaha,) which had ceased to agree with
the pheenomena, and into which requisite corrections were therefore intro-
duced by him to reconcile computation and observation ; and he entitled his
amended treatise ¢ Correct Brahma-sidd’hdnta.’ That earlier treatise is con-
sidered to be the identical one which is introduced into the Vishnu-d’hermét-
tara puréra, and from which parallel passages are accordingly cited by the
scholiasts of BuaAscara. (See following note.) It is no doubt the same
whichisnoticed by VArRAHAMIHIRA under the title of Paitdmaha and Bréhma
siddhanta. Couplets, which are cited by his commentator BHATT6TPALA from
the Brahma-sidd’hanta, are found in BRAnMEGUPTA’S work. But whether
the original or the amended treatise be the one to which the scholiast re-
ferred, is nevertheless a disputable point, as the couplets in question may be
among passages which BRAHMEGUPTA retained unaltered.




NOTES AND ILLUSTRATIONS. - xxxi

D.

VERIFICATION OF TIfE TEXT OF BRAHMEGUPTA'S
TREATISE OF ASTRONOMY.

A PASSAGE, referring the commencement of astronomical periods and of
planetary revolutions, to the supposed instant of the creation, is quoted from
BrauMEGUPTA, with a parallel passage of another Brakma siddhdnta
(comprehended in the Vishnd-dherméttara-purdéna) in a compilation by
Muniswara one of Buascara’s glossators.” It is verified as the 4th couplet
of BRAHMEGUPTA’s first chapter (upon mean motions) in the translator’s copy.

" Seven couplets, specifying the mean motions of the planets’ nodes and
apogees, are quoted after the parallel passage of the other Brakma sidd hénta,
by the same scholiast of BuAscARa, asthe text of BRARMEGUPTA : and they
are found in the same order from the 15th to the 21st in the first chapter of
his work in the copy above mentioned.

This commentator, among many other corresponding ' passage
him on various occasions, has quoted one from the same Brakma .
the Vishsiu-dharméttara concerning the orbits of the planets dedu
magnitude of the sky computed there, as it alsois by BranuEeet
§9), but in other words, at a circumference of 18712069200000(
he goes on to quote the subsequent couplet of Branmecurra d
planets travel an equal measured distance in their orbits in equal times : and
then cites his scholiast (fficacéra) CHATURVEDACHARYA.

The text of Braumecurra (ch. 1, § 21) specifying the diurnal revolutions
of the siderial sphere, or number of siderial days in a calpa, with the corre-
spondent one of the Paitdmaha sidd hénta in the Vishriu-dherméttara, is ano-
ther of the quotations of the same writer in his commentary on BuAscaRra.

A passage relating to oval epicycles,® cited by the same_author in another
place, is also verified in the 2d chapter (in the rectification of a planet’s place).
" A number of couplets on the subject of eclipses® is cited by Lacsumip4’s4,
a commentator of BuAscara. They are found in the 5th chapter (on
eclipses) § 10 and 24; and in a section of the 21st (on the cause of eclipses)
§ 37 to 46, in the copy in question.

Several couplets, relating to the positions of the constellations and to the

' As.Res. 12, p. 282. . ¢ Ibid, 12, p. 236. ? Ibid. 12, p. 241,
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longitudes and latitudes of principal fixt stars, are cited from BRAHMEGUPTA
in numerous compilations, and specifically in the commentaries on the-Sitrya-
sidd’hdnta and Sidd’hénta-sirémani' They are all found correct in the 10th
chapter, on the conjunctions of planets with fixt stars.

A quotation by GANESA on the Lildvati(A. D. 1545) describing the attain-
ments of a true mathematician,® occurs with exactness as the first couplet of.
the 12th chapter, on arithmetic ; and one adduced by Buascara himself, in
his arithmetical treatise (§ 190), giving a rule for finding the diagonal of a.
trapezium,® is precisely the 28th of the same chapter.

A very important passage, noticed by BuAscara in his notes on his
Sidd’hénta-sirémani, and alluded to in his text, and fully quoted by his com-
mentator in the Mdricha, relative to the rectification of a planet’s true place
from the mean motions,* is found in the 21st chapter, §27. BHuAscARa has,
on that occasion, alluded to the scholiast, who is accordingly quoted by name
in the commentary of Lacsumipssa (A.D. 1501): and here again the cor-
respondence is exact.

The identity of the text as BranmecuPra’s, and of the gloss as his scho-
liast’s, being (by these and many other instances, which have been collated,)
satisfactorily established ; as the genuineness of the text is by numerous quo-
tations from the Brahma-sidd hdnta (without the author’s name) in the more
ancient commentary of BHATT6TPALA (A. D. 968) on the works of VARAHA-
MIHIRA, which also have been verified in the mutilated copy of the Brakma-
sidd’hdnta under consideration; the next step was the examination of the
detached copy of a commentary on the 18th chapter, upon Algebra, which is
terminated by a colophon so describing it, and specifying the title of the entire
book Brahma-sidd’hdnta, and the name of its author BRAHMEGUPTA.

For this purpose materials are happily presented in the scholiast’s enume-
ration, at the close of the chapter on arithmetic, of the topics treated by his
author in the chapter on Algebra, entitled Cutfaca:* in a general reference
to the author’s algorithm .of unknown quantities, affirmative and negative
terms, cipher and surd roots, in the same chapter;® and the same scholiast’s
quotations of the initial words of four rules; one of them relative to surd
roots ;7 .the other three regarding the resolution of quadratic equations:® as

1 As.Res. 9. Essay 6. ¢ Lil ch. 11. ? Ll §190.
4 As. Res. 12, 239. 3 Arithm. of Brakm. § 66. ¢ Ibid. § 13.
? Ibid. § 39. -  Ibid. § 15 & 18.°
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also in the references of the scholiast of the Algebraic treatise to passages in
the astronomical part of his author’s work.?

The quotations have been verified ; and they exactly agree with the rule
concerning surds (§ 26) and the three rules which compose the section relating
to quadratic equations (§ 32—34); and with the rule in the chapter on the
solution of astronomical problems concerning. mean motions (ch. 13, § 22):
and this verification and the agreement of the more general references
demonstrate the identity of this treatise of Algebra, consonantly to its colo-
phon, as BrammEecuPrTa’s Algebra entitled Cuifaca and a part of his
Brahma-sidd’hénta. -

E.
CHRONOLOGY OF ASTRONOMICAL AUTHORITIES ACCORD-
ING TO ASTRONOMERS OF UJJAYANL

’ T!ig names of astronomical writers with their dates, as furnished by the
"astronomers of Ujjayani who were consulted by Dr. WiLLiam HunrER s0-
Journing there with a British embassy, are the following:

VARAHA-MIHIRA 122 Saca [A.D. 200-1]
Another VARAHA-MIHIRA 427 [A.D. 505-6]
BrAHMEGUPTA 550 [A.D. 628-9]
MunsALa . 854 [A.D. .932-3]
I,iHA'h‘éTPALA 890 [A. D. 1068-9]
SwETOTPALA 989 [A. D. 1017-8}
V ARUNA-BHATTA 962 [A. D. 1040-1]
BHO6JA-RATA 964 {A. D. 1042-3)
BHAsSCARA 1072 [A. D. 1150-1]
CALYANA-CHANDRA 1101 [A.D.1179-80]

The grounds, on which this chronology proceeds, are. unexplamed in the
note which Dr. HunTER preserved of the communication.. But means exist
for verifying two of the dates specified and corroborating others. . .

The date, assigned to BaAsCARA, is precuelythat of his Szdd'hénta-fcrémm’z;
plainly concluded from a passage of it, in which he declares, that it was

¥ Alg. of Brahm. § 96 (Rule 55).
f -~
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completed by him, being thirty-six years of age; and that his birth was in
1036 Saca.

Réjé Ba6IA-DEVA, or Bubsa-RAJA, is placed in this hst of Hindu astrono-
mers apparently on account of his name being affixed as that of the author,
to an astrological treatise on the calendar, which bears the title of Rgja-
mébriarida, and which was composed probably at his court and by astrologers
in his service. It contains no date; or at least none is found in the capy
which has been inspected. But the age assigned to the prince is not incon-
sistent with Indian History : and is supported by the colophon of a poem
entitled Subhdshita ratna-sandéha, composed by a Jainasectary named AMITA-
6ATI who has given the date of his poem in 1050 of Vi cramédztya, in the
reign of Munya. Now Munsa was uncle and predecessor of Buésa-rasa,
being regent, with the title of sovereign, during his nephew’s minority : and
this date, which answers to A. D. 993-4, is entirely consistent with that given
by the astronomers of Ljjayant, viz. 964 Saca corresponding to A. D. 1042-3:
for the reign of Br6sa-pEvA waslong: extending, at the lowest computation,
to half a century, and reaching, according to an extravagant reckoning, to the
round number of an hundred years.

. The historical notices of this King of Dhdré*® are examined by Major
Wirrorp and Mr. BENTLEY in the 9th and 8th volumes of Asiatic Researches :
and they refer him to the tenth century of the Christian era; the one making
him ascend the throne in A. D. 982; the other, in A. D. 913. The former,
which takes his reign at an entire century, including of course his minority,
or the period of the administration, reign, or regency, of his uncle Munya, is
compatible with the date of AMiITAGATY’S poem (A. D.-993) and with that of
the Rdja-mdrtarda ar other astrological and astronomical works ascribed to
him (A. D. 1042) according to the chronology of the astronomers of Ujjayant.

The age, assigned to BeanMEGUPTA, is corroborated by the arguments
adduced in the text.  That, given to MuNJALA, is consistent with the quota-
tion of him as at the head of a tribe of authors, by Busscara at the distance
of two centuries. The period allotted to VARAHAMIHIRA, that is, to the
second and most celebrated of the name, also admits corroboration. This
point, however, being specially important, to the history of Indian astronomy,
and collaterally.to that of the. Hmdn Algebra, deserves and wxll receive a
full and distinct consideration. -

' The modern Dhar. WiLrorD. As. Res.
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F.

_AGE OF BRAHMEGUPTA INFERRED FROM ASTRONOMI-
CAL DATA. :

Tue star Chitrd, which unquestionably is Spica Virginis,' was referred by
BrAHMEGUPTA to the 103d degree counted from its origin to the inter-
section of the star’s circle of declination;* whence the star’s right ascension is
deduced 182° 45°. Tts actual right ascension in A. D. 1800 was 198° 40’ 2".*
The difference, 15° 55’ 2, is the quantity, by which the beginning of the first
zodiacal asterism and lunar mansion, Aswin, as inferible from the position of
the star Chitrd, has receded from the equinox: and it indicates the lapse of
1216 years (to A. D. 1800,) since that point coincided with the equinox; the
annual precession of the star being reckoned at 47, 14.1 -

The star Révati, which appears to be ¢ Piscium,® had n e, accord-
ing to the same author, being situated precisely at the c! : asterism
and commencement of the following one, 4swinf, witho : or decli-
nation, exactly in the equinoctial point. Its actual _ .. . _ension in

1800 was 15° 49" 15”.* This, which is the quantity by which the origin of
the Indian ecliptic, as inferible from the position of  the star Révati, has re-
ceded from the equinox, indicates a period of 1221 years, elapsed to the end
of the eighteenth century; the annual precession for that star being 46", 63.7
. The mean of the two is 12181 years; which, taken from 1800, leave 581
or 582 of the Christian era. BranMEGUPTA then appears to have observed
and written towards the close of the sixth, or the beginning of the following
century; for, as the Hindu astronomers seem not to have been very accurate
observers, the belief of his having lived and published in the seventh
century, about A. D. 628, which answers to 550 Saca, the date assigned
to him by the astronomers of Ujjayan, is not inconsistent with the position,
that the vernal equinox did not sensibly to his view deviate from the begin-

'*'As. Res. vol. 9, p. 339. (8vo.) CoL
# Ibid. 9, 327, (8vo.), and 12, p. 240.
¢ Zach’s Tables for 1800 deduced from Maskelyne’s Catalogue. .
+ Maskelyne’s Catalogue: the mean precession of the equinoctial points being reckoned 507, 8.
3 As. Res. 9,p. 346. (8vo.) ¢ Zach's Tables. 7 Zach's Tables.
f2
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ning of Aries or Mésha, as determined by him from the .star Révati
(¢ Piscium) which he places at that point.

The same author assigns to Agastya or Canopus a distance of 87° and to
Lubd'haca or Sirius 86°, from the beginning of Mésha. From these positions
a mean of 1280 years is deducible. )

'The passage in which this author denies the precession of the colures, as

well as the comment of his scholiast on it, bemg material to the present

argument, they are here subjoined in a literal version.
¢ The very fewest hours of night occur at the end of Mif'huna; and the

seasons are governed by the sun’s motion. . Therefore the pair of solstlces

appears to be statlonary, by the evidence of a pair of eyes.”

Scholia: ¢ What is said by VisuNu CHANDRA at the beginning of the
chapter on the yuga of the solstice: (“ Its revolutions through the asterisms
are here[in the calpa] a hundred and eighty-nine thousand, four hundred and
eleven. This is termed a yuga of the solstice, as of old admitted by Branma,
Arca, and the rest.”) is wrong: for the very fewest hours of night to us
occur when the sun’s place is at the end of Mit'huna [Gemini]; and of
course the very utmost hours of day are at the same period. From that limi-
tary point, the sun’s progress regulates the seasons; namely, the cold season
($isira) and the rest, comprising two months each, reckoned from Macara
[Capricorn]. Therefore what has been said concerning the motion of the
limitary point is wrong, being contradicted by actual observation of days
and nights.

¢ The objection, however, is not valid: for now the greatest decrease and
increase of night and day do not happen when the sun’s place is at the end of
Mit’huna: and passages are remembered, expressing “ The southern road of
the sun was from the middle of Asléska; and the northern one at the be-
ginning of Dhanisht’ha;™ and athers [of like import]. But all this only
proves, that there is a motion; not that the solstice has made many revolu-
tions through the asterisms.”

It was hinted at the begmnmg of this note, that BRAHMEGUPTA’S longn—
tude (dhruvaca) of a star is the arc of the ecliptic mtercepted by the star’s
circle of declination, and. counted from the origin of the ecliptic at the be-

* Brakma-sidd’hénta, 11, § 54.
3 This quotation is from VARAHA-MIHIRA’S sanhitd, ch. 3, § 1 and 2.
3 PRIT"HUDACA SWAMY CHATURVEDA oD Bralm.
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gimming of M¥sha; as his latitude (vicshépa) of a star is the star’s distance
on a circle of declination fram-its peint of intersection with the ecliptic. In
" short, he, like other Hindu astronomers, counts longit:de and latitude of stars
by the intersection of circles of declihation with the ecliptic. The subject
had been before noticed.! To make it more clear, an‘instance may be taken:
and that of the scholiast’s computation of the zenith distance and meridian
altitude of Canopus for the latitude of Canyacubja (Canoyj) may serve as an
apposxte example. :
From the vicshépa of the star Agastya, 77° he ‘subtracts the dechnauon of
the intersested point of the ecliptic 23° 58';- to the remainder, -which is the
declination of the star, 53° €, he adds the latitude of the place 26° 35'; the
sum, 79° 37, is the zenith distance; and its complement to nmety degrees,
10" 23, is the meridian-altitude of the star.? -
' - The annual variation of the star in ‘declination, 17, 7, is too- small to draw.
any.inference as to the age of the scholiast from the declination here stated.
More especially as it is taken from data furnislied by his author; and as he
appears to have been, like most of the Hindu astronomers, no very accurate
observer; the latitude assigned by him to the city, in which he dwelt, being.
no less than half a degree wrong: for the ruins of the city of Canoyj are in.
27° 5 N.-

G. |
,A'RYABHATT'_A’S .DOCTRINE.

ARYABHATTA was author of the Arydshiasata (800 couplets) and Dasagi-»
ticd (ten stanzas), known by the numerous quotations of BRAHMEGUPTS,
Bua¥T6TPALA, and others, who cite both under these respective titles. The:
laghu Arya-sidd'hénta, as a work.of the sanie author, and, perhaps, one of
those above-mentioned, is several timés quoted by Brascara’s commentator
Muniswara. He likewise treated of Algebra, &c. under the distinct hedds -
of Cuitaca, a problem serving for the resolution of indeterminate ones, and *
Vija principle of computation, or analysis in general,—Lil. c. 11.

* As. Res. 9, p. 327. (8vo.), and 12, p. 240; (4to.)
* PriT’'HUDACA swANI on Brakm. ch. 10, § 35.
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" 'Fromthe quotations of writers on astronomy, and particularly of Bramaxs
@UPTA, who in many mstances cites AryABEATA. to controvert his positions,
(and is in general contradicted in his censure by his own schohiast PriT’ny-
DAcCA, either correcting his quotations, or vindicating the dectrine of the
éarlier author), it appears, that ArvasrA¥T4 affirmed the diurnal revolation
of the earth-on its axis; and that he accounted for it by a wind or current of
derial fluid, the extent of which, according to the orbit assigned te it by him;
correspondsto an elevation of little more than a hundred miles from the sur-
fice of the earth; that he possessed the true theory of the causesof lunar and
solar eclipses, and disregarded the imaginary dark planets of the mythologists
and astrologers; affirming the moon and primery planets (and even the stars)
to be essentially dark, and enly illemined by the sun: that he noticed the
motion of the solstitial and equinoctial points, but restricted it to a regular
oseillation, of which he assigned the limit and the period : that he ascribed
to the epicycles, by which the motion of a. planet is represented, a form
varying from the circle and nearly elliptic: that he recognised a motion of
the nodes and apsides of all the primary planets, as well as of the moon;
though in this instance, as in some others, his censurer imputes to him
variance of doctrine. :

The magnitude of the earth, and extent of the encompassing wind, is
among the instances wherein he is reproached by BranMEGUPTA With ver-
satility, as not having adhered to the same position throughout his writings;
but he is vindicated on this, as on most occasions, by the scholiast of his cen-
surer. Particulars of this question, leading to rather curious matter, deserve
notice.

ARYABHATTA’S text specifies the earth’s diameter, 1050 ydjanas; and the
orbit or circumference of the earth’s wind [spiritus vector] 3393 ydjanas;
which, as the scholiast rightly argues, is no discrepancy. The diameter of:
this orbit, according to the remark of BeAEMEGUPT4, is 1080.

On this, it is to be in the first place observed, that the proportion of the
circumference to the diameter of a circle, here employed, is that of 22 to 7;
which, not being the same which is given by BranMEGuPTA’s Tule, (Arithm.
§ 40,) must be presumed to be that, which AnvaBuaTTa taught. Applying
it to the earth’s diameter as by him assigned, viz. 1050, the circumference of
the earth is 3300; which evidently constitutes the dimensions by him in-
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tended: and that number is accordingly stated by a commentator of BraAs-
CARA, - See Gaii. on Lil. § 4.

This approxlmatlon to the proportion of the dxameter of a circle to its
periphery, is nearer than that which both BeAnMEGUPTA and SeiD’HARA,
though later writers, teach in their mensuration, and which is employed' in
the Sirya-sidd'hdnta; namely, one to the square-root of ten. It is adopted
by BrAscara, who adds, apparéntly from some other authority, the still
nearer approximation of 1250 to 8927.—(ZLél. § 201.)

ArvaBHATTA appears, however, to have also made use of the ratio which
afterwards contented both Branmecurra and Srin’HaRA; for his rule ads
duced by GaNEsa (Lil. § 207) for finding the arc from the chord and versed
gine, is clearly founded on the proportion of the diameter to the periphery,
as one to thesquare root of ten: as will be evident, if the semicircle be com-
puted by that rule: for it comes out the square root of 4, the dlameta
being 1.

A more favourable notion of his proficiency in geometry, a science, how:
ever, much less cultivated by the Hindus than Algebra, may be received from
his acquaintance with the theorem containing the fundamental property of
the circle, which is cited by PriT’HUpACA ~—(Brahm. 12, §21.)

The number of 3300 ydjanas for the circumference of the earth, or 93
ybjanas for a degree of a great circle, is not very wide of the truth, and is,
indeed, a very near approach, if the yéjana, whiclr contains four créiss, be
rightly inferred from the modern computed crééa found to be 1, 9 B. M.!
For, at that rate of 7, 6 miles to a yéjana, the earth’s eircumference would be
25080 B. miles. !

‘The difference between the diameter of the earth, and that of its air (vdys),
by which term ARy ABHATFA scems to intend a current of wind whirling as a
vortex, -and causing the earth’s revolution on its axis, leaves 15 ydjanas, or
114 miles, for the limit of elevation of this atmospheric current.

* As. Res, 5. 105. (8va.)
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H.

SCANTINESS OF THE ADDITIONS BY LATER WRITERS ON
ALGEBRA.

- THE observation in the text on the scantiness of the improvements or ad-
ditions made to the Algebra of the Hindus in a long period- of years after
AryABHATSA probably, and after BRAHMEGUPTA certainly, is extended to
authors whose works are now lost, on the faith- of quotatnons from them.
Seip’HARA’S rule, which is cited by BuAscara (Vij.-gan. § 181) concerning
quadratics, is the same in substance with one of BranmEecupra’s (Ch. 18.
§32—33). PADMANABHA, indeed, appears from the quotation from his treatise
(Vij.-gan. § 142.) .to have been aware of quadratic equations affording two
roots; which BranMEGuUPTA has mot noticed ; and this is a material acces-
sion . which the science received. There remains an uncertainty respecting
the author, from whom BuAscara has taken the resolution of equations of
the third and fourth degrees in their simple and unaffected cases.

The only names of Algebraists, who preceded BuAscara, to be added to
those already. mentioned, are 1st an earlier writer of the same name (BuaAs-
€ARA) who was at the head of the commentators of ARryABHATTA ; and 2d, -
the elder scholiast of the Brahma-sidd hénta, named Buatfa BaLABHADRA.
Both are repeatedly cited by the successor of the latter in the same task of
exposition, PriT"HUDACA SwAMI; who was himself anterior to the author of
the Strémariz, being more than once quobed by him. As neither of those
earlier commentators.is named by the younger BuAscara; nor any intima-
tion given of his having consulted and employed other treatises besides the
three specified by him, in the compilation of the V§; a-gamta, it is presumable,
that the few additions, which a comparison with the Cuttaca of Braumz-
curra exhibits, .are properly ascribable either to Srip’HARA or to PADMA-
¥ABuA : most likely to the latter; as he is cited for one such addition ;' and
as SRID’HARA’S treatise of arithmetic and mensuration, which is extant, is
not seemingly the work of an author improving on the labours of those
who went before him.* The corrections and improvements introduced by
BaAscara himself, and of which he carefully apprizes his readers,® are not
"Very numerous, nor in general important.*

1 Vijegan' § 142. * Lil.§147. Brakm.12,§21and 40. Gax. Sér. § 126.

3 Vij.-gan. before § 44, and after § 57. also Ch. 1, towards the end; and Ch. 5. § 142.
4 Unless Lfl. § 170 and 190.



NOTES AND ILLUSTRATIONS. xli

I.

AGE OF ARYABHATTA.

U~DER the Abbasside Khalifs ALyansvr and ALMAMUN, in the middle
of the eighth and beginning of the ninth centuries of the Christian era, the
Arabs bécame conversant with the Indian astronomy. It was at that period,
as may be presumed, that they obtained information of the existence and
currency of three astronomical systems among the Indians;' one of which
bore the name of AB.YABHATTA, or, as written in Arabic characters, Arya-
BAH&&, (perhaps intended for ArjaBHAR) which is as near an approxima-
tion ¥ the difference of characters can be expected to exhibit. This then
unquestionably was the system of the astronomer whose age is now to he
investigated ; and who is in a thousand places cited by Hindu writers on
*Astronomy, as author of a system and founder of a sect in this science. It
is inferred from the acquaintance of the Arabs with the astronomical attain-
ments of the Hindus, at that time, when the court of the Khalif drew the
visit of a Hindu astrologer and mathematician, and when the Indian deter-
“mination of the mean motions of the planets was made the basis of astrono-
mical tables compiled by order of the Khalifs, ¢ for a guide in matters per-
‘taining to the stars,’ and when Indian treatises on the science of numbers
were put in an Arabic dress; adverting also to the_ difficulty of obtaining
further insight into the Indian sciences, which the author of the Térikhu’}
“hukmd complains of, assigning for the cause the distance of countries, and
‘the various impediments to intercourse: it is inferred, we say, from these,
joined to other considerations, that the period in question was that in which
the name of AryaBHATTA was introduced to the knowledge of the Arabs.
This, as a first step in inquiring the antiquity of this author, ascertains his
celebrity as an astronomical authority above a thousand years ago.

He is repeatedly named by Hindu authors of a still earlier date: particu-
larly by BRARMEGUPTA, in the first part of the seventh century of the Chris-
tian era. He had been copied by writers whom BRAHMEGUPTA cites.
VarAHA-MIHIRA has allusions to him, or eniploys his astronomical determi-

? Térikkul hukmd, or Bibl. Arab. Phll quoted by Casiri: Bibl. Arab. Hisp. 426. See below,
Note M.

# CossALl’s drgebakr is & misprint (Orig. &c. dell’ Alg. i. 207). Casir1 gives, as in the Arabic,
Argebakr: which, in the orthography here followed, is Arjabakr.

g
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nations in an astrological work at the beginning of the sixth century. These
facts will be further weighed upon as we proceed.

For determining ARYABHATTA’s age with the greater preoision of astro-
nomical chronology, grounds are presented, at the first view promising, but
on examination insufficient, :

In the investigation of the question upon astronomical grounds, recourse
was in the first place had to his doctrine concerning the precession of the
equinoxes. As quoted by MuNiswARa, a scholiast of BuAscara, he main-
tained an oscillation of the equinoctial points to twenty-four degrees on
_either side; and he reckoned 578159 such librations in 2 calpa.! From ano-
ther passage cited by BHATf6TPALA on VARAHA-MIHIRA," his position of the
mean equinoxes was the beginning of Aries and of Libra.* From one more
passage quoted by the scholiast of BRaHMEGUPTA,* it further appears, that
he reckoned 1986120000 years expired® before the war of the Bhdrata: and
the duration of the Calpa, if he be rightly quoted by BRaAEMEGUPTA,® is
1008 quadruple yugas of 4320000 years each.

From these data it follows that according to him, the equinoctial pomt
had completed 263699 oscillations at the epoch of the war of the Bhdrata.
But we are without any information as to the progress made in the current
oscillation when he wrote; or the actual distance of the equinox from the
beginning of Mésha: the position of which, also, as by him received, is
uncertain,

His limit of the motion in trepidation, $4°, was evidently suggested to him
by the former position of the colures declared by PArAsARra ; the exact dif-
ference being 23° 20. But the commencement of PARAsArA’s Aslésha, in
his sphere, or the origin of his siderial Mésha, are unascertained. Whether
his notions of the duodecimal division of the Zodiac were taken from the
Grecian or Fgyptian spheres, or from what other immediate source, is but
matter of conjecture.

Quotations of this author furnish the revolutions of J uplter in a yuga,”
and of Saturn’s aphelion in a Calpa;* and those of the moon in the latter

*.As. Res. 12. 218, * Vrihat-sanhité. 2. .

3 ¢ From the beginning of Mésha to the end of Canyd (Virgo), the half the ecliptic passes through
the north. From the beginning of Twla to the end of (the fishes) Mixa, tbe remaining balf passes
by the south.’

4 PrfT’HUDACA on Brahm. c. 1. § 10 and 30.c.11.§ 4. )

3 Six menws, twenty-seven ywguas and three quarters. ¢ PriTnvpaca on Brahm.'c. 1. §12.

7 As. Res. 3. 215, % Mun. on Bhds. c. 1. § 83,
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period: but the same passage, in which the number of lunar revolutions in
that great period are given, supplies those of the sun; namely 4320000000 ;
differing from the duration of the Calpa according to this author as cited by
more ancient compilers. The truth is, as appears fram another quotation,*
that ARYABHATTA, after delivering one complete astronomical system, pro-
ceeds in a second and distinct chapter to deliver another and different one as
the doctrine of PARASARA ; whose authority, he observes, prevails in the Cali .
‘age: and though he seems to indicate the Calpa as the same in both, he also
hints that in one a deduction is made for the time employed in creation ; and
we have seen, that the duration of the Calpa differs in the quotations of
compilers from this author.

The ground then being insufficient, until a more definitive knowledge of
either system, as developed by him, be recovered, to support any positive
conclusion, recourse must be had, on failure of precise proof, to more loose
presumption. It is to be observed, that he does not use the $aca or Sambat of
VICRAMADITY A, nor the Saca era of SALIVAHANA: but exclusively employs
the epoch of the war of the Bhdrata, which is the era of YuDHISHT'HIRA
and the same with the commencement of the Cali yuga. Hence it is to be
argued, that he flourished before this era was superseded by the introduction
of the modern epochas. VARABA-MIHIRA, on the other hand, does employ
the Saca, termed by him Saca-bhipa-cdla and Sacéndra-chia: which the old
scholiast interprets * the time when the barbarian kings called Saca were
discomfited by VicramADITYA :* and BRARMEGUPTA uses the modern Saca
era; which he expresses by Saca-nripénté, interpreted by the scholiast of
BuAscara “ the end [of the life or reign] of VickaMADITYA Who slew a
people of barbarians named Sacas.” VarAHA-mInIRA’S epoch of Saca ap-
pears to have been understood by his scholiast BHATT6TPALA to be the same
with the era of VicramAprrya, which now is usually called Sambat; and
which is reckoned to commence after 3044 years of the Cali age were ex-
plred and BraumEcurTa’s epoch of Saca is the era of SALIVAHANA begin-
ning at the expiration of 3179 years of the Cali yuga: and accordingly this
number is specified in his Brahma-siddhdnta. When those eras were first
introduced is not at present with certainty known. If that of Vicrama-
DITYA, dating with a most memorable event of his reign, came into use

* Mun. on Bhds. c. 1. § 16—18. * Vért. and Mun, on Bhds. 3 Vrihat-sankité.
g2 '
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during its continuance, still its introduction could not be from the first se
general as at once and universally to supersede the former era of YupHisn-
T'HIRA. But the argument drawn from ARvABHATTA’s use of. the ancient
epoch, and his silence respecting the modern, so far as it goes, favours the
presumption that he lived before the origin of the modern eras. Certainly
he is anterior to BRarMEGUPTA, Who cites him in more than a hundred
places by name; and to VARAHA-MIHIRA, Whose compilation is founded,
among other authorities, on the Rémaca of SRISHENA, and Viésisht ha of
VisunNu-cHANDRA, which BrRaHMEGUPTA affirms to be partly taken from
ArvaBuarsa.! The priority of this author is explicitly asserted likewise
by the celebrated astronomer GANESa, who, in explanation of his own un-
dertaking, says, “ Rules framed by other holy sages were right in the Tré¢d
“ and Dwépara; but, in the present age, PARASARA’S. ARYABHATTA,.
“ however, finding his imperfect, after great lapse of time, reformed the sys-
“tem. It grew inaccurate and was therefore amended by DukGAsINHA,
% Minira, and others. - This again became insufficient: and correct rules
* were framed by the son of Jisunu [BraumEGuUPTa] founded upom
4 Branma’s revelation. His sytem also, after a long time, came to exhibit
¢ differences. CEgava rectified it. Now, finding this likewise, a little in-
“ correct after sixty years, his son GANEsSA has perfected it, and reconciled
“ computation and experience.”

Anyapna¥ra then preceded BrRanMEGUPTA Who lived towards the middle
of ‘the sixth century of the Saca era; and VarAHA-MinIRA placed by the
chronologers of Ujjayani at the beginning of the fifth or of the second; (for
they notice two astronomers of the name.) He is prior also to VisnnNv
CHANDRA, SRISHENA, and DureasiNuA; all of them anterior to the second
VarAHA-MIHIRA ; and an interval of two or of three centuries is not more
than adequate to a series of astronomers following each other in the task of
emendation, which process of time rendered successively requisite.

On these considerations it is presumed, that ARYABHATTA is unquestion-
ably to be placed earlier than the fifth century of the Saca : and probably so,
by several (by more than two or three) centuries: and not unlikely before the
commencement of either Saca or Sambat eras. In other words, he flourished
'some ages before the sixth century of the Christian era: and perhaps lived be- *
fore, or, at latest, soon after its commencement. Between these limits, either

* Brakm. Sidd'k. c.11. § 48—51. 2 Citation by Nrifsinma on Sér. Sidd’k.
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the third or the fourth century might be assumed as a middle term. We
shall, however, take the fifth of CurisT as the latest period to which Arya-
BHATTA can, on the most moderate assumption, be referred.

K.
"WRITINGS AND AGE OF VARAHA-MIHIRA.

Tr1s distinguished astrological writer, a native of Eljjayani, and son af
ApITYADASA,* Was author of a copious work on astrology, compiled, and, as
he declares, abridged from earlier writers. It is comprised in three parts;
the first on astronomy ; the second and third, on divination: together con-
stituting a complete course. Such a course, he observes in his preface to
the third part, has been termed by ancient writers Sanhit4, and consists of
-three Scand’has or parts: the first, which teaches to find a planet’s place by
computation (‘gasita), is called tantra; the second, which ascertains lucky
and unlucky indications, is named hérd; it relates chiefly to nativities,
journeys, and weddings; the third, on prognestics relative to various mat-
ters, is denominated S4c’hd. The direct and retrograde motions of planets,
with their rising and setting, and other particulars, he goes on to say, had
been propounded by him in a treatise termed Carasia, meaning, as the scho-
‘liast remarks, his compilation entitled Pancha-sidd’hdnticé: which consti-
tutes the first and astronomical portion-of his entire work. - What relates to
the first branch of astrology (‘héré), the author adds, had likewise been de-
livered by him, including nativities and prognostics concerning journeys and
weddings. These astrological treatises of his author, the scholiast observes,
are entitled Vrihatjétaca, Vrihad-ybtré, and Vrihad-ivsha-paiala. The
author proceeds to deliver the third part of his course, or the second on
divination, omitting, as he says, superfluous and pithless matter, which
abounds in the writings of his predecessors : such as questions and replies in .
dialogue, legendary talm, and the mythologlcal origin of the planets.

* Vrihat-jdtaca, c. 26 § 5; where the anthor so describes himself. His scholiast also calls him
Avantica from his native city Ujjayani, and terms him a Magadia Brakmen, and a compiler of
sistronomical science. BHATT6TPALA on Frl.-jét, 1. The same scholiast similarly describes him
in the introduction of a commentary on a work of his son PRITHUYASAS. .



xlvi NOTES AND ILLUSTRATIONS.

The-third part is extant, and entire; and is generally known and cited by
the title of Prikat-sanhitd; or great course of astrology: a denomination
well deserved ; for, notwithstanding the author’s professions of conciseness,
it contains about four thousand couplets distributed in more than a hundred
chapters, or precisely (including the metrical table of contents) 106.

Of the second part, the first section, on casting of nativities, called Vrihat-
Jétaca, is also extant, and comprises twenty-five chapters; or, with the me-
trical table of contents and peroration which concludes it, twenty-six. The
other two sections of this part of the course have not been recovered, though
probably extant in the hands of Hindu astrologers. .

The scholia of the celebrated commentator of this author’s works, who is
-usually called BuaTT6TPALA, and who in several places of his commentary
names himself UrpaLa, (quibbling with simulated modesty on his appella-
tion; for the word signifies stone :*) are preserved ; and are complete for the
third part of the author’s course; and for the first section of the second:
.and the remainder of it likewise is probably extant; as the copy of the first
sectiop, in the possession of the author of this dissertation, terminates abrupt-
ly after the commencement of the second.

This commentator is noticed in the list of authorities furnished by the
astronomers of Ujjayani ; and is there stated as of the year 890 of tlie Saca
era (A. D. 1068). Sir William Joxes supposed him to be the son of the
author, whose work is expounded by him. The grounds of this notion,

.which is not, however, very positively advanced by that learned orientalist,*
are not set forth. No intimation of such relation of the scholiast to his
-author, appears in the preface or the conclusion, nor in the colophon, of the
.commentary which has been inspected: nor in the body of the work ; where
the author is of course repeatedly named or referred to, without however
-any addition indicative of filial respect, as Hindu writers usually do employ
-when speaking of a parent ar ancestor. Neither is there any hint of rela-
.tionship in the commentary of the same scholiast BEATTéTPALA 0n a brief
treatise of divination, entitled Prasna-céshtf, comprizing fifty-six stanzas, by

* Preface to the Commentary on the V'rikat-j4taca. Conclusion of the gloss on ch. 18 of Vr¥hat-
sanhité, &c. ¢ Stone (‘utpala) frames the raft of interpretation to cross the ocean composed by
Vardhamikira’

* The words are ¢ the comment written by BrATT6TPALA, Who, it seems, was a son of the au- ~
thor” 4s. Res. 2. 390.
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PriT’HUYASAS son of VaRAHA-MIHIRA. The suggestion of the filial rela~
tion of the scholiast is probably therefore a mere error.

The Pancha-sidd hdnticé of VARAHA-MIHIRA has not yet been recovered ;
and is only at present known from quotations of authors; and particularly a
number of passages cited from it by his scholiast in course of interpreting
his astrological writings. An important passage of it so quoted w:ll be
noticed forthwith.

It is a compilation, as its name implies, from five sidd'héntas ; and they
are specified in the second chapter of the Prihat-sankité, where the author
is enumerating the requisite qualifications of an astronomer competent to
calculate a calendar: among other attainments he requires him to be con-
versant with time measured by yugas, &c. as taught in the five sidd’Adntas
upon astronomy named Paulisa, Rémaca, Vésisht ha, Saura, and Paitémaha.*

The title of VArRAHA-MIHIRA’S compilation misled a writer on Hindu .

astronomy* into an unfounded supposition, that he was the acknowledged
author of the five sidd'hdntas ; the names of two of which moreover are
mistaken, Séma and Paulastya being erroneously substituted for Rémaca and
Paulisa. These two, as well as the Vdsisht'ha, are the works of known
authors, namely, PuLida, SRISHlfNA and VISHNU-CHANDRA ; all three men-
tioned by BranMEecupra: by whom also the whole five sidd’hdntas are
noticed under the very same names and in the same order;’ and who has
specifiéd the authors of the first three.* The Vésisht'ha of VisHNU-CHANDRA
was indeed preceded by an earlier work (so -entitled) of an unkuown author,
from which that, as well as the Rémacua, is in part taken;* and it may be
tdeemed an amended edition: but the Rémaca and Paulisa are single of the
names ; and no Hindu astronomer, posgessing any knowledge of the history
of the science cultivated by him, ever could imagine, that VARAHA-MIHIRA
composed the work which takes'its name from PuLisa, the distinguished
founder of a sect or school in astronomy opposed to that of ARYA-BHATTA,

The passage of the Pancha-sidd’héntics cited by the scholiast,’ and
promised to be here noticed, has been quoted in an essay inserted in the
researches of the Asiatic Society,” as well as a parallel passage of the Frikat-

' Vrihat-sankitd, c. 2. § 7. 3 As. Res. 8. 196.
3 Brakm. Sidd'k. c. 14. 4 Ibid. c. 11. oo s Ibid,
¢ On Vrikat-sankith, c. 2. 7 As. Res. 12,
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sanhité, both relative to the anciént and actual position of the colures; and
deemed parallel (though one be less precise than the other); since they are
cited together as of the same author, and consequently as of like import,
by the scholiast. The text of the ¥rikat-sanhité is further authenticated by.
a quotation of it in the commentary of PRITHUDACA on BRAHMEGUPTA;*

and the former position of the colures is precisely that which is described in
the calendar appendant on the Védas,* and which is implied in a passage of
PArASaga, concerning the seasons, which is quoted by BuaTTéTPALA. .

The position of the colures,. affirmed as actual in his time by VAR.;’HA-
MIHIRA, in the Vrihat-sanhitd, implies an antiquity of either 1216.or 1440
years before A. 1. 1800, according to the origin of the ecliptic determined
from the star Chitré (Spica virginis) distant either 180° or 183° fram it;.or
a still greater antiquity, if it be taken to have corresponded more nearly
with the Grecian celestial sphere. The mean of the two numbers (disre-
garding the surmise of greater amtiquity,) carries him to A. D. 472. If
VarAHA-MIHIRA concurred with those Indian astronomers, who allow an
oscillation of the equinox to 27° in 1800 years, or a complete oscillation of
that extent both E. and W. in 7200 years, he must have lived soon after the
year 3600 of the Cali yuga, or 421 Saca, answering to A.D. 499; which is
but six years from the date assigned to him by the astronomers of Ujjayani :
and twenty-seven from the mean before inferred.

It is probable,. therefore, that he flourished about the close of the ﬁ&h
century. of the Christian era; and this inference is corroborated by -the
mention of an astrologer of this name in the Panchatantra, the sanscrit ori-
ginal of the fables of Pilpay translated in the.reign of Nusuirvav, King of
Persia, in the, latter part of the sixth century and beginning of the seventh.*

To that conclusion there is opposed an argument drawn from a passage of
the Bhdsyati-carana; in which the author of that. treatise dated 1021 Sace
(A. D. 1098) professes to have derived instruction from Mikira, meaning,
as is supposed, oral instruction from VARAHA-MIHIRA ; and the argument
has been supported by computations which make the Siirya-sidd’hdinta and
- Jatacérriaoa, the latter ascribed to VARABA-MIHIRA, to be both works of the
same period, and as modern as the eleventh century.®

*C.8.§1and 2. ' : : 2 On ¥1i. Sanh. c. 2.
3 Brakm. Sidd'a. c. 11, § 54. 4 As. Res. 8. 469.

5 Pref. to the Sansc, Hitépadésa. Bdit. Serampur. ¢ As. Res. 6. 572.
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To this it has been replied, that the Mruira, from whom SATANANDA,
author of the Bhdswati, derived instruction, is not the same person or per-
sonage with the author of the Prikat sanhitd; if indecd SATANANDA’S ex-
pression do intend the same name, VArAHA.! That expression must be
allowed to be a very imperfect designation, which omits half, and that the
most distinctive half, of an appellation: and it is not such, as would be
applied by a contemporary and auditor to an author and lecturer, whose
. celebrity could not yet be so generally diffused, as to render a part of his
name a sufficient intimation of the remainder: without previous and well
established association of the terms. But even conceding the' interpretation,
it would then be right to admit a third VArAHA-MIH1RA, besides the two
noticed by the chronologists of Ujjayant; and the third will be an astrono-
mer, contemporary with RAsA Bué6sa-DEva; and the preceptor of SarA-
NANDA; and author of the Jétacdriava, supposing this treatise on nativities
to be properly ascribed to an author bearing that name, and to be on suffi-
cient grounds referred to the eleventh century.

There remains to be here noticed another treatise on casting of nativities,
to which the same favourite name of a celebrated astrologer is affixed. It
is a concise tract entitled Laghu-jdtaca: and its authenticity as a work of
the astrologer of Ujjayani is established by the verifying of a quotation of
the scholiast BuaTr6éTPaLA; who cites a passage of his author's compen-
dious treatise on the same subject (swalpa jétaca) in course of expounding
a rule of prognostication concerning the destination of a prince to the throne
and his future character as a monarch (Prihat-jétaca, 11. 1.). That passage
occurs in the Laghu-jdtaca (Misc. Chap.). It is hardly to be supposed, that
the same writer can have given a third treatise on the same subject of
nativities, entitled Jdtacdrrava.

The question concerning the age of the Strya-sidd’hénta remains for con-
sideration. It is a very material one; as both VARAHA-MIHIRA and Bran-
MEGUPTA speak of a Saura (or Solar) sidd hdnta, which is a title of the same
import: and, unless a work bearing this title may have existed earlier than
the age, which is assigned, for reasons to be at a future time examined, to
the Strya-sidd’hdnta, the conclusions respecting the periods when they re-
spectively wrote, are impeached in the degree in which those grounds of
calculation may deserve confidence. Those grounds in detail will be dis-
cussed at a separate opportunity. But independently of this discussion of

' As. Res, 12, p. 224.
‘h -
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their mérits, sufficient evidence does exist to establish, that more than one

edition of a treatise of astronomy has borne the name of Sdrya (with its

synonyma) the sun. For LacsuMipnAsa cites one under the title of Vrihat

stirya-sidd’hénta' (for a passage which the current solar Sidd'hdnta does not

exhibit;) in contradistinction to another more frequently cited by him with-

- out the distinctive epithet of Prikat: and in these latter instances his quota-

tions admit of verification. A reference of BHASCARA to a passage of the
Saura, or, as explained by his own annotation, the Stirya-sidd’hdnta, does not

agree with the text of the received Sérya-siddhdnta® His commentators

indeed do not unreservedly conclude from the discrepancy a difference of
the work quotéd, and that usually received under the same title. Yet the

inference seems legitimate. At all events the quotation from the Vrihkat-

sirya-sidd’hénta, in the Garita-tatwa-chintémaii of LAacsHMiDASA, proves

beyond question, that in that commentator’s opinion, and consistently with -
his knowledge, more than one treatise bearing the same name existed.

There is evidence besides of Arabian writers, that a system of astronomy
bearing the equivalent title of 4rca (Solar) was one of three, which were
found by them current among the Hindus, when the Arabs obtained a
knowledge of the Indian astronomy in the time of the Abbasside Khalifs,
about the close of the eighth century or commencement of the ninth of the
Christian era.* 4rcand, the name by ‘which the Arabs designate one of those
three astronomical systems, assigning it as an Indian term, is the well known
corruption of Arca in the common dialects; and is familiar in the application
of the same word as'a name of a plant (Asclepias Gigantea) which, bearing
all the synonyma of the sun, is called vulgarly Acand, or Arcand.

The solar doctrine of astronomy appears then to have been known by this
name to the Arabians as one of three Indian astronomical systems a thousand
yearsago. The fact is that both the title and the system are considerably more
ancient. Revisions of systems occasionally take place; like BRaAHMEGUPTA’S
revisal of the Brahma-sidd’hénta, to adapt and modernise them ; or, in other
words, for the purpose, as BRAEMEGUPTA intimates, of reconciling compu-
tation and observation. The Siéryaor Arca-sidd hénta, no doubt, has under-
gone this process; and actually exhibits manifest indications of it.*

In every view, it is presumed, that any question concerning the age of
the present text of the S&rya—cidd’ hdnta, or determination of that question,

' Gén. tawat chint. on bphencs of S:rémam, ch. 4. Cons. of Sines. * As. Res. 12,
3 See Note N. * As. Res. 2. 235.
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will leave untouched the evidence for the age of the author of the Frihat-
_ sanhitd, VARAHA-MIHIRA, son of ADITYADASA, an astrologer of Ujjayani,
who appears to have flourished at the close of the fifth, or beginning of the
sixth century of the Christian era. He was preceded, as it seems, by another
of the same name, who lived, according to the chronologists of Ujjayani, at
the clos¢ of the second century. - He may have been followed by a third,
who is said to have flourished at the Court of RA7A Buésa-npgva of Dhara,
and to have had SATANANDA, the author of the Bhasvati, for his scholar.

L.

INTRODUCTION AND PROGRESS OF ALGEBRA AMONG
THE ITALIANS.

Leonarpo of Pisa was unquestionably the first who made known the
- Arabian Algebra to Christian Europe. This fact was, indeed, for a time
dlsputed and the pretensions of the Italians to the credit of being the first
European nation, which cultivated Algebra, were contested, upon vague
surmises of -a possible, and therefore presumed probable, communication of
the science of Algebra, together with that of Arithmetic, by the Saracens of
Spain to their Christian neighbours in the Peninsula, and to others alleged.
to have resorted thither for instruction. The conjecture, hazarded by WaLL1s
(Algebra historical and practical) on this point, was assisted by a strange
blunder, in which BLaNcaNus was followed by Vossius and a herd of sub-
sequent writers, concerning the age of LEoNARDO, placed by them precisely.
two centuries too low. The claims of the Italians in his favour, and for
. themselves as his early disciples, were accordingly resisted with a degree of
acrimony (Gua. Mem. de I’Acad. des Sc. 1741. p. 436.) which can only be
. accounted for by that disposition to detraction, which occasionally manifests
itself in the literary, as in the idler, walks of society. The evidence of his
~ right to acknowledgments for transplanting Arabian Algebra into Europe,
was for a long period ill set forth: but, when diligently sought, and care-
fully adduced, doubt was removed and opposition silenced.!

' Montucls, 2d Ed. Addns. .
he
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The merit of vindicating his claim belongs chiefly to CossaLt.® A manu-
script of LEONARDO’s treatise on Arithmetic and Algebra, bearing the title
of Liber Abbaci compositus a 'Leonardo filio Bonacci Pisano in anno 1202,
was found towards the middle of the last century by Tarcioni Tozzerr1* in
the Magliabecchian library at Florence, of which he had the care; and
another work of that author, on square numbers, was afterwards found by
the same person inserted in an anonymous compilation, treating of compu-
tation, (un trattato d’Abbaco), in the library of a royal hospital at the same
place. A transcript of one more treatise of the same writer was noticed by
TozzeTT! in the Magliabecchian collection, entitled Leonardi Pisani'de filiis
Bonacci Practica Geometrie composita anno 1220. The subject of it is
confined to mensuration of land; and, being mentioned by the author in his
epistle prefixed to the reyised Liber Abbaci, shows the revision to be of later
date. It appears to be of 1228.° TozzEeTTI subsequently met with a second
copy of the Liber Abbaci in Magliabecchi’s collection: but it is described by
him as inaccurate and incomplete.* A third has been since discovered in the

Riccardian collection, also at Florence: and a fourth, but imperfect one, was

communicated by NELLI to CossaLL’® No diligence of research has, how-
ever, regained any trace of the volume which contained LEonARDO’s treatise

on square numbers: the hbrary, in which i 1t was seen, having been dlspersed
- previously to CossaLr’s inquiries. :

It appears from a brief account of himself and his travels, and the motives
of his undertaking, which LEoNaRDo has introduced into his preface to the
Liber Abbaci, that he travelled into Egypt, Barbary, Syria, Greece, and
Sicily ; that being in his youth at Bugia in Barbary, where his father
Bonacct held an employment of scribe at the Custom House by appointment
from Pisa, for Pisan merchants resorting thither, he was there grounded in

the Indian method of accounting by nine numerals; and that finding it more -

commodious, and far preferable to that which was used in other countries
visited by him, he prosecuted the study,* and with some additions of his own,
and taking some things from Euclid’s geometry, he undertook the com-

' Origine, &c. dell’Algebra.  Parma 1797. 2 Viaggi,iand vi. Edit. 1751—=1754.
3 Cossali, Origine, &c. c. 1.§ 5. * Viaggi, ii. Edit. 1768.
3 Origine, &c. dell’ Algebra, c. 2. § 1.

* ¢ Quare amplectens strictius ipsum modum Yndorum, et actentius studens in eo, ex proprie '

 sepsu quzdam addens, et quedam ex subtilitatibys Euclidis geometrie artis apponens, &c.
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position of the treatise in question, that ¢ the Latin race might no Ionger be
found deficient in the complete knowledge of that method of computation.”
In the epistle prefixed to the revision of his work he professes to have taught
the complete doctrine of numbers according to the Indian method.!

His peregrinations then, and his study of the Indian computatlon through
the medium of Arabic, in an African city, took place towards the close of
the twelfth century; the earliest date of his work being A. C. 1203.

He bad been. preceeded by more than two centuries, in the study of arith-
metic under Muhammedan instructors, by G ererT (the Pope S1LvEsTERIL9),"
whose ardour for the acquisition of knowledge led him at the termination of
a two years noviciate, as. a Benedictine, to proceed by stealth into Spain,
where he learnt astrology from the Saracens, and with it more valuable
science, especially arithmetic. This, upon his return, he communicated to
Christian Europe, teaching the method of numbers under the designation of
Abacus, a name apparently first introduced by him, (rationes numerorum
Abaci*) by rules abstruse and difficult to be understood, as WiLLiaM of
Malmesbury affirms: Abacum certe primus a Saracenis rapiens, regulas- dedit,
gua a sudantibus Abacistis vir intelliguntur.* It was probably owing te this
obscurity of his rules and manner of treating the Arabian, or rather Indian
arithmetic, that it made so little- progress between his time and that of the
Pisan.

Leoxarpo’s work is a treatise of Arithmetic, termmated as Arabic treatises
of computation are similarly,® by the solution of equations of the two first
degrees. Inthe enumeration and exposition of the parts comprised.in his
fifteenth chapter, which is his last, he says, Tertia erit super modum Algebre et
Almucabale ; and, beginning to treat of it, Incipit pars tertia de solutione
guarundam qucestionum secundum modum Algebre et Almucabale, scilicet op-
positionis et restaurationis. The sense of the Arabic terms are here given in
the inverse order, as has been remarked by CossaLi, and as clearly appears
from L.LEONARDO's process of resolvmg an equatron, which will be hereafter
shown. -

* Plenam numerorum doctrinam edidi Yndorum, quem modum in ipsa scientia prastantiorem
elegi.

* Archbishop in 992; Pope in 999; died in 1003.

3 Ep. prefixed to his Treatise De Numerorum Divisione. Gerb. Ep. 160. (Ed. 1611.)

4 De Gestis Anglorum, c. 2.

% See Mr. Strachey’s examination of the Khuldsatu'l his6b, As. Res 12. Early History of Alg.
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'He premises the observation, that in number threé considerations are dis-
tinguished: one simple and absolute, which is that of number in itself: the
other two, relative; being those of root and of square. The latter, as he
adds, is called census, which is the term he afterwards employs throughout.

It is the equivalent of the Arabic A4/, which properly signifies wealth,
estate; and census seems therefore to be here employed by. LEonarDpo, onf
account of its correspondent acceptation; (quicquid fortunarum guis habet.
Steph.) in like manner as he translates the Arablc shai by res, thing, as a
designation of the root unknown.

He accordingly proceeds to observe, that the sunple number, the root, and
the square (census ), are equalled together in six ways: so that six forms of
equality are distinguished: the three first of which are called simple; and
the three others compound. The order, in which he arranges them, ‘is pre-
cisely that which is copied by Paciroro.! Itdiffers by a.slight transposition
from the order in which they occur in the earliest Arabic treatises of Alge-
bra;* and which, no doubt, was retained in the Italian version from the
Arabic executed by GuerLieLMo D1 LuNis, and others who are noticed by
€ossaLr upon -indications which are pointed out by him.! For Pacioro
cautions the reader not to regard the difference of arrangement, as this is a
matter of arbitrary choice.* LEeonarpo’s six-fold distinction, reduced to the
modern algebraic notation, is 1st, 2*=p 2. 2d, a*=n. 8d, p 2=n. 4th,
2*+p r=n. 5th, pr+n=s". 6th, 2*+n=pr. In Pacroro’s abridged no-
tation it is 1st, c®ec’. 2d, c>en’. 8d, c* e n°, &c.* The Arabic arrange-
ment, in the treatise of the Khuwaresmite, is, 1st, s*=p 2. 2d, 2*=n. 8d,
par=n. 4th, #+par=nad, s*+n=p2. 3d, p r+n=2". Later compb-
lations transfer the third of these to the first place.’

Like the Arabs, LEoNARDO omits and passes unnoticed the fourth form of
quadratic equations, 2*+p x+n=0. It could not, indeed, come within the
Arabian division of equations into simple, between species and species, and
compound, between one species and two:’ quantity being either stated
affirmatively, or restored in this Algebra to the positive form. Pacroro
expressly observes, that in no other but these six ways, is any equation be-

' Summa de Arithmetica, &c. 3 See Note N. , 3 Origine, &c. dell’Alg.
4 Summa, 8. 5. 5, $ Summa, 8. 5. 5. ¢ Khulbsatw'l hisdb.
7 Khulbsatw'l hisdb,
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tweén those quantities possible: Altramente che i quati 6 discorsi modi non ¢
possible alcuna loro eguatione. .

LeoxarDO’s resolution.of the three simple cases of equation is not ex~
hibited by CossaLi. It is, however, the same, no doubt, with that which is
. taught by Pacrovro; and which precisely agrees with the rules contained in
the Arabic books! To facilitate comparison, and obviate distant reference,
PacioLo’s rules are here subjoined in fewer words than he employs.

ist, Divide the things by the' squares [coefficient by coefficient], the
quotient is the value of thing.

2d, Divide the number by the squares [by the coefficient of the square],
the root of the quotient is the value of thing.

3d, Divide the number by the things [that is, by the coefficient], the
quotient is the value of thing.

The resolution of the three cases of compound equat:ons is dehveted by
Cossavrr from LEoNARDoO, contracting his rugged Latin into modern Alge-
braic form. '

Ist, Be 2°+p 2=n. Then £=—4 p+v (4 p*+8).

2d, Be 2*=p z+n. Then r=4p+v (4 p*+n).

8d, Be 2*+n=p x. Then, if 1 p’£n, the equation is impossible. If
1 p*=n, then r=4 p. If { p*7n, then 2=} p"‘V @ P"'”.), or =Lp+s
4 p—n).

He adds the remark: Et sic, si non mlnetur quczmo cum dcmmutume, solve-
tur cum additione. ;

- The rules are the- same which are found in the Arabic treatises of algebra.’
The same rules will be likewise found in the work of Patioro, expressed
with his usual verboseness in his Italian text: to which, in this instance, he
has added im the margin the same instructions delivered in a conciser form in
Latin memorjal verses. Asthey are givenat length by MoNTucCLA, itis un-
necessary to cite them in this place.. On the subject of the impossible case
Pacioro adds, as a Notandum utilissimum, ¢ Sel numero qual si ‘trova in la
detta equatione accompegnato con lo censo, sel.non e minore o veramente equale
al quadrato de la mita de le cose, el caso essere insolubile: e pur consequente
detto agguagliamento non potere avvenire per alcun modo.” Summa, 8. 4. 12.

Concerning the two ioots of ‘the. quadratic equation in the other case,

1 See Note N ard As. Res. 12, - .* Summa, 8. 5. 6. 7 See Note N.



lvi . NOTES AND ILLUSTRATIONS.

under the same head, he thus expands the short concluding remark of Lro-
NARDO: Sia che l'uno e Ualtro modo satisfa al tema: ma a levolte se havi ln
verita a I'uno modo, a le volte a laltro;' el perche, se cavanda la radice del
detto remanente de la mita de le cose non satisfacesse al tema, la detta radice
aggiugni a la mita de le cose e averai el quesito: e mai fallera che a Puno di lai
modi non sia satisfatta al quesito, cioe giognendo le, ovvero.cavando la del
dimeciamento de le cose. Summa, 8. 4. 19.

BomBELLI remarks somewhat differently on the same point. Nei guesits-
alcuna volta, ben che di rado, il restante non servi, ma ben si la somma sempre.
Alg. 2. 262. '

The rules for the resolution of compound ‘equations are demonstrated by
LeoNARDO upon rectilinear figures ; and in the last instance he has reference
to Euclid.—Lib. 2. Th. 5. There is room then to surmise, that some of the
demonstrations are among the additions which he professes to have made.

- Among the many problems which he proceeds to resolve, two of which are
selected by Cossari for instances of his manner, it will be sufficient to cite
one, in the resolution of. which the whole thread of his operations is ex-
hibited ; substituting, however, the more compendious modern signs. His
manner of condueting the algebralc process may be fully understood from
this single instance. :

Problem: To divide the number 10 into two parts, such that dividing one
by the other, and adding 10 to the sum of the quotient, and multiplying the
aggregate by the greater, the amount is finally 114.

* Let the right line a be the greater of the parts sought; which I call thing
(quam pono rem): and the right-line 4 g equal to 10: to which are joined in
the same direction g d, de, representing the quotients of division of the parts,
one by the other. Simce a multiplied by b ¢ is equal to 114, therefore
aXb g+aXg d+a+d e=114; and taking from each side aXb g, there will be
aXg d+aXd e=114—axbg. Be g d-the quotient 10—a, there will arise
. . S , p

10—a+aXd e=114~aXb g=114—10 a; since b g is equal to 10. Whence
aXxd e=104—9a. Butde is the quotnent a : wherefore a* =104—9a.

'10—a 10—a
So that a*=1040—194 a+94*. Restore diminished things (restaura res di-

" * Comipare with Hindu Algebra: *Fij.-gar. § 130 and 142.



ALGEBRA AMONG' FHE ITALIANS. v

minutas), and- take one square from each side (et extrabe' upum censuny
ab utraque parte), the remainder is 8 a*+1040=194 a; and, dividing by
eight, a*+130=24}a; and resolving this according to rule, a=97_—
- . 8 ..
V(97)'—130=97—83=38 : consequently 10—a=2.

© 8 8 8 ' .
" Besides his great work on arithmetic and algebra, LEoNARDO was author
of a separate treatise, as already intimated, on:square numbers. Reference
is formally made to it by Pacroro, who drew largely from this source, and
who mentions Le guali domande (Questions concerning square: numbers)
sono difficillissime quanto ala demonstratione dela practica: comme sa chi ben
la ecrutinato. Mazime Leonardo Pisano in un particulare tractato che fa
de quadratis numeris intitulato. Dove con grande sforzo se mgcgm dare
norma ¢ regola a simili solutioni. Summa 1. 4. 6.

The directions for the solution of such problems being profehedly taken

by Pacioro chiefly from Lrovarvo, and the problems themselves which
are instanced by him being probably so, it can be no difficult task to restore
the lost work of LEoNarDO on thissubject. The divination has accordingly
been attempted by CossaLi, and with a considerable degmee of success.
(Origine, &c. dell’ Algebra; c. 5.)
. Among problems of this sort which are treated by PACIOLO after Leo-
NARDO, several are found in the current Arabic treatises; others, whicls
belong to the indeterminate analysis, occur in the algebraic treatises of the
Hindus: some, which are more properly Diophantine, may have been taken
from the Arabic translation, or commentary, of the work of Diophantus.
LrzoNarpo’s endeavour to reduce the solution of such -problems to general
rule and system, according to Pacioro’s intimation ef his efforts towards
that end, must have been purely-his own: -as nothing systematic to this effect
is to be found in the Arabic treatises of Algebra; and as he clearly had no
‘communication through his Arab instiuctors, nor any knowledge of the
Hindu methods for the general resolution of mdetermmate problems simple
or quadratic,

MonTUucLa, who had ongmally underrated the performance of Lro-
NARDO, seems to have finally conceded to it a merit rather beyond its desert,
when he ascribes to that author the resolution of certain biquadratics as
derivative equations of the second degree.  The derivative rules were,

i
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acconding to CARDAN’s affirmation, added to the original enes of LEONARDG
by an uncertain author; and placed with the principal by Paciote. Caga
DAN'’s testimony in this respect is indeed not conclusive, as the passage, in
which the subject is mentioned, is in other points replete with errors: attri-
buting the invention of Algebra to-MuuauMED son of Musa, and alleging
the testimony of LronarDpo to that point; limiting LxoNarDO’s rules to
four, and intimating that Pacioro introduced the derivative rules in the
- same place with the principal: all which is unfounded and contrary to the
fact. CossaLi, however, who seemste have diligently examined LEONARDO'%
remains, does not claim this honour for his author: but appears. to admis
CARDAN’s position, that the derivative, or, as they are termed by Paciovro;
the proportional equations, and rules for the solution of them, were devised
by an.uncertain authop; and introduced by PAcioie imto his compilatien
under a separate head: which actually is the cade. " (Summa 8, 6, 4, &c.)

' Im regard to the blunder, in which MonTucLa copied earlier writers,
respecting the time when LEoNARDO of Pisa flourished, he has defended
himself (2d edit. Additions) against the reprebension of Cossari, upon the
Plea, that he was not bound to know of manuscripts existing in oextsin
librarigs of . Italy, which served:to, show the-age in which that author lived;
The excuse is not altogether valid: for Tarcront Tozzerr: had angounced
te the public the discovery of the manuscripts in question, with the date,
and a sufficient intimation of the cohtents; several years, before the: first
volumes of MoNTuCLA’S Histoxy of Mathematics appeared.’ .

I am: withheld from further animadversion on the negligence of an author,
who bas in other respects deserved well of science, by the consideration,
that equal want of research, and in the very same instance, has been mani-
fested by mowe recent writers, and among our own couatrymen. . Even sq
lately as in the paat year (1816) a distinguished mathematician, wtiting in
the Encyclopadia which bears the national appellation,® has relied on obso-
lete authoritigs and antiquated disquisitions concerning the introduction of
the denary numemls into Europe; and shown tetal unacquaintance with
what was made public sixty years ago by Tarcioni Tozzerrtr and amply
dlacussed by CossaLi in a copions work on the progress of Algebra in Italy,

' Tanaxom Tozzmx s first volume bears date 1751, His sixth, (the last of his first edmon)
1754 MoxTucCLA’s first two volumes were published in 1758. ) "
% Encycl. Brit. Supp. art. Arithmetic. .
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and'in- an earlier one on the origin of Arithmetic, published more than
twenty years since: matter folly recognised by MénsuctA in his second
edition, and briefly noticed in common biographical dictionaries.’

In the article of the Encyclopedia, to which reference has been just made,
the author is not less unfortunate in all that he says concerning the Hindus
atid their arithmetical knowledge. He describes the ZL#dvats as « a shert
and meagre performance headed with a silly preamble and colloquy of the
gods.” (Where he got this colloquy is difficult to divine; the Lildvati-
contains none). * The examples,” he says, “ are generally, very easy, and
only written on the margin with red ink.” . (Not so written -in any one

- among the many copies collated or inspected.) “ Of fractions,” he-adds,
* “~rhether decimal or vulgar, it treats not at all.” (See Ch. 8. Sect. 3. and
Ch 4. Sect. 2. also § 138.)

* He goes on to say, “ the Hindus pretend, that tlns amhmencal tréame
was-bompesed about the year 1185 of the Christian era, &c.” Every. thing:
in that passage is-ervonepus. The date of the Likfvasf is 1150, ab the latest.
The uncertaiuty of the. age of a.manuseript does not, as suggested, affect.
the certainty of the date of the original composition. It is not.true, a
alleged, that the oriental transcriber is sccustomed to incorporate - without
scruple such additions it the text as he thinks fit. Nor is it practicable for
him to do so with a text.arranged in metre, of which the lines are numbered:
88 is the case with Samscrit text books in general. Collation demonstrates
that no such liberty has been taken with.the particular book in guestion.

The same writer affirms, that « the Persians, though no longer sovereigns
of Hindustan; yet display their superiority over the feeble Gentoos, since
they generally fill the offives of the revenue, and have the reputation of
being the most expert calculatorsin theeast.” This is litetally and precisely
the reverse of the truth; as every one’ knows, who has read or heard any
thing concerning India. : ‘

The author is not more correct when ‘he asserts, that it hppean from a
careful inspection of the manuscripts preserved in the different public libra-
ries in Europe, that the Arabians were not acquainted with the denary
numerals before the middle of the thirteenth century of the Christian era.”
onxumno of Pisa had learned the Indian numerals from Arabian instruc-

! Dict. Hut. par Chaudon and Delandine: art. Leonard-de Pise. 7 Edit. (1789) Probably in
earlier editions likewise,
i2
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tian in the twelfth century and taught the use of them in the second year,
of the thirteenth: and the Arabs were in possession of the Indian mode of
computation by these numerals so far back as the elghth century of the,
Christian era.!
To return to the subJect.
~ After LEoNarDo of Pisa, and before the invention of the art of printing
and publication of the first printed treatise on the science, by Paciovo,
Algebra was diligently cultivated by the Italian mathematicians; it was pub~
licly taught by professors; -treatises were written on it; and recurrence. was
again had to the Arabian source.” A translation of “ the Rule of Algebra”,
(La Regola dell’ Argebra) from the Arabic into the language of Italy by
GucrreLso o1 Lunis, is noticed at the beginning of the Ragionamento di
Algebra by RarraELo Caracci, the extant manuscript of which is consis
dered by antiquarians to be of the fourteenth century.* A translation of the.
original treatise of MunaMMED BEN Musa the Khuwarezmite appears to
have been current in Italy; and was seen at a later period by both Carpaw
and BoMBELLL® Paoro pELLA PERcora, DEmETRIO Bracapini, and
Anrtonto CornNARO, are named by PacroLo as successively filling the pro-
fessor’s chair at Venice; the latter his own fellow-disciple. He' himself
taught Algebra publicly at Peroscia at two different periods. In the pre-
ceding age a number of treatises on Algorithm, some of them with that title;
others like LEONARDO’s, entitled De Abaco, and probably like his touching
on Algebra as well as Arithmetic, were circulated. Paoro nr Dacomari,
in particular, a mathematician living in the middle of the fourteenth century,
obtained the surname of Dell’ Abace for his skill in the science of nambers,
-and is besides said to have been conversant with equations (whether algebraic
or astronomical may indeed be questioned;) as well as geometry.*
‘With the art of printing came the publication of Pacioro; and the subse-

-quent history of the inventions in Algebra by Italian masters is too well
known to need to-be repeated in-this place S

- SeeNoteN C
2 Cossaxl, Orig. &c, dell’ Algebm, i 7
3 Ibid.i. 9. CamDAN Ars Magn. 5.
4 Ibid. i. 9. ’
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M.
ARITHMETICS OF DIOPHANTUS.

- ‘F1vE copies of DiopaANTUS, vizt. three in the Vatican (Cossali, Orig. dell’
Alg. 1 4. §2.); X1LaANDER's, supposed (Coss. b. § 5) to be the same with
- the Palatine inspected by 8AunMaist, though spoken of as distinct by BacsET,
(Epist. ad. lect.); and the . Parisian used by Bacser himself (ib.); all
contain the same text. ‘But one of the Vatican copies, believed to be that
which BouBELLI consulted, distributes a like portion of text into seven in:
stead of six books. ' (Coss. ib. § 6.)' In truth. the division of manuscript
books is very uncertain : and it is by no means improbable, that the remaias
of DioPuANTUS, as we possess them, may be less incomplete and constitute
a larger portion of the thirteen books announced by him (Def. 11.), than is
commonly reckoned. His treatise on polygon numbers, which is surmised
to be one, (and that the last of the thirteen,) follows, as it seems, the six
(or-seven) books. in the exemplars of the work, as if the preceding portien
were complete. It is itself imperfect: but the manner is essentially different
from that of the foregoing books: and the solution of problems by equations
is no longer the object, but rather the demonstration of propositions. There
appears no ground, beyond .bare surmise, to presume, that the author, in the
rest of the tracts relative to numbers which fulfilled his promise of thirteen
books, resumed the Algebraic manner: or in short, that the Aigebraic part
of his performance is at all mutilated in the copies extant, which are consi-
dered to be all transcnpta of a single imperfect exemplar. (Bacesr Ep,ad.
lect.) : )
It is indeed alleged, that the resolution of compound equations (two
apecies left equal to-one) which DiopuaNTUS promises (Def. 11.) to show
subsequently, hears reference to a lost part of his'work, But the author,
after confining himself to cases of simple equations (one species equal to one
species) in the first three books, passes occasionally to compound equations
(two species equal to one; and even two equal to two species;) in the three
following books. See iv. Q. 33; vi. Q. 6 and 19; and BacHET on Def. 11,
and i. Q. 33. In various instances he pursues the solution of the problem,
until he arrives at a final quadratic equation ; and, as in the case of a simple
equation, he then merely states the value inferrible, without specifying the
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steps by which he arrives at the inference. See iv. Q.23; vi. Q.7,9 and 11.
But, in other places, the steps are syfficiently indicated : particularly iv. Q.
33and 45; v. Q. 13; vi. Q. 24: and his method of resolving the equation
is the same with.the second of. BraumEGUPTA's Tules for the resolution of
quadratics (Brahm 18. § 34). The first of the Hindu author’s rules, the
seme with SRID’HARA'S quoted by BuAscana (V3j.-gasi. § 181. Brahkm..18.
§32 ), differs from that of Nvenrz (NoN1us) quoted by Bacrer (on Disph.
i. 83), in dispensing with the preliminary: step of reducing the square term
to- a.single square: a preparation which the Arabs first introduced, as well
as the distinction of three cases-of quadraties: for it -was practised neither
by DiopnaNTUS, nor by the Hindu Algebraists.

" D1orrANTUS has not been more explicit, nor methodical, on simple, than
on compound, equations. But there is no reason to conclude, that he re-
turned to either subject in a latter part of his work, for the purpose of com:
pleting the instruction, or better explaining the method of conducting the
resolution of those equations. Such does not seem to be the manner of his
arithmetics, in which general methods and comprehensive rules are wariting.
Xt is mather to be inferred, as Cossart does, from the compendious way
in which the principles of Algebra are delivered, or alluded to, by him,
that the determinate analysis was previously not unknown to the Greeks;
wheresoever they gat it: and that DiopHANTUS, treating of it cursorily as &
wmatter already understood, gives all his attention to cases of indeterminate
gmalysis, in which perhaps he had ne Greek precursor. (Coss. Orig. delf
Alg. i. 4. § 10.) He certainly intimates, that some part of what he proposes
to teach is new : Jrws uiy &v Jox?i 7o woayua Jvoxreivepor ixndn wiww yrdpiuéy is.
While in other places (Def. 10)' he expects the student to be previously
exercised in the algorithm of Algebra. The seeming contradiction is recon«
ciled by conceiving the prineiples to have been known; but the application
of them to a certain class of problems ooncerning numbers to have been
new.

Concerning the probable antxqmty of the Dlophantme Algebra; all that
can be confidently affirmed is, that it is not of later date than the fourth
century of Christ. Among the works of HypaTia, who was murdered
A. D. 415, as they are enumerated by Surpas, is a commentary on a work
of 2 DropnaNTUs, most likely this author. An epigram in the Greek an-
thologia (lib. ¢. c. 22) is considered with probability to relate to him: but
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the age of its author LuciLLius is uneertain. Bacszr observes, that, so Tar
as can be conjectured, . Luciriius lived about the time of Neso. This;
bhowever, is mére conjecture. . .

Diornaxrus:is posterior to HyrsicLEs, whom lle cites n the treatise on
polygon numbers. (Prop, 8.) . This should furnish anqtha fixt point. But
the date of HypsicLEs is ndt well determined. He is reckoned the author,
or at least the reviser,! of two books subjoined to Eucrip’s elements, and
numbered 14th and 15th. In the introduction, he makes mention of ApérL-
on1us, one of whase writings, which touched on the ratio of the déde«
cacdron and icossedron .inscribed in the same sphere, was considered by
Basiipzs of Tyre, and by the father of him (HyesicLrs) as incorrect, and
was.-amended by them accordingly : but subsequently he (HyrsicLEs) nes
with another work of AroLLoNius, in which the investigation of the pro-
blem was satisfactory, snd the demohstration of the propesition correct. .Here
again BacHET observes, that, so far as can be conjectured, from the manner
in which he speaks of AroLLoN1US, he must have.lived not long after him.
CossaL1 goes alittle further; and concludes on the same grounds, that they
were nearly contemporary. {(Orig. dell’ 44g. i.4. § 4.) The grounds seem
inadequate to support any such conclusion: and all that can be certainly
inferred is, that HypsicLES of Alexandria was posterior to ApoLLONIUS, who
flourished in the. rengn of Prorouy EuEBGETIS; two hundred years before
Christ.

Several persons of the name of DIOPHANTUS are noticed by Greek authors;
but.none whose place of abade, profession, or avocatians, seem to-indicate
any correspondence with those of .the mathematician and Algebraist: owe a
prtor of Athens mentioned by Dienorvs Sicurus, ZENoRIvS, and SUIDAS;
another, secretary of king. Herow», put to death for forgery, as noticed by.
TzETzES ; and a third, the imatructor of LaBaNIUS: in eloguence, named by
Suipas in the article concerning that sophist and rhetorician.

The Armenian. ABU'LFARAJ- places the Algebraist DioprANTUS under the
Emperor Jurzan. But it may be questioned, whether he has any authority
for, that date, besides the mention by Greek.authors. of a learned person of
the name, the instructor of LIBANIUS, who was oontemporary with that
emperor. .

L Térikku’l hukmd cited by Casuu, szl Arab Hisp. i. 346. The Arabian author uses the
word Aflch amended.
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Upon the whole, hewever, it seems preferable to abide by the date fur-
nished in a professed history, even an Arabic one, on a Grecian matten: and
consider DioPHANTUS as contemporary with the Emperor JuLian, about
A.D. 365. That date is consistent with the circumstance of Hyparia
writing a commentary on his works; and is not contradicted by any other
fact; nor by the affirmation of any other writer besides BoMBELLI: on whose
authomy CossaL1 nevertheless relies.

- BoumBEeLLi, when he announced to the public the existencs of a manu-
script of DioPrANTUS in the Vatican, placed the author under the. Emperor
AxnToNINus Prus without citing any grounds. His general accuracy is,
however, impeached by his assertion, that the Indian authors are frequently
cited by DropaaNTUs. No such quotations are found in the very manu-
script of that author’s work, which he is known to have consulted: and
which .has been purposely reexamined. (Coss.i. 4. § 4.) BoMBELL'S
authority was, therefore, very properly rejected by BacHer; and should
have been so by CossaLr.. '

B ]

: N.

PROGRESS AND PROFIC’IENCY OF THE ARABIANS IN
ALGEBRA.

IN the reign of the second Abbasside Khahf ALMANSUR, and in thc 156th
year of the Hejira (A. D. 773), as is related in the preface to the Astrono-
mical tables of BEN-AL-ADAMI published by his continuator ALcAsEm in
308 H. (A.D.920), an Indian astronomer, well versed in the science which he
professed, visited the court.of the Khalif, bringing with him tables of the
equations of planets-according to the mean motions, with observations rela-
tive to both solar and lunar eclipses and the ascension of -the signs; taken,
as he affirmed, from tables computed by an Indian prince, whose name, as
the Arabjan author writes it, was Palguar. The Khalif, embracing the
epportunity thus happily presented to him, commanded the Look to be
translated into Arabic, and to be published for a guide to the Arabians in
matters pertaining to the. stars. The task devolved on MunAMMED .ben
IBrAHIM Alfazdri; whose version is known to astroriomers by the name of
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‘the greater Sind-hind or Hind-sind: for the term occurs written both ways.!
- It signifies, according to the same author BEN-aL-Apani, the revolving
ages, Al dehr al déher; which Casirr translates perpetuum eternumgue.®
No Sanscrit term of similar sound occurs, bearing a signification recon-
cilable to the Arabic interpretation. If a conjecture is to be hazarded, the
eriginal word may have been Sidd’hdnta. Other guesses might be proposed:
partly combining sound with interpretation, and taking for a termination
sind’hu ocean, which occurs in titles now familiar for works relative to the
regulation of time, as Céla-sind’hu, Samaya-sind’hu, &c. or adhering exclu-
sively to sound, as Indu-sindhu, or Indu-sidd hénta; the last a title of the
same import with Séma-siddhénta still current.- 'But whatever may have
been the name, the system of astronomy, ‘which was made known to the
Arabs, and which is by them distinguished by ‘the appellation in question,
appears to have been that which is contained in'the Brahma-sidd’hdnta, and
which is taught in BeAnMEGUPTA’s revision of it. This fact is deducible
from the number of elapsed days between the beginning of planetary mo-
tions and the commencement of the present age of the world, according to
the Indian reckoning, asit is quoted by the astrologer of Balkk ABuU-MASHAR,
and which precisely agrees with BRaumecupTa. The astrologer does not
indeed specify which of the Indian systems he is citing. But it is distinctly
affirmed by later Arabian authorities, that only one of the three Indian'doc-
trines of astronomy was understood by the Arabs; and that they had no
knowledge of the other two beyond their names.® Besides, ARYABHATTA
and the Arca-sidd’hénta, the two in questlon, would have furmshed very
different numbers. : X
The passage of ABU-)IASHAR, to which reference has been now made, i3
remarkable, and even important ; and, as it has been singularly misunder-
stood and grossly misquoted by Ba1tLy in his Astronomie Ancienne (p. 302),
it may be necessary to cite it at full length in this place. It occurs at the
end of the fourth tract (and not, as Ba1LLy quotes, the beginning ef the
-fifth,) in ABu-MAsHAR’S work on the conjunctions of planets. The author
there observes, that « the Indians reckoned the beginning [of the world] on

* Bibl. Arab, Hisp. citing Bibl. Arab. Phil (Térikhw'l hukmé) i. 428, voce Alphazérf.
-+ * Ibid, i. 426. voce Katka. Sind and Hind likewise signify, in the Arabian writers, the bither
and remoter India. . I’ Herbelot. Bibl. Qrient. A15.
3 Térikhw'l hukmé, cited by Casini, Bibl. Ara. Hisp. i. 426. voce Katka.
k
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% Sunday at sunrise (or, to quote from the Latin version, Et estimaverunt
“ Indi quod principium fuit die dominica sole ascendente;) and between that
“ day and the day of the deluge (et est inter.eos, s. inter illum diem et illum'
« diem diluvii) 720634442715 days equivalent to 1900340938* Persian years
“and 344 days. The deluge happened on Friday (et fuit diluvium die
« veneris) 27th day of Rabe 1st, which is 29 from Cibat and. 14 from Adris-
% tinich. Between the deluge and the first day of the year in which the
“ Hejira occurred (fuerunt ergo inter diluvium et primum diem anni in
“ quo fuit Alhegira) 3837 years and 268 days; which will be, according to
“the years of the Persians, 3725 years and 348 days. And between the
“ deluge and the day of Jesdagir (YEzDAJERD) king of the Persians, from
“ the beginning of whose reign the Persians took their era, .... 3735 years,
“ 10 months, and 28 days.” The author proceeds with the comparison.of
the eras of the Persians and Arabians, and those of ALExANDER and Pur-
Lrp; and then concludes.the treatise: completi sunt quatuor tractatus, deo
adjttvante

Ba1Lvry’s reference to this passage is in the following words. ¢ ALBu-
“ MAsAR® rapporte que selon les Indiens, il s'est écoulé 720634448715 jours
“ entre le-déluge et I'époque de I'hégire. Ilen conclud, on ne sait trop com=
“ ment, qu’il s’est écoulé 3725 ans dans cet intervalle: ce qui placeroit le
“ déluge 3103 ans avant J. C. précisément 3 1'époque chronologique et astro-
“ nomique des Indiens. Mais ALBUMASAR ne dit point comment il est
“ parvenu 3 égaler ces deux nombres de 8725 ans et de 720634442715 JOUI‘S
Ast. anc. ecl. liv. i. § xvii. ‘

Now on this it is to be observed, that BaiLLy makes the antediluvian
period between the Sunday on which the world began and the Friday on
which the deluge took place, comprising 720634442715 days, to be the same
with the postdiluvian period, from the deluge to the Hejira; and that he
quotes the author, as unaccountably rendering that number equivalent to
3725 years, though the text expressly states more than 1900000000 years.
The blunder is the more inexcusable, as BarLLy himself remarked the int
congistency, and should therefore have reexamined the text which he cited,
to verify his quotation. ‘

* There is something wanting in the number of years: which is deficient at.the third place
Both editions of the translation (Augsburg 1489, Venice 1515) give the same. words.
“ De Magu. Conj. Traité v, au commencement, . ) ‘
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Major WiLiorp (As. Res. 10. 117.), relying on the correcthéss of
BarLLy’s quotation, concluded, that the error originated with either the
transcriber or translator. But in fact the mistake rested solely with the
citer: as he would have found if his attention had been drawn to the more
correct quotation in ANQUETIL DU PERRON’s letter prefixed to his Rech.:
Hist. et Geog. sur U'Inde, inserted in BernouLL1’s 2d vol. of Desc. de I'Inde
(p. xx). But, though ANQUETIL is more acourate than BaiLLy in quota-
tion, he is hot more successful in his inferences, guesses and surmises. For
he strangely concludes from a passage, which distiuctly proves the use of
the great cycle of the calpa by the Indian astronomers.to whom Au-
MAsHAR refers, that they were on the contrary unacquainted in those days
with a less cycle, which is comprehended in it. So little did he understand
the Indian periods, that he infers from a specified number of elapsed days.
and correspondent years, reckoned from the beginning of the great cycle
which dates from the supposed moment of the conmencement of 'the world,
that they knew nething of a subordinate period,- which is one of the ele-
ments of that cycle. Nor is he nearer the truth, but errs as much the other
way, in his conjecture, that the number of solar years stated by ABu-
MAsHAR relates to the duration of a life of BRauuA, comprising a hundred.
of that deity’s years.

. In short, ANQUETIL'S conclusions are ‘as erroneous as Ba1LLY's premises.
The discernment of Mr. Davis, to whom the passage was indicated by
Major Wirrorp, anticipated the correction of this blunder of BaiLry, by
restoring the text with a conjectural emendation worthy of his sagacity.!

. The name of the Indian author, from whom ABumAsHAR derived the
particulars which he has furnished, is written by BarLry, Kankaraf; taken,
_as he says, from an ancient Arabic writer, whose work is subjoined to that.
of Messala published at Nuremberg by Joach. HELLER in 16482 The
Latin translation of Messahela (MA-suAi-ALLan) was edited by Joachim
HEeLLER at Nuremberg in 1549; but it is not followed, in. the only copy
accessible to me, by the work of any other Arabic author; and the quotation
consequently has not been verified. D’HerBEroT writes the name vari-
ously; Kankah or Cancah, Kenker or Kankar, and Kengheh or Kanghak ;*

! As. Res. 9.242. Appendix to an Essay of Major WiLroabD.
* Ast. Anc. 303. :
3 Bibl. Or. Art. Cancab al Hendi, and Kenker al Hendi. Also Ketab Menazel al Camar and
Ketab al Keranat. .
k2
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to which RE1skE and ScRULTENS, from further research, add another varia-
tion, Kengch ;' which is not of Arabic but Persian orthography. Casirr,
by.a difference of the diacritical point, reads from the Térikhw'l hukmd,
and transcribes, Katka* That the same individual is all dlong meant,
clearly appears from the correspondence of the works ascribed to him;
especially his treatise on the greater and less con_]unctlons of the planets,
which was imitated by ABu-MAsHAR.

* Amidst so much diversity in the orthography of the word it is dlfﬁcult
to:retrieve the original name, without too much indulgence in conjecture..
Canca, which comes nearest to the Arabic corruption, is in Sanscrit a proper
name among other significations: but it does not occur as the appellation of*
any noted astrologer among the Hindus. GaRrca does; and, as the Arabs
have not the soft guttural consonant, they must widely corrupt that sound:-
yet Canghar and Cancah seem too remote from it to allow it to be propesed
as a conjectural restoration of the Indian name. i

- To return to the more immediate subject of this note. The work of
Alfazdri, taken from the Hindu astronomy, continued to be in general use-
among the Muhammedans, until the time of ALMAMUN; for whom it was’
epitomized by MunaMMED ben Musa Al Khuwdérezmi; and his abridgment
was thenceforward known by the title of the less Sind-hind. ~It-appears to
have been executed for the satisfaction of ALuAMyN before this prince’s ac-
cession to the Khelafet, which took place early in the third century of tlie,
Hejira and ninth of Christ. The same author compiled similar astronomical
tables of his own; wherein he professed to amend the Indian tables which
furnished the mean motions; and he is said to have taken, for that purpose,
equations from the Persian astronomy ; some other matters from ProLomy ;
and to have added something of his own on certain points. His work is
reported to have been well received by both Hindus and Muhammedans:
and the greater tables, of which the compilation was'commenced in the fol-
lowing age by BEN AL Apami and completed by AL Casewm, were raised
upon the like foundation of Indian astronomy : and were long in general use
among the Arabs, and by them deemed excellent. Another and earlier set
of astronomical tables, founded on the Indian system called Sind-hind, was
compiled by HaBasu an astronomer of Baghdad; who flourished in the

* Bibl. Or. (1777-79). iv. 725. Should be Kengek: a like error occurs in p. 727, where slarcd
is put for skareh. ,

* Bibl. Arab. Hup i, 426
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time of the Khalif ALmanuN.! Several others, similarly founded . on. the
mean motions furnished by the same Indian system, were published in the
* third century of Hejira or earlier: particularly those of Fazr bem HATin
Niérizt; and AL Hasax ben MisBan.* :

It was no doubt at the same period, whlle the Arabs were gaining a
' knowledge of one of the Indian systems of Astronomy, that they became
. apprized of the existence of two others. No intimation at least occurs of
amy. different specific time or more probable period, when the information
was likely to be obtained by them ; than that in which they were busy with
the Indian astronomy according to one of the three systems that prevailed
among the Hindus: as the author of the Térikhu’l hukmé . quoted by.
Casirr affirms. This writer, whose compilation is of -the twelfth century,®
observes, that ¢ owing to the distance of countries and impediments to
¢ intercourse, scarcely any of the writings of the Hindus had reached ‘the
¢ Arabians. There are reckoned, he adds, three celebrated systems (Aazkab)
‘ of astronomy among them; namely, Sind and kind; Arjabahar, and Ar-
¢ cand: one only of which has been brought to us, namely, the Sind-hind -.
¢ which most of the léarned Muhammedans have followed.’. ‘After naming-
the authors of astronomical tables founded on that basis, and assigning the
interpretation of the Indian title, and quoting the authority of BEN AL ADAMI,
the compiler of the latest of those tables mentioned by him, he goes on to.
say, that <of the Indian sciences no other communications have been re-
¢.ceived by us (Arabs) but a treatise on music of which' the title in Hindf is
¢ Biyéphar, and the signification of that title “ fruit of knowledge;”* the
¢ work entitled Catilah and Dasmanah, upon ethics: and a book of numierical
¢ computation, which ABu JAre MusaMMED BEN Musa 4! Khuwéresms
‘ amplified (‘basat ) and which is a mest expeditious and concise method and
‘ testifies the ingenuity and acuteness of the Hindus.'*

The book, here noticed as a treatise on ethics, is the well-known collection
of fables of Pilpai or Bidpai (Sans. Vaidyapriya); and was translated from

U'" Térikhu'l hukmé, Casiny, i. 426 and 428. ABULFARAJ; Pococke 161.

*-Ib. i. 421 and 413,

3 He flourished in 595 H. (A. D. 1198), as appears from passages of his work. - M. S.
MDCCLXXIIL Lib. Esc. p. 74 and 316. Casiri, ii. 332.

4 Sans. Vidydphala, fruit of science. )

2 -Casini, i. 426 and 428. The Cashfu'l zanfin specxﬁa lhree altronomlcal systems of the
Hmdus under the same names,
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the Pehlevi version into Arabic, by command of the same Abbaside’ Khalif
ALMANSUR," who caused an Indian Astronomical treatise to be translated
into the Arabian tongue. The Azabs, however, had other communications
of portions of Indian science, which the author of the Térikhw’l hukmé has
in this" place overlooked: espécially upon medicine, on which many trea-
tises; general and particular, were translated from the Indian tongue. Forf
instance; a tract, upon poisons by SHaNAGc, (Sansc. Characa?) of which an
Arabic version was made for the Khalif ALMAMUN, by lis preceptor ABBaAs
ben Siip Jéhari. Also a treatisé on medicine and on materia medica in
particular, which -bears the name of Snunvnn (Sansc. Susruta); and nu-
mérous others.* -

. The Khuwarezmite MusaMMED BEN Musa, who is named as having
made known to the Arabians the Indian method of computation, is the same
who is recognized by Arabian authors with almost a common consent (Zaca-
ria of Casbin, &c.) as the first who wrote upon Algebra. His competitor for
the honour of priority is ' ABu KAMir Smusai ben AsLay, surnamed the
Egyptian arithmetician, (Hdsib al Misri,) ; whose treatise on Algebra was
commented by ALt ben AnmeD Al Amréns of Musella;* and who is said by’
D’HeraEeLor to have been the first among learned Muslemans, that wrote

‘upon this branch of mathematics.* The commentator is a writer of the tenth:

gentary; the date of his decease being recorded as of 344 H.* (A. D. 955.)
'The age, in which his author flourished, or the date of his text, is not fur-:
nished by any aunthority which has been consulted: and unless some evidence
be found, showing that he was anterior to the Khuwdrezmi, we may’
abide by the- historical authority of Zacaria of Casbin; and consider the
Kuwbresmi as the earliest writer on Algebra in Arabic. Next was the’
celebrated Alchindus (ABu Yuser ALKENDY{) contemporary with the astro-
loger ABu-MASHER in the third century of the Hejira and ninth of the’

Christian era,’ an'illustrions philosopher versed in the sciences of Greece, of

* Introd. Rem. Hitépadésa. Sansc. ed. 1804.

* D’HerBeLoT, Bibl. Orient. Ketab al samoun, Ketab Sendhaschat, Ketab al sokkar, Ketab
Schaschourd al Hendi, Ketab Rai al Hendi, Ketab Noufschal al Hendi, Ketab al ak&kir, &c.

3 Térikkw'l hukmé, Casiny, i. 410.-

" 4 Bibl. Orient. 482. Also 226 and 494. No grounds are spepnﬁed. Ezxy KoarcAw and:
HAsi KaarLran, whom he very commonly follows, have been searched in vain' for authority en
this point.

$ Tér. Casiny, i. 410. ' ¢ Abulfaraj; Pococke, 179.
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India, and of Persia, and author of several treatises upon numbers. In.the
prodigious multitude of his writings upon every branch of. science, one is
specified as a tract on Indian computation ( Hisdbw'! hindi): others occur
with titles which are understood by Casirr to relate to Algebra,:and to the
‘finding of hidden numbers:’ hut which seem rather to appertain to other
topics.! It is, however, presumahle, that one of the works composed . by
him did treat of Algebra as a branch of the science of computation. His
pupil AuMED ben MunAMMED of Sarkhasi in Persia, (who flourished in..the
middle of the third century of the Hejira, for he died in 286 H.) was author
of a complete treatise of computation embracing Algebra with Arithmetic.
About the same time a treatise of .Algebra was composed by ABu: lemut
Dainéwari, who lived till 290 H. (A. D. 908.)

Ata later period ABU'LWAFA Buzjdni, a distinguished mathematlcmn, who
flourished in the fourth century of the Hejira, between the years 348 when
he commenced his studies, and 388 the date of his demise, composed nume-
rous tracts on computation, among which are specified several commentaries
on Algebra: One of them on.the treatise of the Khuwarezmite upon that sub<
Ject: another on a less noted treatise by ABu Yanva, whose lectures he had
atiended : an -interpretation (whether commentary or .paraphrase may per+
baps be doubted) of -the work of DioPHANTUS: demonstrations of the pro-
positions contained in that work: a treatise on numerical computation in
general: and several tracts on particular branches of this subject.*

A question has been raised, as just now hinted, whether this writer’s inter-
pretation of DioPHANTUS i3 to be deemed a translation or a commentary.
The term, which is here employed in the Térikhu’l hukmd, (tafsir, para<
phrase,) and that which ABULFARAJ uses upon the same occasion (fasr,
interpreted,) are ambiguous. Applied to the relation between works in the
same language, the term, no doubt, implies a gloss or comment; and is so
understood in the very same passage where an interpretation of the.Khu-
warezmite’s treatise, and another of Asu YaHya’s, were spoken of. But,
where a difference of language subsists, it seems rather to intend a- yer-
sion, or at least a paraphrase, than mere scholia; and is employed by the
same author in a passage before cited,® where he gives the Arabic sig-
nification of a Hindi term. That Bugjdni's performance is to be deemed a

S Térikh'l hukmd ; Casigi, i, $58—360. . * Ib. i. 438. 3 Ib.i. 426. Art, Katka.
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translation, appears to be fairly inferrible from the separate mention of the
demonstration of the propositionsin DiopHANTUS, as a distinct work : for the

latter seems to be of the nature of a commentary ; and the other consequently.

is the more likely to have been a version, whether literal or partaking of
paraphrase. - Besides, ‘there is no mention, by any Arabian writer, of an
earlier Arabic translationof DiopHANTUS; and the Buzjdni was not likely to
be the commentator in Arabic of an untranslated Greek book. D’HErRBELOT
then may be deemed correct in naming him as the translator of the Arithme-
tics of DiopHaNTUS; and CossaLl, examining a like question, arrives at
nearly the same conclusion; namely, that the Bugjdni was the translator,
and the earliest, as well as the expositor, of DioruANTUS.—(Orig. dell’ Alg.
1. 175.) The version was probably made soon after the date, which AsvuL-
FARAJ assigns to it, 348 H. (A. D. 969), which mare properly is the’ date of
the commencement of the translator's mathematical studies.

- From all these facts, joined with other circumstances to be noticed in pro-
gress of this note; it is inferred, 1st, that the acquaintance of the Arabs with
the Hindu astronomy is traced to the middle of the second century of the
Hejira, in the reign of ALMANsSUR; upon authority of Arabian historians
citing that of the preface of ancient astronomical tables: while their know-
ledge of the Greek astronomy does not appear to have commenced until the
subsequent reign of HArUN ALrAsHID, when a translation of the Almagest
is said to have been executed under the auspices of the Barmacide Yanva
ben KnALED, by ABA HIAN and SaLamA employed for the purpose.! 2dly,
’That they were become conversant, in the Indian method of numerical com-
putation, within the second century; that is, before the beginning of the
reign of ALMAMUN, whose accession to the Khelafet took place in 205 H.
3dly, . That the first treatise on Algebra in Arabic was published in his reign;
but their acquaintance with the work of DroPHANTUS is not traced by any

historical facts collected from their writings to a period anterior to the middle .

of the fourth century of the Hejira, when Apu’'LwarA Buzjéni flourished.
4thly, That MusaMMED ben Musa Khuwdreami, the same Arabic author,
who, in the time of ALmAMUN, and before his accession, abridged an ecarlier
astronomical work taken from the Hindus, and who published a treatise on
the Indian method of numerical computation, is the first also who furnished

¥ Casiag, i, 349,
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the Arabs with a knowledge of Algebra, upon which he expressly wraote, and
in that Khalif’s reign: as will be more particularly shown, as we proceed.

-, A treatise of Algebra bearing his name, it may be here remarked, was in
the hands of the Italian Algebraists, translated into the Italian language,
not very long -after the introduction of the science into that-country by
Lronarpo of Pisa. It appears to have been seen at a later period both by
Carpax and by BomeerL. No manuscript of that version is, however,
now extant; or at least known to be so.

. Fortunately a copy of the Arabic original is preserved in the Bodleian
collection. It is the manuscript marked CMXVIII Hunt. 214. fo. and
bearing the date of the transcription 743 H. (A. D. 1342.) ‘The rules of .
the library; though access be readily allowed, preclude the study:of any
book which it contains, by a person not enured to the temperature of apart-
ments unvisited by artificial warmth. This impediment to the examination
of the manuscript in question has been remedied by' the assistance of the
under librarian Mr. Alexander N1coLs; who has furnished ample extracts
purposely transcribed by him from the manuscript. This has made it practi-
cable to ascertain the contents of the book, and to identify the work as that
in which the Khuwdreami taught the principles of Algebra; and conse-
quently to compare the state of the science, as it was by him taught, withiits
utmost progress in the hands of the Muhammedans, as exhibited in anele-
mentary work of not very ancient date, which is to this tlme studled among
‘Asiatic Muslemans.

I allude.to the Kbulé.mu’l hisdb of Beuav’Lpin; an author, who lived
between the years 953 and 1031 H. The Arabic text, with a Persian com-
mentary, has been printed. in Calcutta; and a summary of its contents had
been previously given by Mr. STracHEY inhis ¢ Early History of Algebra,”
in which, as in his other exertions for the investigation of Hindu and Ara-
bian Algebra, his zeal surmounted great difficulties; while his labours have
thrown much light upon the subject.? '

The title page of the manuscript above described, as well as a margma.l
‘note on it, and the author’s preface, all concur in declaring it the work of
MusAMMED ben Musa Khuwérezmi : and the mention of the Khalif ALyma-

* See Bija Ganita, or Algebra of the Hindus; London, 1813, Hurrox’s Math. Dict. Ed.
1815. Art. Algebra: and As. Res; 12. 159, . .

1
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MUN in that prefuce, establishes the identity of the awthor, whose varions
works, as is learned from Arabisn historians, were composed by command, ov
with encouragement, of that Khalif, partly before his accession, and partly
during his reign. |

The preface, a transcript of which was supplied by the care of M.
Nicors, has been examimed at my request, by Colonel Jobn Bariiic.
After perusing it with him, I am enabled to atfirm, that it intimates “ ea-
couragement from the Imdm ArLmAmun Commander of the Faithful, to
compile a compendious treatise of calculation by Algebra;” terms, which
amouat net only to a disclanner of anry pretensions to the invention of the
Algebraic art; but which would to my apprehension, as to that of the distm-
guished Arabic scholar consuited, strongly convey the idea of the pres
existence of ampler treatises upon Algebra in the same language (Arabic),
did not the wmarginal note above cited. distinctly assert this to be « the first
treatise composed upon Algebra among the faithfal;” an assertion corrobo-
rated by the simiar affirmation of Zacaria of Casbin, and other writers
of Arabian Iistory. Adverting, however, to that express affirnation, the
suthor must be here understood as declaring that he compiled (alef is the
verb used by himr) the treatise wpon Algebra from books in some other lan-
guage: doubtless then ix the Indian tongwe; as it has beew alzeady showm,
that he was couversant with Himdu astronomy, and Hindu computation and
account. _

It may be right to notice, that the title of the manuscript denominates tife
author “ ABu sBDurLAE MUuHAMMED bes Muss al Khwwdrezmi, differ-
ing in the fitst part of the name from the designation, which occurs in.ome
passage of the Térikhu’l hukmd, quoted by Casini, whene the Khuwérermi
Munamuep ben Musa is called Apu-JArn! But that is not a sufficient
ground for questioming the sameness of pemons and genuinemess of .the
work, as the Khwwdrezmt is not usually designated by either of those addi-
tions, or by any other of that nature taken from the name of offapring: and
error may be presumed; most probably on the part of the Egyptian author
of the Térikhuw'l hukmd, since the addition, which he introduces, that of
-ABU-3AvR, belongs to MunammeDp ben Musa bes SuaxkR, a very different
person; as appears from another passage of the same Egyptian’s compilation.?

* CasiRl, i, 498. ? Casiai,i. 818,
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. The following 5.4 translation of the KAuwwdreamis divections for the solu-
tion of equatioms: simple and-cempound: a topic, which he enters upon at no
great distance from the commencement of the volume: having first treated
of unity and sumber in general,

“ I found, that the nambers, of 'which there is need in computation by
restoration and comparison,’ are of three kinds; namely, roots and squares,
and simple number relative to neither root nor square. A root is the whole
of thing mwiltiplied by {veet] itself, .consisting of unity, or numbers ascending,
or fractions descending. A square is the whole amount of root multiplied.into-
itself. And simple number is the whele that.is derominated by the number
without reference to root or square.

*'Of these three kinds, which are equal, some to some, the cases are these :
fer instance, yousay “squares are equal to roots;” and “ squares aregqual to
numbers;” and “ roots:are equal to numbers.”

¢ As to the case in whichsquares are equal to roots; for-example, “asquare
is equal to five roots of the same:” the root of the square is five; and the
square 48 twenty-five: and that is equivalent to five times its root.

- ¢80 you say “ a third of the square is equal to four roots:” the whole
square then is equal to twelve roots; and that is & hundred and forty-four;
its root is twelve.

. ¢ Another example: you say * five squares are equalﬁetcnrootx” Then
one square is equal to two roots: and the root of the square is two; and the
sijuare is four.

* In like manner, whether the squares be many or few, they are reduced to
a single square : and as much is done to the equivalent in roots; reducing it
to the like of that to which the square has been brought.

¢ Case-in which squares are equal to numbers: for instanee, you say, « the
square i¢ equal to nine.” Then that is the square, and the root is three.
And you say “ five squares are equal to eighty:” then one square is a fifth of
eighty; and that is sixteen. And, if you say, « the half of the square is
equal to eighteen:” then the square is equal to thirty-six; and its root is six,

¢In like mauner, with all squares affirmative and negative, you reduce

‘themn to a single square. If there be less than a square, you add thereto,
until the square be quite complete. Do as much with the equivalent in
numbers. :

: t Hiskinil.jebr we al mukibaloh.
12
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¢ Case in which roots are equal to number: for instance, you say ¢ the root
equals three in number.” Then the root is three; and the. square, which ia
raised therefrom, is nine. And, if you say « four roots are equal to twenty;”
then a single root is equal to five; and the square, that is raised therefrom, is
twenty-five. And, if you say “ the half of the root is equal to ten:” then the
[whole] root is equal to twenty ; and the square, which is raised thesefrom, is
four hundred.

¢ I found, that, with these three kinds, namely, roots, squarés, and number
compound, there.will be three compound sorts [of equation]; that is, squares
and roots equal to number; squares and number equal to roots; and reots
and number equal to squares.

¢ As for squares and roots, which are equal to number: for example, you
say “ square, and ten roots of the same, amount to the sum of thirty-nine.”
Then the  solution of it is: you halve the roots; and that in the present
instance yields five. Then you multiply this by its like, and the product is
twenty-five. Add this to thirty-nine: the sum is sixty-four. Then take
the root of this, which is eight, and subtract from it half the roots, namely,
five ; the remainder is three. It is the root of the square which you re-
qulred and the square is nine. '

¢ In like manner, if two squares be specified, or three, or less, or more, re-
duce them to a single square ; and reduce the roots and number therewrth to
_ the like of that to which you reduced the square.
* ¢ For example, you say “ two squares and ten roots are equal to forty—
. eight dirkems:” and the meaning is, any two [such] squares, when they are
summed and unto them is added the equivalent of ten times the root of one
of them, amount to the total of forty-eight dirkems. Then you must reduce
the two squares to a single square: and assuredly you know, thatone of two
squares is a moiety of both. Then reduce the whole thing in the instance to
its half: and it is as much as to say, a square and five roots are equal to
twenty-four dirkems; and the meaning is, any [such] square, when five of
its roots are added to it, amounts to twenty-four. Then halve the roots, and
the moiety is two and a half. Multiply that by its like, and the product is
six and a quarter. Add this to twenty-four, the sum is thirty dirkems and a
quarter. Extract the root, it is five and a half. Subtract from this the
moiety of the roots; that is, two and a half: the remainder is three. It is
the rpot of the square: and the square is nine.
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¢ In like manner, if it be said “ half of the square and five roots are equal
to twenty-eight dirkems.” It signifies, that, when you add to the moiety of
any [such] square the equivalent of five of its roots, the amount is twenty-
eight dirkems. Then you desire to complete your square so as'it shall
amount to one whole square; that is, to double it. Therefore double it,
and double what you have with it; as well as what is equal thercunto.
Then a square and ten roots are equal to fifty-six dirkems. Add half the
roots multiplied by itself, twenty-five, to fifty-six; and the sum is eighty-one.
Extract the root of this, it is nine. Subtract from this the moiety of the
roots; thatis, five: the remainder is four. Itis the root of the square which
you required: and the square is sixteen; and its moiety is eight. '

¢ Proceed in like manner with all that comes of squares and roots; and
what number equals them.

¢ As for squares and number, which are equal to roots ; for example, you
say, “ a square and twenty-one are equal to ten of its roots :” the meaning of
which is, any [such] square, when twenty-one dirkems are added to it,
amounts to what is the equivalent of ten roots of that square: then the solu-
tion is, halve the roots; and the moiety is five. Multiply this by itself, the
productis twenty-five. Then subtract from it twenty-one, the number spe-
cified with the square: the remainder is four. Extract its root; which is
two. Subtract this from the moiety of the roots; that is, from five; the re-
mainder is three. It is the root of the square which you required: and the
square is nine. Or, if you please, you may add the root to the moiety of the
roots: the sum is seven. It is the root of the square which you required;
and the square is forty-nine.

‘ When a case occurs to you, which you bring under this head, try -its
answer by the sum: and, if that do not serve, it certainly will by the dif-
ference. This head is wrought both by the sum and by the difference. ' Not
so either of the others of three cases requiring for their solution that the root
be halved. And know, that, under this head, when the roots have been
halved, and the moiety has been multiplied by its like, if the amount of the
product be less than the dirkems which are with the square, then the instance
is impossible: and, if it be equal to the dirhems between them, the root of
the square is like the moiety of the roots, without either addition or sub-
traction,

¢ In every instance where you have two squares, or more or less, reduceé to
a single square, as I explained under the first head.
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¢ Asfor toots and number, which are equal to squares: for example, you
say, “ three roots and four in number are equal to a square:” the solution of
it is, halve the roots; and the moiety will be one and a half. Mubltiply this

_ by its like, [the product is two and a quarter. -Add it to four, the sum is six
and a quarter. Extract the root, which is two and a ‘half. To this add the
moiety of the roots. The sum is four. It is the root of the square which
you required: and the square is sixteen.]’

The author returns to the subject in a distinct chapter, which is entitled
“ On:the six cases of Algebra.” A short extract from it mey suffice.

" ¢'The first of the six cases. For example, you say, * yeu divide ten into
two parts, and multiply one of the two parts by the other: then you multiply
bne of them by itself, and the product of this multiplication into itself is
equal to four times that of one of the parts by the other.”

¢ Solution. Make one of the two parts thing, and the other ten less thing :
then multiply 2king by ten less thing, aud the product will be ten things less
asquane. Moultiply by four: for you eaid « four times.” It will be four
tines the produst of one part by the other; that is, forty things less four
‘squares. Now multiply thing by hing, which is one of the parts by itself:
the result is, square equal to forty things less four squares. Then restore it
in the four squares,and add it to the one square. There will be forty things
equal to five squares ; and a single square is equal to eight roots. It is
sixty-four ; and its root is eight : and that is one of the two parts, which was
multipled into itself: and the remainder of ten is two; and that is the other
part. Thus has this instance been solved under one of the six heads: and
that is the case of squares equal to roots.

¢ The second case. “ You divide ten into two parts, and multiply the
anmount of a part intoitself. Then multiply ten into itself; and the product
of this muitiplication of ten into itself, is equivalent to twice the product of
the part taken into itself, and seven minths: or it is equivalent to six times
and a quarter the product of the other part taken into itself.

‘ Solution. Make one of the parts thing, and the other ten less thing.
Then you multiply thing intoitself : it is a square. Next by two and seven
ninths : the product will be two squares, and seven ninths of a square. Then

“multiply ten into itself, and the product is a hundred. Reduce it to asingle
square, the result is nine twenty-fiths; thatis, a fifth and four fifths of a fifth.
Take a fifth of a hundred and four ffths of a fifth, the quotient is thirty-six,
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which is equal to one square. Then extract the root, which is six. It is one
of the two parts; and the other is undoubtedly four. Thus you solve this
instance under one of the six heads: and that is “ squares equal to number.”

These extracts may serve to convey an adequate notion of the manner, in
which the K Khuwdrezmf conducts the resolution of equations. simple and
compound, and the investigation of problems by their means. If a compari-
son be made with the Khuldsetw'! hiséb, of which a summary by Mr.
StracHEY will be found in the researches of the Asiatic society,’ it may be
seen, that the Algebraic art has been nearly stationary in the hands of the
Muhammedans, from the days of Munauuep of Khuwdrezm® to those of
BeuAv'Loin of Aamul,’ notwithstanding the intermediate study of the
srithmetics of DsopHaNTUYS, translated and expounded by MumaMmED of
Busjén. Neither that comparison, nor the exclusive consideration of the
Khuwdresmi's performance, leads to any other conclusion, tham, as before in-
timated, that, being conversant with the sciences of the Hindus, espécially
with their astronomy and their method of numerical calculation, and beitig
the author of the earliest Arabic treatise on Algebra, he must be deemed to
have learnt from the Hindus the resolution of simple and quadratic equations,
or, in short, Alg'ebra, a branch of their art of computation.

The eonclusion, at which we have arrived, may be strengthened by the
coincident opimioni of Cossa L1, who, after diligent research and ample dxsqul-
sition, ecames to the following result.*

¢ Coneerning the origin of Algebra among the Arabs, what is certain is,
that MunaMMED ben Musa the Khawdrezmite first taught it to them. The
Casbinian, a writer of authority affirms it; no historical fact, no opinion, no
reasonmg, opposes it. )

¢ There is nothing in history respecting MumaMMED bcn Musa mdx-
vidually, which favours the opmion, that he took from the Greeks, tbe Alge-
bra, which he taught to the Muhammedans.

¢ History presents in him no other than a mathematician of a counhy most
distant from Greece and contiguous to India; skilled in the Indian tongue;
fond of Indian matters: which he translated, amended, epitomised, adorned:
and he it was, who was the first instructor of the Muhammedans in the Alge-
braie art.’

'Vol.12. 3 OntheOxus.  * A districk of Syria; not Amal a town in Khurdsén. Cose.
* Orig, dell 4ig. i. 216. $ Orig, dell’ Aig:i. 319.
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¢ Not having taken Algebra from the Greeks, he must have either invented
it himself, or taken it from the Indians. Of the two, the second appears to
me the meost probable.” A

O.

COMMUNI_CATION OF THE HINDUS WITH WESTERN
NATIONS ON ASTROLOGY AND ASTRONOMY.

TuE position, that Astrology is partly of foreign growth in India; thatis,
that the Hindus have borrowed, and largely too, from the astrology of a
‘more western region, is grounded, as the similar inference concerning a dif-
ferent branch of divination,® on the resemblance of certain terms employed
in both. The mode of divination, called T4jaca, implies by its very name
its Arabian origin. Astrological prediction by configuration of planets, in
like manner, indicates even by its Indian name “a Grecian source. It is
‘denominated Hérd, the second of three branches which compose a complete
course of astronomy and astrology :* and the word occurs in this sense in the
writings of early Hindu astrologers. VaARAHA-MIHIRA, whose name stands
high in this class of writers, has attempted to supply a Sanscrit etymology ;
and in his treatise on casting nativities derives the word from Ahérdtra,
day and night, a nycthemeron. This formation of a word by dropping both
the first and last syllables, is not conformable to the analogies of Sansciit ety-
mology. It is more natural then to look for the origin of the term in a
foreign tongue: and that is presented by the Greek Jpa and its derivative
dporxox@>, an astrologer, and especially one who considers the natal kour, and
hence predicts events.* Thesame term Aérd occurs again in the writings of
the Hindu astrologers, with an acceptation (that of hour®) which more
.exactly conforms to the Grecian etymon.

The resemblance of a single term would not suffice to ground an inference
.of common origin, since it might be purely accidental. But other words are
also remarked in Hindu astrology, which are evidently not Indian, An in-

* See his reasons at large. . * As. Res. 9. 876. 3 See Note K.
¢ Hesych. and Suid. § As. Res. 5. 107. :
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stance of it is dréskcérnia,’ used in the same astrological sense with the Greek
dxoe@> and Latin decanus : words, which, notwithstanding their classic sound,
are to be considered as of foreign origin (Chaldean or Egyptian) in the classic
languages, at least with this acceptation.* The term is assuredly not genuine
Sanscrit; and hence it was before* inferred, that the particular astrological
doctrine, to which it belongs, is exotic in India. It appears, however, that
this division of the twelve zodiacal signs into three portions each, with
planets governing them, and pourtrayed figures representing them, is not im-
plicitly the same among the Hindu astrologers, which it was among the Chal-
" deans, with whom the Egyptians and Persians coincided. Variations have
been noticed.* Other points of difference are specified by the astrologer of
Balkh;* and they concern the allotment of planets to govern the decani and
dréshcdsias, and the figures by which they are represented. ABU-MAsSHAR is a
writer of the ninth century;* and his notice of this astrological division of
the zodiac as received by Hindus, Chaldeans, and Egyptians, confirms the
fact of an earlier communication between the Indians and the Chaldeans, per-
haps the Egyptians, on the subject of it..

With the sexagesimal fractions, the introduction of which is by WaLL1s
ascribed to ProLomy among the the Greeks,® the Hindus have adopted for
the minute of a degree, besides'a term of their own language, caléd, one taken
from the Greek Asla scarcely altered in the Sanscrit liptd. The term iuyst
be deemed originally Greek, rather than Indian, in that acceptation, as it
there corresponds to an adjective Aes1@», slender, minute: an import which
precisely agrees wth the Sanscrit cald and Arabic dakik, fine, minute; whence,
in these languages respectively, calé and dakik for a minute of a degree.
But the meanings of lipt4 in Sanscrit’ are, 1st, smeared; 2d, infected with
poison; 3d, eaten: and its derivative Jiptaca signifies a poisoned arrow, being
derived from lip, to smear: and the dictionaries give no interpretation of the
word that has any affinity with its special acceptation as a technical term in
astronomy and mathematics. Yet it occurs so employed in the work of
BraHMEGUPTA.?

By a different analogy of the sense and not the sound, the Greek woiga, a

' As. Res. 9. 367. * Ibid. Vide Salm. Exerc. Plin. 3 Ibid. 9. 374.
*4 Lib. intr. in Ast. Albumasis Abalachi, 5. 12 and 13.
3 Died in 272 H. (885 C.) aged a hundred. .
¢ Wallis. Alg. c. 7. 7 Am. Césh. $ C. 1. § 6, et passim.
m
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part, and specially a dégree of a circle,is in.Sanscrit anéa, dhidga, and .other
synomyma of part, applied emphatically in technical language to the 360th
part of .the:periphery of a circle. - The resemblance of the radical sense, in
the one instance, tends. to corroborate the inference from the similarity of
sound in the other. : -

‘Céndra is used by BRABMEGUPTA and the Sérya-siddhénta, as well as
other astronemical writers (BuAscara, &c.), and by the astrologers VArAHA-
MIHIRA and the rest, to signify the equation of the centre.! . The same term
is.employed .in the Indian mensuration for the centre of a circle;* also
denoted by med’hya, middle. It comes so near in sound, as in signification,
'to the Greek xfrpn, that the inference of a common origin for these words
is not to be avoided. But in Sanscrit it is exclusively technical; it is
unnoticed by the vocabularies. of the language; and it is not easily traced
‘1o a Sanscrit root. In Greek, on the contrary, the correspondent terin was
‘borrowed in mathematics from a familiar word signifying a goad, spur, thorn,
-or:point ; and ‘derived from a Greek theme x6lew.

The other term, which has been mentioned as commonly used for the
centre of a circle, namely.med hya, middle, is one of. the numerous instances
of radical and primary analogy between the Samscrit and the Latin and
Greek languages. It is 2 common word of the ancient Indian tongue ;. and
i8 clearly the same Wwith the. Latin medius; and serves to show that the
Latin is nearer to the ancient proﬂunciation of .Greek, than pir@:; from
which SrerosTiNus derives it; but which must be deemed a corrupted or
~ softened utterance of ah ancient term coming nearer to the Sanscrit med’l:ya:
and Latin medius.

On a hasty glance over the Jétacaa or Indian treatises upon horoscopes,
several other terms of the art have been noticed, which are not Sanscrit, but
apparently barbarian. For instance anaphka, sunapha, durud’hara, -and
cémadruma, designating certain configurations of the planets. They occur
in both the treatises of VArAHA-MIHIRA ; and a passage, relative to this sub-
ject, is among those quoted from the abridgment by the scholiast of - the
greater treatise, and verified in the text of the less. The affinity of those

.* Brakm. sidd&. c. 2. Skr. Sidd’h. c. 2. Vrikat and Laghu Jétacas. 3 Str. on Lil. § 207:

3 See p. xlix. Another passage so quoted and verified uses the term céndra in the sense abave-
mentioned.
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terms £o -words;, of othesJanguages used ina similar astrologital sénse, has not
been traced: .for want, perliapd, of compétent- acquiaintancé with the térmi-
nology of that silly art.. But. it ‘must not be-passed unremarked, ‘that
Varsua-Minina; who has.in andther place -praised the Yavanas for their
proficiency in astrology (or astronomly:; for the term is ambiguous ;) fre-
quently quotes them in his great treatise on horoscopes : -#nd his'scholiast
marks a distinction between the ancient Yavanas, whom he characterises as
“arace of barbarians conversant with (hérd) horoscopes,” and a known
Sanscrit author bearing the title of YavaNtswara, whose work he had's¢en
and repeatedly cites; but the writings-and doctrine of the antient Fuvarias,
he acknowledges, had not been seen by him, and were knowr to hifir only by
this writer’s and his own author’s references.

No argument, bearing upon the point under consderation, is built on
BuAscarA’s use of the word dramma for the value of 64 cqu-shells (L.
§2.) in place of the proper Sanscrit term pramdra, which SRiD’HARA and
other Hindu authors employ ; nor on the use of dindra, for a denomination
of money, by the scholiast of BRanMEcuPrTA (12 § 12.) who also, like
BuaAscara, employs the first mentioned word (12. § 14.): though the one is
clearly analogous to the Greek drachma, a word of undoubted Grecian ety-
mology, being derived from dpalrowas; and the other apparently is so, to the
Roman denarius which has a Latin derivation. The first has not even the
Sanscrit air ; and is evidently an exotic, or, in short, a barbarous term. It
was probably received mediately through the Muhammedans, who have
their dirhem in the like sense. The other is a genuine Sanscrit word, of
which the etymology, presenting the sense of ¢ splendid,’ is consistent with
the several acceptations of a specific weight of gold ; a golden omament or
breast-piece; and gold money : all which senses it bears, according to the
ancient vocabularies of the language.

The similarity seems then to be accidental in this instance; and the Mu-
hammedans, who' have also a like term, may have borrowed it on either
hand: not improbably from the Hindus, as the dindr of the Arabs and Per-
sians is a gold coin like the Indian ; while the Roman denarius is properly a
silver one. D’HERBELOT assigns as a reason for deriving the Arabic dindr
from the Roman denarius, that this was of gold. The nummaus aureus some-

' Amera-cbeka, &c.
me
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times had that designation ; .and we read in Roman authors of golden as well
as silver denarii.* But it is needless to multiply references and quotations
to prove, that the Roman coin of that name was primarily silver, and so
denominated because it was equal in value to ten copper as;* that it was all
along the name of a silver coin;* and was still so under the Greek empire,
when the dmdpior was the hundredth part of a large silver coin termed
dpyvpis.*

* Plin. 33.§13,and 37 §3. Petron. Satyr. 106. 160,
~ * Plin, 33. 13 Vitr. 3. 1.  Volus. Mecianus. Didymus.
3 Vitr, and Vol. Mac. 4 Epiphanius, cum multis aliis.




INDIAN
Qrithmetic and QAlgebra.

CHAPTER 1.

INTRODUCTION.

H AVING bowed to the deity, whose head is like an elephant’s;*
whose feet are adored by gods; who, when called to mind, relieves his vota-
ries from embarrassment; and bestows happiness on his worshippers; I
propound this easy process of computation,” delightful by its elegance,®
perspicuous with words concise, soft and correct, and pleasing to the learned.

AXIOMS.

[CONSISTING IN DEFINITIONS OF TECHNICAL TERMS.]

[Money by Tale.]

2. Twice ten cowry shells* are a cdcinf ; four of these are a paria; sixteen
of which must be here considered as a dramma ; and in like manner, a nishca,
as consisting of sixteen of these.

" Gaxxda, represented with an elephant’s head and human body
* Péit-gadita; pbts, paripbti, or vyacta-gasits, srithmetic.
3 Lilbvat§ delightful: an allusion to the title of the book.. See notes on § 13 and 277.
4 Cypriea moneta. Sans. Varétaca, capardi; Hind. Cauri.
B
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[Weights.] -

8. A gunja* (or seed of Abrus) is reckoned equal to two barley-corns; a
valla, to two gunjas; and eight of those are a d'hararie; two of which
make a gadydnaca. In like manner one d’hataca is composed of fourteen
vallas.

4. Half ten gunfas are called a'mdsha,* by such as are conversant with
the use of the balance: a carsha contains sixteen of what are termed mdshas ;
- a pala, four carshas. A carsha of gold is named suveriia.

[Measures. ]

5—6. Eight breadths of a barley-corn® are here a finger; four times six
fingers, a cubit;* four cubits, a staff;* and a-crése contains two thousand of
these ; and a yéjana, four crésas.

So a bambu pole consists of ten cubits; and a field (or plane figure)
boindeéd by four sidés, measuring twenty bambu poles, is a nivartana.®

7. A cube,” which in length, breadth and thicknéss measures a cubit, is
termed a'solid cubit: and, in the meting of corn' and the like, a mreasure,

* A seed of Abrus precatorius: black or red ; the one called criskrala ; the other racti, racticé
or ratticd ; whence Hind. ratti.

* Physicians reckon seven gunjas to the mdsha ; lawyers, seven and a half. The same weight is
intended ; and the difference of description arises only. ftom 'counting by heavier or lighter seeds
of Abrus: in like manner as the earth is the same, whether rated at 3300 ygjanas ; or, with the

Sir&man’i, 4967 ; or, according to others, 6522. Gavx.
3 Eight barley-corns (‘yava) by breadth, or three grains of rice by length, are equal to one finger
(angula). : Gav.

* Hasta, caraund synonyma of hand or fore'arm. According to the commentator GANES4, this
intends the practical cubit as received by artisans, and vulgarly called gaj [or gaz]. It is nearer
to the yard than to the true cubit: but the commentator seems to have no sufficient ground for
so enlarging the cubit.

% Danda, astaff: directed to be cut nearly of man's height. - Mzxu, 2. 46.

¢ A superficial measure or area containing 400 square peles: . Sur.

7 Duwédasdsri, lit, dodecugon, bat meaning a parallelopipedon ; the term asra; corner or angle,
being here applied to the edge or lin¢ of-incidence of two planes: See CHATURVEDA on Bram-
MEGUPTA, § 6.
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which contains a solid cubit, is a c’hdrf of Magad'ha" as it is denominated
in science. S

'8. A dréria is the sixteenth part of a chért; an édhaca is a quarter of a
drénia; aprastha is a fourth part of an dd’haca; and a cudaba® is by the
ancients® termed a quarter of a prast’ha.*’

The rest of the axioms, relative to time® and so forth, are familiarly
known.*

* ‘The country or province situated on the Séncbhadré river.—Gax. It is South Bihar. See,
concerning other c'’24rf measures, a note on § 236. ‘

* ¢ In the Cut'apa, the depth is a finger and a half; the length and breadth, each, three.
Seip'HARA Acudmrva cited by GaNGAD'HARA and SURYADASA ¢ The cufapa or cudaba is a
wooden measure contafning 134 cubic angulas ; the prast’ka, (four times as many) 54 ; the éd’Aaca,
216; the dréra, 864; the 'hdri, 13824."—GaXaG. and SUr. See As. Res. vol. 5, p. 102.

3 By Sip'mara and the rest. Sus.

4 Another stanza, (an eighth, on the sabject of wecights and measures,) occurs in one copy of
the text; and that number is indicated in the Mandranjana. But the commentaries of GANESA
and SUrYADAsA specify seven, and GANGAD'HARA alone expounds the additional stanza. It is
therefore to be rejected as spurious, and interpolated : not being found in other copies of the text.
The subject of it is the maria (‘mar) of forty sétas (sér) ; which, as a measure of corn by weight,
is ascribed to the Turushcas or Mubammedans of India ;. the people of ¥ avaaa-dc’:'a, .as the com-
mentator terms them.

“ The séta® is here reckoned at twice seven fancas, each equal to three-fourths of a gadyénaca:
and a masia, at forty sétas. The name is in use among the Txrushcas, for a weight of corn and like
articles.” See notes on § 97 and 236.

$ The author has himself explained the measures of time in the astronomical part of his treatise.
(Sidd hénta-sirémasii, § 16-18.) : Gaxe. and SUR.

¢ Concerning weights and measures, see Ganita-s4ra of SriD’'HARA, §4—8; and PRiT'HUDACA
swAMi CHATURVEDA on BRARMEGUP?A’S arithmetic, § 10-11.

’

* The copy of GANGAD'HARA’S commentary writes faura. But the exemplar of the text, con-
taining the passage, has séfa.

B g



CHAPTER 11

SECTION L

Imoocation."

9. SaLuTATION to GANESA, resplendent as a blue and spotless lotus; and
delighting in the tremulous motion of the dark serpent, which is perpetually
twining within his throat.

Numeration.

10—11. Names of the places of figures have been assigned for practical
use by ancient writers,* increasing regularly® in decuple proportion : namely,
unit, ten, hundred, thousand, myriad, hundred thousands, million, ten
millions, hundred millions, thousand millions, ten thousand millions, hundred
‘thousand millions, billion, ten billions, hundred billions, thousand billions,
ten thousand billions, hundred thousand billions.*

* A reason of this second introductory stansa is, that the foregoing definitions of terms are not
properly a part of the treatise itself ; none such having been premised by ArYa-BHATTA and other
ancient authors to their treatises of arithmetic. GaN. and Mané.

* According to the Hindus, numeration is of divine origin ; ¢ the invention of nine figures (anca),
with the device of places to make them suffice for all numbers, being ascribed to the beneficent
Creator of the universe,’ in BuAscara’s Vésané and its gloss ; and in CrisuNA’s commentary on
the Vija-gariita. Here nine figures are specified; the place, when none belongs to it, being shown
by a blank (étnya) ; which, to obviate mistake, is denoted by a dot or small circle.

% From the right, where the first and lowest number is placed, towards the left hand. Gav. &c.

¢ Sans. éca, daia, iata, sahasra, ayuta, lacsha, prayuta, c6t'i, arbuda, abja or padma, c’harva,
nic’harva, mahdpadma, sancu, jalad' ki or samudra, antya, mad’hya, pardrd ha.

A passage of the Véda, which is cited by SURYA-DASA, contains the places of figures. ¢ Be
these the milch kine before me, one, ten, a hundred, a thousand, ten thousand, a hundred thousand,
amillion, . . . . . . Be these milch kine my guides in this world.’

GaXEsa observes, that numeration has been carried to a greater number of places by Srin’HARA
and others; but adds, that the names are omitted on account of the numerous contradictions and
the little utility of those designations. The text of the Ganita-sdra or abridgment of SRiD'HARA
does not correspond with this reference: for it exhibits the same eighteen places, and no more.
Gari-sér. § 2—3.)
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SECTION II. .

Eight Operations* of Arithmetic.

12. Rule of addition and subtraction :* half a stanza.
The sum of the figures according to their places is to be taken in the
direct or inverse order:* or [in the case of subtraction] their difference.:

13. Example. Dear intelligent LiLAvarf,* if thou be skilled in addition
and subtraction, tell me the sum of two, five, thirty-two, a hundred and
ninety-three, eighteen, ten, and a hundred, -added together; and the re-
mainder, when their sum is subtracted from ten thousand.

Statement, 2, 5, 32, 193, 18, 10, 100.
[Answer.] Result of the addition, 360.
Statement for subtraction, 10000, 360.
[Answer.] Result of the subtraction, 9640.%

14—15. Rule of multiplication:* two and a half stanzas.
Multiply the last? figure of -the multiplicand by the multiplicator, and

* Paricarmbshtaca, eight operations, or modes of process: logistics or algorism.
* Sancalana, sancalita, misrana, yuti, ybga, &c. summation, addition. Vyavacalana, vyavacalita,
s6d’kana, patans, &c. subtraction. Antara, difference, remainder.
3 From the first on the right, towards the left; or from the last on the left, towards the right.
Gave.
4 Seemingly the name of a female to whom instruction is addressed. But the term is interpreted
in some of the commentaries, consistently with its etymology, “ Charming.”"—See § 1. and 277.
3 Mode of working addition as shown in the Manéranjana :
Sum of the units, ¢, 5,2,3,8,0,0, . . . . . 20

Sum of the tens, 3,91,1,0, . . . . . 14
Sum of the -hundreds, 1,001, . . . . . 2
Sumofthesums . . . . . « « .+ . . . . 860

® Guriana, abhydsa ; also Aariana and any term  implying a tendency to destroy. It isdenominated
pratyutpanna by BRARMEGUPTA, § 3; and by Saip’ HARA, § 15—17.

Guniya multiplicand. Guniaca multiplicator. Ghdta product.

? The digit standing last towards the left. The work may begin either from the first or the last
digit, according to SRiD’HARA. Gasita-séra, § 15.
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next the penult, and then the rest, by the same repeated. Or let the mul-
tiplicand be repeated under the several parts of the multiplicator, and be
multiplied by those parts:-and the products be added together. Or the-
multiplier being divided by any number which is an aliquot part of it, let
the multiplicand be muttiplied by that number and then by the quotient, the
result is the product. These are two methods of subdivision by form. Or
multiply separately by the places of . figures, and add the products together.
Or multiply by the multiplicator diminished or increased by a quantity
arbitrarily assumed ; adding, or subtracting, the product of the multiplicand
taken into the agsumed quantity.*

16. [Example. Beautiful and dear LirLAvaTti, whose eyes are like a
fawn's! tell me what are the numbers resulting from one hundred
and thirty-five, taken into twelve? if thou be skilled in multiplication
by whole or by parts, whether by subdivision of- form or separation of

' The author teaches six methods, according to the exposition of SURYADASA, &c.; but seven,
as interpreted by GANGAD'HARA: and those, combined with the four of ScaNpasENA and
S'v.in'xun.q, (ene of which at the least is unnoticed by BuaAscara,) make eight distinct ways.
The mode of multiplication by parts (c’harda-pracéra) is distinguished into rfipa-pibkéga and
st'hbna-vibhdga, or subdivision of the form and severance of the digits : the first is again divided into
multiplication by integrant or by aliquot parts: the second in like manner furnishes two ways,
according as the digits of the multiplier or of the multiplicand are severed. .These then are four
methods, deduced from two of SCANDASENA and :isiD'HA RA ; to which two others.are added by
BrAscanra, consisting in the increase. or decrease of the multiplier by an arbitrary quantity, and
taking the sum or difference of the products. To those six must be joined the Tafst’ha of the older
authors, and their Cq:dtlmd'&i ; if indeed this be not (conformably with GANGAD’'HARA’S opinion,)
intended by BuaAscara’s first method. It is wrought by.repeating or moving the multiplier over
¢according to GanGAD'HARA, or under; as directed by the Manbranjana,) every digit of the
multiplicand 5 and, accoeding to the explanation of GANESa, it proceeds obliquely, joining
products along compartments. The Zafs¢’Aa, so named because the multiplier is stationary, appears
from GANESA’s gloss to be cross multiplication. * After setting the multiplier under the multi-
plicand,” he directs to ¢ multiply unit by unit, and note the result underneath. Then, as in cross
multiplication,* multiply. unit by ten, and.ten by unit, add together, and. set down the sum in a
line with the foregoing result. Next multiply unit by hundred, and hundred by unit, and ten
by ten; add together, and set down the result as before: and so on, with the rest of the digits.
‘This being done, the line of results is the product of the multiplication” The commentator

“considers this method as ¢ difficult, and not to be learnt by dull scholars without oral instruction.’
He adds, that ¢ other modes may be devised by the intelligent.” See Arithm. of BRaum. § 55,
Gari.-edr. § 1517,

* Vajribhydsa. See Vija-ganita, § 77.
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digits." Tell me, auspicious woman, what is the qnotlent of the product
divided by thé same multiplier ?

. Statement, Multxphcand 185. Multiplicator 12.

Product (multiplying the digits of the multiplicand sucecessively by the
multiplicator) 1620.
Or, subdividing the multiplicator into parts, as 8 and 4; and severally

multiplying the multiplicand by them; adding the products togethes:
the result is the same, . 1620.
Or, the multiplicator 12 being divided by three, the quotient is 44 by
which, and by 8, successively multiplying the multiplicand, the last
product is the same, 1620.
Or, taking the digits as parts, viz. 1 and 2; the multiplicand being multi-
plied by them severally, and the products added together, according to
the places of figures, the result is the same, 1620.
Or, the multiplicand being multiplied by the multiplicator less two, viz.
10, and added to twice the multiplicand, the result is the same,. 1620.
Or, the muitiplicand being multiplied by the multiplicator increased by
eight, viz. 20, and eight times the multiplier being subtracted, the

result is the same, 1620.
* The following scheme of the process of m‘lﬁpﬁcation is exhibited 1 38 5
in GANEsSA’s commentary. 1
1/ 8 1 5
2 g
1 2 0

Or the process may be thus ordered, according to GANGAD'HARA, -

12 12 12 Or, in this manner, 135 135
1 38 5 1 2 '

12 60 270
36 135

« 1620 : . © 1620

Or in the subjoined modes taken from CRATURVEDA, &c.

135 1 135 135 8 1080 135 20 2700
135 2 270 185 4 540 135 8 1080°

—— e

1620 1620 1620

_— T



8 LILA'VATT. Cuaprer 11,

17. Rule of division.” One stanza.

That number, by which the divisor being multiplied baknces the last
digit of the dividend [and so on'}, is the quotient in division : or, if practi-
cable, first abridge’ both the divisor and dividend by an equal number, and
‘proceed.to division.

[Example.] : Statement of the number produced by multiplication in the
foregoing .example, and of its multiplicator for a divisor: Dividend 1620.
[Divisor 12.]

Quotient 135 ; the same with the original multiplicand.*

Or both the dividend and the divisor, being reduced to least terms by the
common measure three, are 540 and 4; or by the common measure four,
they become. 405 and. 3. . Dividing by.the respective reduced divisors; the
quotient is the same, 185.

.. 18=—19. 'Rule for the square® of a quantity : two stanzas.

The multiplication of .two like numbers together is the square. The
square of the last® digit is to be placed over it; and the rest of the digits,doubled
and multiplied by that last, to be placed above them respectively; then repeat-
ing the number, except the last digit, again [perform the like operation]. Or
twice the product of two parts, added to the sum of the squares of the parts,
is the square [of the whole number].” Or the product of the sum and

' Bhkéga-héra, bhéjana, Rarana, cKhédana : division. Bhdjya, dividend. BRdjaca, Aara, divisor.
Labd'hi, quotient.

* Repeating the divisor for every digit, like the multiplier in multiplication. Gaxe.

3 Apavartya, abridging. See note on § 249.

* The process of long division is exhibited in the Manéranjana thus: The highest places of the
proposed dividend, 16, being divided by 12, the quotient is 1; and 4 over. Then 42 becomes the
highest remaining number,: which divided by 12 gives the quotient 3, to be placed in a line with
the preceding quotient (1): thus 13. Remains 60, which, divided by 12, gives 5: and this bein.
carried to the same line as before, the entire quotient is exhibited : viz. 135. Manér.

3 Varga, criti, a square number. )

¢ The process may begin with the first digit: as intimated by the author, § 24.

7 Let the portions, or quantities comprising the first and last figures, be represented by the first
letters of the alphabet, says the commentator on the Vdsand: Then, proceeding by the rule of
multiplication, there results av1, a.6g1, a.4g1, év1; and, adding together like terms, avl,
a.4g2, 6vl. Raxe.
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difference of the number and an assumed quantity, added to the square
of the assumed quantity, is the square.’

20. Ekample. Tell me, dear woman, the squares of nine, of fourteen,
of three hundred less three, and of ten thousand and five, if thou know the
method of computing the square.

Statement, 9, 14, 297, 10005.

[Answer.] Proceeding as directed, the squares are found : 81, 196,
88209, 100,100,085.

Or, put 4 and 5, parts of nine. Their product doubled 40, added to the
sum of their squares 41, makes 81.

So, taking 10 and 4, parts of fourteen. Their product 40, being doubled
is 80; which, added to 116, the sum of the squares 100 and 16, makes the

entire square, 196.
Or, putting 6 and 8. Theu' product 48, doubled, is 96; which, added to
the sum of the squares 36 and 64, viz. 100, makes the same, 196.

Again, 897, diminished by three, is 294 ; and, in another place, increased by
the same, is 3500. The product of these is 88200; to which adding the
square of three 9, the sum is as before the square, 88209.

21. Rule for the square-root:* one stanza.
Having deducted from the last of the odd digits® the square number,

The proposed quantity may be divided into three parts instead of two; and the products of the
first and second, first and third, and second and third, being added together and doubled, and
sdded to the sum of the squares of the parts, the total is the square sought. Gav.

* Another method is hinted in the author’s note on this passage ; consisting in adding together
the product of the proposed quantity by any assumed one, and its product by the proposed less the
assumed one. Rane.

* Varga-mila root of the square : Méla, pada, and other synonyma of root.

3 Every uneven place is to be marked by a vertical line, and the intermediate even digits by.a
horizontal one, But, if the last place be even, it is joined with the contiguous odd digit. Ex.

882009.

From the last uneven place 8, deduct the square 4, remains 48 2d .}). Double the root 2, and
divide by that (4) the subsequent even digit 48: quotient nine [a higher one cannot be taken for
the root of the foregoing digit would become greater than 2:] the remainder is 12 2 09 From
the uneven place [with the residue] 1 2 2, subtract the square of the quotient 9, viz. 81, the remainder

5410 sl) The double of the quotient 18 is to be placed in a line with the farmer double number
c

\I
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double its root; and by that dividing the subsequent even digit, and sub-
tracting the square of the quotient from the next uneven place, note in a
line [with the preceding double number] the double of the quotient. Divide
by the [number es noted in a] line the next even place, and- deduct the
square of the quotient from the following uneven one, and note the double
of the quotient in the line. Repeat the process [until the digits be ex-
hausted.] Half the [number noted in the] line is the root.

. 22. Example. Tell me, dear woman, the root of four, and of nine, and
those of the squares before found, if thy knowledge extend to this calculation.

Statement, 4, 9, 81, 196, 88209, 100100025.
Answer. The roots are 2, 38, 9, 14, 297, 10005.

23—25. Rule for the cube': three stanzas. ‘
" The continued multiplication of three like quantities is a cube. The cube
of the last [digit] is to be set down; and next the square of the last mutti-
plied by three times the first; and then the square of the first taken into the
last and tripled; and lastly the cube of the first: all these, added together
according to their places, make the cube. -The proposed quantity [censist-
ing of more than two digits] is distributed into two portions, one of which is
then taken for the last [and the other for the first]; and in like manner re-
peatedly {if there be occasion.*] Or the same process may be begun from
the first place of figures, either for finding the cube, or the square. Or three
times the proposed number, multiplied by its two parts, added to the sum
of the cubes of those parts, give the cube. Or the square root of the pro-
posed number being cubed, that, multiplied by itself, is the cube of the pro-
posed square.®

#; thus, 58. By this divide the even place 410; the quotient is 7, and remainder 49; to Which
uneven digit the square of the quotient 40 auswers without residue. The double of the quotient
14 is put in a line with the preceding double number 58, making 594. The half of which is the
root sought, 297. Mané. and GanNg.

' G’hana, a cube. (Lit. solid.) .

* The subdivision is continued until it comes to single digits.

GaxEda confines it to the places of figures ('st’Adna-vibkdga,) not allowing the portioning of the
number (répa-vibkdga;) becuuse the addition is to be made according to the places. .

* This carries an allasion to the raising of quantities to higher powers than the cube. GaXisa
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26. E;cample. Tell me, dear woman, the cube of nine, and the cube of
the cube of three, and the cube of the cube of five, and the cube-roots of
these cubes, if thy knowledge be great in computation of cubes.

Statement, 9, 27, 125.
Answer: The cubes in the same order, are 789, 19683, 1953125."

The proposed number being nine snd its parts 4 and 5. Then 9 multi-
plied by them and by three is 540; which, added to the sum of the cubes
64 and 125, viz. 188, makes the cube of nine 729,

The entire number being 27, its parts are 20 and 7: by which, the num-
ber being successively multiplied, and then tripled, is 11340; and this, added
to the sum of the cubes of the parts 8343, makes the cube 19683.

The proposed number being a square, as 4. Its root & cubed is 8,  This,
taken into itself, gives 64 the enbe of four. So mine heing propesed, its
square root 3, cubed, is £7; the square of which 729 is thecube of 9. In
shart the square of the eube is the same with the cube of the square.

epecifies some of them. The prodmet of four like numbers aultipliod together is the square of &
squake, varga-varge. Continwed multiplication up to six iy the eube of a square, er squase of a
eube, varga-g’hana or g’hans-varga. Continued to eight, it is the square of & square’s square,
 varga-varga-varga. Continued to nine, it is the cube of a cube, g’hana-g’bang. Iutermediately are,
the fifth power, varga-g’Aaua-ghéta; and the seventh, rarga-varga-g'hana-ghéta.
' The number proposed being 125, distributed into two parts 12 and 5; gnd the first of these
again into two portions, 1 and 2:

Then1,cubed,is . . . . . . . ¢ o ¢ o o ¢ o o 0« o .. . 1
1, equare of 4, tripled and multipliedbyg, . . . . . . . . . 6
4, square of 3, tripled and nbultiplied by1, . . . . . . . . RS |
2,cubed, ., . . . . e e e e e s e e e e e e e 8
1728
Now 12,cubedasabove,is . . . . . . « « « « « o . 1728
144, square of 12, tripled and multiplied by 5, . . . . . 2160
25, square of 5, tripled and multiplied by 12, . . . . . 900
Scubed, . . . . . . . 0 e e e e e e 125
1953125
Mané.

cg
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27—28. Rule for the cube-root*: two stanzas.

The first [digit] is a cube’s place; and the two next uncubic; and again,
the rest in like manner. From the last cubic place take the [nearest] cube,
and set down its root apart. By thrice the square of that root divide the
next [or uncubic] place of figures, and note the quotient in a line [with the
quantity before found.] Deduct its square taken into thrice the last [term,]
from the next[digit;] and its cube from the succeeding one. Thus the line
[in which the result is reserved] is the root of the cube. The operation is
repeated [as necessary.]*

Example. Statement of the foregoing cubes for extraction of the root:
729, 19683, 1953125}
Answer. The cube-roots respectively are 9, 27, 125.

2 G’hana-mtila; root of the cube.

2 The same rule is taught by BRAHMEGUPTA, § 7, and §n.1'n'muu, §20—381.

3 The mode of conducting the work is shown in the Manéranjana, vie. 1953125. Here the last
cubic digit is 1. Subtracting 1 the cube of the number 1, the remainder is :(_)35-1'55; and the
root obtained is 1, which is to be set down in two places. Dividing the next digit by three times
the square of that, the quotient taken is 2 [for 3 would soon appear to be too great ;] and the re.
sidue is 353125 and the quotient 2, put in a line with 1, makes 12. Subtract the square of thu
2, tripled and multiplied by the last term, viz. 12, from the next digit, the remainder is 233!‘25
and the cube of the quotient 2, viz. 8, being taken from the succeeding digit, the residue is 295125
Again, the reserved root 12, being squared and tripled, gives 432. The next place of figures,
divided by this, yields the quotient 5 and remainder 91_23; and the quotient is set down i the
line, which becomes 125. The square of that 5, viz. 25, multiplied by the last term 12, is 300,

_and tripled 900 ; which subtract from the next place, and the residue is 12:5. Take the cube of

the quotient 5, viz. 125, from the succeeding digit, and the remainder is 0. Thus the root is
found 125.
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SECTION III.

FRACTIONS'!

FOUR RULES FOR THE ASSIMILATION OR REDUCTION OF FRACTIONS TO A
COMMON DENOMINATOR.*

Simple Reduction of Fractions.?

29. Rule. The numerator and denominator* being multiplied recipro-
cally by the denominators of the two quantities,’ they are thus reduced to
the same denomination. Or both numerator and denominator may be mul-
tiplied by the intelligent calculator into the reciprocal denominators abridged
by a common measure.

30. Example. Tell me the fractions reduced to a common denominator

* Bhinna a fraction ; lit. a divided quantity, or one obtained by division.—Ga¥. An incom-
plete quantity or non-integer (‘apuria).—GaxG. A proper or improper fraction, including a
quantity, to which a part, as & moiety, a quarter, &c. is added; or from which such a part is
deducted.—GaN.

* Bhdga.jéti-chatushlaya, Jéti-chatushtaya, or four modes of assimilation or process for reducing, to
a common denominatiop, fractions having dissimilar denominators : preliminary to addition and
subtraction, and other arithmetical operations upon fractions. BRAHMEGUPTA'S commentator
CHATURVEDA carries to six the number of rules termed jéti, assimilation, or reduction to upi- '
formity ; and SRiD’HARA has no less than eight; including rules answering to BmAscara’s for
- the arithmetic of fractions (Lil. § 36—43), and for the solution of certain problems (L.
§52—54, and § 94—95.) See BRAHMEGUPTA’S Arithmetic, § 1, note, (and § 2—5. § 8—9.) and
Gan. sér. § 32—57.

. 3 Bhdgajéti or Anéa-savarsa, assimilation of fractions; or rendering fractions homogeneous :
reduction of them to uniformity.

4 Bhéga, ania, vibhéga, lava, &c. a part or fraction: the numerator of & fraction.

Hara, héra, ckhéda, &c. the divisor; the denominator of a fraction. That, which is to be di-
vided, is the part (ansa) ; and that, by which it is to be divided, is (hara) the divisor. GaN.
and Su'r. '

.® Rééi a quantity, § 36. It here intends one consisting of two terms; a part and & divisor, or
numerator and denominator. Gave.
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which answer to three and a fifth, and one-third, proposed for addition ; and
those which correspond to a sixty-third and a fourteenth offered for sub-
traction.

Statement: § + 4.* :
Answer. Reduced to a conmon denominator 4§ <% +%. Sum 3.

Statement of the 2d example: iy 1.

Answer. The denominators being abridged, or reduced to least terms, by
the common measure seven, the fractions become } 4.

Numerator and denominator, multiplied by the abridged denominators,
give respectively 4 and 4.

Subtraction being made, the difference is 1.

Reduction of subdivided Fractions.

31. Rule: half a stanza.

The numerators being multiplied by the numerators, and the denomi-
nators by the denominators, the result is a reduction to homogeneous form
ia subdivision of fractions.

8. Exampk. The quarter of a sixteenth of the fifth of three-quarters
of two-thirds of a moiety of a dramma was given to a beggar by a person,
from whom he asked alms: tell me how many cowry shells the miser gave,

* Among astronomers and other arithmeticians, oral instruction has taught to place the nume-
rator above and denominator beneath. Gax,

No line is interposed in the original : but in the version it is introduced to conform to the prac-
tice of European arithmetic. Brascara sobsequently directs (§ 36) an integer to be written as
a fraction by placing under it unity for its denominator. The same is done by him in this place
in the text. It corresponds with the directions of SRID'RARA and of BRARMEGUPTA’S commen-
tator. Gan. sér. § 32; Brakm. § 5.

* Prabhégayéti assimilation of sub-fractions, or making uniform the fraction of a fraction: it

is a sort of division of fractions, Ga¥,
Prabhéga a divided fraction, or fraction of a fraction: as u part of a moiety, and so forth.
Gaxwe.

CHATURVEDA terms this operation Pratyutpanna-jéti ; assimilation consistingin multiplication,
or redaction to homogeneousness by multiplication. Brakm. § 8.
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if thou be conversant, in arithmetic, with the reduction termed subdivision
of fractions. A

Statement: 1 3+ £ 311
Reduced to homogeneousness -+ Orin least terms —‘w
Answer. A single cowry shell was given.*

Reduction of Quantities increased or decreased by a Fraction.

33. Rule: A stanza and a half.

The integer being multiplied by the denominator, the numerator is made
positive or negative,® provided parts of an unit be added or be subtractive.
But, if indeed the quantity be increased or diminished by a part of itself|
then, in the addition and subtraction of fractions, multiply the deno-
minator by the denominator standing underneath,* and the numerator by
the same augmented or lessened by its own numerator. o

* For a cowry shell is in the tale of money the 1280th part of a dremme, § 2. : .

* Bhdgbnuband’ha-jéti ; assimilation of fractional increase; reduction to uniformity of an in-
“crease by a fraction, or the addition of a part: from anuband'’da junction—Gay., union—SuR.,
addition—~Gana.

Bhégbpavbha-jiti; assimilation of fractional decrease, reduction to uniformity of a decrease by
a fraction, or the subtraction of a part: derived from apavéha deduction, lessening, or subtrac-
tion.

These, as remarked by GaNEda, are sorts of nddmon and nbtncnon.

The fractions may be parts of an integer, or proportionate parts of the proposed quanuty itself,
Hence two sorts of each, named by the commentators (Gaxc. and Su'R.) Ripa-bhdghnuband'ha,
addition ef the fraction of an wnit; Répe-bhégdpmcdha, subtraction of the fraction of an unmit;
Risi-bhégtnubandha, addition of a fraction of the quantity; Réki-bddgdpanika, subtesction of a
fraction of the quantity.

3 And added or subtracted accordingly. See exptnnmon of positive and uegative quantity
(hana avd r¥na) in Vija-ganita, § 3.

4 Indian arithmeticians write fractions under the quantitios to which they are additive, or from
which they are subtractive. Accardingly, ¢ the numerators and denominators are put in their
order, one under the other. Then muitiply the<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>