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PREFACE.

IN the study of history, the attention of the
observer is drawn by a peculiar charm towards
those epochs, at which nations, after having
secured their independence externally, strive
to obtain an inward guarantee for their power,
by acquiring eminence as great in science and
in every art of peace as they have already at-
tained in the field of war. Such an epoch was,
in the history of the Arabs, that of the Caliphs
AL Mavnsur, HArun AL Rasuip, and AL
Mamun, the illustrious contemporaries of
CHARLEMAGNE; to the glory of which era,
in the volume now offered to the public, a new
monument is endeavoured to be raised.

ABu ABpALLAH MouaMMED BEN Musa,
of Khowarezm, who it appears, from his pre-
face, wrote this Treatise at the command of the
Caliph AL Mamun, was for a long time consi-
dered as the original inventor of Algebra. ‘‘ Hec
ars olim a M'AHOMETE, Mosis Arabis filio, initi-

um sumsit: etenim hujus rei locuples testis LEo-

2482273



(vi)
NARDUS Pisanvus.” Such are the words with
which HieroNnyMus CARDANUs commences
his Ars Magna, in which he frequently refers
to the work here translated, in a manner to
leave no doubt of its identity.

That he was not the inventor of the Art, is
now well established; but that he was the first
Mohammedan who wrote upon it, is to be found
asserted in several Oriental writers. HaJr
KHALF4, in his bibliographical work, cites the

initial words of the treatise now before us,* and

* I am indebted to the kindness of my friend Mr. Gus-
TAV FLUEGEL of Dresden, for a most interesting extract
from this part of Has1 KuaLra’s work. Complete ma-
nuscript copies of the w)'.\é)\ S are very scarce. The
only two which I have hitherto had an opportunity of exa-
mining (the one bought in Egypt by Dr. EurExsere,
and now depositedin the Royal Library at Berlin—the other
among Ricu’s collection in the British Museum) are only
abridgments of the original compilation, -in which the quo-
tation of the initial words of each work is generally omitted.
The prospect of an edition and Latin translation of the
complete original work, to be published by Mr. FLuEeEL,
under the auspices of the Oriental Translat{on Comnmittee,
must under such circumstances be most gratifying to all

friends of Asiatic literature.
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states, in two distinct passages, that its author,
MouamMMED BEN Musa, was the first Mussul-
man who had ever written on the solution of
problems by the rules of completion and reduc-
tion. Two marginal notes in the Oxford ma-
nuscript—from which the text of the present
edition is taken—and an anonymous Arabic
writer, whose Bibliotheca Philosophorum is fre-
quently quoted by Casir1,* likewise maintain
that this production of MoaaMMED BEN Musa
was the first work written on the subjectt by a
Mohammedan.

JEWE] t‘gb‘ , written in the twelfth century. Casirx
Bibliotheca Arabica Escurialensis, T. 1. 426. 428.

t The first of these marginal notes stands at the top of
the first page of the manuscript, and reads thus : d}\ KV
oo 40 SNy Ll § W, e psy oS
ﬂgm‘)#‘ S Jyell anid B b 5 JS “ This is the first
book written on (the art of calculating by) completion
and reduction by a Mohammedan : on this account the
author has introduced into it rules of various kinds, in
order to render useful the very rudiments of Algebra.”
The other scholium stands farther on: it is the same to

which I have referred in my notes to the Arabic text,
p- 177.
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From the manner in which our author, in
his preface, speaks of the task he had under-
| taken;. we cannot infer that he claimed to be the
inventor. .; He says that the Caliph AL Mamuw~
encouraged him to write a popular work on Al-
gebra: an expression which would seem to
imply that othen. treatises were then already
extant. From a formula for finding the circum-
ference of the circle, which occurs in the work
itself (Text p.. 61, Transl. p. 72), I have, in a
note, drawn the conclusion, that part of the in-
formation comprised in this volume was derived
from an Indian source; a conjecture which is
supported' by the dirett assertion of the author
of the Bibliotheca Philosophorum quoted by Ca-
- sIRI (1.426, 428). That MonaMMED BEN Musa
was conversant with Hindu science, is further
evident from the fact* that he abridged, at AL
MaMUuN’s request—but before the accession of
that prince to the caliphat—the Sindhind, or

* Related by EsN AL Apamy in the preface to his astra-
nomical tables. Casirj, 1.427,428. CoLEBROOKXE Dis-

serlation, &c. p. Ixiv. Ixxii.
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astronomical tables, translated by Mounawm-
MED BEN IBrAHIM AL Fazari from the
work of an Indian astronomer who visited the
court of ALMANSUR in the 156th year of the
Hejira (A.D. 773).

The science as taught by MoHAMMED BEN
Musa, in the treatise: now before us, does not
extend beyond quadratic equations, including
problems ‘with an’ affected square. These he
solves by the same rules which are followed by
DiorunanTus*, and which are taught, though
less comprehensively, by the Hindu mathemati-
cianst. That he' should have borrowed from
DroruANTUS is not at all probable ; for it does
not appear- that the Arabs had any knowledge
of DioprANTUS’ work before the middle of the
fourth century after the Hejira, when Asv’L-
waFA Buziant rendered it into Arabic}. It

* See Diopuantus, Introd. § 11 and Book iv. pro-
blems 32 and 33.

+ Lilavati, p. 29, Vijaganita, p.347, of Mr. CoLE-
BROOKE's translation.

t Casiri Bibl. Arab. Escur. 1. 433. COLEBROOKE's

Dissertation, &c. p. Ixxii.
b
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is far more probable that the Arabs received
their first knowledge of Algebra from the
Hindus, who furnished them with the decimal
notation of numerals, and with various im-
portant points of mathematical and astrono-
mical information.

But under whatever obligation our author
may be to the Hindus, as to the subject matter
of his performance, he seems to have been in-
dependent of them in the manner of digest-
ing and treating it : at least the method which
he follows in expounding his rules, as well as
in showing their application, differs considerably
from that of the Hindu mathematical writers.
Braskara and BRauMAaGUPTA give dogmati-
cal precepts, unsupported by argument, which,
even by the metrical form in which they are
expressed, seem to address themselves rather
to the memory than to the reasoning faculty
of the learner: MonamMED gives his rules
in simple prose, and establishes their accuracy
by geometrical illustrations. The Hindus give
comparatively few examples, and are fond of

investing the statement of their problems in
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rhetorical pomp : the Arab, on the contrary,
is remarkably rich in examples, but he intro-
duces them with the same perspicuous simpli-
city of style which distinguishes his rules. In
solving their problems, the Hindus are satisfied
with pointing at the result, and at the principal
intermediate steps which lead to it: the Arab

shows the working of each example at full

length, keeping his view constantly fixed upon
the two sides of the equation, as upon the two
scales of a balance, and showing how any
alteration in one side is counterpoised by a cor-
responding change in the other.

Besides the few facts which have already
been mentioned in the course of this preface,
little or nothing is known of our Author’s life.
He lived and wrote under the caliphat of AL
Mamun, and must therefore be distinguished

from ABu JAFArR MouaAMMED BEN Musa¥,

* The father of the latter, Musa BEN SHAKER, whose
native country I do not find recorded, had been a robber
or bandit in the earlier part of his life, but had after-
wards found means to attach himself to the court of the
Caliph AL-Mamun ; who, after Musa’s death, took care of
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likewise a mathematician and astronomer, who
‘flourished under the Caliph AL MorabpED
(who reigned A.H. 279-289, A.D. 892-902).

the ec.:lucation of his three Eons, Mouammep, AHMED, and
AL Hassan. (ABiLrarAci1 Histor. Dyn. p. 280. Casiri,
1. 886. 418). Each of the sons subsequently distinguished
himself in mathematics and astronomy. We learn from
ABuLraraJy (L c. p, 281) and from FBN KpaLrLigaw
(art. 53 . uU) that Tuassr sex Korran, the well-
known translator of the Almagest, was indebted to Mo-
uaMMep for his introduction to AL MoTapep, and the
men of science at the court of that caliph. Esx Knivrri-
KAN’s words are: \g ‘.\3\, (3;3‘;2 Jis L‘)‘J-"’ o t}s’
Wlay |V tamesls Loctad Wi A & gzl olaiy
ot Bao b dsol Bl doyy sl G 4t
¢ (Tuaser seN Korram) left Harran, and established
himself at Kafratutha, where he remained till MonammeD
seN Musa arrived there, on his return from the Greek domi-
nions to Bagdad. The latterbecame acquainted with TuAseT
and on seeing his skill and sagacity, invited TuABET to ac-
company him to Bagdad, where MouaMMEp made him
lodge at his own house, introduced him to the Caliph, and
procured him an appointment in the body of astronomers.”
EsN KuaLLigaN here speaks of Monammep BEN Musa as
of a well-known individual: he has however devoted

ne special article to an account of his life. "It is possible
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The manuscript from whence the text of the
present edition is taken—and which is the only
copy the existence of which I have as yet been
able to trace—is preserved in the Bodleian col-
Jection at Oxford. It is, together with three
other treatises on Arithmetic and Algebra,
contained in the volume marked cmxviir.
Hunt. 214, fol., and bears the date of the
transcription A.H. 743 (A.D. 1342). It is
written in a plain and legible hand, but unfor-
tunately destitute of most of the diacritical
points : a deficiency which has often been very
sensibly felt ; for though the nature of the sub-
ject matter can but seldom leave a doubt as to
the general import of a sentence, yet the true
reading of some passages, and the precise in-
terpretation of others, remain involved in ob-
scurity. Besides, there occur several omissions
of words, and even of entire sentences; and

also instances of words or short passages writ-

that the tour into the provinces of the Eastern Roman Em-
pire here mentioned, was undertaken in search of some

ancient Greek works on mathematics or astronomy.
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ten twice over, or words foreign to the sense in-
troduced into the text. In printing the Arabic
part, I have included in brackets many of those
words which I found in the manuscript, the
genuineness of which I suspected, and also
such as I inserted from my own conjecture, to
supply an apparent hiatus.

The margin of the manuscript is partially filled
with scholia in a very small and almost illegible
character, afew specimens of which will be found
in the notes appended to my translation. Some
of them are marked as being extracted from a
commentary (.,4) by AL Mozainar1*, pro-
bably the same author, whose full name is JE-
MALEDDIN ABU ABDALLAH MOHAMMED BEN
OMAR AL JazA’1f AL Moza1HAFI, and whose
“Introduction to Arithmetic,” (s o Redie)
is contained in the same volume with Mou A M-
MED’s work in the Bodleian library. ‘

Numerals are in the text of the work always

* Wherever I have met with this name, it is written
without the diacritical points u.m:r’}d\ , and my pronuncia-

tion rests on mere conjecture.

+ e ()
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expressed by words: figures are only used in -
some of the diagrams, and in a few marginal
notes.

The work had been only briefly mentioned in
Uris’ catalogue of the Bodleian manuscripts.
Mr. H.T. CoLEBROOKE first introduced it to
more general notice, by inserting a full account
of it, with an English translation of the direc-
tions fo\r the solution of equations, simple and
compound, into the notes of the * Dissertation”
prefixed to his invaluable work, *“ Algebra, with
Arithmetic and Mensuration, from the Sanscrit
of Brahmegupta and Bhascara.” (London, 1817,
4to. pages Ixxv-1xxix.)

The account of the work given by Mr. CoLE-
BROOKE excited the attention of a highly dis-
tinguished friend of mathematical science, who
encouraged me to undertake an edition and
translation of the whole : and who has taken the
kindest interest in the execution of my task.
He has with great patience and care revised
and corrected my translation, and has furnished
the commentary, subjoined to the text, in the

form of common algebraic notation. But my
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obligations to him are not confined to this only ;.
for his luminous advice has enabled me to over-
come many difficulties, which, to my own limit-
ed proficiency in mathematics, would have been
almost insurmountable.

In some notes on the Arabic text which are
appended to my translation, I have endeavoured,
not so much to elucidate, as to point out for
further enquiry, a few circumstances connected
with the history of Algebra. The comparisons
drawn between the Algebra of the Arabs and
that of the early Italian writers might perhaps
have been more numerous and more detailed ;
but my enquiry was here restricted by the.
want of some important works. MoNTUCLA,
Cossari, Hurron, and the Basil edition of
CarpaNus’ Ars magna, were the only sources

which I had the opportunity of consulting.



THE AUTHOR’S PREFACE.

IN THE NAME oF GoD, GRACIOUS AND MERCIFUL!

This work was written by MoHAMMED BEN Musa, of
Kuaowarezm. . He commences it thus: ~
- Praised be God for his bounty towards those who
" deserve it by their virtuous acts: in performing which,
as by him prescribed to his adoring creatures, we ex-
press our thanks, and render ourselves worthy of the
continuance (of his mercy), and preserve ourselves from
change: acknowledging his might, bending before his
power, and revering his greatness ! He sent Moxan-
MED (on whom may the blessing of God repose!) with
the mission of a prophet, long after any messenger
from above had appeared, when justice had fallen
into neglect, and when the true way of life was sought
for in vain. Through him he cured of blindness, and

saved through him from perdition, and increased
‘B



through him what before was small, and collected
through him what before was scattered. Praised be
God our Lord! and may his glory increase, and may
all his names be hallowed—besides whom there is no
God; and may his benediction rest on MoHAMMED
the Prophet and on his descendants!

The learned in times which have passed away, and
among nations which have ceased to exist, were con-
stantly employed in writing books on the several de-
partments of science and on the various branches of
knowledge, bearing in mind those that were to come
after them, and hoping for a reward proportionate to
their ability, and trusting that their endeavours would
meet with acknowledgment, attention, and remem-
brance—content as they were even with a small degree
of praise; small, if compared with the pains which they
had undergone, and the difficulties which they had
- encountered in revealing the secrets and obscurities of

science.

" (2) Some applied themselves to obtain information which

was not known before them, and left it to posterity ;
others commented upon the difficulties in the works
left by their predecessors, and defined the best method

(of study), or rendered the access (to science) easier or
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placed it more within reach; others again discovered
mistakes in preceding works, and arranged that which
was confused, or adjusted what was irregular, and cor-
rected the faults of their fellow-labourers, without arro-
gance towards them, or taking pride in what they did
themselves. '

That fondness for science, by which God has distin-
guished the Imam AL MAMUN, the Commander of the
Faithful (besides the calipbat which He has vouchsafed
unto him by lawful succession, in the robe of which He
has invested him, and with the honours of which He
has adorned him), that affability and condescension
which he shows to the learned, that promptitude with
which he protects and supports them in the elucida-
tion of obscurities and in the removal of difficulties,
—has encouraged me to compose a short work on Cal-
culating by (the rules of) Completion and Reduction,
confining it to what is easiest and most useful in arith-
metic, such as men constantly require in cases of
inheritance, legacies, partition, law-suits, and trade,
and in all their dealings with one another, or where
the measuring of lands, the digging of canals, geo-
metrical computation, and other .objects of various

sorts and kinds are concerned—relying on the good-
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ness of my intention therein, and hoping that che
learned will reward it, by obtaining (for me) through
their prayers the excellence of the Divine mercy:
in requital of which, may the choicest blessings and
the abundant bounty of God be theirs! My confi-
dence rests with God, in this as in every thing, and
in Him I put my trust. He is the Lord of the Sub-
lime Throne. May His blessing descend upon all the

prophets and heavenly messengers !




MOHAMMED BEN MUSA’S
COMPENDIUM

ON CALCULATING BY
COMPLETION AND REDUCTION.

—p——

WHEN I considered what people generally want in 3)
calculating, I found that it always is a number.-

I also observed that every number is compos;ed of
units, and that any number may be divided into units.

Moreover, I found that every number, which may
be expressed from one to ten, surpasses the preceding
by one unit: afterwards the ten is doubled or tripled,
just as before the units were: thus arise twenty, thirty,
&c., until a hundred ; then the hundred is doubled and
tripled in the same manner as the units and the tens,
up to a thousand; then the thousand can be thus re-
peated at any complex number; and so forth to the
utmost limit of numeration.

I observed that the numbers which are required
in calculating by Completion and Reduction are of
three kinds, namely, roots, squaire_s, and simple numbers
relative to neither root nor square.
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A root is any quantity which is to be multiplied by
itself, consisting of units, or numbers ascending, or
fractions descending.*

A square is the whole amount of the root multiplied
by itself.

_ A simple number is any number which may be pro-
nounced without reference to root or square.

A number belonging to one of these three classes
may be equal to a number of another class; you
may say, for instance, ¢ squares are equal to roots,” or
¢ squares are equal to numbers,” or “roots are equal to
numbers.”t ‘

Of the. case in which squares are equal to roots, this

is an example. “ A square is equal to five roots of the

same;”] the root of the square is five, and the square
is twenty-five, which is equal to five times its root.

So you say, * one third of the square is equal to four
roots;”§ then the whole square is equal to twelve
roots; that is a hundred and forty-four; and its root
is twelve.

Or you say, “ five squares are equal to ten roots ,” [
then one square is equal to two roots; the root of
the square is two, and its square is four.

* By the word root, is meant the simple power of the
unknown quantity.

+ cat=bx c®=a bz=a
1 2=52 - . I:S
§“’...4z soal=122 S x=12

I 5&'2_ o al=2x - S z=2
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. In this manner, whethet the squares be many or few,
(¢ e. multiplied or divided by any number), they are
reduced to a single square § and the same is done with
the roots, which are their equivalents; that is to say,
they are reduced in the same proportion as the squares.
. As to the case in which sguares are equal to numbers;
for instance, you say, *a square is equal to nine;”*
then this is a square, and its root is three. Or ¢ five
squares are equal to eighty ; ’} then one square is equal
to one-fifth of eighty, which is sixteen. Or ¢ the half
of the square is equal to eighteen ;”} then the square is
thirty-six, and its root is six.

Thus, all squares, multiples, and sab-multiples of
them, are reduced to a single square. If there be only
part of a square, you add thereto, until there is a whole
square; you do the same with the equivalent in numbers.

As to the case in which roots are equal to numbers ;
for instance, * one root equals three in number ; ”§ then
the root is three, and its square nine. Or * four roots
are equal to twenty;”|| then one root is equal to five,
and the square to be formed of it is twenty-five.
Or “half the root is equal to ten;”q then the

* 22=9 z=3
+ 522=80,, Sz=§5-°=16
f §= 18,7, 22=36 ., =6
§ r=3
I 4z=20 o X=5
q3=10 o £=20

()
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whole root is equal to twenty, and the square which is
formed of it is four hundred.

I found that these three kinds; namely, roots,
squares, and numbers, may be combined together, and
thus three compound species arise ;* that is, * squares
and roots equal to numbers;” ¢ squares and numbers
equal to roots;” “roots and numbers equal to squares.”

Roots and Squares are equal to Numbers ;+ for in-
stance, *one square, and ten roots of the same, amount
to thirty-nine dirhems;” that is to say, what must be
the square which, when increased by ten of its own
roots, amounts to thirty-nine? The solution is this: you
halve the numberf of the roots, which in the preseixt
instance yields five. ‘This you maultiply by itself;
the product is twenty-five. Add this to thirty-nine;
the sum is sixty-four. Now take the root of this, which
is eight, and subtract from it half the number of the
roots, which is five; the remainder is three. This is
the root of the square which you sought for; the
square itself is nine.

* The three cases considered are,
1st, cx?+4 bz=a
od. cz*+a =tz
3d. cr*=bx+a
+ 18t case: cr’ 4 ba—a
Example 2’ + 100=3¢
s=y/[(3)'+39]-3
=64 — 5
=8 — 5 =3
1 ¢ e. the coefficient.



(9 )

The solution is the same when two squares or three,
or more or less be speciﬁed ;* you reduce them to one
single square, and in the same proportion you reduce
also the roots and simple numbers which are connected
therewith.

For instance, ¢ two squares and ten roots are equal
to forty-eight dirhems;”+ that is to say, what must be
the amount of two squares which, when summed up and
added to ten times the root of one of them, make up a
sum of forty-eight dirhems? You must at first reduce
the two squares to one ; and you know that one square
of the two is the moiety of both. Then reduce every
thing mentioned in the statement to its half, and it will
be the same as if the question had been, a square and
five roots of the same are equal to twenty-four dirhems;
or, what must be the amount of a square which, when
added to five times its root, is equal to twenty-four dir-
hems? Now halve the numben of the roots; the moiety
is two and a half. Multiply that by itself; the pro-
duct is six and a quarter. Add this to twenty-four; the
sum is thirty dirhems and a quarter. Take the root of
this; it isfive and a half. Subtract from this the moiety
of the number of the roots, that is two and a half; the

* 12 4 br=a is to be reduced to the form x’+-:~z =1:—
- 1 2224 102=48
224 5T=24 -
2=y [(§)*+24]—%
=v/[6} +24]— 2}
= 5§ -_— 2§ =3
c .

®
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remainder is. three. This is the root of the square, and
the square itself is nine.

The proceeding will be the same if the instance be,
¢ half of a square and five roots are equal to twenty-eight
dirhems ;”* that is to say, what must be the amount of
a square, the moiety of which, when added to the equi-
valent of five of its roots, is equal to twenty-eight dir-
hems? Your first business must be to complete your
square, so that it amounts to one whole square. This
you effect by doubling it. Therefore double it, and dou-
ble also that which is added to it, as well as what is equal
to it. Then you have a square and ten roots, equal to
fifty-six dirhems. Now halve the roots; the moiety is
five. Multiply this by itself; the product is twenty-five.
Add this to fifty-six; the sum is eighty-one. Extract
the. root of this; it is nine. Subtract from this the
moiety of the number of roots, which is five; the re-
mainder is four. This is the root of the square which
you sought for; the square is sixteen, and half the

(7) square eight.

Proceed in this manner, whenever you meet with
squares and roots that are equal to simple numbers: for
it will always answer.

* 2 pr—08
.1:23{-10.1:=56
2= o/ [0+ 56142
=725 ¥ 86 ~ 5
=81 - 5
=9-5=4
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Squares and Numbers are equal to Roots ;* for
instance, “a square and twenty-one in numbers are
equal to ten roots of the same square.” That is to say,
“what must be the amount of a square, which, when
twenty-one dirbhems are added to it, becomes equal to
the equivalent of ten roots of that square? Solution :
Halve the number of the roots; the moiety is five.
Multiply this by itself; the product is twenty-five.
Subtract from this the twenty-one which are connected
with the square; the remainder is four. Extract its
toot; it is two. Subtract this from the moiety of the
roots, which is five ; the remainder is three. This isthe
root of the square which you required, and the square
is nine. Or you may add the root to the moiety of the
roots; the sum is seven; this is the root of the square
which you sought for, and the square itself is forty~
nine.

When you meet with an instance which refers you to
this case, try its solution by addition, and if that do not
serve, then subtraction certainly will. For in this case
both addition and subtraction may be employed, which
will not answer in any other of the three cases in which

* od case. cz’+a=0bz
Example. z'421 =10z
z = /[(10)2—01]
=5%V 25 —21
=5%v 4
= 5 =2
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the number of the roots must be halved. - And know,
that, when in a question belonging to this case you
have halved the number of the roots and multiplied
the moiety by itself, if the product be less than the
number of dirhems connected with the square, then the
instance is impossible;* but if the product be equal to
the dirhems by themselves, then the root of the square
is equal to the moiety of the roots alone, without either
addition or subtraction.

In every instance where you have two squares, or
more or less, reduce them to one entire square, + as I
have explained under the first case.

Roots and Numbers are equal to Squares ;1 for instance,
¢ three roots and four of simple numbers are equal
to a square.” Solution: Halve the roots; the moiety
is one and a half. Multiply this by itself; the product
is two and a quarter. Add this to the four ; the sum is

% If in an equation, of the form z?4a=bs, (3)* £ g,
the case supposed in the equation cannot happen. If
(g)3=a? then z=3

+ ca?+a=bz is to be reduced to x? += =%a:

1 8d case ca®=bz+a
Example z? =3z+4
=y [(§)*+4]1+3
=vV(1{P+4 +13
=v'2} +4 +1}
=6} +1}
= 2} +14=4
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six and a quarter. Extract its root; it is two and a
half. Add this to the moiety of the roots, which was
one and a half; the sum is four. This is the root of the
square, and the square is sixteen.

‘Whenever you meet with a multiple or sub-multiple
of a square, reduce it to one entire square.

These are the six cases which I mentioned in the
introduction to this book. They have now been ex-
plained. I have shown that three among them do not
require that the roots be halved, and I have taught
how they must be resolved. As for the other three, in
which halving the roots is necessary, I think it expé
dient, more accurately, to explain them by separate
chapters, in which a figure will be given for each
case, to point out the reasons for halving.

Demonstration of the Case: “ a Square and ten Roots
are equal to thirty-nine Dirhems.”*

The figure to explain this a quadrate, the sides of
which are unknown. It represents the square, the
which, or the root of which, you wish to know. This is
the figure A B, each side of which may be considered
as one of its roots; and if you multiply one of these
sides by any number, then the amount of that number
may be looked upon as the number of the roots which
are added to the square. Each side of the quadrate
represents the root of the square; and, as in the instance,

* Geometrical illustration of the case, 2’4 102 =39

(C)
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the roots were connected with the square, we may take
one-fourth of ten, thatis to say, two and a half, and
combine it with each of the four sides of the figure.
Thus with the original quadrate A B, four new paral-
lelograms are combined, each having a side of the qua-
drate as its length, and the number of two and a half as
its breadth; they are the parallelograms C, G, T, and
K. We have now a quadrate of equal, though unknown
sides ; but in each of the four corners of which a square
piece of two and a half multiplied by two and a half is
wanting. In order to compensate for this want and to
complete the quadrate, we must add (to that which we
havealready) four times the square of two and a half, that
is, twenty-five. Weknow (by the statement) that the first
figure, namely, the quadrate representing the square,
together with the four parallelograms around it, which
represent the ten roots, is equal to thirty-nine of num-
bers. If to thiswe add twenty-five, which istheequivalent
of the four quadrates at the corners of the figure A B,
by which the great figure D H is completed, then we
know that this together makes sixty-four. One side
of this great quadrate is its root, that is, eight. If we
subtract twice a fourth of ten, that is five, from eight,
as from the two extremities of the side of the great
quadrate D H, then the remainder of such a side will
be three, and that is the foot of the square, ar the side
of the original fignre A B. It must be observed, that
we have halved thenumber of the roots, and added the
product of the moiety multiplied by itself to the number
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thirty-nine, in order to complete the great figure in its (10)

four corners; because the fourth of any number multi-
plied by itself, and then by four, is equal to the product
“of the moiety of that number multiplied by itself.*
Accordingly, we multiplied only the moiety of the roots
by itself, instead of multiplying its fourth by itself, and

then by four. This is the figure: .
: G
A
c K
B
T
:

The same may also be explained by another figure.
We proceed from the quadrate A B, which represents
the square. It is our next business to add to it the ten
roots of the same. 'We halve for this purpose the ten,
so that it becomes five, and construct two quadrangles
‘on two sides of the quadrate A B, namely, G and D,

the length of each of them bem'g five, as the moiety of

the ten roots, whilst the breadth of each is equal to a
side of the quadrate A B. Then a quadrate remains
opposite the corner of the quadrate A B. This is equal

to five multiplied by five: this five being half of the

number of the roots which we have added to each of the
two sides of the first quadrate. Thus we know that

v ax(7) =)
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the first quadrate, which is the square, and the two
quadrangles on its sfdes, which are the ten roots, make
together thirt§-nine. In order to complete the great
quadmte; there wants only a square of five multiplied
by five, or twenty-five. This we add to thirty-nine, in
order to complete the great square S H. The sum is
sixty-four. 'We extract its root, eight, which is one of
the sides of the great quadrangle. By subtracting from
this the same quantity which we have before added,
namely five, we obtsdin three as the remainder. This is
the side of the quadrangle A B, which represents the
square; it is the root of this square, and the square
itself is nine. 'This is the figure : —

| A

26 D

Demonstration of the Case: “ a Square and twenty-one
Dirhems are equal to ten Roots.”*

We represent the square by a quadrate A D, the
length of whose side we donot know. To this we join a
parallelogram, the breadth of which is equal to one of
the sides of the quadrate A D, such as the side H N.
This paralellogram is HB. The length of the two

® Geometrical illustration of the case, 2* + 21 = 102
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figures together is equal to the line H C. We know
that its length is ten of numbers; for every quadrate
has equal sides and angles, and one of its sides multi~
plied by a unit is the root of the quadrate, or multiplied
by two it is twice the root of the same. As it is stated,
therefore, that a square and twenty-one of numbers are
equal to ten roots, we may conclude that the length of
the line H Cis equal to ten of numbers, since the line
C D represents the root of the square. 'We now divide
the line C H into two equal parts at the point G: the
line G C is then equal to H G. It is also evident that (12) -
the line G T is equal to the line C D. At present we ‘
add to the line G T, in the same direction, a piece
equal to the difference between C G and G T, in order
to complete the square. Then the line T K becomes
equal to K M, and we have a new quadrate of equal
sides and angles, namely, the quadrate M T. We
know that the line T K is five; this is consequently the
length also of the other sides: the quadrate itself is
twenty-five, this being the product of the multiplication
of half the number of the roots by themselves, for five
times five is twenty-five. 'We have perceived that the
quadrangle H B represents the twenty-one of numbers
which were added to the quadrate. 'We have then cut
off a pfece from the quadrangle H B by the line K T
(which is one of the sides of the quadrate M T), so that
only the part T A remains. At present we take from
the line K M the piece K L, which is equal to G K;; it
then appears that the line T G is equal to M L ; more-
b
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over, the line K L, which has been cut off from K M;
is equal to K G; consequently, the quadrangle MR is
equal 10 T A. Thus it is evident that the quadrangle
HT, augmented by the quadrangle M R, is equal to
the quadrangle H B, which represents the twenty-one.
The whole quadrate M T was found to be equal to
twenty-five. If we now subtract from this quadrate,
MT, the quadrangles HT and M R, which are equal
to twenty-one, there remains a small quadrate K R,
which represents the difference between twenty-five and
twenty-one. This is four; and its root, represented by
the line R G, which is equal to G A, is two. If you

(18) subtract this number two from the line C G, whichis
the moiety of the roots, then the remainder is the line
A C; that is tosay, three, which is the root of the ori-
ginal square. But if you add the number two to the
line C G, which is the moiety of the number of the
roots, then the sum is seven, represented by the line
C R, which is the root to a larger square. However,.
if you add twenty-one to this square, then the sum will
likewise be equal to ten roots of the same square. Here
is the figure :—

L X
H jaA ©
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Demonstration of the Case : < thres Roots and four of
Simple Numbers are equal to a Square.”*

Let the square be represented by a quadrangle, the
sides of which are unknown to us, though they are equal
among themselves, as also the angles. This is the qua-
drate A D, which comprises the three roots and the four
of numbers mentioned in this instance. In every qua-
drate one of its sides, multiplied by a unit, is its root.
‘We now cut off the quadrangle H D from the quadrate
A D, and take one of its sides H C for three, which is
the number of the roots. The same is equal to R D.
It follows, then, that the quadrangle H B represents
the four of numbers which are added to the roots. Now
we halve the side C H, which is equal to three roots, at
the point G ; from this division we construct the square
H T, which is the product of half the roots (or one and (14)
a half) multiplied by themselves, that is to say, two and
a quarter. We add then to the line G T a piece equal
to the line A H, namely, the piece T L; accordingly
the line G L becomes equal to A G, and the line K N
equal to T L. Thus a new quadrangle, with equal
sides and angles, arises, namely, the quadrangle G M;
and we find that the line A G is equal to M L, and the
same line A G is equal to G L. By these means the
line C G remains equal to N R, and the line M N
equal to T L, and from the quadrangle H B a piece
equal to the quadrangle K L is cut off.

* Geometrical illustration of the 3d case, 22 = 37 + 4
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But we know that the quadrangle A R represents the
four of numbers which are added to the three roots.
The quadrangle A N and the quadrangle K L are to-
gether equal to the quadrangle A R, which represents
the four of numbers.

‘We have seen, also, that the quadrangle. G M com-
prises the product of the moiety of the roots, or of one
and a half, multiplied by itself; that is to say two and
a quarter, together with the four of numbers, which are
represented by the quadrangles AN and K L. There
remains now from the side of the great original quadrate
A D, which represents the whole square, only the moiety
of the roots, that is to say, one and a half, namely, the
line G C. If we add this to the line A G, which is
the root of the quadrate-G M, being equal to two and
a half; then this, together with C G, or the moiety of
the three roots, namely, one and a half, makes four,
which is the line A C, or the root to a square, which
is represented by the quadrate A . -Here follows
the figure. This it was which we were desirous to

-explain.
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‘We have observed that every question which requires
equation or reduction for its solution, will.refer you to
one of the six.cases which I have proposed in this
book. I-have now also explained their arguments.
Bear them, therefore, in mind.

ON MULTIPLICATION.

I sHALL now teach you how to multiply the unknown
numbers, that is to say, the roots, one by the other, if
they stand alone, or if numbers are added to them, orif
numbers are subtracted from them, or if they are sub-
tracted from numbers; also how to add them one to the
other, or how to subtract one from the other.

Whenever one number is to be multiplied by another,
the one must be repeated as many times as the other
contains units.*

If there are greater numbers combined with units to
be added to or subtracted from them, then four multi-
plications are necessary ;t+ namely, the greater numbers
by the greater numbers, the greater numbers by the

* If x is to be multiplied by z, = is to be repeated as
many times as there are units in .

+ If x == ais to be muitiplied by y == 4, z is to be mul-
tiplied by y, z is to be multiplied by &, a is to be multiplied
by y, and a is to be multiplied by 5.



( 22)
units, the units by the greater numbers, and the units
by the units.
~ If the units, combined with the greater numbers, are
positive, then the last multiplication is positive; if they
are both negative, then the fourth multiplication is like-
wise positive. But if one of them is positive, and one
.(16) negative, then the fourth multiplication is negative.*
For instance, ¢ ten and one to be multiplied by ten
and two.”t Ten times ten is a hundred ; once ten is
ten positive ; twice ten is twenty positive, and once two
is two positive; this altogether makes a hundred and
thirty-two. :
But if the instance is  ten less one, to be multiplied
by ten less one,”} then ten times ten is a hundred ; the

* In multiplying \z==a) by (y=5)

+ax+4+b=+ab
—ax —b=+4ab
+ax—6=—ab '
—aX 4b=—ab

+ (1041)x(104+2)
=10X10..,.100
4+ 1x10,... 10
4 2x10.... 20
+ 1x 2.... 2

+132
i (10-1) (10—1)
=10X 10..+100
- 1X 10., — 10
— 1X 10..— 10
—i1X—1l..+ 1

4+ 81
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negative one by ten is ten negative ; the other negative
one by ten is likewise ten negative, so that it becomes
eighty : but the negative one by thé negative one is
one positive, and this makes the result eighty-one.

Or if the instance be “ten and two, to be multipled
by ten less one,”* then ten times ten is a hundred, and
the negative one by ten is ten negative; the positive
two by ten is twenty positive; this together is a hun-
dred and ten; the positive two by the negative one
gives two negative. This makes the product a hundred
and eight. '

I have explained this, that it might serve as an intro-
duction to the multiplication of unknown sums, when
numbers are added to them, or when numbers are
subtracted from them, or when they are subtracted from
numbers.

For instance:  Ten less thing (the signification of
thing being root) to be multipled by ten.”t You
begin by taking ten times ten, which is a hundred; less
thing by ten is ten roots negative; the product is there-

fore a hundred less ten things.
* (1042)x(10—1)= \
10X10.... 100 '
— 1X10....—10
+10x 2....+20
- 1X 2....— 2

108
+ (10=£) X 10=10X 10=102=100— 103.
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If the instance be: * ten and thing to be moultiplied
by ten,’'* then you take ten times ten, which is a hun-
dred, and thing by ten is ten things pesitive; so that the
product is a bundred plus ten things.

If the instance be: * ten and thing to be multiplied

(17) by itself,'} - then ten times ten is a hundred, and ten
times thing is ten things; and again, ten times thing is
ten things; and thing multiplied by thing is a square
positive, so that the whole product is a hundred dir-
hems and twenty things and one positive square.

If the instance be: ¢ ten minus thing to be multiplied
by ten minus thing,”} then ten times ten is a hundred;
and minus thing by ten is minus ten things; and
again, minus thing by ten is minus ten things. But
minus thing multiplied by minus thing is a positive
square. The product is therefore a hundred and a
square, minus twenty things.

In like manner if the following question be proposed
to you : “ one dirhem minus one-sixth to be multiplied
by one dirhem minus one-sixth ;”§ that is to say, five-
sixths by themselves, the product is five and twenty
parts of a dirhem, which is divided into six and thirty
parts, or two-thirds and one-sixth of a sixth. Compu-
tation: You multiply one dirhem by one dirhem, the

*(1042) X10=10X 104102 =:100+ 102
1(1042) (10 +2)=10 x 104 102+ 102+ 2% = 100+ 202 + 22
+ $(10—2) x(10 - 1) =10 X 10—102— 102 4 2? =100—20z + z*

SO=Hx(1—P=1-f+ixg=4+ixd; ie 34 = §+3x3
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product is one dirhem ; then one dirhem by minus one-
sixth, that is one-sixth negative; then, again, one dir-
hem by minus one-sixth is one-sixth negative : so far,
then, the result is two-thirds of a dirhem : but there is
still minus one-sixth to be multiplied by minus one-sixth,
which is one-sixth of a sixth positive ; the product is,
therefore, two-thirds and one sixth of a sixth.

If the instance be, ¢ ten minus thing to be multiplied
by ten and thing,” then you say,* ten times ten isa '
hundred ; and minus thing by ten is ten things negative;
and thing by ten is ten things positive; and minus
thing by thing is a square positive; therefore, the
product is a hundred dirhems, minus a square.

If the instance be,  ten minus thing to be multiplied
by thing,”t then you say, ten muitiplied by thing is ten
things; and minus thing by thing is a squaie ixegative; (18)
therefore, the product is ten things minus a square.

If the instance be, ‘‘ ten and thing to be multiplied
by thing less ten,”’} then you say, thing multiplied by
ten is ten things positive; and thing by thing is a square
positive; and minus ten by ten is a hundred dirhems
negative; and minus ten by thing is ten things nega-
tivee. You say, therefore, a square minus a hundred
dirhems ; for, having made the reduction, that is to say,
having removed the ten things positive by the ten things

*'(10—z) (104 2)=10X10—~10r+ 102 ~3%>=100—2?
t (10—g)xzr=100—22
f (1042) (x—10)=1024-2%2 ~ 100 — 10z = 2?—100

E
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negative, there remains a square minus a 'hnndred,
dirhems.

. If the instance be, ¢ ten dirhems and half a thing to
be multiplied by half a dirhem, minus five things,”*
then you say, half a dirhem by ten is five dirhems posi-
tive ; and half a dirhem by half a thing is a quarter of
thing positive ; and minus five things by ten dirhems is
fifty roots negative. This altogether makes five dir-
hems minus forty-nine things and three quarters of
thing. After this you multiply five roots negative by
half a root positive : it is two squares and a half negative.
Therefore, the product is five dirhems, minus two
squdres and & half, minus forty-nine roots and three
quarters of a root.

If the instance be, *ten and thing to be multiplied
by thing less ten,”+ then this is the same as if it were
said thing and ten by thing less ten. You say, there-
fore, thing multiplied by thing is aAsquare positive; and
ten by thing is ten things positive; and minus ten by
thing 'is ten things negative. You now remove the
positive by the negative, then there only remains a
square. Minus ten multiplied by ten is a hundred, to
be subtracted from the square. This, therefore, alto-
gether, is a square less a hundred dirhems.

(19). 'Whenever a positive and a negative factor concur in

*(10 4+5)(3 —5%) = +;—502— §? = 5—40§c—2}a?

t(104-z)(x—10) =(2+410)(x—10) =2? + 102~ 102—100 =3~ 100
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a multiplication, such as thing positive and minus thing,
the last multiplication gives always the negahve pro-
duct. Keep this in memory.

ON ADDITION anp SUBTRACTION.

Know that the root of two hundred minus ten; added
to twenty minus the root of two hundred, is just ten.*

The root of two hundred, minus ten, subtracted from
twenty minus the root of two hundred, is thirty minus
twice the root of two hundred; twice the root of two
hundred is equal to the root of eight hundred.t

A hundred and a square minus twenty roots, added
to fifty and ten roots minus two squares,} is a hundred
and fifty, minus a square and minus ten roots.

A hundred and a square, minus twenty roots, dimi-
nished by fifty and ten roots minus two squares, is fifty
dirhems and three squares minus thirty roots.§

I shall hereafter explain to you the reason of this by
a figure, which will be annexed to this chapter.

If you require to double the root of any known or
unknown square, (the meaning of its duplication being

* 20—4/2004(+/200—10)=10

+ 20— 4/200—(+/200—10) =30—24/200=30—4/800
i 5o+1ox—zx?+(i00»+zz—eos)=150—10:—.:2

§ 100+z*—202—[50—22?+102] =50+ 32%—30z
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that you multiply it by two) then it will suffice to
multiply two by two, and then by the square;* the
root of the product is equal to twice the root of the
original square.

+If you require to take it thrice, you multiply three
by three, and then by the square; the root of the pro-
duct is thrice the root of the original square.

Compute in this manner every multiplication of the
roots, whether the multiplication be more or less than
two. T ‘ )

If you require to find the moiety of the root of the
square, you need only multiply a half by a half, which
is a quarter ; and then this by the square: the root of
the product will be half the root of the first square.}

Follow the same rule when you seek for a third, or a

quarter of a root, or any larger or smaller quota§ of it,
whatever may be the denominator or the numerator.
. Examples of this : If you require to double the root
of nine,|| you multiply two by two, and then by nine:
this gives thirty-six; take the root of this, it is six,
and this is double the root of nine.

* 2y/8?=v42?
3y =+/gs?

tivet= /%

I 24/9=V4x9=4/36=6
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In the same manner, if you require to triple the root of
nine,* you multiply three by three, and then by nine:
the product is eighty-one ; take its root, it is nine, which
becomes equal to thrice the root of nine.

If you require to have the moiety of the root of nine,t
you multiply a half by a half, which gives a quarter, and
then this by nine; the result is two and a quarter: take
its root ; it is one and a half, which is the moiety of the
root of nine.

You proceed in this manner with every root, whether
positive or negative, and whether known or unknown.

ON DIVISION.

If you will divide the root of nine by the root of four,}
you begin with dividing nine by four, which gives two
and a quarter: the root of this is the number which you
require—it is one and a half.

If you will divide the root of four by the root of nine,§
you divide four by nine; it is four-ninths of the unit:
the root of this is two divided by three; namely, two-
thirds of the unit.

* 3./9=s/m=,/81=9
t W9=vi=vat=1%
t V=vi=vai=1}

§ i=vi=t
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If you wish to divide twice the root of nine by the
root of four, or of any other square*, you double the

(21) root of nine in the manner above shown to you in the

chapter on Multiplication, and you divide the product by
four, or by any number whatever. You perform this in
the way above pointed out.

In like manner, if you wish to divide three roots
of nine, or more, or one-half or any multiple or sub-
multiple of the root of nine, the rule is always the °
same:t follow it, the result will be right.

If you wish to multiply the root of nine by the root of
four,? multiply nine by four; this gives thirty-six; take
its root, it is six; this is the root of nine, multiplied by
the root of four.

Thus, if you wish to multiply the root of five by the
root of ten,§ multiply five by ten: the root of the pro-
duct is what you have required.

If you wish to multiply the root of one-third by the
root of a half,|| you maltiply one-third by a half: it is
one-sixth: the root of one-sixth is equal to the root of
one-third, maultiplied by the root of a half.

If you require to multiply twice the root of nine by

vVeo V¢
I Vaxy9=v4x9=4/36=6
§ V10X 4/5=V5x10=4/50
I vixvi=vixi=vi
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thrice the root of four,* then take twice the root of nine,
according to the rule above given, so that you may know
the root of what square it i&. You do the same with
respect to the three roots of four in order to know what
must be the square of such a root. You then multiply
these two squares, the one by the other, and the root of
the product is equal to twice the root of nine, multiplied
by thrice the root of four.

You proceed in this manner with all positive or ne-
gative roots.

Demonstrations. (22

The argument for the root of two hundred, minus ten,
added to twenty, minus the root of two hundred, may be
elucidated by a figure: ‘

Let the line A B represent the root of two hundred
let the part from A to the point C be the ten, then the
remainder of the root of two hundred will correspond to
the remainder of the line A B, namely to the line C B.
Draw now from the point B a line to the point D, to
represent twenty ; let it, therefore, be twice as long as
the line A C, which represents ten; and mark a part of
it from the point B to the point H, to be equal to the
line A B, which represents the root of two hundred;
then the remainder of the twenty will be equal to the
part of the line, from the point H to the point D. As

* 3/4%X3y/9=V9x4 X V4x9=+36x36=36
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our object was to add ‘the remainder of the root of two
hundred, after the subtraction of ten, that is to say, the
line C B, to the line HD, or to twenty, minus the root
of two hundred, we cut off from the line B H a piece
equal to C B, namely, the line SH. Weknow already
that the line A B, or the root of two hundred, is equal to
the line B H, and that the line A C, which represents the
ten, is equal to the line S B, as also that the remainder
of the line A B, namely, the line C B is equal to the
remainder of the line B H, namely, to S H. ILet us

add, therefore, this piece S H, to the line HD. We

have already seen that from the line B D, or twenty, a
piece equal to A C, which is ten, was cut off, namely,
the piece B S. There remains after this the line S D,
which, consequently, is equal to ten. This it was that
we intended to elucidate. Here follows the figure.

Al

-C

b h: 4 ¥ B

The argument for the root of two hundred, minus ten,
to be subtracted from twenty, minus the root of two
hundred, is as follows. Let the line A B represent the
root of two hundred, and let the part thereof, from A to
the point C, signify the ten mentioned in the instance.
We draw now from the point B, a line towards the point
D, to signify twenty. Then we trace from B to the
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point H; the same lengthas the length of the line which
represents: the root of two hundred; that is of the line
A'B. We have seen that theline C B is the remainder
from the twenty, after theroot of two hundred has been

swbtracted. It is our purpose, therefore, to subtract

the line C B from the line H D ; and we now draw from
the: pbint B, a line towards the point S, equal in length
to the line A C, which représents the ten. Then the
whole line S'D is equal to' S B, plus B D, and we per-
ceive that all this added together amounts to thirty.
We now cut off from the line H D, a piece equal to
C B, namely, the line H G ; thus we find that the line
' G I is the remainder from the line 8 I, which signifies
thirty. We see.also that the line B H is the root of
two-hundréd and thit the line S B and B Cis likewise
the root of two hundred. Now the line H G is equal
to'C B ; 'therefore the piece subtracted from the line
S D, 'which represents thirty, is equal to twice the

root of two hundred; or once the root of eight hundred. (24)

- This it is that we wished.to elucidate. ~
Here follows the figure :

c
D Gt B 4

As for the hundred and square minus twenty roots
added to fifty, and ten roots minus two squares, this does
' F
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not admit of any figure, because there are three diffe-
rent species, viz. squares, and roots, and numbers, and
nothing corresponding to them by which they might
be represented. We had, indeed, contrived to con-
struct a figure also for this case, but it was not suffi-
ciently clear.

The elucidation by words is very easy. You know
that you have a hundred and a square, minus twenty
roots. When you add to this fifty and ten roots, it be-
comes a hundred and fifty and = square, minus ten roots.
The reason for these ten negative roots is, that from the
twenty negative roots ten positive roots were subtracted
by reduction. This being done, there remains a hun-
dred and fifty and a square, minus ten roots. With the
hundred a square is connected. If you subtract from
this hundred and square the two squares negative con-
nected with fifty, then one square disappears by reason
of the other, and the remainder is a hundred and fifty,
minus a square, and minus ten roots.

This it was that we wished to explain.
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OF THE SIX PROBLEMS.

BEroRE the chapters on computation and the several (25)
species thereof, I shall now introduce six problems, as
instances of the six cases treated of in the beginning of
this work. I have shown that three among these cases,
in order to be solved, do not require that the roots
be halved, and I have also mentioned that the calculat-
ing by completion and reduction must always neces-
sarily lead you to one of these cases. I now subjoin
these problems, which will serve to bring the sub-
ject nearer to the understanding, to render its com-
prehension easier, and to make the arguments more
perspicuous. '

' First Problem.

I have divided ten into two portions; I have multi-
plied the one of the two portions by the other; after
this I have multiplied the one of the two by itself,
and the product of the multiplication by itself is four
times as much as that of one of the portions by the

other.*

Computation: Suppose one of the portions to be
thing, and the other ten minus thing: you multiply

* 22=42(10 —2)=40x — 42
53’:40.‘!
22 =8z
z =8; (10—2)=2
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thing by ten minus thing; it is ten things minusa
square. Then multiply it by four, because the in-
stance states * four times as much.” The result will be
. four. times the product of one of the parts multiplied by
the other. This-is forty things minus four squares.
After this you multiply thing by thing, that is to say,
one of the portioms by itself. This is a square, which
is equal to forty things minus four squares. Reduce it
new. by: the four squares, and add them to the ome
square. Tlien the equation is: forty things.are equal
to five squares ; and one square will be equal to eight
roots, that is, sixty-four; the root of thisis eight, and
this is one of the two portions, namely, that which is to °
(26) be multiplied. by itself. The remainder from the ten
is two, and that is the other portion. Thus the guestipn
leads you to one of the six cases, namely, that of

¢ squares equal to roots.” Remark this.

Second Problem.

I have divided tem into two portions:: I have multi
plied each of the parts by itself, and afterwards ten by
itself: the product of ten by itself is equnal to one of the
two parts multiplied by itself, and afterwards by two.
and seven-ninths; or equal to the other multiplied by
itself, and afterwards by six and one-fourth.*

* 102=2?x 2}
100 =s2x 2}
75 X 100 =z
36:32

6=x




(3)

Computation : Suppose one of the parts to be thing,
and the ather ten minus thing. You multiply thing by
itself, it is a.square; then by two and seven-ninths,
shis,makes it two squares and seven-ninths of a square.
You afterwards multiply ten by ten; it is a hundred,
which much beequal to two squares and seven-ninths
of a square. . Reduce it to one square, through divisien
by nine twenty-fifths;* this being its fith and four-
fifths of its fifth, take now also the fifth and four-fifths
of thefifth of a hundred; this is thirty-six, which is
equal to one square. Take its root, it is six. This is
one of the, twa portions; and accoxdingly the ether is
four. This question leads yau, therefore, to one of the
six cases, namely, ° squares equal to numbers.”

Third Problem. o

I baye divided ten into two parts. - I have afterwards
divided the one by the other, and she quotient. was four.}
Computation : Supposé. one of the two parts.to be (27)
4hing, the other ten minus.thing. Then you divide ten
minus thing by thing, in order that four may be ob-
tained. You know that if you. multiply the quotient
by the divisor, the sum which was divided is restored.

* A =ixi+d
10 =2
Ry,
10—2="4x
10=5h%

2=z
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In the present question the quotient is four and the
divisor is thing. Multiply, therefore, four by thing;
the result is four things, which are equal to the sum to
be divided, which was ten minus thing. You now
reduce it by thing, which you add to the four things.
‘Then we have five things equal to ten; therefore one
thing is equal to two, and this is one of the two portions.
This question refers you to one of the six cases,
namely, “roots equal to numbers.”

Fourth Problem.

I have multiplied one-third of thing and one dirhem
by one-fourth of thing and one dirhem, and the product
was twenty.* ‘

Computation: You multiply one-third of thing by
one-fourth of thing; itis one-half of a sixth of a square.
Further, you multiply one dirhem by one-third of thing,
it is one-third of thing; and one dirhem by one-fourth
of thing, it is one-fourth of thing; and one dirhem by
one dirhem, it is one dirhem. The result of this is: the
moiety of one-sixth of a square, and one-third of thing,
and one-fourth of thing, and one dirhem, is equal to

twenty dirhems. Subtract now the one dirhem from
[}

* (Ga41) Ge+1)=10
;'% +3z+3z+1=130
;’;"'*r’!“: 19
2247z =238
T= \/#‘—‘2-!-—228—-}212
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these twenty dirhems, there remain nineteen dirhems,
equal to the moiety of one-sixth of a square, and one-
third of thing, and one-fourth of thing. Now make your
square a whole one: you perform this by multiplying all
that you have by twelve. Thus you have one square
and seven roots, equal to two hundred and twenty-eight
dirhems. Halve the number of the roots, and multiply
it by itself; it is twelve and one-fourth. Add this to
the numbers, that is, to two hundred and twenty-eight ; (28)
the sum is two hundred and forty and one quarter. Ex-
tract the root of this; it is fifteen and a half. Subtract
from this the moiety of the roots, that is, three and a
half, there remains twelve, which is the square required.
This question leads you to one of the cases, namely,
¢ squares and roots equal to numbers.”

Fifth Problem.

I have divided ten into two parts; I have then multi-
plied each of them by itself, and when I had added the
products together, the sum was fifty-eight dirhems.*

Computation : Suppose one of the two parts to be
thing, and the other ten minus thing. Multiply ten
minus thing by itself; it is a hundred and a square
minus twenty things. Then multiply thing by thing ; it

* 24 (10—-2)?=58
222 —2054100=758
a?—10z4-50=29
2?421=10z
z=5FV25—21=5%2=7 or 3
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is a square. Add:both together. The sum is a bun-
dred, plus two squares:minus twenty things, which are
equal to fifty-eight -dirhems. Take now the twenty
negative things from the hundred and the two squares,’
and add them to fifty-eight ; then a hundred, plus two
squares, are equal to fifty~eight dirhems and twenty
things. Reduce this to one square, by taking the moiety .
of all you have. Itisthen: fifty dirhems and a squere;
which-are equatto twenty-nine dirhems and ten things.
Then reduce this, by taking twenty-nine from fifty ;
there remains twenty-one and a square, equsl to ten
things. Halve the:numberof the roots, it is five; multiply
this by itself, it is twenty-five; take from this the twentys
one which are conuected with the square, the remairider

(29) js four. Extract the root, it.is two. Subtract this from
the moiety of the roots, namely, from five, there remains
three. This is one of the portions; the other is seven.
This question refers you to one of the six cases, namely
% squares and aumbers equal to roots.” -

Sizth Problem. .

I have multiplied one-third of a root by one-fourth
of a root, and the product is equal to the root and
twenty-four dirhems.* _ -

* Ty T _
7X._‘._:::-l-24.
.
l.g._a!+24
2=12zx+4 288
z=64+30+288=6+4+18=24
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- Computation : Call the root thing; then one-third of
thing is multiplied by one-fourth of thing; this is the
moiety of one-sixth of the square, and is equal to thing
and twenty-four dirhems. Multiply this moiety of one-
sixth of the square by twelve, in order to make your
dquare a whole one, and multiply also the thing by
- twelve, which yields twelve things; and also four-and-
twenty by twelve : the productAof the whole will be two
hundred and eighty-eight dirhems and twelve roots,
which are equal to one square. The moiety of the roots
is six. Multiply this by itself, and add it to two hun-
dred and eighty-eight, it will be three hundred and
twenty-four. Extract the root from this, it is eighteen;
add this to the moiety of the roots, which was six ; the
sum is twenty-four, and this is the square sought for.
This question refers you to one of the six cases,
namely, ¢ roots and numbers equal to squares.”

VARIOUS QUESTIONS.

Ir a person puts such a question to you as: “I have (30)
divided ten into two parts, and multiplying one of
these by the other, the result was twenty-one;”* then

* (10~-7)z=21
10z —2?=21
which is to be reduced to
2?4 21=-10z
z=5%y25—21=p=42

G
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you know that one of the two parts is thing, and the
other ten minus thing. Multiply, therefore, thing by
ten minus thing; then you have ten things minus
a square, which is equal to twenty-one. Separate the
square from the ten things, and add it to the twenty-
one. Then you have ten things, which are equal to
twenty-one dirhems and a square. Take away the
moiety of the roots, and multiply the remaining five
by itself; it is twenty-five. Subtract from this the
twenty-one which are connected with the square; the
remainder is four. Extract its root, it is two. Sub-
tract this from the moiety of the roots, namely, five;
there remain three, which is one of the two parts. Or,
if you please, you may add the root of four to the
moiety of the roots; the sum is seven, which is likewise
one of the parts. This is one of the problems which
may be resolved by addition and subtraction.

If the question be : I have divided ten into two parts,
and having multiplied each part by itself, T have sub-
tracted the smaller from the greater, and the remainder
was forty;”* then the computation is—you multiply ten

(31) minus thing by itself, it is a hundred plus one square

minus twenty things; and you also multiply thing by

* (10—z)2—22=40
100—20z=40
100 =202+ 40

60 =20z
3=z
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thing, it is one square. Subtract this from a hundred
and a square minus twenty things, and you have a
hundred, minus twenty things, equal to forty dirhems.
Separate now the twenty. things from a hundred, and
add them to the forty ; then you have a hundred, equal
to twenty things and forty dirhems. Subtract now forty
from a hundred; there remains sixty dirhems, equal to
twenty things: therefore one thing is equal to three,
which is one of the two parts. . .

If the question be: I have divided ten into two parts,
and having multiplied each part by itself, I have put
them together, and have added to them the difference
of the two parts previously to their multiplication, and
the amount of all this is fifty-four;”* then the compu-
tation is this: ‘You multiply ten minus thing by itself;
it is a hundred and a square minus twenty things.
Then multiply also the other thing of the ten by itself ;
it is one square. Add this together, it will be a hun-
dred plus two squares minus twenty things. It was
stated that the difference of the two parts before multi-
plication should be added to them. You say, therefore,
the difference between them is ten minus two things.

* (10—2)}4-2%+(10—2) ~2=54
100 =20z 4222 410—22 =54
100 — 222 4 28 =54

55—11z+a2=27
2+28=112

—11 121_,a_11=Fs
s =ta /T g_uzs

Es=70r4
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The result is a hundred and ten and two squares minus
twenty-two things, which are equal to fifty-four dirhems.
Having reduced and equalized this, you may say, a
hundred and ten dirhems and two squares are equal to
fifty-four dirhems and twenty-two things. Reduce now
the two squares to one square, by taking the moiety of
all you have. Thus it becomes fifty-five dirhems and a
square,equal to twenty-seven dirhems and eleven things.
Subtract twenty-seven from fifty-five, there remain
(82) twenty-eight dirhems and a square, equal to eleven
| things. Halve now the things, it will be five and a
half; multiply this by itself, it is thirty and a quarter.
Subtract from it the twenty-eight which are combined
with the square, the remainder is two and a fourth.
Extract its root, it is one and a half. Subtract- this
from the moiety of the roots, there remain four, which

is one of the two parts.
1f one say, I have divided ten into two parts; and
have divided the first by the second, and the second by
the first, and the sum of the quotient is two dirhems
and one-sixth;”* then the computation is this: If you
multiply each part by itself, and add the products
together, then their sum is equal to one of the parts

10—z '«

* T +10—z=2&
100+ 22% =202 =2(10 —z) X 24 =218z — 2a?
100+ 4322 =413z
24+3% =10z
z=5%¢y25—24=5F1=40r6
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multiplied by the other, and again by the quotient
which is two and one-sixth. Multiply, therefore, ten
less thing by .itself; it is a hundred and a square less
ten things. Multiply thing by thing; it is one square. .
Add this together; the sum is a hundred plus two
squares less twenty things, which is equal to thing mul-
tiplied by ten less thing; that is, to ten things lessa -
square, multiplied by the sum of the quotients arising
from the division of the two parts, namely, two and
one-sixthh We have, therefore, twenty-one things and
two-thirds of thing less two squares and one-sixth, equal
to a hundred plus two squares less twenty things. Re-
duce this by adding the two squares and one-sixth to a
hundred plus two squares less twenty things, and add
the twenty negative things from the hundred plus the
two squares to the twenty- one things and two-thirds of
thing. Then you have a hundred plus four squares (33)
and one-sixth of a square, equal to forty-one things and
two-thirds of thing. Now reduce this to one square.
You know that one square is obtained from four squares
and one-sixth, by taking a fifth and one-fifth of a fifth.*
Take, therefore, the fifth and one-fifth of a fifth of all
that you have. Then it is twenty-four and a square,
equal to ten roots; because ten is one-fifth and one-fifth
of the fifth of the forty-one things and two-thirds of a
thing. Now halve the roots; it gives five. Multiply this

* 43=" and =} +ix}
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by itself; it is five-and-twenty. Subtract from this
the twenty-four, which are connected with the square ;
the remainder is one. Extract its root; it is one.
Subtract this from the moiety of the roots, which
is five. There remains four, which is one of the two
parts. ’

Observe that, in every case, where any two quantities
whatsoever are divided, the first by the second and the
second by the first, if you multiply the quotient of the
one division by that of the other, the product is always
one.*

If some one say: ““You divide ten into two parts;
multiply one of the two parts by five, and divide it by
the other: then take the moiety of the quotient, and
add this to the product of the one part, multiplied by
five; the sum is fifty dirhems;”+ then the computation
is this : Take thing, and multiply it by five. This is
now to be divided by the remainder of the ten, that is,
by ten less thing ; and of the quotient the moiety is to
be taken.

(34) You know that if you divide five things by ten less
thing, and take the moiety of the quotient, the result is

a_b
* Tx:—_- 1
5z =0
t 2(10—r)+5z~5
T
Fo—sy TI=10
224100 =20}z

a=4-3=8
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the same as if you divide the moiety of five things by
ten less thing. Take, therefore, the moiety of five
things; it is two things and a half: and this you
require to divide by ten less thing. Now these two
things and a half, divided by ten less thing, give a
quotient which is equal to fifty less five things: for the
question states: add this (the quotient)- to the one
part multiplied by five, the sum will be fifty. You
have already observed, that if the quotient, or the result
of the division, be multiplied by the divisor, the divi-
dend, or capital to be divided, is restored. Now, your
capital, in-the present instance, is two things and a
half. Multiply, therefore, ten less thing by fifty less
five things. Then you have five hundred dirhems and
five squares less a hundred things, which are equal to
two things and a half. Reduce this to one square.
Then it becomes a hundred dirhems and a square less
twenty things, equal to the moiety of thing. Separate
now the twenty things from the bhundred dirhems and
square, and add them to the half thing. Then you
have a hundred dirhems and a square, equal to twenty
things and a half. Now halve the things, multiply
the moiety by itself, subtract from this the hundred,
extract the root of the remainder, and subtract this
from the moiety of the roots, which .is ten and one-
fourth : the remainder is eight; and this is one of the
portions.

If some one say: ¢“You divide ten into two parts:
multiply the one by itself; it will be equal to the other
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taken eighty-one times.”* Computation: You say, ten
less thing, multiplied by itself, is a hundred plus a
(85) square less twenty things, and this is equal to eighty-
one things. Separate the twenty things from a hundred
and a square, and add them to eighty-one. It will
then be a hundred plus a square, which is equal to a
hunndred and one roots. Halve the roots ; the moiety is
fifty and a half. Multiply this by itself, it is two. thou-
sand five hundred and fifty and a quarter. Subtract
from this one hundred ; the remainder is two thousand
four hundred and fifty and a quarter. Extract the root
from this; it is forty-nine and a half. Subtract this
from the moiety of the roots, which is fifty and a half.
There remains one, and this is one of the two parts.

If some one say : ¢ I have purchased two measures of
wheat or barley, each of them at a certain price. I
afterwards added the expences, and the sum was equal
to the difference of the two prices, added to the diffe-
rence of the measures.”+

* (10~2)’=81z
100—20z 422= 81z
z24100=101%
x=3%_s/‘f‘:l-’— 100 =50}—49} =1
+ The purchaser does not make a clear enunciation of the
terms of his bargain. He intends to say, 1l bought m
bushels of wheat, and 7 bushels of barley, and the wheat was
r times dearer than the barley. The sum I expended was
equal to the difference in the quantities, added to the diffe-
rence in the prices of the grain.”
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' Computation: Take what numbers you please, for it
is indifferent ; for instance, four and six. Then you
say : I have bought each measure of the four for thing;
and accordingly you multiply four by thing, which gives
four things; and I have bought the six, each for the
moiety of thing, for which I have bought the four; or,
if you please, for one-third, or one-fourth, or for any
other quota of that price, for it is indifferent. Suppose
that you have bought the six measures for the moiety of
thing, then you multiply the moiety of thing by six;
this gives three things. Add them to the four things;
the sum is seven things, which must be equal to the
difference of the two quantities, which is two measures,
plus the difference of the two prices, which is a moiety
of thing.. You have, therefore, seven things, equal to
two and a moiety of thing. Remove, now, this moiety
of thing, by subtracting it from the seven things.
_ There remain six things and a half, equal to two dir- (36)
hems: consequently, one thing is equal to four-thir-
teenths of a dirhem. The six measures were bought,
each at one-half of thing; that is, at two-thirteenths of
a dirhem. Accordingly, the expenses amount to eight-
and-twenty thirteenths of a dirhem, -and this sum is
equal to the difference of the two quantities; namely,

If z is the pﬁce of the barley, r« is the price of the
wheat; whence, mrz + nx =(m —n) 4 (rz — 2); .. z =

m—n . (mr4a) X (m—n)
mringr—1 and the sum expended is wrdntr—i

H
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the two measures, the arithmetical equivalent for which
is six-and-twenty thirteenths, added to the difference of
the two prices, which is two-thirteenths: both diffe-
rences together being likewise equal to twenty-eight
parts. .

Ifhesay: “Thereare two numbers,* the difference
of which is two dirhems. I have divided the smaller by
the larger, .and the quotient was just half a dirhem.”}
Suppose one of the two numbers* to be thing, and the
other to be thing plus two dirhems. By the division
of thing by thing plus two dirhems, half a dirhem
appears as quotient. You have already observed, that
by multiplying the quotient by the divisor, the capital
which you divided is restored. This capital, in the
present case, is thing. Multiply, therefore, thing and
two dirhems by half a dirhem, which is the quotient;
the product is half one thing plus one dirhem this is
equal to thing. Remove, now, half a thing on account

® In the original, ‘“ squares.” The word square is used
in the text to signify either, 1st, a square, properly so called,
fractional or integral; 2d, a rational integer, not being a
square number ; 3d, a rational fraction, not being a square ;
4th, a quadratic surd, fractional or integral.

t se=t

r42 =z
s=— =1

-:—zl andz42=4
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of the other half thing; there remains one dirhem,
equal to half a thing. Double it, then you have one
thing, equal to two dirhems. Consequently, the other
number* is four.

If some one say: I have divided ten into two parts;
I have multiplied the one by ten and the other by itself,
and the products were the same;”+ then the computa~
tion is this: You multiply thing by ten; itis ten things.
Then multiply ten less thing by itself; itis a hundred (37)
and a square less twenty things, which is equal to ten
things. Reduce this according to the rules, Whlcll I
have above explained to you.

Inlike manner, if he say: “ I have divided ten into
two parts; I have multiplied one of the two by the
other, and have then divided the product by the diffe-
rence of the two parts before their multiplication, and the
result of this division is five and one-fourth ;’ the com-.
putation will be this: You subtract thing from ten; there
remain ten less thing. Multiply the one by the other, it
is ten things less a square. This is the product of the
multiplication of one of the two parts by the other. At

* « Square ” in the original.
+ 10z=(10—-2)?=100—30z+ 2
z=15-—4/225—100=15—~125

#(10—2)
0—2z = 5*

10z—z? =583 — 10}z
20}z=a%+52%
2=10}-74=3
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present you divide this by the difference between the
two parts, which is ten less two things. The quotient
of this division is, according to the statement, five and
a fourth. I, therefore, you muliply five and one-fourth
by ten less two things, the product must be equal to the
above amount, obtained by multiplication, namely, ten
things less one square. Multiply now five and one-
fourth by ten less two squares. The result is fifty-two
dirhems and a half less ten roots and a half, which is
equal to ten roots less a square. Separate now the ten
roots and & half from the fifty-two dirhems, and add
them to the ten roots less a square ; at the same time
separate this square from them, and add it to the
fifty-two dirhems and a half. Thus you find twenty
roots and a half, equal to fifty-two dirhems and a half
and one square. Now continue reducing it, conform-
ably to the rules explained at the commencement of
this book.

(38)  If the question be: “There is a square, two-thirds of
one-fifth of which are equal to one-seventh of its root;”
then the square is equal to one root and half a seventh
ofa root; and the root consists of fourteen-fifteenths
of the square.* The computation is this: You

hd §x§z"=.:_
.1:3.—.-7‘)(,1:1]1‘3
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multiply. two-thirds of one-fifth of the square by
seven and a half, in order that the square may be com-
pleted. Multiply that which you have already, namely,
one-seventh of its root, by the same. The result will
be, that the square is equal to one root and half a
seventh of the root; and the root of the square is one
and a half seventh ; and the square is one and twenty-
nine one hundred and ninety-sixths of a dirhem. Two-
thirds of the fifth of this are thirty parts of the hundred
and ninety-six parts. One-seventh of its root is like-
wise thirty parts of a hundred and ninety-six.

If the instance be: ¢ Three-fourths of the fifth of &
square are equal to four-fifths of its root,”* then the
computation is this: You add one-fifth to the four-
fifths, in order to complete the root. This is then equal
to three and three-fourths of twenty parts, that is, to
fifteen eightieths of the square. Divide now eighty by
fifteen ; the quotient is five and one-third. This is the
root of the square, and the square is twenty-eight and
four-ninths. ' '

If some one say : ¢ What is the amount of a square-
root, which, when multiplied by four times itself,

* fxjel=fo
%3::, or 4§z, or fpz =1

Sz =18 =5}
1 « Square ” in the original.
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amounts to twenty ?** the answer is this: If you mul-
tiply it by itself it will be five : it is therefore the root
of five.

If somebody ask you for the amount of a square-
root,+ which when multiplied by its third amounts. to
ten,} the solution is, that when multiplied by itself it
will amount to thirty; and it is consequently the root
of thirty.

(89) If the question be: ®*To find a quantityt, which
when multiplied by four times itself, gives one-third of
the first quantity as product,”§ the solution is, that if
you multiply it by twelve times itself, the quantity
itself must re-appear : it is the moiety of one moiety of
one-third.

Ifthe question be: © A square, which when multiplied
by its root gives three times the original square as pro-
duct,”|} then the solution is: that if you multiply the
root by one-third of the square, the original square is

. ® 423 —g0
z=v5
+ ¢ Square " in the original.
1 zxai=lo
23=30
z =430
§ IX#:S.
T =4
| #3xz=32%
=3
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restored; its root must consequently be three, and the
square itself nine.

If the instance be: * To find a square, four roots of
which, multiplied by three roots, restore the square
with a surplus of forty-four dirhems,”* then the solution
is: that you multiply four roots by three roots, which
gives twelve squares, equal to a square and forty-four
dirhems. Remove now one square of the twelve on
account of the one square connected with the forty-four
dirhems. There remain eleven squares, equal to forty-
four dirhems. Make the division, the result will
four, and this is the square. :

If the instance be: “ A square, four of the roots of
which multiplied by five of its roots produce twice the
square, with a surplus of thirty-six dirhems;”+ then the
solutionis: that you multiply four roots by five roots,
which gives twenty squares, equal to two squares and
thirty-six dirhems. Remove two squares from the twenty
on account of the other two. The remainder is eigh-
teen squares, equal to thirty-six dirhems. Divide now
thirty-$ix dirhems by eighteen; the quotient is two,
and this is the square.

* 4rx3r=3"+44
1122 = 44
= 4
z =2
t 4xx 52=252436
1822 = 36
a2=3
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(40) In the same manner, if the question be: ¢ A square,
multiply its root by four of its roots, and the product
will be three times the square, with a surplus of fifty
dirhems.”t Computation : You multiply the root by four
roots, it is four squares, which are equal to three squares
and fifty dirhems. Remove three squares from the four;
there remains one square, equal to fifty dirhems. One
root of fifty, multiplied by four roots of the same, gives
two hundred, which is equal to three times the square,
and a residue of fifty dirhems.

If the instance be: * A square, which when added to
twenty dirhems, is equal to twelve of its roots,”t then
the solution is this: You say, one square and twenty
dirhems are equal to twelve roots. Halve the roots and
multiply them by themselves; this gives thirty-six.
Subtract from this the twenty dirhems, extract the
root from the remainder, and subtract it from the
moiety of the roots, which is six, The remainder is
the root of the square : it is two dirhems, and the square
is four.

If the instance be: “To find a square, of which if
one-third be added to three dirhems, and the sum be
subtracted from the square, the remainder multiplied by

* 42%= 32+ 50
22 = 50
+ 234-20=122
z=6++/36—20=6F4=100r 2
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itself restores the square;”* then the computation
is this: If you subtract one-third and three dirhems
from the square, there remain two-thirds of it less three
dirhems. Thisis the root. Multiply therefore two-thirds
of thing less three dirhems by itself. You say two-
thirds by two-thirds is four ninths of a square; and less
two-thirds by three dirhems is two roots: and again,
two-thirds by three dirhems is two roots; and less three
dirhems by less three dirhems is nine dirhems. You (41)
have, therefore, four-ninths of a square and ninedirhems
less four roots, which are equal to one root. Add the
four roots to the one root, then you have five roots,
which are equal to four-ninths of a square and nine
dirhéms. Complete now your square; that is, multiply
the four-ninths of a square by two and.a fourth, which
gives one square; multiply likewise the nine dirhems
by two and a quarter; this gives twehty and a quartei;
finally, multiply the five roots by two and a quarter;
this gives eleven roots and a quarter. - You have, there-
fore, a square and twenty dirhems and a quarter, equal
to eleven roots and a quarter. Reduce this according to
what I taught you about halving the roots.

s [=(49)=s
or[_i_’” —3]‘==.r
Ltg=s0

22 4+ 20} = 1}x
x =9, or ¢}
1
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thing ; it is two squares and two things, equal to one
dirhem and a half. Reduce them to one square: that
is, take the moiety of all you have. You say, there-
fore, one square and one thing are equal to three-
fourths of a dirhem. Reduce this, according to what
I have taught you in the beginning of this work.

If the instance be: “ A number,* you remove one-
third of it, and one-fourth of it, and four dirhems : then
you multiply the remainder by itself, and the number,*
is restored, with a surplus of twelve dirhems:”t then
the computation is this: You take thing, and subtract
from it one-third and one-fourth; there remain five-
twelfths of thing. Subtract from this four dirhems:

(43) the remainder is five-twelfths of thing less four dirhems.
Multiply this by itself. . Thus the five parts become
five-and~twenty parts; and if you multiply twelve by
itself, it is a hundred and forty-four. This makés,
therefore, five and twenty hundred and forty-fourths
of a square. Multiply then the four dirhems twice by
the. five-twelfths ; this gives forty parts, every twelve of
which make one root (forty-twelfths) ; finally, the four

* « Square” in the original.
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dirhems, multiplied by four dirhems, give sixteen dir-
hems to be added. The forty-twelfths are equal to
three roots and one-third of a root, to be subtracted.
The whole product is, therefore, twenty-five-hundred-
and-forty-fourths of a square and sixteen; dirhems less
three roots and one-third of a root, equal to the original
number,* which is thing and twelve dirhems. Reduce
this, by adding the three roots and one-third to the
thing and twelve dirhems. Thus you have four roots
and one-third of a root and twelve dirhems. Go on
balancing, and subtract the twelve (dirhems) from six-
teen ; there remain four dirhems and five-and-twenty-
hundred-and-forty-fourths of a square, equal to four
roots and one-third. Now it is necessary to complete
the square. This you can accomplish by multiply-
ing all you have by five and nineteen twenty-fifths.
Multiply, therefore, the twenty-five-one-hundred-and-
forty-fourths of a square by five and nineteen twenty-
fifths. This gives a square. Then multiply the four (44)
dirhems by five and nineteen twenty-fifths ; this gives
twenty-three dirhems and one twenty-fifth. . Then
multiply four roots and one-third by five and nineteen
twenty-fifths; this gives twenty-four roots and twenty-
four twenty-fifths of a root. Now halve the number of
the roots: the moiety is twelve roots and twelve twenty-
fifths of a root. Multiply this by itself. It is one
hundred-and-fifty-five dirhems and four hundred-and-

* « Square " in the original.
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sixty-nine six-hundred-and-twenty-fifths.  Subtract
from this the twenty-three dirhems and the one twenty-
fifth connected with the square. The remainder is
one-hundred-and-thirty-two and four-hundred-and-
forty six-hundred-and-twenty-fifths. Take the root of
this : it is eleven dirhems and thirteen twenty-fifths.
Add this to the moiety of the roots, which was twelve
dirhems and twelve twenty-fifths. The sum is twenty-
four. It is the number® which you sought. When
you subtract its third and its fourth and four dirhems,
and multiply the remainder by itself, the number * is
restored, with a surplus of twelve dirhems.
if the question be: ¢ To find a square-root,* which,
when multiplied by two-thirds of itself, amounts to
(45) five;”+ then the computation is this: You multiply
one thing by two-thirds of thing; the product is two-
thirds of square, equal to five. Complete it by adding
its moiety to it, and add to five likewise its moiety.
Thus you have a square, equal to seven and a half.
Take itsroot; it is the thing which you required, and
which, when multiplied by two-thirds of itself, is equal
to five. . '
- If the instance be: * Two numbers,} the difference

® « Square ” in the original.
tezxfe=5
=5
2 =7}
z=4/73}
1 « Squares” in the original.
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of which is two -dirhems ; you divide the small one by
the great one, and the quotient is equal to half a dir-
hem ;* then the computation is this: Multiply thing
and two dirhems by the quotient, that is a half. The
product is half a thing and one dirhem, equal to thing.
Remove now half a dirhem on account of the half dir-
hem on the pther side. The remainder is one dir-
hem, equal to halfa thing. Double it: then you have
thing, equal to two dirhems. This is one of the two
numbers,+ and the other is four. 7

Instance: ¢ You divide one dirhem amongst a cer-
tain number of men, which number is thing. Now you
add one man more to them, and divide again one dir-.
hem amongst them ; the quota of each is then one-sixth
of a dirhem less than at the first time.”{ Computation:
You multiply the first number of men, which is thing,
by the difference of thie share for each of the other
number. Then multiply the product by the first and
second number of men, and divide the product by.the

t
Yyt
dzt1 =2

%.r:l

i z=2, r4+2=4
+ ¢ Squares " in the original.
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2242 =6
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difference of these two numbers. ‘Thus you obtain the
sum which shall be divided. Multiply, therefore, the
first number of men, which is thing, by the one-
sixth, which is the difference of .the shares; this gives
one-sixth of root. Then multiply this by the original
number of t.he,meﬁ, and that of the additional one,
that is to say, by thing plusone. The product is one-
sixth of square and one-sixth of root divided by one
(46) dirhem, and this is equal to one dirhem. Complete the
square which you have through multiplying it by six.
‘Then you have a square and a root equal to six dir-
hems. Halve the root and multiply the moiety by
_itself, it is one-fourth. Add this to the six; take the
root of the sum and subtract from it the moiety of the
root, which you have multiplied by itself; namely, a
half. The remainder is the first number of men ; which
in this instance is two. .
If the instance be :. ¢ To find a square-root,* which
when multiplied by two-thirds of itself amounts to
five:”+ then the computation is this: If you multiply
it by itself, it gives seven and a half. Say, therefore,

* « Square” in the original.
t$%=5
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VTEx #Wik=5
VEXTi=Vat=¢/7}
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it is the root of seven and a half multiplied by two-
thirds of the root of seven and a half. Multiply then
two-thirds by two-thirds, it is four-ninths; and four-
ninths multiplied by seven and a half is three and a
third. The root of three and a third is two-thirds of
the root of seven and a half. Multiply three and a
third by seven and a hali; the product is twenty-five,
and its root is five.

If the instance be : A square multiplied by three of
its roots is equal to.five times the original square;”*
then this is the same as if it had been said, a square,
which when multiplied by its root, is equal to the first
square and two-thirds of it. Then the root of the
square is one and two-thirds, and the square is two
dirhems and seven-ninths.

" If the instance be: “ Remove one-third from a
square, then multiply the remainder by three roots of
the first square, and the first'square will be restored.”+
Computation : If you multiply the first square, before (47)
removing two-thirds from it, by three roots of the
same, then it is one square and a half; for according
to the statement two-thirds of it multiplied by three

* 22 % 3= 5a?
2* X & = 142?
& = 'lg-
2? = of
1 (22—42%) x 3r =122 .. $2?x Jz=2
z?x 3z =132
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roots give one square;; and, consequently, the whole of
it multiplied by three roots of it gives one square and a
half. This entire square, when multiplied by one
root, gives half a square; the root of the square must
therefore be a half, the square one-fourth, two-thirds
of the square one-sixth, and three roots of the square
one and a half. If you multiply one-sixth by one and
ahalf, the product is one-fourth, which is the square.

Instance: A square; you subtract four roots of the
same, then take one-third of the remainder; this is
equal to the four roots.”” The square is two hundred
and fifty-six.* Computation: You know that one-third
of the remainder is equal to four roots; consequently,
the whole remainder must be twelve roots; add to this
the four roots; the sum is sixteen, which is the root of
the square.

Instance: “ A square; you remove one root from it;
and if you add to this root a root of the remainder, the
sum is two dirhems.’+ Then, this is the root of a

B 4
* 3 '=4.t
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2%= 162
z =16.. 5% = 256
1' V?Tt-i-z:a
‘/E:Q-.t
Bz =4 2~ 4z
d43s=44+2
3r=4
S=l§




( 67 )

square, which, when added to the root of the same
square, less one root, is equal to two dirhems. Sub-
tract from this one root of the square, and subtract also
from the two dirhems one root of the square. Then
two dirhems léss one root multiplied by itself is four
dirhems and one square less four roots, and this is equal
to a square less one root. Reduce it, and you find a
square and four dirhems, equal to a square and three
rootss Remove square by square; there remain three
roots, equal to four dirhems; consequently, one root is
equal to one dirhem and ane-third. -This is the root of
the square, and the square is one dirhem and seven-
ninths of a dirhem. (48)

Instance : “ Subtract three roots from a square, then
multiply the remainder by itself, and the square is
restored.”* You know by this statement that the re-
mainder munst be a root likewise; and that the square
consists of four such roots; consequently, it must be
sixteen.

T =4
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ON MERCANTILE TRANSACTIONS.

You know that all mercantile transactions of people,
such as buying and selling, exchange and hire, com-
prebend always two notions and four numbers, which
are stated by the enquirer ; namely, measure and price,
and quantity and sum. The number which expresses
the measure is inversely proportionate to the number
which expresses the sum, and the number of the price
inversely proportionate to that of the quantity. Three
of these four numbers are always known, one is un-
known, and this is implied when the person inquiring
says how much ? and it is the object of the question.
The computation in such instances is this, that you try
the three given numbers; two of them must necessarily
be inversely proportionate the one to the other. Then
you niultiply these two proportionate numbers by each
other, and you divide the product by the third given
number, the proportionate of which is unknown. The
quotient of this division is the unknown number, which
the inquirer asked for ; and it is inversely proportionate
‘to the divisor.* '

Ezxamples.—For the first case : If you are told, ¢ ten

(49) for six, how much for four?’ then ten is the measure ;

% Ifa is given for b, and 4 for B, thena:5 :: 4: B or
mB:bA.'.a:b‘Fd and 6=a—j.
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siz is the price; the expression Aow muck implies the
unknown number of the quantity; and jfour is the
number of the sum. The number .of the measure,
which is ten, is inversely proportionate to the number
of the sum, namely, four. Multiply, therefore, ten
- by four, that is to say, the two known proportionate
numbers by each other; the product is forty. Divide
this by the other known number, which is that of the
. price, namely, six. The quotient is six and two-
thirds; it is the unknown number, implied in the words
of the question Aow much #” it is the quantity, and
inversely proportionate to the six, which is the price.
For the second case : Suppose that some one ask this
question : “ ten for eight, what must be the sum for
four 7 This is also sometimes expressed thus: “ What
must be the price of four of them ?” Ten is the number
of the measure, and is inversely proportionate to the
unknown number of the sum, which is involved in the
expression how much of the statement. KEight is the
number of the price, and this is inversely proportionate
to the known number of the quantity, namely, four.
" Multiplynow the two known proportionate numbers. one
by the other, that is to say, four by eight. The product
is thirty-two. Divide this by the other known number,
which is that of the measure, namely, ten. The quo-
tient is three and one-fifth; this is the number of the
sum, and inversely proportionate to the ten which was
the divisor. In this manner all computations in matters

of business may be solved.
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If somebody says, “ a workman receives a pay of ten

(50) dirhems per month ; how much must be his pay for six

days?’ Then you know that six days are one-fifth of
the month; and that his portion of the dirhems must
be proportionate to the portion of the month. You
calculate it by observing that one month, or thirty
"days, is the measure, ten dirhems the price, six days

the quantity, and his portion the sum. Multiply the

price, that is, ten, by the quantity, which is propor-

tionate to it, namely, six ; the product is sixty. Divide

this by thirty, whichis the known number of the mea~

sure. The quotient is two dirhems, and this is the sum.

This is the proceeding by which all transactions con-
cerning exchange or measures or weights are settled.

MENSURATION.

Kxnow that the meaning of the expression “one by
one” is mensuration : one yard (in length) by one yard
(in breadth) being understood.

Every quadrangle of equal sides and angles, which
has one yard for every side, has also one for its area.
Has such a quadrangle two yards for its side, then the
area of the quadrangle is four times the area of a qua-
drangle, the side of which is one yard. The same takes
place with three by three, and so on, ascending or
descending: for instance, a half by a half, which gives
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8 quarter, or other fractions, always following the same
rule. A quadrate, every side of which is half a yard, is (51)
equal to one-fourth of the figure which has one yard for
its side. In the same manner, one-third by one-third,
or one-fourth by one-fourth, or one-fifth by one-fifth,
or two-thirds by a half, or more or less than this, al-
ways according to the same rule.

One side of an equilateral quadrangular figure,
taken once, is its root; or if the same be multiplied by
two, then it is like two of its roots, whether it be small
or great. ’

If you multiply the height of any equilateral triangle
by the moiety of the basis upon which the line marking
the height stands perpendicularly, the product gives
the area of that triangle.

In every equilateral quadrangle, the product of one
diameter multiplied by the moiety of the other will be
equal to the area of it.

In any circle, the product of its diameter, multiplied
by three and one-seventh, will be equal to the peri-
phery. Thisis the rule generally followed in practical
life, though it is not quite exact. The geometricians
have two other methods. One of them is, that you
multiply the diameter by itself; then by ten, and
hereafter take the root of the product; the root will be
the periphery. The other method is used by the astro-
nomers among them: it is this, that you multiply the
diameter by sixty-two thousand eight hundred and
thirty-two and then divide the product by twenty



(72)

thousand ; the quotient is the periphery. Both methods
come very nearly to the same effect.*

If you divide the periphery by three and one-seventh,
the quotient is the diameter.

The area of any circle will be found by multiplying
the moiety of the circumference by the moiety of the
diameter; since, in every polygon of equal sides and

(52) angles, such as triangles, quadrangles, pentagons, and
so on, the area is found by multiplying the moiety of
the circumference by the moiety of the diameter of the
middle circle that may be drawn through it.

If you multiply the diameter of any circle by itself;
and subtract from the product one-seventh and half
one-seventh of the same, then the remainder is equal
to the area of the circle. This comes very nearly to the
same result with the method given sbove. ¥

Every part of a circle may be compared to a bow.
It must be either exactly equal to half the circum-
ference, or less or greater than it. This may be ascer-
tained by the arrow of the bow. When this becomes
equal to the moiety of the chord, then the arc is

* The three formulas are,
18t, 334d=p ie. 3.14284d
ad, vV1od?=p ie. 3.16227d

3ds d x 62832

=p ie. 3.1416d
ao000 P 16 3141

+ The area of a circle whose diameter is d is xif.‘:

22 n_ I
T =( ==



()

exactly the moiety of the circumference: is it shorter
than the moiety of the chord, then the bow is less than
_half the circumference; is the arrow longer than half
the chord, then the bow comprises more than half the
circumference.

If you want to ascertain the circle to which it be-
longs, multiply the moiety of the chord by itself, divide
it by the arrow, and add the quotient to the arrow,
the sum is the diameter of the circle to which this bow
belongs.

If you want to compute the area of the bow, mul- .
tiply the moiety of the diameter of the circle by the °

- moiety of the bow, and keep the product in mind.
Then subtract the arrow of the bow from the moiety
of the diameter of the circle, if the bow is smaller than
half the circle; or if it is greater than half the circle,
subtract half the diameter of the circle from the arrow
of the bow. Multiply the remainder by the moiety of
the chord of the bow, and subtract the product from
that which you have kept in mind if the bow is smaller (53)
than the moiety of the circle, or add it thereto if the
bow is greater than half the circle. The sum after the
addition, or the remainder after the subtraction, is the
area of the bow.

The bulk of a quadrangular body will be found by
multiplying the length by the breadth, and then by the
height. ,

If it is of another shape than the quadrangular (for
instance, circular or triangular), so, however, thata

L
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line representing its height may stand perpendicularly
on its basis, and yet be parallel to the sides, you must
caleulate it by ascertaining at first the area of its basis.
This, multiplied by the height, gives the bulk of the
body.

Cones and pyramids, such as triangular or quadran-
gular ones, are computed by multiplying one-third of
the area of the basis by the height.

Observe, that in every rectangular triangle the two
short sides, each multiplied by itself and the products
added together, equal the product of the long side mul-
tiplied by itself.

The proof of this is the following. We draw a qua-
drangle, with equal sides and angles ABCD. We
divide the line AC into two moieties in the point H,
from which we draw a parallel to the point R. Then
we divide, also, the line AB into two moieties at the
point T, and draw a parallel to the point G. Then the
quadrate ABCD is divided into four quadrangles of
equal sides and angles, and of equal area; namely, the
squares AK, CK, BK, and DK. Now, we draw from

(54) the point H to the point T a line which divides the
quadrangle AK into two equal parts: thus there arise
two triangles from the quadrangle, namely, the triangles
ATH and HKT. Weknow that AT is the moiety
of AB, and that A H is equal to it, being the moiety of
AC; and the line TH joins them opposite the right
angle. In the same manner we draw lines from T to
R, and from R to G, and from G to H. Thus from




(1)

all the squares eight equal triangles arise, four of which
must, consequently, be equal to the moiety of the great
quadrate AD. We know that the line AT multiplied
by itself is like the area of two triangles, and AK gives
the area of two triangles equal to them; the sum of
them is therefore four triangles. But the line HT,
multiplied by itself; gives likewise the area of four such
triangles. We perceive, therefore, that the sum of AT
multiplied by itself, added to A H multiplied by itself,
is equal to TH multiplied by itself. This is the
observation which we were desirous to elucidate. Here
is the figure to it:

B "

Quadrangles are of five kinds: firstly, with right (55)
angles and equal sides ; secondly, with right angles and
unequal sides; thirdly, the rhombus, with equal sides
and unequal angles; fourthly, the rhomboid, the length
of which differs from its breadth, and the angles of
which are unequal, only that the two long and the two
short sides are respectively of equal length; fifthly,
quadrangles with unequal sides and angles.

‘First kind.—The area of any quadrangle with equal
sides and right angles, or with unequal sides and right
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angles, may be found by multiplying the length by the
breadth. The product is the area. For instance: a
quadrangular piece of ground, every side of which has
five yards, has an area of five-and-twenty square yards.
Here is its figure.

3
Second kind.—A quadrangular piece of ground, the
two long sides of which are of eight yards each, while
the breadth is six. You find the area by multiplying
six by eight, which yields forty-eight yards. Here is
(56) the figure to it:

48

Third kind, the Rhombus.—Its sides are equal: let

~ each of them be five, and let its diagonals be, the one
eight and the othersix yards. You may then compute
the area, either from one of the diagonals, or from
both. * As you know them both, you multiply the one
by the moiety of the other, the product is the area:
that is to say, you multiply eight by three, or six by
four; this yields twenty-four yards, which is the area.
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If you know only one of the diagonals, then you are
aware, that there are two triangles, two sides of each
of which have every one five yards, while the third is
the diagonal. Hereafter you can make the computa-~
tion according to the rules for the triangles,* This is

the figure: °

The fourth kind, or Rhomboid, is computed in the
same way as the rhombus. Here is the figure to it:

»
/3 B8

r 73

The other quadrangles are calculated by drawing a (57)
diagonal, and computing them as triangles.

Triangles are of three kinds,. acute-angular, obtuse-
angular, or rectangular. The peculiarity of the rec-
tangular triangle is, that if you multiply each of its
two short sides by itself, and then add them together,
their sum will be equal to the long side multiplied by
itself. The character of the acute-angled triangle is

» If the two diagonals are d and &, and the side s, the

dd’ &

area of the rhombus is == dx s”—.;.
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this: if you multiply every one of its two short sides
by itself, and add the products, their sum is more
than the long side alone multiplied by itself. The
definition of the obtuse-angled triangle is this: if you
multiply its two short sides each by itself, and then add
the products, their sum is less than the ptoduct of the
long side multiplied by itself.

The rectangular triangle has two cathetes and an
hypotenuse. It may be considered as the moiety of a
quadrangle. You find its area by multiplying one of
its cathetes by the moiety of the other. The product
is the area.

Ezamples.— A rectangular triangle; one cathete being

(58) six yards, the other eight, and the hypotenuse ten.
You make the computation by multiplying six by four:
this gives twenty-four, which is the area. Or if you
prefer, you may also calculate it by the height, which
rises perpendicularly from the longest side of it: for
the two short sides may themselves be considered as
two heights. If you prefer this, you multiply the
height by the moiety of the basis. “The product is the
area. 'This is the figure:

Second kind.— Ani equilateral triangle with acute
angles, every side of which is ten yards long. Its area

/
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may be ascertained by the line representing its height
and the point from which it rises.* Observe, that in
every isosceles triangle, a line to represent the height
drawn to the basis rises from the latter in a right
angle, and the point from which it proceeds is always
situated in the midst of the basis; if, on the contrary,
the two sides are not equal, then this point never lies
in the middle of the basis. In the case now before us
we perceive, that towards whatever side we may draw
the line which is to represent the height, it must
necessarily always fall in the middle of it, where the
length of the basis is fivee Now the height will be
ascertained thus. You multiply five by itself; then
multiply one of the sides, thatis ten, by itself, which
gives a hundred. Now you subtract from this the

product of five multiplied by itself, which is twenty-five. (59)

The remainder is seventy-five, the root of which is the
height. This is a line common to two rectangular tri-
angles. If you want to find the area, multiply the
root of seventy-five by the moiety of the basis, which is’
five. This you perform by multiplying at first five by
itself; then you may say, that the root of seventy-five is
to be multiplied by the root of twenty-five. Multiply
seventy-five by twenty-five. The product is.one thou-
sand eight hundred and seventy-five ; take its root, it is

* The height of the equilateral triangle whose side is 10,
is 4/107 — 5% == /75, and the area of the triangle is
5V75=25v3
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the area: it is forty-three and a little.®  Here is the

figure :

/0

There are also acute-angled triangles, with different
sides. Their area will be found by means of the line
representing the height and the point from which it
proceeds. Take, for instance, a triangle, one side of
which is fifteen yards, another fourteen, and the third
thirteen yards. In order to find the point from which
the line marking the height does arise, you may take
for the basis any side 'you choose; e. g. that which is
fourteen yards long. The point from which. the line
(60) representing the height does arise, lies in this basis at
an unknown distance from either of the two other
sides. ILet us try to find its unknown distance from:
the side which is thirteen yards long. Multiply this
distance by itself; it becomes an [unknown] square.
Subtract this from thirteen multiplied by itself ; that is,
one hundred and sixty-nine. The.remainder is one
hundred and sixty-nine less a square. The root from
this is the height. The remainder of the basis is four-
teen less thing. We multiply this by itself; it becomes
one hundred and ninety-six, and a square less twenty-

* The root is 43.3 +
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eight things. We subtract this from fifteen multiplied
by itself; the remainder is twenty-nine dirhems and
twenty-eight things less one square. The root of this
is the height. As, therefore, the root of this is the
height, and the root of one hundred and sixty-nine less
square is the height likewise, we know that they both are
the same.* Reduce them, by removing square against
square, since both are negatives. There remain twenfy-
nine [dirhems] plus twenty-eight things, which are
equal to one hundred and sixty-nine. Subtract now
. twenty-nine from one hundred and sixty-nine. The
remainder is one hundred and forty, equal to twenty-
eight things. One thing is, consequently, five. This is
the distance of the said point from the side of thirteen
yards. The complement of the basis towards the other
side is nine. Now in order to find the height, you
multiply five by itself, ‘and subtract it from the conti-
guous side, which is thirteen, multiplied by itself. The
remainder is one hundred and forty-four. Itsroot is the
height. It is twelve. The height forms always two (61)
right angles with the basis, and it is called the column,
on account of its standing perpendicularly. Multiply
the height into half the basis, which is seven. The

* * /169 — 28 = 29 + 28z — 22
103 =29 + 28z
140 == 28z
5=
M
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product is eighty-four, which is the area. Here is the
figure :

The third species is that of the obtuse-angled triangle
with one obtuse angle and sides of different length.
For instance, one side being six, another five, and the
third nine. The area of such a triangle will be found
by means of the height and of the point from which &
line representing the same arises. This point can,
within such a triangle, lie only in its longest side. Take
therefore this as the basis : for if you choose to take one
of the short sides as the basis, then this point would
fall beyond the triangle. You may find the distance
of this point, and the height, in the same manner,
which I have shown in the acute-angled triangle; the
whole computation is the same. Here is the figure: .

A%

9

We have above treated at length of the circles, of
their qualities and their computation. The following
(62) is an example: If acircle has seven for its diameter,

then it has twenty-two for its circumference. Its area
you find in the following manner : Multiply the moiety
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of the diameter, which is threq and a half, by the moiety
of the circumference, which is eleven. The product is
thirty-eight and a half, which is the area. Or you may
also multiply the diameter, which is seven, by itself: this
is forty-nine; subtracting herefrom one-seventh and half
ane-seventh, which is ten and a half, there remain thirty-
eight and a half, which is the area. Here is the figure:

—

If some one inquires about the bulk of a pyramidal
pillar, its base being four yards by four yards, its
height ten yards, and the dimensions at its upper ex-
tremity two yards by two yards; then we know already
that every pyramid is decreasing towards its top, and
that one-third of the area of its basis, multiplied by the
height, gives its bulk. The present pyramid has no top.
We must therefore seek to ascertain what is wanting
in its height to complete the top. We observe, that the
proportion of the entire height to the ten, which we
have now before us, is.equal to the proportion of four
to-two. . Now as two is the moiety of four, ten must
likewise be the moiety of the entire height, and the
whole height of the pillar must be twenty yards. At
present we take one-third of the area of the basis,
that is, five and one-third, and multiply it by the
length, which is twenty. The product is one hundred (63)
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and six yards and two-thirds. Herefrom we must then
subtract the piece, which we have added in order to
complete the pyramid. This we perform by multiply-
ing one and one-third, which is one-third of the pro-
duct of two by two, by ten: this gives thirteen and a
third. ‘This is the piece which we have added in order
to complete the pyramid. Subtracting this from one
hundred and six yards and two-thirds, there remain
ninety-three yards and one-third : and this is the bulk
of the mutilated pyramid. This is the figure:

If the pillar has a circular basis, subtract one-seventh
and half a seventh from the product of the diameter
multiplied by itself, the remainder is the basis.

If some one says: ¢ There is a triangular piece of
land, two of its sides having ten yards each, and the
basis twelve ; what must be the length of one side of a
quadrate situated within such a triangle ?”’ the solation
is this. At first you ascertain the height of the trian-
gle, by multiplying the moiety of the basis, (which is

‘six) by itself, and subtracting the product, which is
thirty-six, from one of the two short sides multiplied
by itself, which is one hundred; the remainder is
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sixty-four: take the root from this; it is eight. This (64)
is the height of the triangle. Its area is, therefore,
forty-eight yards: such being the product of the height
multiplied by the moiety Qf the basis, which is six.
" Now we assume that one side of the quadrate inquired
for is thing. 'We multiply it by itself; thus it becomes
a square, which we keep in mind. We know that
there must remain two triangles on the two sides of the
quadrate, and one above it. The two triangles on
both sides of it are equal to each other: both having
the same height and being rectangular. You find their
area by multiplying thing by six less half a thing,
which gives six things less half a square. This is the
area of both the triangles on the two sides of the qua-
drate together. The area of the upper triangle will be
found by multiplying eight less thing, which is the
height, by balf one thing. The product is four things
less half a square. This altogether is equal to the area
of the quadrate plus that of the three triangles: or,
ten things are equal to forty-eight, which is the area of
the great triangle. One thing from this is four yards
and four-fifths of a yard; and this is the length of any
side of the quadrate. Here is the figure:

/2

33 “F 3F
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ON LEGACIES.

On Capital, and Money lent.

(65) A MaN dies, leaving two sons behind him, and
bequeathing one-third of his capital to a stranger. He
leaves ten dirhems of property and a claim of ten dir-
hems upon one of the sons.”

Computation: You call the sum which is taken .out
of the debt thing. Add this to the capital, which is ten
dirhems. The sum is ten and thing. Subtract one-third
of this, since he has bequeathed one-third of his pro-
perty, that is, three dirhems and one-third of thing.
The remainder is six dirhems and two-thirds of thing.
Divide this between the two sons. The portion of
each of them is three dirhems and one-third plus one-
third of thing. This is equal to the thing which was
sought for.* Reduce it, by removing one-third from

* If a father dies, leaving 1 sons, one of whom owes the
father a sum exceeding an nth part of the residue of the
father’s estate, after paying legacies, then such son retains
the whole sum which he owes the father: part, as a set-off
against his share of the residue, the surplus as a gift from
the father.

In the present example, let each son’s ehare of the residue
be equal to z.

4[1042] =22 L 142~38 . 10=2z ) T=5.
The stranger receives 5; and the son, who is not indebted
to the father, receives 5.
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thing, on account of the other third of thing. . There -
remain two-thirds of thing, equal.to three dirhems and
one-third. It is then only required that you complete
the thing, by adding to it as much as one half of the
same ; accordingly, you add to three and one-third as
much as one-half of them: This gives five dirhems,
which.is the thing that is taken out of the debts.

If he.leaves two sons and ten dirhems of capital and
a demand of ten dirhems against one of the sons, and
bequeaths one-fifth of his property and one dirhem to
a stranger, the computation is this: Call the sam which .
is taken out of the debt, thing. Add this to the pro-
perty; the sum is thing and ten dirhems. Subtract
one-fifth of this, since he has bequeathed one-fifth of (66)
his capital, that is, two dirhems and one-fifth of thing ;
the remainder is eight dirhems and four-fifths of thing.
Subtract also the one dirhem which he has bequeathed;
there remain seven dirhems and four-fifths of thing.
Divide this between the two sons ; there will be for each
of them three dirhems and a half plus two-fifths of
thing; and this is equal to one thing.* Reduce it by
subtracting two-fifths of thing from thing. Then you
have three-fifths of thing, equal to three dirhems and a
half. Complete the.thing by adding to it two-thirds of
the same: add as much to the three dirhems and a half,

* g [104z]=1=22 ., }[1042] —}=2
S ok=de o= =58
The stranger receives {10+ %] +1=4%
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namely, two dirhems and one-third ; the sum is five and
five-sixths. This is the thing, or the amount which is
taken from the debt.

If he leaves three sons, and bequeaths one-fifth of his
property less one dirhem, leaving ten dirhems of capital
and a demand of ten dirhems against one of the sons,
the computation is this: You call the sum which is
taken from the debt thing. Add this to the capital ;
it gives ten and thing. Subtract from this.one-fifth of
it for the legacy: it is two dirhems and one-fifth of
thing. There remain éight dirhems amd four-fifths of
thing ; add to this one dirhem, since he stated ¢ less
one dirhem.” Thus you have nine dirhems and four-
fifths of thing. Divide this between the three sons.
There will be for each son three dirhems, and one-
fifth and one-third and one-fifth of thing. This equals .
one thing.* Subtract one-fifth and one-third of one-

(67) fifth of thing from thing. There remain eleven-
fifteenths of thing, equal to three dirhems. It is now
required to complete the thing. For this purpose, add
to it four-elevenths, and do the same with the three
dirhems, by adding to them one dirhem and one-
eleventh, Then you have four dirhems and one-
eleventh, which are equal to thing. This is the sum
which is taken out of the debt.

* 1042 41=32 o g=2fs S ffordd=s
The stranger receives $[104+4§] —1=14
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On another Species of Legacy.

* A'man dies, leaving his mother, his wife, and twe
brothers and two sisters by the same father and mother
with himself; and he bequeaths to a stranger one-ninth
of his capital.”

Computation:* You oonstltnte their shates by taking
them out of forty-eight parts. You know that if you
take one-ninth from any capital, eight-ninths of it will
remain. Add now to the eight-ninths one-eighth of the
same, ‘and to the forty-eight also one-eighth of them,
hamely, six, in order to complete your capital. This
gives fifty-four. The person to whom ofie-ninth is
bequeathed receives six out of this, being one-ninth of
the whole capital. The remaining forty-eight will be
distributed among the heirs, proportlonably to their
legal shates.

If the instance be: A woman dies, leaving her
husband, a son, and three daughters, and bequeathing

* It appears in the sequel (p.96) that a widow is enti-
tled to th, ‘and a mother to 4th of the residue; }+3=1%,
leaving 44 of the residue to be distributed between two bro-
thers and two sisters ; that is, 1} between .a brother and a
sister; but in what proportion these 17 parts are to be
divided between the brother and sister does not appear in
the course of this treatise.

‘Let the whole capital of the testator=1
and let each 48th share of the residue=s
§=48z . -}:6&‘ o =z
that is, each 48th part of the residue =;;th of the whole
capital.
.
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to a stranger one-eighth and one-seventh of her capi-

(68) tal;” then you constitute the shares of the heirs, by
taking them out of twenty.* Take a capital, and sub-
tract from it one-eighth and one-seventh of the same.
The remainder is, a capital less one-eighth and one-
seventh. Complete your capital by adding to that
which you have already, fifteen forty-one parts. Mul-
tiply the parts of the capital, which are twenty, by
forty-one ; the product is eight hundred and twenty.
Add to it fifteen forty-one parts of the same, which are
three hundred: the sum is one thousand one hundred
and twenty parts. The person to whom one-eighth
and one-seventh were bequeathed, receives one-eighth
and one-seventh of this. One seventh of it is one hun-
dred and sixty, and one-eighth one hundred and forty.
Subtracting this, there remain eight hundred and
twenty parts for the heirs, proportionably to their legal
shares.

% A husband is entitled to th of the residue, and the
sons and daughters divide the remaining §ths of the residue
in such proportion, that a son receives twice as much as a
daughter. In the present instance, as there are three daughters
and one son, each daughter receives } of §,=, of the
residue, and the son, %. Since the stranger takes 344 =
3§ of the capital, the residue=4} of the capital, and each
Zyth share of the residue=4g; x4} =14}y of the capital.
The stranger, therefore, receives 3§ =13X2° — 390 of the
capital.
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On another Species of Legacies,* viz.

I¥ nothing has been imposed on some of the heirs,t
and something has been imposed on others; the legacy
amounting to more than one-third. It must be known,
that the law for such a case is, that if more than one-
third of the legacy has been imposed on one of the
heirs, this enters into his share; but that also those on
whom nothing has been imposed must, nevertheless,
contribute one-third.

Example: ¢ A woman dies, leaving her husband, a
son, and her mother. $he bequeaths to a person two-
fifths, and to another one-fourth of her capital. She
imposes the two legacies together on her son, and on
her mother one moiety (of the mother’s share of the
residue) ; on her husband she imposes nothing but one-
third, (which he must contribute, according to the

* The problems in this chapter may be considered as
belonging rather to Law than to Algebra, as they contain
little more than enunciations of the law of inheritance in
certain complicated cases. '

-} If some heirs are, by a testator, charged with payment
of bequests, and other heirs are not charged with payment
of any bequests whatever : if one bequest exceeds in amount
4d of the testator’s whole property ; and if one of his heirs
is charged with payment of more than }d of such bequest ;
then, whatever share of the residue such heir is entitled to
receive, the like share must he pay of the bequest where-
with he is charged, and those heirs whom the testator has
not charged with any payment, must each contribute towards
paying the bequests a third part of their several shares of
the residue. ’
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lIaw).”* Computation: You constitute the shares of the
(89) heritage, by taking them out of twelve parts: the son
receives seven of them, the husband three, and the
mother two parts. You know that the husband must
give up one-third of his share; accordingly he retains
twice as much as that which is detracted from his share
for the legacy. As he has three parts in hand, one of
these falls to the legacy, and the remaining two parts
he retains for himself. The two legacies together are
imposed upon the son. It is therefore necessary to
subtract from his share two-fifths and one-fourth of the
same. He thus retains seven twentieths of his entire
original share, dividing the whole of it into twenty
equal parts. The mother retains as much as she con-
tributes to the legacy; this is one (twelfth part), the
entire amount of what she had received being two parts.

* [f the bequests stated in the present example were charged
on the heirs collectively, the husband would be entitled to 4,
the mother to # of the residue : } +4 =% the remainder ,%;
would be the son’s share of the residue; but since the
bequests, £+ =43 of the capital, are charged upon theson
and mother, the law throws a portion of the charge on the

husband. )
TheHusband contributes § x § =20 X y};, and retains  x § =40x;1;
The Mother.......... $x3=20xgls. ..o..ol X F=20x1
The Son ...o..un..s. ﬁx;i,:glxﬁm.........&x,‘&,:wxm
Total contributed = 331 Total retained = 192

PHi=fH+S5=1

The Legatee, to whom the £ are bequeathed, receives 8; x {34 = !L’xl_;.:_l

The Legatee, to whom } is bequeathed, receives .5 x 33§ = 2 X1 :i,;g.l.
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Take now. a sum,.one-fourth of which may be di-
vided into thirds, or of one-sixth of which the moiety
may be taken; this being again divisible by twenty.
Sueh a capital is two hundred and forty. The mothen
receives one-sixth of this, namely, forty; twenty from
this fall to the legacy, and she retains twenty for her-.
self The husband receives one-fourth, namely, sixty ;
fram which twenty belong to the legacy, so that he
retains forty. The remaining hundred and forty belong
to the son; the legacy from this is two-fifths and one-
fourth, or ninety-one; so that there remain forty-
nine. The entire sum for the legacies is, therefore,
one hundred and thirty-one, which must be divided
among the two legatees. The one to whom two-fifths
were bequeathed, receives eight-thirteenths of this;
the one to whom one-fourth was devised, receives five-
thirteenths. If you wish distinctly to express the
shares of the two Jegatees, you need only to multiply (70)
the parts of the heritage by thirteen, and to take them
out of a capital of three thousand one hundred and
twenty. ,

But if she had imposed on her son (payment of) the
two-fifths to the person to whom the two-fifths were
bequeathed, and of nothing to the other legatee; and
upon her mother (payment of) the one-fourth to the
person to whom one-fourth was granted, and of nothing
to the other legatee; and upon her husband nothing
besides the one-third (which he must according to law
contribute) to both; then you know that this one-third
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comes to the advantage of the heirs collectively; and
the legatee of the two-fifths receives eight-thirteenths,
and the legateé of the one-fourth receives five-thir-
teenths from it. Constitute the shares as I have shown
above, by taking twelve parts; the husband receives
one-fourth of them, the mother one-sixth, and the son
that which remains.* Computation: You know that at
all events the husband must give up one-third of his
share, which consists of three parts. The mother must
likewise give up one-third, of which each legatee par-
takes according to the proportion of his legacy. Be-
sides, she must pay to the legatee to whom one-fourth is
bequeathed, and whose legacy has been imposed on her,
asmuch as the difference between the one-fourth and his

* =2t p
The Husband, who would be entitled to } of the residue, is
not charged by the Testator with any bequest.
The Mother who would be entitled to 2 of the residue, is
charged with the payment of  to the Legatee A.
The Son, who would be entitled to ,;; of the residue, is
charged with payment of £ to the Legatee B.

Mentibutes } 3 % & = 780X 53l retaine} x3=4458
The Mother. ..3 [1 4+ x3]= 710x 5545 retains .. ... 2%
The Son ..... ol $+Fr X§] = 2884 X 5o s retains . . ... 1

Total contributed = 4374 ; Total retained = 433§
The Legatee A, to whom 1 is x
bequeathed, recei%'es } 15 X $358 = Saddee

The Legatee B, to whom § are :
bequeathed, rec%ives }1% x $358 = ¥
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portion of the one-third, namely, nineteen one hundred
and fifty-sixths of her entire share, considering her share
as consisting of one hundred and fifty-six parts. His
portion of the one-third of her share is twenty parts.
But what she gives him is one-fourth of her entire share,
namely, thirty-nine parts. One third of her share is
taken for both legacies, and besides nineteen parts
which she must pay to him alone. The son gives to the
legatee to whom two-fifths are bequeathed as much as
the difference between two-fifths of his (the son’s) share
and the legatee’s portion of the one-third, namely,
thirty-eight one hundred and ninety-fifths of his (the
son’s) entire share, besides the one-third of it which is
taken off from both legacies. The portion which he
(the legatee) receives from this one-third, is eight-
thirteenths of it, namely, forty (one hundred and ninety-
fifths); and what the son contributes of the two-fifths
from his share is thirty-eight. These together make
seventy-eight. Consequently, sixty-five will be taken
from the son, as being one-third of his share, for both
legacies, and besides this he gives thirty-eight to the
one of them in particular. If you wish to express the
parts of the heritage distinctly, you may do so with
nine hundred and sixty-four thousand and eighty.

On another Species of Legacies.

¢ A man dies, leaving four sons and his wife; and
bequeathing to a person as much as the share of one

am
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of the sons less the amount of the share of the widow.”
Divide the heritage into thirty-two parts. The widow
receives one-eighth,* namely, four; and each son seven.
Consequently the legatee must receive three-sevenths of
the share of a son. Add, therefore, to the heritage
three-sevenths of the share of a son, that is to say
three parts, which is the amount of the legacy. This
gives thirty-five, from which the legatee receives three;
and the remaining thirty-two are distributed among
the heirs proportionably to their legal shares.

If he leaves two sons and a daughter,$ and bequeaths
to some one as much as would be the share of a third
son, if he had one; then you must consider, what

(12 would be the share of each son, in case 'he had three.
‘Assume this to be seven, and for the entire heritage

* A widow is entitled to §th of the residue; therefore
#ths of the residue are to be distributed among the sons of
the testator. Let z be the stranger’s legacy. The widow's
share ='8L'; each son’s share ={x%[1~z]; and a son’s

lomy lemg *

share, minus the widow’s share =[] —1] — =% 3=

g z= ..'_s"'_’ S &= 1—x=3} A son’s share =,%;
the widow’s share = .

+ A son is entitled to receive twice as much as a daughter.
Were there three sons and one daughter, each son would
receive §ths of the residue. Let-z be the stranger's legacy.

s ffies}=x - 2=4§, and1—z=]
Each Son’s share. ... =¢[1—z|=§x}=13
The Daughter’s share =4 [1—2z] ...... =45
The Stranger's legacy =% ............ =1¢
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take a number, one-fifth of which may be divided into
sevenths, and one-seventh of which may be divided into
fifths. Such a number is thirty-five. Add to it two-
sevenths of the same, namely, ten. This gives forty-
five. Herefrom the legatee receives ten, each son four-
teen, and the daughter seven.

If he leaves 2 mother, three sons, and a daughter,
and bequeaths to some one as much as the share of one
of his sons less the amount of the share of a second
daughter, in case he had one; then you distribute the
heritage into such a number of parts as may be divided
smong the actual heirs, and also among the same, if 3
second danghter were added to them.* Such a number
is three hundred and thirty-six. The share of the
second daughter, if there were one, would be thirty-
five, and that of a son eighty; their difference is forty-
five, and this is the legacy. Add to it three hundred
end thirty-six, the sum is three hundred and eighty-
one, which is the number of parts of the entire heritage.

* Let x be the stranger’s legacy ; 1—z is the residue.
A widow’s share of the residue is §th: there remains
£ [1—2z]), to be distributed among the children.

Since there jre 3 sons, and 1 dau, hter,
a son’s share is . g }ix%[‘ —1]

Were there 3 sons and 2 daughters, } Fx§[1-2]

daughter’s share would be.. ... ..
The difference = g x §[1~x]
¥ (1] 5 =y

1 —:a::zﬁ.r the widow’s share =&
the daughter’s share =A%

o
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If he leaves three sons, and bequeaths fo some one"
as much as the share of one of his sons, less' the share
of a daughter, supposing he had one, plus one-third
of the remainder of the one-third; the computation
will be this :* distribute the heritage into such a number
of parts as may be divided among the actual heirs, and
also among them if a daughter were added to them.
Such a number is twenty-one. Were a daughter among
the heirs, her share would be three, and that of a son
seven. The testator has therefore bequeathed to the

(718) ]égatee four-sevenths of the share of a son, and one-
third of what remains from one-third. Take therefore
one-third, and remove from it four-sevenths of the
share of a son. There remains one-third of the capital
less four-sevenths of the share of a son. Subtract now
one-third of what remains of the one-third, that is'to
say, one-ninth of the capital less one-seventh and one-
third of the seventh of the share of a son ; the remainder

* Since there are 3 sons, each son’s share of the residue =$.
Were there 3 sons and a daughter, the daughter’s share
would be J.
1—4=4
Let z be the stranger’s legacy, and v a son’s share
Then 1 —x=3v
but r=4v+4 [$—4v]
and 1—z=§+4—4$v—3 [3—%v]=3v
- §+3 [B—1v]=3v
o d+3=3f xv, or §=H} v
oo §=%v . v=7 8 —ason’sshare
: z =A% —the stranger’s legacy.
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is two-ninths of the capital less two-sevenths and two-
- thirds of a seventh of the share of a son. Add this to,
the two-thirds of the capital ; the sum is eight-ninths
of the capital less two-sevenths and two thirds of a
seventh of the share of a son, oreight twenty-one parts
of that share, and this is equal to_three shares. Re-
duce this, you have then eight-ninths of the. capital,.
equal to three shares and eight twenty-one. parts of a
share.” Complete the capital by adding to eight-ninths
as.much as one-eighth of the same, and add in the
same proportion to the shares. Then you find the
capital equal to three shares and forty-five fifty:sixth
parts of a share. Calculating now each share equal to
fifty-six, the whole capital is two hundred and thirteen,
the first legacy thirty-two, the second thirteen, and of
the remaining one hundred and sixty-eight each son
takes fifty-six.
On another Species of Legacies.
¢ A woman dies, leaving her daughter, her mother,
and her husband, and bequeaths to some one as much
as the share of her mother, and to another as much as
one-ninth of her entire capital.”* Computation: You
begin by dividing the heritage into thirteen parts, two

# In the former examples (p. go) when a husband and a
mother were among the heirs, a husband was found to be
entitled to }=-%, and a mother to }=% of the residue.
Here a husband is stated to be entitled to %;, and a mother

" to % of the residue.
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of which the mother receives. Now you perceive that the
(74) legacies amount to two parts plus one-ninth of the en-
tire capital. Subtracting this, there remains eight-ninths
of the capital less two parts, for distribution among
the heirs. Complete the capital, by making the eight-
ninths less two parts to be thirteen parts, and adding
two parts to it, so that you have fifteen parts, equal
to eight-ninths of capital; then add to this one-
eighth of the same, and to the fifteen parts add like-
wise one-eighth of the same, namely, one part and
seven-eighths ; then you have sixteen parts and seven-
eighths. The person to whom one-ninth is bequeathed,
receives one-ninth of this, namely, one part and seven-
eighthé ; the other, to whom as much as the share of
the mother is bequeathed, receives two parts. The
remaining thirteen parts are divided among the heirs,
according to their legal shares. You best determine
the respective shares by dividing the whole heritage
into one hundred and thirty-five parts.
If she has bequeathed as much as the share of the
husband and one-eighth and one-tenth of the capital,*

Let 1 of the residue =v
1—}—2v=13v ., §=15v
< v=x8x of the capital
A mother’s share= 28
* b=
A husband’s share of the residue is 3;
e 1—F—3e=13v .. $}=16v
S U= a husband’s share =%
The stranger’s legacy = 23§
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then you begin by dividing the heritage into thirteen
parts. Add to this as much as the share of the hus-
band, namely, three; thus you have sixteen.. This is
what remains of the capital after the deduction of one~
eighth and one-tenth, that is to say, of nine-fortieths.
The remainder of the capital, after the deduction of
one-eighth and one-tenth, is thirty-one fortieths of the
same, which must be equal to sixteen parts.” Complete
your capital by adding to it nine thirty-one parts of the
same, and multiply sixteen by thirty-one, which gives
four hundred and ninety-six; add to this nine thirty-
one parts of the same, which is one hundred and forty- (75)
four. The sum is six hundred and forty. Subtract
one-eighth and one-tenth from it, which is one hun-
dred and forty-four, and as much as the share of the
husband, which is ninety-three. There remains four
hundred and three, of which the husband receives
ninety-three, the mother sixty-two, and every daughter
one hundred and twenty-four.

If the heirs are the same,* but that she bequeaths to
a person as much as the share of the husband, less
one-ninth and one-tenth of what remains of the capital,

* b=
1-3v+448 [1-3v]=13v
o 390 [1—-3]=13v
o AP =[1344]v
ot v:f;%%,
The husband’s share =331
The stranger’s legacy =89,
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after the subtraction of that share, the computation is
this: Divide the heritage into thirteen parts. The
legacy from the whole capital is three parts, after the
subtraction of which there remains the capital less three
perts. Now, one-ninth and one-tenth of the remain-
ing capital must be added, namely, one-ninth and one-
tenth of the whole capital less one-ninth and one-tenth
of three parts, or less nineteen-thirtieths of a part; this
yields the capital and one-ninth and one-tenth less
three parts and nineteen-thirtieths of a part, equal to
thirteen parts. Reduce this, by removing the three
parts and nineteen-thirtieths from your capital, and
adding them to the thirteen parts. Then you have
the capital and one-ninth and one-tenth of the same,
equal to sixteen parts and nineteen-thirtieths of a part.
Reduce this to one capital, by subtracting from it
nineteen one-hundred-and-ninths. There remains a
(16) capital, equal to thirteen parts and eighty one-hundred-
and-ninths. Divide each part into one hundred and
nine parts, by multiplying thirteen by one hundred
and nine, and add eighty to it. This gives one thou-
sand four hundred and ninety-seven parts. The share
of the husband from it is three hundred and twenty-
seven parts.
If some one leaves two sisters and a wife,* and be-
queaths to another person as much as the share of a

* When the heirs are a wife, and 2 sisters, they each
inherit $ of the residue.

Let
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sister less one-eighth of what remains of the capital
after the deduction of the legacy, the computation is
this: You consider the heritage as consisting of twelve
parts. Each sister receives one-third of what remains
of the capital after the subtraction of the legacy ; that
is, of the capital less the legacy. You perceive that
one-eighth of the remainder plus the legacy equals the
share of a sister ; and also, one-eighth of the remainder
is as much’ as one-eighth of the whole capital less one-
eighth of the legacy ; and again, one-eighth of the
capital less one-eighth of the legacy added to the legacy
equals the share of a sister, namely, one-eighth of the
capital and seven-eighths of the legacy. The whole
capital is therefore equal to three-eighths of the capital
f)lus three and five-eighth times thelegacy. Subtract
now from the capital three-eighths of the same. There
remain five-eighths of the capital, equal to three and
five-eighth times the legacy; and the entire capital is
equal to five and four-fifth times the legacy. Conse-
quently, if you assume the capital to be twenty-nine,
the legacy is five, and each sister’s share eight.’

Let x be the stranger’s legacy.
4 [1—z]= a sister’s share
§[1-s]—4 [1—2] =z
s 1—g]=2 o F=%ix
SE=p S 1—z=4§

and a sister’s share =§;
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On another Species of Leg acies.
¢ A man dies, and leaves four sons, and bequeaths
to some person as much as the share of one of his sons;
and to another, one-fourth of what remains after the
deduction of the above share from one-third.” You
perceive that this legacy belongs to the class of those
(77) which are taken from one-third of the capital.* Compu-~
tation: Take one-third of the capital, and subtract
from it the share of a son. The remainder is one-
third of the capital less the share. Then subtract from
it one-fourth of what remains of the one-third, namely,
one-fourth of one-third less one-fourth of the share.
The remainder is one-fourth of the capital less three-
fourths of the share. Add hereto two-thirds of the
capital : then you have eleven-twelfths of the capital less
three-fourths of a share, equal to four shares. Reduce
this by removing the three-fourths of the share from the
capital, and adding them to the four shares. Then yau
- have eleven-twelfths of the capital, equal to four shares
and three-fourths. Complete your capital, by adding
to the four shares and three-fourths one-fourth of the
same. Then you have five shares and two-elevenths,

* Let the first bequest =—v; and the second =y
Then 1 —v—y —=4v
ie. §+4—v—1[3-v]=4v
o 43 [-vl=4
o tdy=[a+E]0 o H=1Po
<. v=}}; the 2d bequest =%,
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equal to the capital. Suppose, now, every share to be
eleven ; then the whole square will be fifty-seven ; one~
third of this is nineteen ; from this one share, namely,
eleven, must be subtracted ; there remain eight. The
legatee, to whom one-fourth of this remainder was be-
queathed, receives two. The remaining six are re-
turned to the other two-thirds, which are thirty-eight.
Their sum is forty-four, which is to be divided amongst
the four sons; so that each son receives eleven.

If he leaves four sons, and bequeaths to a person as
much as the share of a son, less one-fifth of what re-
mains ffom one-third after the deduction of that share,
then this is likewise a legacy, which is taken from one-
third.* Take one-third, and subtract from it one
share; there remains one-third less the share. Then
return to it that which was excepted, namely, one-fifth
of the one-third less one-fifth of the share. . This gives
one-third and one-fifth of one-third (or two-fifihs) (78)
less one share and one-fifth of a share. Add this to
two-thirds of the capital. The sum is, the capital and
one-third of one-fifth of the capital less one share and
one-fifth of a share, equal to four shares. Reduce this
by removing one share and one-fifth from the capital,

* 1—vt} [f—v]- v
or §x§—v+4 [§-v]=4v
or §+4 [§—v] =4
o 8+i=[4+8]v o H=¥v
< v=4F, and the stranger’s legacy =35
P
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and add to it the four shares. Then you have the
capital and one-third of one-fifth of the capital, which
are equal to five shares and one-fifth. Reduce this to
one capital, by subtracting from what you have the
moiety of one-eighih of it, that is to say, one-sixteenth.
Then you find the capitsl equal to four shares and
seven-eighths of a share. Assume now thirty-nine as
capital ; one-third of it will be thirteen, and one share
eight; what remains of one-third, after the deduction
of that share, is five, and one-fifth of thisis one. Sub-
tract now the one, which was excepted from the legacy ;
the remaining legacy then is seven; subtracting this
from the one-third of the capital, there remain six.
Add this to the two-thirds of the capital, namely, to
the twenty-six parts, the sum is thirty-two; which,
when distributed among the four sons, yields eight for
each of them.

If he leaves three sons and a daughter,* and be-
queaths to some person as much as the share of a

* Since there are three sons and one daughter, the daugh-
ter receives 4, and each son $ths of the residue.
If the 1st legacy =v, the 2d =y, and therefore a daugh-
ter's share = v,
' 1—v—y=7v; }+§=14}
< ti—v—13 [§-v] =70
ie. § Hr& [§=v]="7v
S ST 30 [7 +43]v
w Y=t 1‘5 0%
The ad legacy = =385
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daughter, and to another one-fifth and one-sixth of
what remains of two-sevenths of the capital after the
deduction of the first legacy ; then this legacy is to be
taken out of two-sevenths of the capital. Subtract
from two-sevenths the share of the daughter: there
remain two-sevenths of the capital less that share.
Deduct from this the second legacy, which comprises (79)
one-fifth and one-sixth of this remainder: there remain
one-seventh and four-fifteenths of one-seventh of the
capital less nineteen-thirtieths of the share. Add to
this the other five-sevenths of the capital: then you
have six-sevenths and four-fifteenths of one-seventh of
the capital less nineteen thirtieths of the share, equal to
seven shares. Reduce this, by removing the nineteen
thirtieths, and adding them to the seven shares: then
you have six-sevenths and four-fifteenths of one-seventh
of capital, equal to seven shares and nineteen-thirtieths.
Complete your capital by adding to every thing that
you have eleven ninety-fourths of the same; thus the
capital will be equal to eight shares and ninety-nine
one hundred and eighty-eighths. Assume now the
capital to be one thousand six hundred and three ; then
the share of the daughter is one hundred and eighty-
eight. Take two-sevenths of the capital ; that is, four
hundred and fifty-eight. Subtract from this the share,
which is one hundred and eighty-eight; there remain
two hundred and seventy. Remove one-fifth and one-
sixth of this, namely, ninety-nine; the remainder is
one hundred and seventy-one. Add’thereto five-
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sevenths of the capital, which is one thousand one
hundred and forty-five. The sum is one thousand three

(80) hundred and sixteen parts. This may be divided into

seven shares, each of one hundred and eighty-eight
parts; then this is the share of the daughter, whilst
every son receives twice as much. «

If the heirs are the same, and he bequeaths to some
person as much as the share of the daughter, and to
another person one-fourth and one-fifth out of what
remains from two-fifths of his capital after the deduc-
tion of the share; this is the computation :* You must
observe that the legacy is determined by the two-fifths.
Take two-fifths of the capital and subtract the shares :
the remainder is, two-fifths of the capital less the share.
Subtract from, this remainder one-fourth and one-fifth
of the same, namely, nine-twentietbs of two-fifths, less
as much of the share. The remainder is one-fifth
and one-tenth of one-fifth of the capital less eleven-
twentieths of thé share. Add thereto three-fifths of the

*eis
Let the 1st legacy =v = a daughter’s share
Le‘t the 2d ]egacy =Y
1—v—y="7v
ot g—v—F [$—v] =70
3 [§—0] =70
“dtoxg= 14y
sy =100 sv=opf
and the 2d legacy, y, =%
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capital : the sum is four-fifths and one-tenth of one-
fifth of the capital, less eleven-twentieths of the share,
equal to seven shares. Reduce this by. removing the
eleven-twentieths of a share, and adding them to the
seven shares. Then you have the same four-fifths and
one-tenth of one-fifth of capital, equal to seven shares
and eleven-twentieths. Complete the capital by adding
to any thing that you have nine forty-one pérts. " Then
you: have capital equal to nine shares and seveﬁteen
eighty-seconds. Now assume each portion to consist
of eighty-two parts; then you have seven hundred and
fifty-five parts. Two-fifths of these are three hundred (81)
and two. Subtract from this the share of the daughter,
which is eighty-two ; there remain two hundred and
twenty. Subtract from this one-fourth and one-fifth,
namely, ninety-nine parts. There remain one hun-
dred and twenty-one. Add to this three-fifths of the.
capital, namely, four hundred and fifty-three. Then
you have five hundred and seventy-four, to be divided
into seven. shares, each of eighty:two parts. Thisis
the share of the daughter; each son receives twice as
‘much. ' ‘
If the heirs are the same, and he bequeaths to a
person asmuch as the share of a son, less one-fourth
and one-fifth of what remains of two-fifths (of the
capital) after the deduction of the share; then you see
that this legacy is likewise determined by two-fifths.
Subtract two shares (of a daughter) from them, since
every son receives two (such) shares; there remain
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two-fifths of the capital less two (such) shares. Add
thereto what was excepted from the legacy, namely,
one-fourth and one-fifth of the two-fifths less nine-
tenths of (a daughter’s) share.* Then you have two-
fifths and nine-tenths of one-fifth of the capital less two
(daughter’s) shares and nine-tenths. Add to this
three-fifths of the capital. Then you bave one capital
and nine-tenths of one-fifth of the capital less two
(daughter’s)shares and nine-tenths, equal to seven (such)
shares. Reduce this by removing the two shares and
nine-tenths snd adding them to the seven shares. Then
you have one capital and nine-tenths of one-fifth of the
capital, equal to nine shares of a daughter and nine-
(82) tenths. Reduce this to one entire capital, by deduct-
ing nine fifty-ninths from what you have. There re-
mains the capital equal to eight such shares and twenty-
three fifty-ninths. Assume now each share (of a
daughter) to contain fifty-nine parts. Then the whole
heritage comprizes four hundred and ninety-five parts.
Two-fifths of this are one hundred and ninety-eight

* v=} of the residue = a daughter’s share.
29 = a son’s share
1—2v+ % [$—2v] =70
ie.3+3—20+ % [§—2v] =7v
“3+i3[i-2v] =70
I =[7+88)v - P=99v
».v=-F77%; ason’s share = 1}
and the legacy to the stranger = 8%




( 111 )

parts. Subtract therefrom the two shares (of a daugh-
ter) or one hundred and eighteen parts; there remain
eighty parts. Subtract now that which was excepted,
namely, one-fourth and one fifth of these eighty, or
thirty-six parts; there remain for the legatee eighty-
two parts. Deduct this from the parts in the -total
number of parts in the heritage, namely, four hundred
and ninety-five. There remain four hundred and thir-
teen parts to be distributed into seven shares; the
daughter receiving (one share or) fifty-nine (parts), and
each son twice as much. ) .
" If he leaves two sons and two daughters, and be-
queaths to some person as much as the share* of a

* Since there are two sons and two daughters, each son
receives §, and each daughter } of the residue. Let -
v = a daughter’s share.

Let the 18t legacy =2 =v—} [} ~v]

...... 2d......=y=v—% [§—2—v]
and 3d ...... =4
1—-},—1’—y==60

ie. §—dr+{—2—v+34 [p—2—v] =6v
o d—fyti[h-s—t] =6
ie f5+ [f—v-+4[§—v]—v] =6v
or {544 [$ [ —v]—v]6v
or dptoy= (6442200 = o
orf+§="1"% cv=gf=3}
The 18t Legacy =z =
The aod ...... =y=+1
A son’s shar'.c =4
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daughter less one-fifth of what remains from one-third
after the deduction of that share; and to another
person as much as the share of the other daughter less
one-third of what remains from one-third after the de-
duction of all this; and to another person balf one-sixth
of his entire capital; then you observe that all these
legacies are determined by the one-third. Take one-
third of the capital, and subtract from it the share ofa
daughter; there remains one-third of the capital less
one share. Add to this that which was excepted,
namely, one-fifth of the one-third less one-fifth of the
share : this gives one-third and one-fifth of one-third of
(88) the capital less one and one-fifth portion. Subtract
herefrom the portion of the second daughter; there
remain one-third and one-fifth of one-third of the
capital less two portions and one-fifth. Add to this
that which was excepted; then you have one-third
and three-fifths of one-third, less two portions and
fourteen-fifteenths of a portion. Subtract herefrom
half one-sixth of the entire capital: there remain
twenty-seven sixtieths of the capital less the two
shares and fourteen;ﬁfteenths, which are to be sub-
tracted. Add thereto two-thirds of the capital, and
reduce it, by removing the shares which are to be sub-
tracted, and adding them to the other shares. You
have then one and seven-sixtieths of capital, equal to
eight shares and fourteen-fifteenths. Reduce this to
one capital by subtracting from every thing that you
bave seven-sixtieths. Then let a share be two hundred
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and one;* the whole capital will be one thousand six
bundred and eight. ‘

" If the heirs are the same, and he bequeaths to a
person -as much as the share of a daughter, and one-
fifth of what remains from one-third after the deduction
of that share; and to another as much as the share of
the second daughter and one-third of what remains
from one-fourth after the deduction of that share:
then, in the computation,} you must consider that the
two legacies are determined by one-fourth and one-
_ third. Take one-third of the capital, and subtract from
it one share ; there remains one-third of the capital
less one share. Then subtract one-fifth of the re-
mainder, namely, one-fifth of one-third of the capital,
less one-fifth of the share; there remain four-fifths of
one-third, less four-fifths of the share. Then take also

one-fourth of the capital, aud subtract from it one (84)

share; there remains one-fourth of the capital, less one
share. Subtract one-third of this remainder : there

¢ fy=d=ds=v; and f=g=y
The common denominator 1608 is unnecessarily great.
+ Let z be the 1st legacy; y the 2d ; v a daughter’s share.
1—z~y =6v
2=v+} [§—v]
y=v+$[}-v]
* Then 1 =4 — 4+ §—v—}[§~v]+}-v—§ [ ~v]=6v
or fy+4 [3—v]+§ [} —v]=6v
o frtdetds=[6+4+4]v
oo FE=148v o S =g
=i y=ftk
Q
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remain two-thirds of one-fourth of the capital, less two-:
thirds of one share. Add this to the remainder from
the one-third of the capital; the sum will be twenty-
six sixtieths of the capital, less one share and twenty-
eight sixtieths. Add thereto- as much as remains of
the- capital after the deduction of one-third and one-
fourth from it; that is to say, one-fourth -and one-
sixth; the sum is seventeen-twentieths of the capital,
equal to seven shares and seven-fifteenths. Complete
the capital,” by adding to the portions which you have
three-seventeenths of the same. Then you have one
capital, ‘equal to eight shares and one-hundred-and-
twenty hundred-and-fifty-thirds. Assume now one share
to consist of one-hundred-and-fifty-three parts, then
the capital consists of one thousand three hundred and
forty-four. The legacy determined by one-third, after
the deduction of one share, is fifty-nine; and the legacy
determined by ‘one-fourth, after the deduction of the
share, is sixty-one. -

If he leaves six sons, and bequeaths to a person as
much as the share of a son and one-fifth of what remains
of one-fourth; and to another person as much as the
share of another son less one-fourth of what remains
of one-third, after the deduction of the two first lega-
cies and the second share; the computation is this:*
You‘subtract one share from one-fourth of the capital ;

—.— e e s

* Let = be the legacy to the 1st stranger
andy ......coviunnnnn 2d.......; v=ason'sshare
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there remains one-fourth less the share. Remove then (85)
.one-fifth of what remains of the one-fourth, namely,
half one-tenth of the capital less one-fifth of the share.
Then return to the one-third, and deduct from it half
one-tenth of the capital, and four-fifths of a share, and
one other share besides. . The remainder then is one-
third, less half one-tenth of:the capital, and less one
share and four-fifths. Add hereto one-fourth of the
remainder, which. was, excepted, and assume the one-
third to be eigh‘ty; subtracting from. it half one-tenth of
the capital, there remain of it sixty-eight less one
share and four-fifths. Add to this one-fourth of it,
namely, seventeen parts, less one-fourth of the shares
to be subtracted from the parts.” Then you have
eighty-five parts less two shares and one-fourth. Add
this to the other two-thirds of the capital, namely, one
hundred and sixty parts. Then you have one and one-
eighth of one-sixth of capital, less two shares and one-
fourth, equal to six shares. Reduce this, by remov-
ing the shares which are to be subtracted, and adding

1-z—y=6v
z=v+}[}—v]; y=v—4 [§—z—~1]
ie. $4+4—x—v+1 [§—2—v]=6v .
or §44 [§ —s—v] =60
or §+# [I—1+i—v—}[t—v]—v]=6v
or §+4 [#y+4 (1 —v]—v]=6v :
IRR AR T TTak aulthr il
e 34 1=330 . ;;%é’;—;:#;:v
ot T=04g4%, and y=0— %
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them to the other shares. Then you have one and one-
eighth of one-sixth of capital, equal to eight shares
and one-fourth. Reduce this to one capital, by sub-
tracting from the parts as much as one forty-ninth of
them. Then you have a capital equal to eight shares
and four forty-ninths. Assume now every share to be
forty-nine ; then the entire capital will be three hun-
dred and ninety-six ; the share forty-nine; the legacy

(86) determined by one-fourth, ten; and the exception from
the second share will be six.

On the Legacy with a Dirhem.
“-A man dies, and leaves four sons, and bequeaths
to some one a dirhem, and as much as the share of a
"son, and one-fourth of what remains from one-third
after the deduction of that share.” Computation :* Take

* Let the capital=1; a dithem=3;
the legacy =z; and a son’s share =v
1=—x=4v
s=vt} [f—ul4d
oo 4+3—v—4[$—v]—3=4v
< §+3[3—v]-3=4v
v 3+3-d=la+i]v
oo H—) = 1;90
- 3} of the capital —14 of a dirhem =v
and 13 of the capital 44§ of a dirhem =z, the legacy.
If we assume the capital to' be so many dirhems, er a
dirhem to be such a part of the capital, we shall obtain the
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oune- third of the capital and subtract from it one share;
there remains one-third, less one share. Then sub-
tract one-fourth of the remainder, namely, one-fourth
" of one-third, less one-fourth of the share; then sub-
tract also one dirhem; there remain three-fourths of
one-third of the capital, that is, one-fourth of the
capital, less three-fourths of the share, and less one
dirhem. Add this to two-thirds of the capital. The
sum is eleven-twelfths of the capital, less three-fourths
of the share and less one dirhem, equal to four shares.
Reduce this by removing three-fourths of the share
and one dirhem; then you have eleven-twelfths of the
capital, equal to four shares and three-fourths, plus
one dirhem. Complete your capital, by adding to the
shares and one dirhem one-eleventh of the same. Then
you have -the capital equal to five shares and two-
elevenths and one dirhem and one-eleventh. If you (87)
‘'wish to exhibit the dirhem distinctly, do not complete
your capital, but subtract one from the eleven on
account of the dirhem, and divide the remaining ten by
the portions, which are four and three-fourths. The
quotient is two and two-nineteenths of g dirhem.
Assuming, then, the capital to be twelve dirhems, each

value of the son’s share in terms of a dirhem, or of the
capital only.
Thus, if we assume the capital to be 12 dirhems,
v =48 [11—-1P=1593==2%; dirhems,
z=1% [13 + 4] =223 =3}} dirhems.
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share will be two dirhems and two-nineteenths. Or, if
you wish to exhibit the share distinctly, complete your
square, and reduce it, when the dirhem will be eleven
of the capital.

If he leaves five sons; and bequeaths to some per-
son a dirhem, and as much as the share of one of the
sons, and one-third of what remains from one-third,
and again, one-fourth of what remains from the one-
third after the deduction of this; and one dirhem more;
then the computation is this:* You take one-third, and
sultract one share; there remains one-third less one
share.. Subtract herefrom that which is still in your
hands, namely, one-third of one-third less one-third of
the share. Then subtract also the dirhem; there re-
main two-thirds of one-third, less two-thirds of the
share and less one dirhem. Then subtract. one-fourth
of what you have, that is, one-eighteenth, less one-
sixth of a share andless one-fourth of a dirhem, and

* Let the legacy=x; and a son’s share =v
1—-z=5v
§+4—v—} [—v]=3— [§ [—v] 3] = 5w

ie. §+3[E—v]—3—}[} F—v]-2]—d=5v

ie §+3([4[§—v]-3]—-3=5v
~ §+i—do—P=svo
e ==Y
«*+ 39 of the capital — £} of a dithem —v
< 3§ of the capital + 198 of a dirhem =z, the legacy.
If the capital =47 dirhems, or } of the capital=7} dirhems,

v=$$ dirhems = 3/; dirhems.
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subtract also the second dirthem ; the remainder is half
one-third of the capital, less half a share and less one
dirhem and three-fourths ; add thereto two-thirds of the
capital, ‘the sum is five-sixths of the capital, less one
half of a share, and less one dirl.lem and three-fourths,
equal to five shares. Reduce this, by removing the (88)
half share and. the .one dirhem and three-fourths,
and «adding them to .the (five) shares. Then you
have five-sixths of capital, equal to five shares and a
half plus one dirhem and three-fourths. Complete .
your capital, by adding to five shares and a half and -
to one-dirhem and.three-fourths, as much as one-fifth

of the same. Then you have the capital equal to six
shares and. three-fifths plus two dirhems and . one-
tenth. Assume, now, each share to consist of ten
parts, and one.dirhem likewise of ten; then the ca-
pital is.eighty-seven parts. Or, if you wish to exhibit
the dirhem distinctly, take the one-third, and subtract
from. it the share; there remains one-third, less one
share. Assume the one-third (of the capital) to be
seven and a half (dirhems). Subtract one-third of what
you have, namely, one-third of one-third;* there
remain two-thirds of one-third, less two-thirds of the
share: that is, five dirhems, less two-thirds of the
share. Then subtract one, on account of the one
dirhem, and you retain four dirhems, less two-thirds

* There is an omission here of the words  less one third
~ of a share.”

’
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of the share. Subtract now one-fourth of what you
have, namely, one part less one-sixth. of g share;
and. remove also one part on account of the one
dirhem; the remainder, then, is two parts less half
a share. Add this to the two-thirds of the capital,
which is fifteen (dirhems). Then you have seventeen
parts. less half a share, equal to five shares. Reduce
this, by remaving half a share, and adding it to the
five shares. Then it is seventeen parts, equal to
(89) five shares and a half. Divide now seventeen by five
and a half; the quotient is the value of one share,
namely, three dirhems and one-eleventh; and one-
third (of the capital) is seven and a half (dirhems).

If he leaves four sons, and bequeaths to some person
as .much as the share of one of his sons, less one~
fourth of what remains from one-third after the deduc-
tion of the share, and one dirhem; and to another
one-third of what remains from the one-third, and one
dirhem; then this legacy is determined by one-third.*

* Let the 13t legacy be z, the 2d y; and a son’s share = v
1—2—Yy=4v
he. §+3—v+4 [F—v]—3—} [3—o+] G—0)—2]—d=4o
ie.§43[3-v+i(F—v)=3]-3=4v
ise. -+ 1[§ G—0)—3]—d=4v
o §+ T—iv—4% b} =4v

S H—53=Y0

e 3-89 3=v

also 34+339=2
Fr+ifd=y
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‘Take. one-third of the capital, and subtract from it one
share; there remains one-third, less one share; add
hereto one-fourth of what you have: then it is one-
third and one-fourth of one-third, less one share and
one-fourth. Subtract.one dirhem; there remains one-
third of one and one-fourth, less one dirhem, and less
one share and. one-fourth. There.remains from the
one-third as much as five-eighteenths of the capital, less
two-thirds of a dirhem, and less five-sixths of a share.
Now subtract the second dirhem, and you retain five-
eighteenths of the capital, less one dirhem and two-
thirds, and less five-sixths of a share. Add to this
two-thirds of the capital, and you have seventeen-
eighteenths of the capital, less one dirhem and.two-
thirds, and less five-sixths of a share, equal to four
shares. Reduce this, by removing the quantities
~ which are to be subtracted, and adding them to the
shares; then you have seventeen-eighteenths of the
capital, equal to four portions and five-sixths plus one
dirhem and two-thirds. Complete your capital by (90)
adding to the four shares and five-sixths, and one
dirhem and two-thirds, as much as one-seventeenth of
the same. Assume,' then, each share to be seventeen,
and also one dirhem to be seventeen.* = The whole
capital will then be one hundred and seventeen.
If you wish to exhibit the dirhem distinctly, proceed
with it as I have shown you.

* Capital =3} v+ 383 .. ifv=17,and 3=17, capital=117
. R
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If he leaves three sons and two daughters, and
bequeaths to some person as much as the share of a
daughter plus one dithem; and to another one-fifth of
what remains from one-fourth after the deduction of
the first legacy, plus one dirhem; and to a third per-
son one-fourth of what remains from one-third after
the deduction of all this, plus one dirhem; and to a
fourth person one-eighth of the whole capital, requiring
all the legacies to be paid off by the heirs generally:
then you calculate this by exhibiting the dirbems dis-
tinctly, which is better in sucha case.* Take one-fourth
of the capital, and assume it to be six dirhems; the
entire capital will be twenty-four dirhems. Subtract
one share from the one-fourth; there remain six
dirhems less one share. Subtract also one dirhem;
there remain five dirhems less one share. Subtract

# Let the legacies to the three first legatees be, severally,
%, yy z; the fourth legacy = #; and let a daughters’ share
=D
oo F—r—y—2=8v
=v+d; y=}[}—2]4d; z={[i—s—y]+d
Then §—3+4—2—y—}[t—2-y]-3=8v
o 3 +i[d—r—y]—3=8v
but §—s—y=g—4+}—s—} [1—s] -3
=dp+[i—s]-2
=foti-$v-43
o M+ ixEI—Fo-[§x24+1]3=8v
S HI-H3=Y vz 2Rk —4040 and 1 =880+ 451
e=fds +H889: y=s8la +HH Y 2= HISE?
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one-fifth of this remainder; there remain four dirhems,
less four-fifths of a share. Now deduct the second
dirhem, and you retain three dirhems, less four-fifths
of a share. You know, therefore, that the legacy
which was determined by one-fourth, is three dirhems,
less four-fifths of a share. Return now to the one-
third, which is eight, and subtract from it three dir-
hems, less four-fifths of a share. There remain five
dirhems, less four-fifths of a share. Subtract also one-
fourth of this and one dirhem, for the legacy ; you then
retain two dirhems and three-fourths, less three-fifths of
a share. Take now one-eighth of the capital, namely,

(1)

three; after the deduction of one-third, you retain one-
fourth of a dirhem, less three-fifths of a share. Return
now to the two-thirds, namely, sixteen, and subtract
from them one-fourth of a dirhem less three-fifths of a
share ; there remain of the capital fifteen dirhems and
three-fourths, less three-fifths of a share, which are
equal to eight shares. Reduce this, by removing three-
fifths of a share, and adding them to the shares, which
are eight. Then you have fifteen dirhems and three-
fourths, equal to eight shares and three-fifths. Make
the division: the quotient is one share of the whole
capital, which is twenty-four (dirhems). Every daugh-
ter receives one dirhem and one-hundred-and-forty-
three one-hundred-and-seventy-second parts of a dir-

hem.*

* y=_181_ of the capital— 264 of a dirhem. If we assume
W1 p!
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If you prefer to produce the shares distinctly, take
one-fourth of the capital, and subtract from it one
share; there remains one-fourth of the capital less
one share. Then subtract from this one dirhem:
then subtract one-fifth of the remainder of one-fourth,
which is one-fifth of one-fourth of the capital, less one-
fifth of the share and less one-fifth of a dirhem; and
subtract also the second dirhem. There remain four-
fifths of the one-fourth less four-fifths of a share, and °
less one dirhem and four-fifths. The legacies paid out
of one fourth amount to twelve two-hundred-and-

(92) fortieths of the capital and four-fifths of a share, and
"one dirhem and four-fifths. Take one-third, which is
eighty, and subtract from it twelve, and four-fifths of a
share, and one dirhem and four-fifths, and remove
one-fourth of what remains, and one dirhem. You
retain, then, of the one-third, only fifty-one, less three-
fifths of a share, less two dirhems and seven-twentieths.
Subtract herefrom one-eighth of the capital, which is
thirty, and you retain twenty-one, less three-fifths of
a share, and less two dirhems and seven-twentieths,
and two-thirds of the capital, being equal to eight
shares. Reduce this, by removing that which is to
be subtracted, and adding it to the eight shares. Then
you have one hundred and eighty-one parts of the

the capital to be equal to 24 dirhems

181X 34—3564 3; —3344—564
v=181 204 264 dirhems =1344=5043

=358 3=1443 dirhems.

e
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capital, equal to eight shares and three-fifths, plus
two' dirhems and seven twentieths. Complete your
capital, by adding to that which you have fifty-nine one-
hundred-and-eighty-one parts. Let, then, a share be
three hundred and sixty-two, and a dirhem likewise
three hundred and sixty-two.* * The whéle,capital is
then five thousand two hundred and fifty-six, and the
legacy out of one-fourtht is one thousand two hundred
and four, and that out of one-third is four hundred and
ninety-nine,  and ‘the one-eighth is six hundred and
fifty-seven. ‘

On Completement,

“ A woman dies and leaves eight daughters, a mo- (93)
ther, and her husband, and bequesths to some per-
son as much as must be added to the share -of a
daughter to make it equal to one-fifth of the capital ;
and to another person as much as must be added to the
share of the mother to make it equal to one-fourth of

* The capital = 4%8v 4§54 3
If we agsume v =362, and 3 =362, the capital =5256
Then z=724; y=480; z=499; #th of capital =657.
1 The text ought to stand « the two first legacies are ”
instead of “ the legacy out of one-fourth is.”
The first legacyis .............. 724
, The second

- the first 4 second legacy = 1204
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the capital.”* Computation: Determine the parts of
the residue, which in the present instance are thir-
teen. Take the capital, and subtract from it one-fifth
of the same, less one part, as the share of a daugh-
ter: this being the first legacy. Then subtract also
one-fourth, less two parts, as the share of the mother :
this being the second legacy. There remain eleven-
twentieths of the capital, which, when increased by
three parts, are equal to thirteen parts. Remove now
from thirteen parts the three parts on account of the
three parts (on the other side), and you retain eleven-
twentieths of the capital, equal to ten parts. Complete
the capital, by adding to the ten parts as much as nine-
elevenths of the same; then you find the capital equal
to eighteen parts and two-elevenths. Assume now
each part to be eleven; then the whole capital is two
hundred, each part is eleven; the first legacy will be
twenty-nine, and the second twenty-eight.
If the case is the same, and she bequeaths to
some person as much as must be added to the share
(94) of the husband to make it equal to one-third, and to
another person as much as must be added to the share
of the mother to make it equal to one-fourth; and to a

# In this case, the mother has % ; and each daughter has
5 of the residue.
l—z—Yy=13v
ie. 1—-}+4v—}t2v=13v
o =100 o v=gys a=Fs y=7%
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third as much as must be added to the share of a
daughter to make it equal to one-fifth; all these lega-
cies being imposed on the heirs generally: then you
divide the residue into thirteen parts* Take the
capital, and subtract from it one-third, less three parts,
being the share of the husband ; and one-fourth, less
two parts, being the share of the mother; and lastly,
one-fifth less one part, being the share of a daughter.
The remainder is thirteen-sixtieths of the capital, which,
when increased by six parts, is equal to thirteen parts.
Subtract the six from the thirteen parts: there re--
main thirteen-sixtieths of the capital, equal to seven
parts. Complete your capital by multiplying the seven
parts by four and eight-thirteenths, and you have a
capital equal to thirty-two parts and four-thirteenths.
Assuming then each part to be thirteen, the whole
capital is four hundred and twenty.

If the case is the same, and she bequeaths to some
person as much as must be added to the share of the
mother to make it one-fourth of the capital; and to
another as much as must be added to the portion of a
daughter, to make it one-fifth of what remains of the
capital, after the deduction of the first legacy; then

* 1-[§—3v]~[{—2w]—[t—v] =130
ie 1—}—1—}="7v
o dg="7v
ov=4%
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you constitute the parts of the residue by taking them
out of thirteen.* . Take the capital,.and subtract from
it one-fourth less two parts; and again, subtract one-
fifth of what you retain of the capital, less one part;
then look how much remains of the capital after the
deduction of the parts. This remainder, namely, three-
fifths of the capital, when increased by two parts and-
three-fifths, will be equal to thirteen parts. Subtract
two parts and three-fifths from thirteen parts, there
remain ten parts and two-fifths, equal to three-fifths of
capital. Complete the capital, by adding to the. parts
which you have, as much as two-thirds of the.same.
Then you have a capital equal to seventeen parts and
one-third. Assume a part to be three, then the capital
is fifty-two, each part three; the first legacy will be
seven, and the second six.

If the case is the same, and she bequeaths to some
person as much as must be added.to the share of the
mother to make it one-fifth of the capital, and.to ano-
ther one-sixth of the remainder of the capital; then

- *® l—p—y=13v
e=}—2v; y={{1—z]-v
1=g—}{1—z]4v=13v
$t[1—z]=120 . $[§+2v]=12v
< 3=[12—-§]o=%v

o= o =4l y=.5°.g
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the parts are thirteen.* Take the capital, and subtract
from it one-fifth less two parts; and again, subtract
one-sixth of the remainder. You retain two-thirds of
the capital, which, when increased by one part and

_two-thirds, are-equal to thirteen parts.. Subtract the
one part and two-thirds from the thirteen parts: there
remain two thirds . of the capital, equal to eleven parts
and one-third. Complete your capital, by adding to
the parts as much as their moiety; thus you find the
capital equal to seventeen parts. Assume now the
capital to be eighty-five, and each part five; then the
first legacy is seven, and the second thirteen, and the
remaining sixty-five are for the heirs.

If the case is the same, and she bequeaths to some
person as much as must be added to the share of the
mother, to make it one-third of the capital, less that
sum which must be added to make the share of a
daughter equal to one-fourth of what remains of the
capital after the deduction of the above complement ;
then the parts are thirteen.t Take the capital, and (96)

* 1—r—y=13v
z=4—20; y=}[1-1]
1—z—3¢[1—2] =13v
s f[1—-z] =130
. g[g,-g-zv] =13v
< §+§v=13v
=Y sv=i; o= y=43
t 1—z4y=13v; andz=34—20; y=}[1—z|-v
. 1—z+;[l—x]-—'o—-l3v
{[1—-.1:]._141: KH %[g-l-av]_uw
=P csov=g; T—y=4%
5
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subtract from it one-third less two parts, and add to
the remainder one-fourth (of such remainder) less one
part; then you have five-sixths of the capital and one
part and a half, equal to thirteen parts. Subtract
one part and a half from thirteen parts. There re-
main eleven parts and a half, equal to five-sixths of
the capital. Complete the capital, by adding to the
parts as much as one-fifth of them. Thus you find
the capital equal to thirteen parts and four-fifths.
Assume, now, a part to be five, then the capital is
sixty-nine, and the legacy four.

* A man dies, and leaves a son and five daughters,
and bequeaths to some person as much as must be
added to.the share of the son to complete one-fifth
and one-sixth, less one-fourth of what remains of one-
third after the subtraction of the complement.”* Take
one-third of the capital, and.subtract from it one-fifth
and one-sixth of the capital, less two (seventh) parts;
so that you retain two parts less four one hundred and
twentieths of the capital. Then add it to the excep-
tion, which is half a part less one one hundred and

* Since there are five daughters and one son, each
daughter receives 4, and the son £ of the residue. .
1—z=70; }+d=4
w it ti[i-Hte] =70
o =gt 2wti[zh+2v]="70
- d+ilzh4v] =7
KN % —34 =§v

s f=Fv cov=5, andz =4
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twentieth, and you have two parts and a half less five
one hundred and twentieths of capital. Add hereto
two-thirds of the capital, and you have seventy-five
one hundred and twentieths of the capital and two
parts and a half, equal to seven parts. Subtract, now,
.two parts and a half from seven, and you retain seventy-
five one hundred and twentieths, or five-eighths, equal
to four parts and a half. Complete your capital, by (97)
adding to the parts as much as three-fifths of the same,
and you find the capital equal to seven parts and one-
ffth part. Let each part be five; the capital is then
thirty-six, each portion five, and the legacy one.

If he leaves his mother, his wife, and four sisters,
and bequeaths to a person as much as must be added to
the shares of the wife and a sister, in order to make them
equal to the moiety of the capital, less two-sevenths of
the sum which remains from one-third after the deduc-
tion of that complement; the Computation is this :* If

* From the context it appears, that when the heirs of the
residue are a mother, a wife, and 4 sisters, the residue isto.
be divided into ‘13 parts, of which the wife and one sister,
together, take 5: therefore the mother and 3 sisters, toge-
ther, take 8 parts. Each sister, therefore, must take not
less than &, nor more than 2. In the case stated at page
102, a sister was made to inberit as much as a wife ; in the
present case that is not possible; but the widow must take
not less than #;; and each sister not more than 5+ Proba-
bly, in this case, the mother is supposed to inherit 2; ; the
wife % ; each sister %.
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you take the moiety from one-third, there remains one-
sixth. This is the sum excepted. It is the share of the
wife and the sister. Let it be five (thirteenth) parts.
‘What remains of the one-third is five parts less one-
sixth of the capital. The two-sevenths which he has
excepted are two-sevenths of five parts less two-
sevenths of one-sixth of the capital. Then you have
six parts and three-sevenths, less one-sixth and two-
sevenths of one-sixth of the capital. Add hereto
two-thirds of the capital; then you have nineteen
forty-seconds of the capital and six parts and three-
sevenths, equal to thirteen parts. Subtract herefrom
the six parts and three-sevenths. There remain nine-
teen forty-seconds of the capital, equal to six parts
and four-sevenths. Complete your capital by adding
to it its double and four-nineteenths of it. Then you
find the capital equal to fourteen parts, and seventy
(98) one hundred and thirty-thirds of a part. Assume one
part to be one hundred and thirty-three; then the
whole capital is one thousand nine hundred and thirty-

z450=%; 1—~s+f[—2]=13v
~ +i-z+i[i—s] =130
e 34§ [5—2] =130
<~ 3+5 [F +5v] =130
< d—fp=[13—4]v
B H:ﬁﬁ V% '21196'='0
<+ & =okfy and the residue =247
The author unnecessarily takes 7 x276=1932 for the
-<common denominator.
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two; each part is one hundred and thirty-three, the
completion of it is three hundred and one, and the
exception of one-third is ninety-eight, so that the re-
maining legacy is two hundred and three. For the

heirs remain one thousand seven hundred and twenty-

nine.

COMPUTATION OF RETURNS.*
On Marriage in Ilness.

¢ A man, in his last illness, marries a wife, paying
(a marriage settlement of) one hundred dirhems,
besides which he has no property, her dowry being

* The solutions which the author has given of the remain-
ing problems of this treatise, are, mathematically consider-
ed, for the most part incorrect. It is not that the problems,
when once reduced into equations, are incorrectly worked
out; but that in reducing them to equations, arbitrary as-
sumptions are made, which are foreign or contradictory to
the data first enounced, for the purpose,' it should seem, of
forcing the solutions to accord with the established rules of
inheritance, as expounded by Arabian lawyers.

The object of the lawyers in their interpretations, and of
the author in his solutions, seems to have been, to favour
heirs and next of kin; by limiting the power of a testator,
during illness, to bequeath property, or to emancipate slaves;
and by requiring payment of heavy ransom for slaves whom
a testator might, during iliness, have directed to be eman.
cipated.
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ten dirhems. Then the wife dies, bequeathing one-
third of her property. After this the hushand dies.”*
Computstion : You take from the one hundred that
which belongs entirely to her, on account of the
dowry, namely, ten dirhems; there remain ninety dir-
hems, out of which she has bequeathed a legacy. Call
the sum given to her (by her husband, exclusive of her
dowry) thing; subtracting it, there remain ninety
dirhems less thing. Ten dirhems and thing are al-
ready in her hands; she has disposed of one-third of
her property, which is three dirhems and one-third,
and one-third of thing; there remain six dirhems and

* Let s be the sum, including the dowry, paid by the
man, as & marriage settlement; d the dowry; «x the gift to
the wife, which she is empowered to bequeath if she pleases.

She may bequeath, if she pleases, d+; she actually
does bequath § [d+z]; the residue is § [d+z], of which
one half, viz. } [d+x] goes to her heirs, and the other half
reverts to the husband

. the husband’s heirs bave s—[d+z]+3}[d +<] or
s—%|d+x]; and since what the wife has disposed of, exclu-
sive of the dowry, is 2, twice which sum the husband is to
receive, s—4§ [d+x|=2r . }|[3s—2d]=x. Buts=100;
d=10 . z=35; d+x=45; }[d+z]=15. Therefore
the legacy which she bequeaths is 15, her husband receives
15, and her other heirs, 15. The husband’s heirs receive
2z =170,

But had the husband also bequeathed a legacy, then, as
we shall see presently, the law would have defeated, in part,
the woman’s intentions.



( 185 )

two-thirds plas two-thirds of thing, the moiety of
which, namely, three dirhems and one-third plus one-
third of thing, returns as his portion to the husband.*
Thus the heirs of the husband obtain (as his share)
ninety-three dirhems and one-third, less two-thirds of
thing; and this is twice as much as the sum given to (99)
the woman, which was thing, since the woman had
power to bequeath one-third of all which the husband
left;t and twice as much as the gift to her is two
thingsl Remove now the ninety-three and one-third,
from two-thirds of thing, and add these to the two
things. Then you have ninety-three dirhems and one-
third equal to two things and two-thirds. One thing is
three-eighths of it, namely, as much as three-eighths
of the ninety-three and one-third, that is, thirty-five
dirhems.

If the question is the same, with this exception only,
that the wife has ten dirhems of debts, and that she
bequeaths one-third of her capital; then the Computa-

* In other cases, as appears from pages 92 and g3, a
husband inherits one-fourth of the residue of his wife's es-
tate, after deducting the legacies which she may have
bequeathed. But in this instance he inberits half the re-
sidue. If she die in debt, the debt is first to be deducted
from her property, at least to the extent of her dowry (sce
the next problem.)

+ When the husband makes a bequest to. a stranger, the
third is reduced to one-sixth. Vide p. 137.
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tion is as follows:* Give to the wife the ten dirhems of
her dowry, eo that there remain ninety dirhems, out of
which she bequeaths a legacy. Call the gift to her
thing ; there remain ninety less thing. At the disposal
of the woman is therefore ten plus thing. From this
her debts must be subtracted, which are ten dirhems.
She retains then only thing. Of this she bequeaths
one-third, namely, one-third of thing: there remains
two-thirds of thing, Of this the husband receives by
inheritance the moiety, namely, one-third of thing.
The heirs of the husband obtain, therefore, ninety
dirhems, less two-thirds of thing; and this is twice as
much as the gift to her, which was thing; that is, two
things. Reduce this, by removing the two-thirds of
thing from ninety, and adding them to two things.
Then you have ninety dirhems, equal to two things
and two-thirds. One thing is three-eighths of this;
that is to say, thirty-three dirhems and three-fourths,
which is the gift (to the wife).

If he has married her, paying (a marriage settle-

* The same things being assumed as in the last example,
$—[d4-«] remains with the husband; d goes to pay the
debts of the wife; and 7 reverts from the wife to the hus-
band. ' -

oo s—d—3x=2z o~ §[s—d]=x
. if =100, and d = 10, =333 ; she bequeaths 11}; 11}
reverts to her husband; and her other heirs receive 11}.
The husband’s heirs receive 2z =67}
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ment of one hundred dirhems, her dowry being ten (100)
dirhems, and he bequeaths to some person one-third ot
Lis property ; then the computation is this:* Pay to
the woman her dowry, that is, ten dirhems; there re-
main ninety dirhems. Herefrom pay the gift to her,
thing; then pay likewise to the legatee who is to
receive one-third, thing: for the one-third is divided

* This case is distinguished from that in page 133 by
two circumstances; first, that the woman does not make
any bequest ; second, that the husband bequeaths one-third
of his property.

Suppose the husband not to mnake any bequest. Then,
since the woman had at her disposal d+, but did not make
any bequest, 1 [d+x] reverts to her husband ; and the like
amount goes to her other heirs.

o s-[d+z]43 [dtx] =2z o a=}[25—d]

and since s=100, and d=10; x=38; d+x=48;

3 [d+4z] = 24 reverts to the husband, and the like sum goes
to her other heirs; and 2z=%6, belongs to the husband’s
heirs.

Now suppose the husband to bequeath one-third of his
property. The law here interferes with the testator’s right
of bequeathing ; and provides that whatever sum is at the
disposal of the wife, the same sum shall be at the disposal
of the husband ; and that the sum to be retained by the
husband’s heirs shall be twice the sum which the husband
and wife together may dispose of.

s s—%[dtz]-x=4x
<o fr[2s—d]==2; ifs=100, andd=10; z=180 =173 ;
dyz=272; % [d+=x]=13{ reverts to the husband, and
the like sum goes to the other heirs of the woman; 173 is
what the husband bequeaths; and 694; =4z goes to the
husband’s heirs.
T
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into two moieties between them, since the wife cannot
take any thing, unless the husband takes the same.
Therefore give, likewise, to the legatee who is to have
one-third, thing. Then return to the heirs of the hus-
band. His inheritance from the woman is five dirhems
and half a thiig. There remains for the heirs of the
husband ninety-five less one thing and a half, which
is equal to four things. Reduce this, by removing one
thing and a half, and adding it to the four things.
There remain ninety-five, equal to five things and a
half. Make them all moieties; there will be eleven
moieties; and one thing will be equal to seventeen
dirhems and three-elevenths, and this will be the
legacy.

% A man has married a wife paying (a marriage set-
tlement of) one hundred dirhems, her dowry being ten
dirhems; and she dies before him, leaving ten dirhems,

and bequeathing one-third of her capital; afterwards
 the husband dies, leaving one hundred and twenty dir-
hems, and bequeathing to some person one-third of his
capital.” Computation :* Give to the wife her dowry,

* Let ¢ be the property which the wife leaves, besides d
the dowry, and z the gift from the husband. She bequeaths
% [c+d+z]; } [c4d+2] goes to her husband; and 3
[c+d 4£] to her other heirs. The husband leaves property
s, out of which must be paid the dowry, d; the gift to the
wife, z; and the bequest he makes to the stranger, z; and
his heirs receive from the wife’s heirs § [c4d 4]
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namely, ten dirhems; then one hundred and ten dirhems
remain for the heirs of the husband. From these the (101)
gift to the wife is thing, so that there remain one
hundred and ten dirhems less thing; and the heirs
of the woman obtain twenty dirhems plus thing. She
bequeaths one-third of this, namely, six dirhems and
two-thirds, and one-third of thing. The moiety of the
residue, namely, six dirhems and two-thirds plus one-
third of thing, returns to the heirs of the husband : so
that one hundred and sixteen and two-thirds, less two-
thirds of thing, come into their hands. He has be-
queathed one-third of this, which is thing. There
remain, thérefore, one hundred and sixteen dirhems
and two-thirds less one thing and two-thirds, and this
is twice as much as the husband’s gift to the wife
added to his legacy to the stranger, namely, four
things. Reduce this, and you find one hundred and
sixteen. dirbems and two-thirds, equal to five things
and two-thirds. Consequently one thing is equal to

s —d—2z+31 [c+d+2] =4, according to the law of inhe-
ritance.

3s4c—2d
17
If §=120, c=10, and d=10, =35 = 204§

ct+d4x=4019; }[c+d+z] =134
The wife bequeaths 1343 13+ go to her husband, and
135y to her other heirs.
The husband bequeaths to the stranger 2019 ; he gives the
same sum to the wife ; and 4z= 82.% go to his heirs.

38+c—2d=17z, and 2 =
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twenty dirhems and ten-seventeenths; and this is the

legacy.

On Emancipation in Illness.

¢ Suppose that a man on his death-bed were to eman-
cipate two slaves ; the master himself leaving a son and
a daughter. Then one of the two slaves dies, leaving
a daughter and property to a greater amount than his
price.*” You take two-thirds of his price, and what the
other slave has to return (in order to complete his
(102) ransom). If the slave die before the master, then the
son and the daughter of the latter partake of the heri-
tage, in such proportion, that the son receives as much"
as the two daughters together. But if the slave die
after the master, then you take two-thirds of his value
and what is returned by the other slave, and distribute

* From the property of the slave, who dies, is to be de-
ducted and paid to the master’s heirs, first, two-thirds of
the original cost of that slave, and secondly what is wanting
to complete the ransom of the other slave. Call the amount
of these two sums p; and the property which the slave
leaves «.

Next, as to the residue of the slaves’ property :

First. If the slave dies before the master, the master’s
son takes § [«—p]; the master's daughter } [«—p], and
the slave’s daughter [« —p]. -

Second. If the slave dies after the master; the master's
sdh is to receive §p, and the master's daughter }p; and then
the master's son takes } [«—p], and the slave’s daughter

$ [«=p].
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it between the son and the daughter (of the master), in

such a manner, that the son receives twice as much as

the daughter; and what then remains (from the heri-
tage of the slave) is for the son alone, exclusive of the

_ daughter; for the moiety of the heritage of the slave

descends to the daughter of the slave, and the other

moiety, according to the law of succession, to the son

of the master, and there is nothing for the daughter (of
the master).

Itisthe same, if a man on his deatli-bed emancipates
a slave, besides whom he has no capital, and then the

slave dies before his master.

If a man in his illness emancipates a slave, besides
whom he possesses nothing, then that slave must ran-
som himself by two-thirds of his price. If the master has
anticipated these two-thirds of his price and has spent
them, then, upon the death of the master, the slave
must pay two-thirds of what he retains.* But if the
master has anticipated from him his whole price and
spent it, then there is no claim against the slave, since
he has already paid his entire price.

¢ Suppose that a man on his death-bed emancipates
a slave, whose price is three hundred dirhems, not
having any property besides; then the slave dies, leav-
ing three hundred dirhems and a daughter.” The

#* The slave retains one-third of his price; and this <he
must redeem at two-thirds of its value ; namely at § x4 =%
of his original price.
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computation is this:* Call the legacy to the slave thing.
He has to return the remainder of his price, after the

_ deduction of the legacy, or three hundred less thing.
This ransom, of three hundred less thing, belongs to
the master. Now the slave dies, and leaves thing and a
(108) daughter. She must receive the moiety of this, namely,
one half of thing; and the master receives as much.
Therefore the heirs of the master receive three hundred
less half a thing, and this is twice as much as the le-
gacy, which is thing, namely, two things. Reduce this
by removing half a thing from the three hundred, and
adding it to the two things. Then you have three
hundred, equal to two things and a half. One thing
is, therefore, as much as two-fifths of three hundred,

* Let the slave’s original cost be a; the property which
he dies Possessed of, «; what the master bequeaths to the
slave, in emancipating him, z. Then the net property
which the slave dies possessed of is a+z—a. }[«+2—a]
belongs, by law, to the master; and } [«+x—a] to the
slave’s daughter. The master’s heirs, therefore, receive the
ransom, a—z, and the inheritance, } [«#+z—a]; that is,
3 [«4+a—z]; and on the same principle as the slave, when
emancipated, is allowed to ransom himself at two-thirds of
his cost, the law of the case is that 2 are to be taken,
where 1 is given.

o 3[ata—z] =2z .. x=}[ata]
The daughter’s share of the inheritance =} [3«—2a]
The master’s heirs receive........... . £[«+}a]

If, as in the example, a=a, z=4$a; the daughter's

share = }a; the heirs of the master receive $a.
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namely, one hundred and twenty. This is the legacy
(to the slave,) and the ransom is one hundred and eighty.

¢ Some person on his sick-bed has emancipated a
slave, whose price is three hundred dirhems; the slave
then dies, leaving four hundred dirhems and ten dir-
hems of debt, and two daughters, and bequeathing to
a person one-third of his capital ; the master has twenty
dirhems debts.” The computation of this case is the
following:* Call thelegacy to the slave thing; his ran-
som is the remainder of his price, namely, three hun-
dred less thing. But the slave, when dying, left four
hundred dirhems; and out of this sum, his ransom,
namely, three hundred less thing, is paid to ‘the

# Let the slave’s original cost=a; the property he dies
possessed of =« ; the debt he owes =s
He leaves two daughters, and bequeaths to a stranger one-
third of his capital.
The master owes debts to the amount x; where a =300;
«—=400; $=10; =20,
Let what the master gives to the slave, in emancipating
him =z.
Slave’s ransom=a—z; slave’s property—slave’s ransom=
atr—a
Slave’s property —ransom—debt =a+2—a—s
Legacy to stranger. =3 [a+2—a—i]
Residue.......... =% [at+x—a—i]
The master, and each daughter, are, by law, severally
entitledtot x 4 la 4 2—a—1]
The master’s heirs receive altogether ¢ —x 43 [« +2—a—1]
or §[a—z]+% [«—s], which, on the principle that 2
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master, so that one hundred dirhems and thing re-
main in the hands of the slave’s heirs, Herefrom are
(first) subtracted the debts, namely, ten dirhems;
there remain then ninety dirhems and thing. Of
this he has bequeathed one-third, that is, thirty dir-
hems and one-third of thing ; so that there remain for
the heirs sixty dirhems and two-thirds of thing. Of
this the two daughters receive two-thirds, namely,
forty dirhems and four-ninths of thing, and the master

(104) receives twenty dirhems and two-ninths of thing, so

that the heirs of the master obtain three hundred and
twenty dirhems less seven-ninths of thing. Of this the
debts of the master must be deducted, namely, twenty
dirhems; there remain then three hundred dirhems less

are to be taken for 1 given, ought to be made equal’

to 2z.
But the author directs that the equation for determining x be
jla—z] 4+ la—s] —pe=22
o a= [704-2 [0—i]—9k] =108
Hence the slave receives, the debts which he owes, s = 10
+the legacy to the stranger =:g[g[«—1]—6a—3x]=
+ theinheritance of 15t daughter= L [6[a—s]—4a—2x] =
+the inheritance of 2d daughter = 2z [6[w—s] — 46 — 2p] = 44
Total = & [212 + 4s—14a—"7p] =164
And the master takes u+ 22 = [4a—4s+ 14a— Ju] =236
Had the slave died possessed of no property whatever, his
ransom would have been 200.

His ransom, here stated, exclusive of the sum wlnch the
master inherits from him, or ¢ —2, = 192.
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seven-ninths of thing; and this sum is twice as much as
the legacy of the slave, which was thing; or, it is equal
to twe things. Reduce this, by removing the seven-
ninths of thing, and adding them to two things; there
remain three hundred, equal to two things and seven-
ninths. One thing is as much as nine twenty-fifths of
eight hundred, which is one hundred and eight; and
so much is the legacy to the slave.

If; on his sick-bed, he emancipates two slaves, besides
whom he has no property, the price of each of them
being three hundred dirhems ; the master having anti-
cipated and spent two-thirds of the price of one of
them before he dies;* then only one-third of the price

* Were there the first slave only, who has paid off two-
thirds of his original cost, the master having spent the
money, that slave would have to complete his ransom by
paying two-ninths of his original cost, that is 663 (see page

" 141). .

Were there the second slave only, who has paid off none
of his original cost, he would have to ransom himself at two-
thirds of his cost; that is by paying 200 (see also page 141).

The master’s heirs, in the case described in the text, are
entitled to receive the same amount from the two slaves
jointly, viz, 266§, as they would be entitled to receive,
according to