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PREFACE 

" " I " H E R E never has been, and till w e see it w e neve r 
_L shall be l ieve that there can be , a sys tem of g e o m e t r y 

worthy of the name, which has any material depar tures (we do 
not speak of corrections or extensions or developments) from 
the plan laid down by Euc l id . " D e M o r g a n wro te thus in 
Oc tobe r 1848 [Short supplementary remarks on the first six 
Books of Euclid's Elements in the Companion to the Almanac 
for 1 8 4 9 ) ; and I do not think that, if he had been l i v ing 
to-day, he would h a v e seen reason to rev ise the opinion so 
deliberately pronounced s ix ty years a g o . I t is true that in the 
interval much valuable work has been done on the cont inent 
in the invest igat ion of the first principles, including the 
formulation and classification o f ax ioms or postulates which 
are necessary to make g o o d the deficiencies of Euc l id ' s o w n 
explicit postulates and ax ioms and to just ify the further 
assumptions which he tacit ly m a k e s in certain proposit ions, 
content apparently to let their truth be inferred from obse rva 
tion of the figures as d r a w n ; but, once the first principles are 
disposed of, the body of doctr ine contained in the recent text 
books o f e lementary g e o m e t r y does not, and from the nature 
of the case cannot, show any substantial differences from that 
set forth in the Elements. In E n g l a n d it wou ld seem that far 
less of scientific va lue has been done ; the efforts o f a mult i tude 
o f writers have rather been directed towards p roduc ing alter
nat ives for Eucl id which shall be more suitable, that is to say, 
easier, for schoolboys . It is o f course not surpris ing that, in 



these days o f short cuts, there should h a v e arisen a movement 
to g e t rid of Euc l id and to substitute a " r o y a l road to 
geome t ry " ; the marve l is that a book which w a s not written 
for schoolboys but for g r o w n men (as all internal evidence 
shows, and in particular the essential ly theoretical character 
o f the work and its aloofness from anyth ing o f the nature of 
" p r a c t i c a l " g e o m e t r y ) should have held its own as a school-
b o o k for so long . A n d now that Eucl id ' s proofs and arrange
ment are no longer required from candidates at examinations 
there has been a rush of compet i tors anxious to be first in the 
field wi th a new tex t -book on the more "prac t ica l " lines which 
now find so much favour. T h e natural desire o f each teacher 
w h o wri tes such a t ex t -book is to g i v e prominence to some 
special nostrum which he has found successful with pupils. 
O n e result is, too often, a loss of a due sense of proportion; 
and, in any case, it is inevi table that there should be great 
d ivers i ty o f t reatment . It w a s with reference to such a danger 
that La rdne r wrote in 1846 : " E u c l i d once superseded, every 
teacher would es teem his o w n work the best, and e v e r y school 
would h a v e its o w n class book. A l l that r igour and exact i tude 
which h a v e so long exc i ted the admirat ion of men of science 
would be at an end. T h e s e v e r y words would lose all definite 
meaning. E v e r y school would have a different s tandard; 
mat ter o f assumption in one be ing mat ter of demonstration in 
a n o t h e r ; until, at length , GEOMETRY, in the ancient sense of 
the word, would be a l together frittered a w a y or be only 
considered as a particular application of Ar i thme t i c and 
A l g e b r a . " It is, perhaps, too ear ly y e t to prophesy what will 
be the ult imate outcome of the new order o f things ; but it 
would at least seem possible that history will repeat itself and 
that, when chaos has come again in geometr ica l teaching, 
there will be a return to Euc l i d more or less complete for the 
purpose of s tandardis ing it once more. 

Bu t the case for a new edition o f Euc l id is independent of 
any controvers ies as to how geome t ry shall be taught to 
schoolboys . Euc l id ' s work will l ive l ong after all the text -books 



PREFACE vii 

of the present day are superseded and forgotten. It is one 
of the noblest monuments o f an t iqu i ty ; no mathematic ian 
worthy o f the name can afford not to k n o w Euc l id , the real 
Eucl id as distinct from any revised or rewri t ten vers ions 
which will se rve for schoolboys or engineers . A n d , to k n o w 
Eucl id , it is necessary to k n o w his l anguage , and, so far as it 
can be traced, the history o f the " e l e m e n t s " which he 
collected in his immortal work . 

T h i s br ings me to the raison d'itre o f the present edit ion. 
A new translation from the G r e e k was necessary for two 
reasons. Firs t , though some t ime has e lapsed s ince the 
appearance of H e i b e r g ' s definitive tex t and pro legomena , 
published be tween 1883 and 1888, there has not been, so far 
as I know, any a t tempt to m a k e a faithful translation from it 
into Eng l i sh even o f the B o o k s which are commonly read. 
A n d , secondly, the other B o o k s , v i i . to x . and x m . , w e r e not 
included by S imson and the editors w h o fol lowed him, or 
apparently in any Engl i sh translation since Wi l l i amson ' s 
( 1 7 8 1 — 8 ) , so that they are now practically inaccessible to 
Eng l i sh readers in any form. 

In the matter o f notes, the edition o f the first s ix B o o k s 
in G r e e k and La t in with notes by C a m e r e r and Ha'uber 
(Berlin, 1824—5) is a perfect mine o f information. I t would 
have been practically impossible to m a k e the notes more 
exhaust ive at the t ime when they were writ ten. B u t the 
researches of the last thirty or forty yea r s into the history o f 
mathematics (I need only mention such names as those o f 
Bretschneider, Hanke l , Mor i tz Cantor , Hul t sch , Paul T a n n e r y , 
Zeuthen, Loria , and H e i b e r g ) have put the whole subject 
upon a different plane. I have endeavoured in this edition 
to take account of all the main results o f these researches up 
to the present date. T h u s , so far as the geomet r ica l B o o k s 
are concerned, my notes are intended to form a sort o f 
dictionary of the history of e lementary geomet ry , a r ranged 
according to sub jec t s ; while the notes on the ar i thmetical 
B o o k s V I I . — i x . and on B o o k x . follow the same plan. 



I desire to express here my thanks to m y brother, 
D r R. S. H e a t h , Vice -Pr inc ipa l of Bi rmingham Univers i ty , 
for sugges t ions on the proof sheets and, in particular, for the 
reference to the parallel ism be tween Euc l id ' s definition o f 
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A r a b i c names, and to the Cura tors and Librar ian of the 
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the C a m b r i d g e Un ive r s i t y Press for their ready acceptance 
o f the work , and for the zealous and efficient cooperation of 
their staff which has much l ightened the labour of see ing the 
book through the Press . 

T . L . H . 

November, 1908. 



P R E F A C E T O T H E S E C O N D E D I T I O N 

I L I K E to think that the exhaus t ion o f the first edi t ion of 
this work furnishes a new proof (if such we re needed) 

that Euc l id is far from be ing defunct or e v e n dormant , and 
that, so long as mathematics is studied, mathemat ic ians will 
find it necessary and worth whi le to come back again and 
again, for one purpose or another, to the twenty- two-centur ies -
old book which, notwi ths tanding its imperfect ions, remains the 
greates t e lementary t ex tbook in mathemat ics that the wor ld is 
pr iv i leged to possess. 

T h e present edition has been carefully rev ised throughout , 
and a number of passages (somet imes who le pages ) h a v e been 
rewritten, with a v i e w to b r ing ing it up to date . S o m e not in
considerable addit ions h a v e also been made, especia l ly in the 
Excursuses to V o l u m e I, which will , I hope, find interested 
readers. 

S ince the date o f the first edit ion little has happened in the 
domain of geometr ica l t each ing which needs to be chronicled. 
T w o distinct movemen t s h o w e v e r call for notice. 

T h e first is a m o v e m e n t h a v i n g for its object the mi t igat ion 
of the difficulties (affecting in different w a y s students, teachers 
and examiners) which are found to arise from the mult ipl ici ty 
of the different t ex tbooks and v a r y i n g sys t ems now in use for 
the teaching of e lementary geome t ry . T h e s e difficulties h a v e 
e v o k e d a widespread desire a m o n g teachers for the establish
ment of an agreed sequence to be genera l ly adopted in t each ing 
the subject. O n e proposal to this end has a l ready been made : 
but the chance of the acceptance of an ag reed sequence has in 
the meant ime been prejudiced b y a second m o v e m e n t which 
has arisen in other quarters . 



x PREFACE TO T H E SECOND EDITION 

I refer to the m o v e m e n t in favour of rev iv ing , in a modified 
form, the proposal made b y W a l l i s in 1663 to replace Eucl id ' s 
Paral le l -Postula te b y a Postula te of Similar i ty (as to which see 
pp. 2 1 0 — 1 1 o f V o l u m e I of this w o r k ) . T h e form of Postulate 
now s u g g e s t e d is an assumption that " G i v e n one triangle, 
there can be constructed, on any arbi t rary base, another tr iangle 
equiangular with (or similar to) the g i v e n triangle." It may 
perhaps be held that this assumption has the advan tage of not 
referring, in the s ta tement of it, to the fact that a straight line 
is o f unlimited l e n g t h ; but, on the other hand, as is well known, 
Saccher i showed ( 1 7 3 3 ) that it i nvo lves more than is necessary 
to enable Euc l id ' s Postula te to be p roved . In any case it 
would seem certain that a scheme based upon the proposed 
Postulate, if made scientifically sound, must be more difficult 
than the procedure now genera l ly followed. T h i s be ing so, 
and h a v i n g regard to the facts ( 1 ) that the difference between 
the s u g g e s t e d Postula te and that of Eucl id is in effect so slight 
and (2) that the historic interest of Euc l id ' s Postulate is so 
grea t , I am of opinion that the proposal is ve ry much to be 
deprecated. 

T . L . H . 

December 1925 . 
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FACSIMILE OF A PAGE OF THE BODLEIAN MS. OF THE Elements . Frontispiece 
This is a facsimile of a page (fol. 45 verso) of the famous Bodleian MS. of 
the Elements, D'Orville 301 (formerly X. 1 inf. 1, 30), written in the year 
888. The scholium in the margin, not very difficult to decipher, though 
some letters are almost rubbed out, is one of the scholia Vaticana given by 
Heiberg (Vol. v. p. 263) as ill. No. 15: Ati tov xivrpov ovcwv ovk tjv 
firnjtrewj &£iov, el 8lxa Tipvovaiv dW X̂as • to y&p Kivrpov avrGiv tj bixorofda.. 

ko.1 if el rijs iripat Sid. tov Ktvrpov oOarjs if ire"pa pAj 81a tou Kevrpov ettj, 
on 01) Slxa rifiveTat t\ dia tov K^vrpov. The rj before el in the last sentence 
should be omitted. PFVat. read i) without el. The marginal references 
lower down are of course to propositions quoted, (1) Sta t6 a' tou 7', *' by 
III. 1," and (2) Sia. rb 7' tov avrov, "by 3 of the same." 
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I N T R O D U C T I O N . 

C H A P T E R I. 

E U C L I D A N D T H E T R A D I T I O N S A B O U T HIM. 

A s in the case of the other great mathematicians of Greece, so in 
Euclid's case, we have only the most meagre particulars of the life 
and personality of the man. 

Most of what we have is contained in the passage of Proclus' 
summary relating to him, which is as follows 1 : 

"Not much younger than these (sc. Hermotimus of Colophon and 
Philippus of Medma) is Euclid, who put together the Elements, collect
ing many of Eudoxus' theorems, perfecting many of Theaetetus', and 
also bringing to irrefragable demonstration the things which were 
only somewhat loosely proved by his predecessors. This man lived 2 

in the time of the first Ptolemy. For Archimedes, who came imme
diately after the first (Ptolemy)', makes mention of Euclid: and, 
further, they say that Ptolemy once asked him if there was in 
geometry any shorter way than that of the elements, and he answered 
that there was no royal road to geometry 4. He is then younger than 
the pupils of Plato but older than Eratosthenes and Archimedes; for 
the latter were contemporary with one another, as Eratosthenes some
where says." 

This passage shows that even Proclus had no direct knowledge 
of Euclid's birthplace or of the date of his birth or death. He pro
ceeds by inference. Since Archimedes lived just after the first 

1 Proclus, ed. Friedlein, p. 68, 6—to. 
1 The word yiyore must apparently mean " nourished," as Heiberg understands it 

(Litterargeschichtliche Studitn iiber Euklid, 1882, p. 26), not "was born," as Hankel took 
it: otherwise part of Proclus' argument would lose its cogency. 

3 So Heiberg understands Ari/iaXciw Tip rptbrtf (sc. IlTo\e/ioi<(i). Friedlein's text has 
/cal between i*if}a\ln> and rip rptbnp; and it is right to remark that another reading is 
KCU tv Tip Troiir^j (without inPaXibr) which has been translated "in his first book," by which 
is understood On the Sphere and Cylinder I . , where (r) in Prop. 2 are the words " let BC 
be made equal to D by the second (proposition) of the first of Euclid's (books)," and (2) in 
Prop. 6 the words " For these things are handed down in the Elements " (without the name 
of Euclid). Heiberg thinks the former passage is referred to, and that Proclus must 
therefore have had before him the words " by the second of the first of Euclid ": a fair proof 
that they are genuine, though in themselves they would be somewhat suspicious. 

4 The same story is told in Stobaeus, Eel. (it, p. 228, 30, ed. WachsmuthJ about 
Alexander and Menaechmus. Alexander is represented as having asked Menaechmus to 
teach him geometry concisely, but he replied : " O king, through the country there are royal 
roads and roads for common citizens, but in geometry there is one road for all." 



Ptolemy, and Archimedes mentions Euclid, while there is an anecdote 
about some Ptolemy and Euclid, therefore Euclid lived in the time of 
the first Ptolemy. 

W e may infer then from Proclus that Euclid was intermediate 
between the first pupils of Plato and Archimedes. Now Plato died in 
347/6, Archimedes lived 287-212, Eratosthenes c. 284-204 B.C. Thus 
Euclid must have flourished c. 300 B.C., which date agrees well with 
the fact that Ptolemy reigned from 306 to 283 B.C. 

It is most probable that Euclid received his mathematical training 
in Athens from the pupils of Plato; for most of the geometers who 
could have taught him were of that school, and it was in Athens that 
the older writers of elements, and the other mathematicians on whose 
works Euclid's Elements depend, had lived and taught. He may 
himself have been a Platonist, but this does not follow from the state
ments of Proclus on the subject. Proclus says namely that he was of 
the school of Plato and in close touch with that philosophy1. But 
this was only an attempt of a New Platonist to connect Euclid with 
his philosophy, as is clear from the next words in the same sentence, 
" for which reason also he set before himself, as the end of the whole 
Elements, the construction of the so-called Platonic figures." It is 
evident that it was only an idea of Proclus' own to infer that Euclid 
was a Platonist because his Elements end with the investigation of 
the five regular solids, since a later passage shows him hard put to 
it to reconcile the view that the construction of the five regular solids 
was the end and aim of the Elements with the obvious fact that they 
were intended to supply a foundation for the study of geometry in 
general, " to make perfect the understanding of the learner in regard 
to the whole of geometry 2." T o get out of the difficulty he says* that, 
if one should ask him what was the aim (O-KOTTOS) of the treatise, he 
would reply by making a distinction between Euclid's intentions 
(1) as regards the subjects with which his investigations are concerned, 
(2) as regards the learner, and would say as regards (1) that "the 
whole of the geometer's argument is concerned with the cosmic 
figures." This latter statement is obviously incorrect It is true 
that Euclid's Elements end with the construction of the five regular 
solids; but the planimetrical portion has no direct relation to them, 
and the arithmetical no relation at a l l ; the propositions about them 
are merely the conclusion of the stereometrical division of the work. 

One thing is however certain, namely that Euclid taught, and 
founded a school, at Alexandria. This is clear from the remark of 
Pappus about Apollonius 4 : " he spent a very long time with the 
pupils of Euclid at Alexandria, and it was thus that he acquired 
such a scientific habit of thought." 

It is in the same passage that Pappus makes a remark which 
might, to an unwary reader, seem to throw some light on the 

1 Proclus, p. 68, 20, Kal TT} vpoaipimi St IlXaruviKbs ian Kal tpCKoaotplq. TOVTV oixetos. 
3 ibid. p. 71 , 8. * ibid. p. 70, 19 sqq. 
* Pappus, VII. p. 678, 10—12, av<rx°Xd<ras rots iirb EmXelSov p.aSr)Ta.Ts in ' AXe(twlpclo 

rXeiffrov xpbyov, 80ev £<rxe Ka^ TVV TOta&rtiv obx dpadij. 



CH. i] EUCLID AND TRADITIONS ABOUT HIM 3 

personality of Euclid. He is speaking about Apollonius' preface 
to the first book of his Conies, where he says that Euclid had not 
completely worked out the synthesis of the " three- and four-line 
locus," which in fact was not possible without some theorems first 
discovered by himself. Pappus says on this 1 : " Now Euclid— 
regarding Aristaeus as deserving credit for the discoveries he had 
already made in conies, and without anticipating him or wishing to 
construct anew the same system (such was his scrupulous fairness and 
his exemplary kindliness towards all who could advance mathematical 
science to however small an extent), being moreover in no wise con
tentious and, though exact, yet no braggart like the other [Apollonius] 
—wrote so much about the locus as was possible by means of the 
conies of Aristaeus, without claiming completeness for his demonstra
tions." It is however evident, when the passage is examined in its 
context, that Pappus is not following any tradition in giving this 
account of Euclid: he was offended by the terms of Apollonius' 
reference to Euclid, which seemed to him unjust, and he drew a 
fancy picture of Euclid in order to show Apollonius in a relatively 
unfavourable light. 

Another story is told of Euclid which one would like to believe true. 
According to Stobaeus 2, " some one who had begun to read geometry 
with Euclid, when he had learnt the first theorem, asked Euclid, ' But 
what shall I get bylearning these things ?' Euclid called his slave 
and said ' Give him threepence, since he must make gain out of what 
he learns.'" 

In the middle ages most translators and editors spoke of Euclid 
as Euclid of Megara. This description arose out of a confusion 
between our Euclid and the philosopher Euclid of Megara who lived 
about 400 B.C. The first trace of this confusion appears in Valerius 
Maximus (in the time of Tiberius) who says* that Plato, on being 
appealed to for a solution of the problem of doubling the cubical 
altar, sent the inquirers to "Euclid the geometer." There is no doubt 
about the reading, although an early commentator on Valerius 
Maximus wanted to correct " Eucliden " into "Eudoxum" and this 
correction is clearly right. But, if Valerius Maximus took Euclid the 
geometer for a contemporary of Plato, it could only be through 
confusing him with Euclid of Megara. The first specific reference to 
Euclid as Euclid of Megara belongs to the 14th century, occurring in 
the virofivr)/ia,TUT/jLol of Theodorus Metochita (d. 1332) who speaks of 
" Euclid of Megara, the Socratic philosopher, contemporary of Plato," 
as the author of treatises on plane and solid geometry, data, optics 
etc.: and a Paris MS. of the 14th century has " Euclidis philosophi 
Socratici liber elementorum." The misunderstanding was general 
in the period from Campanus' translation (Venice 1482) to those of 
Tartaglia (Venice 1565) and Candalla (Paris 1566). But one 
Constantinus Lascaris (d. about 1493) had already made the proper 

1 Pappus, vn. pp. 676, 15—678, 6. Hultsch, it is true, brackets the whole passage 
pp. 676, t$—6j8, 15, but apparently on the ground of the diction only. 

' Stobaeus, I.e. ' VIII . I I , ext. I . 



distinction by saying of our Euclid that " he was different from him 
of Megara of whom Laertius wrote, and who wrote dialogues "*; and 
to Commandinus belongs the credit of being the first translator* to 
put the matter beyond doubt: " Let us then free a number of people 
from the error by which they have been induced to believe that our 
Euclid is the same as the philosopher of Megara" etc. 

Another idea, that Euclid was born at Gela in Sicily, is due to tne 
same confusion, being based on Diogenes Laertius' description* of the 
philosopher Euclid as being " o f Megara, or, according to some, of 
Gela, as Alexander says in the Ata8o%ot." 

In view of the poverty of Greek tradition on the subject even as 
early as the time of Proclus (410-485 A.D.), we must necessarily take 
cum grano the apparently circumstantial accounts of Euclid given by 
Arabian authors; and indeed the origin of their stories can be 
explained as the result (1) of the Arabian tendency to romance, and 
(2) of misunderstandings. 

We read 4 that " Euclid, son of Naucrates, grandson of Zenarchus', 
called the author of geometry, a philosopher of somewhat ancient 
date, a Greek by nationality domiciled at Damascus, born at Tyre, 
most learned in the science of geometry, published a most excellent 
and most useful work entitled the foundation or elements of geometry, 
a subject in which no more general treatise existed before among the 
Greeks: nay, there was no one even of later date who did not walk 
in his footsteps and frankly profess his doctrine. Hence also Greek, 
Roman and Arabian geometers not a few, who undertook the task 
of illustrating this work, published commentaries, scholia, and notes 
upon it, and made an abridgment of the work itself. For this reason 
the Greek philosophers used to post up on the doors of their schools 
the well-known notice : ' Let no one come to our school, who has not 
first learned the elements of Euclid. '" The details at the beginning 
of this extract cannot be derived from Greek sources, for even Proclus 
did not know anything about Euclid's father, while it was not the 
Greek habit to record the names of grandfathers, as the Arabians 
commonly did. Damascus and Tyre were no doubt brought in to 
gratify a desire which the Arabians always showed to connect famous 
Greeks in some way or other with the East. Thus Naslraddin, the 
translator of the Elements, who was of Tus in Khurasan, actually 
makes Euclid out to have been " Thusinus " also*. The readiness of 
the Arabians to run away with an idea is illustrated by the last words 

1 Letter to Femandus Acuna, printed in Maurolycus, Historia Siciliae, fol. 11 r. (see 
Heiberg, Euklid-Studien, pp. 22—3, 25). 

3 Preface to translation (Pisauri, 1572). 
* Diog. L. 11. 106, p. 58 ed. Cobet. 
4 Casiri, Bibliotheca Arabico-Hispana Escurialensis, I. p. 339. Casiri's source is al-

Qifp (d. 1248), the author of the Tdrikh al-Hukama, a collection of biographies of phi
losophers, mathematicians, astronomers etc. 

* The Fihrist says "son of Naucrates, the son of Berenice (?)" (see Suter's translation in 
Abhandlungen zur Gesch. d. Math, VI. Heft, 1892, p. 16). 

* The same predilection made the Arabs describe "Pythagoras as a pupil of the wise 
Salomo, Hipparchus as the exponent of Chaldaean philosophy or as the Chaldaean, Archi
medes as an Egyptian etc. (Haji Khalfa, Lexicon Bibliographicum, and Casiri). 
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of the extract. Everyone knows the story of Plato's inscription over 
the porch of the Academy: " let no one unversed in geometry enter 
my doors " ; the Arab turned geometry into Euclid's geometry, and 
told the story of Greek philosophers in general and "their Academies." 

Equally remarkable are the Arabian accounts of the relation of 
Euclid and Apollonius 1. According to them the Elements were 
originally written, not by Euclid, but by a man whose name was 
Apollonius, a carpenter, who wrote the work in 15 books or sections'. 
In the course of time some of the work was lost and the rest became 
disarranged, so that one of the kings at Alexandria who desired to 
study geometry and to master this treatise in particular first questioned 
about it certain learned men who visited him and then sent for Euclid 
who was at that time famous as a geometer, and asked him to revise 
and complete the work and reduce it to order. Euclid then re-wrote 
it in 13 books which were thereafter known by his name. (According 
to another version Euclid composed the 13 books out of commentaries 
which he had published on two books of Apollonius on conies and 
out of introductory matter added to the doctrine of the five regular 
solids.) To the thirteen books were added two more books, the work 
of others (though some attribute these also to Euclid) which contain 
several things not mentioned by Apollonius. According to another 
version Hypsicles, a pupil of Euclid at Alexandria, offered to the 
king and published Books XIV. and XV., it being also stated that 
Hypsicles had " discovered" the books, by which it appears to be 
suggested that Hypsicles had edited them from materials left by Euclid. 

We observe here the correct statement that Books x iv . and XV. 
were not written by Euclid, but along with it the incorrect informa
tion that Hypsicles, the author of Book XIV., wrote Book XV. also. 

The whole of the fable about Apollonius having preceded Euclid 
and having written the Elements appears to have been evolved out of 
the preface to Book XIV. by Hypsicles, and in this w a y ; the Book 
must in early times have been attributed to Euclid, and the inference 
based upon this assumption was left uncorrected afterwards when it 
was recognised that Hypsicles was the author. The preface is worth 
quoting: 

" Basilides of Tyre, O Protarchus, when he came to Alexandria 
and met my father, spent the greater part of his sojourn with him on 
account of their common interest in mathematics. And once, when 

1 The authorities for these statements quoted by Casiri and rlaji Khalfa are al-Kindi's 
tract de instittito libri Euclidis (al-Kindi died about 873) and a commentary by Qadizade 
ar-Ruml (d. about 1440) on a book called Ashk&l at-ta' sis (fundamental propositions) by 
Ashraf Shamsaddin as-Samarqandi (c. 1276) consisting of elucidations of 35 propositions 
selected from the first books of Euclid. Nasiraddin likewise says that Euclid cut out two of 
15 books of elements then existing and published the rest under his own name. According to 
Qadizade the king heard that there was a celebrated geometer named Euclid at Tyre: Nasir
addin says that he sent for Euclid of Tus. 

a So says the Fihrist. Suter (op. eit. p. 49) thinks that the author of the Fihrist did not 
suppose Apollonius of Perga to be the writer of the Elements, as later Arabian authorities 
did, but that he distinguished another Apollonius whom he calls "a carpenter." Suter's 
argument is based on the fact that the Fihrists article on Apollonius (of Perga) says nothing 
of the Elements; and that it gives the three great mathematicians, Euclid, Archimedes and 
Apollonius, in the correct chronological order. 



examining the treatise written by Apollonius about the comparison 
between the dodecahedron and the icosahedron inscribed in the same 
sphere, (showing) what ratio they have to one another, they thought 
that Apollonius had not expounded this matter properly, and 
accordingly they emended the exposition, as I was able to learn 
from my father. And I myself, later, fell in with another book 
published by Apollonius, containing a demonstration relating to the 
subject, and I was greatly interested in the investigation of the 
problem. The book published by Apollonius is accessible to all— 
for it has a large circulation, having apparently been carefully written 
out later—but I decided to send you the comments which seem to 
me to be necessary, for you will through your proficiency in mathe
matics in general and in geometry in particular form an expert 
judgment on what I am about to say, and you will lend a kindly ear 
to my disquisition for the sake of your friendship to my father and 
your goodwill to me." 

The idea that Apollonius preceded Euclid must evidently have 
been derived from the passage just quoted. It explains other things 
besides. Basilides must have been confused with /3acn\ev<;, and we 
have a probable explanation of the " Alexandrian king," and of the 
"learned men who visited" Alexandria. It is possible also that in 
the " Tyrian " of Hypsicles' preface we have the origin of the notion 
that Euclid was born in Tyre. These inferences argue, no doubt, 
very defective knowledge of Greek: but we could expect no better 
from those who took the Organon of Aristotle to be " instrumentum 
musicum pneumaticum," and who explained the name of Euclid, 
which they variously pronounced as Uclides or /eludes, to be com
pounded of Ucli a key, and Dis a measure, or, as some say, geometry, 
so that Uclides is equivalent to the key of geometry! 

Lastly the alternative version, given in brackets above, which says 
that Euclid made the Elements out of commentaries which he wrote 
on two books of Apollonius on conies and prolegomena added to the 
doctrine of the five solids, seems to have arisen, through a like 
confusion, out of a later passage* in Hypsicles' Book x i v . : " And this 
is expounded by Aristaeus in the book entitled 'Comparison of the five 
figures,' and by Apollonius in the second edition of his comparison of 
the dodecahedron with the icosahedron." The " doctrine of the five 
solids " in the Arabic must be the " Comparison of the five figures" 
in the passage of Hypsicles, for nowhere else have we any information 
about a work bearing this title, nor can the Arabians have had. The 
reference to the two books of Apollonius on conies will then be the 
result of mixing up the fact that Apollonius wrote a book on conies 
with the second edition of the other work mentioned by Hypsicles. 
W e do not find elsewhere in Arabian authors any mention of a 
commentary by Euclid on Apollonius and Aristaeus: so that the 
story in the passage quoted is really no more than a variation of the 
fable that the Elements were the work of Apollonius. 

1 Heiberg's Euclid, vol. v. p. 6. 



C H A P T E R I I . 

E U C L I D ' S O T H E R W O R K S . 

IN giving a list of the Euclidean treatises other than the Elements, 
I shall be brief: for fuller accounts of them, or speculations with 
regard to them, reference should be made to the standard histories of 
mathematics1. 

I will take first the works which are mentioned by Greek authors. 
I. The Pseudaria. 
I mention this first because Proclus refers to it in the general 

remarks in praise of the Elements which he gives immediately after 
the mention of Euclid in his summary. He says 2 : "But, inasmuch 
as many things, while appearing to rest on truth and to follow from 
scientific principles, really tend to lead one astray from the principles 
and deceive the more superficial minds, he has handed down methods 
for the discriminative understanding of these things as well, by the 
use of which methods we shall be able to give beginners in this study 
practice in the discovery of paralogisms, and to avoid being misled. 
This treatise, by which he puts this machinery in our hands, he 
entitled (the book) of Pseudaria, enumerating in order their various 
kinds, exercising our intelligence in each case by theorems of all 
sorts, setting the true side by side with the false, and combining 
the refutation of error with practical illustration. This book then is 
by way of cathartic and exercise, while the Elements contain the 
irrefragable and complete guide to the actual scientific investigation 
of the subjects of geometry." 

The book is considered to be irreparably lost. W e may conclude 
however from the connexion of it with the Elements and the reference 
to its usefulness for beginners that it did not go outside the domain 
of elementary geometry'. 

1 See, for example, Loria, Le scienze esatte neW antica Grecia, 1914, pp. 345—268; 
T. L. Heath, History ofGreek Mathematics, 1921, 1. pp. 421—446. Cf. Heiberg, Litterar-
gcsckichtlichc Studicn iiber Euklid, pp. 36—153; Euclidis opera omnia, ed. Heiberg and 
Menge, Vols. vi.—vm. 

2 Proclus, p. 70, 1—18. 
* Heiberg points out that Alexander Aphrodisiensis appears to allude to the work in his 

commentary on Aristotle's Sophistici Elenchi (fol. 25 b ) : "Not only those ((Xeyxat) which do 
not start from the principles of the science under which the problem is classed...but also 
those which do start from the proper principles of the science but in some respect admit a 
paralogism, e.g. the Pseudographemata of Euclid." Tannery (Butt, des sciences math, et astr. 
2" Sene, VI. , 1882, 1'™ Partie, p. 147) conjectures that it may be from this treatise that the 
same commentator got his information about the quadratures of the circle by Antiphon and 



2 . The Data. 
The Data (SeSo/j.eva) are included by Pappus in the Treasury of 

Analysis (TOTTO? ivaXvofievoi), and he describes their contents1. They 
are still concerned with elementary geometry, though forming part 
of the introduction to higher analysis. Their form is that of pro
positions proving that, if certain things in a figure are given (in 
magnitude, in species, etc.), something else is given. The subject-
matter is much the same as that of the planimetrical books of the 
Elements, to which the Data are often supplementary. We shall see 
this later when we come to compare the propositions in the Elements 
which give us the means of solving the general quadratic equation 
with the corresponding propositions of the Data which give the 
solution. The Data may in fact be regarded as elementary exercises 
in analysis. 

It is not necessary to go more closely into the contents, as we 
have the full Greek text and the commentary by Marinus newly 
edited by Menge and therefore easily accessible3. 

3. The book On divisions (of figures'). 
This work (irepl Siaipeo-eayv fii/3\iov) is mentioned by Proclus'. 

In one place he is speaking of the conception or definition (X0709) 
of figure, and of the divisibility of a figure into others differing from 
it in kind; and he adds: " For the circle is divisible into parts unlike 
in definition or notion (avo/wia TO5 \6y<p), and so is each of the 
rectilineal figures; this is in fact the business of the writer of the 
Elements in his Divisions, where he divides given figures, in one case 
into like figures, and in another into unlike4." " L i k e " and "unlike" 
here mean, not "similar" and "dissimilar" in the technical sense, but 
" l ike" or "unlike in definition or notion" (koytp): thus to divide a 
triangle into triangles would be to divide it into " l i k e " figures, to 
divide a triangle into a triangle and a quadrilateral would be to 
divide it into "unl ike" figures. 

The treatise is lost in Greek but has been discovered in the 
Arabic. First John Dee discovered a treatise De divisionibus by one 
Muhammad Bagdadinus 6 and handed over a copy of it (in Latin) in 
1563 to Commandinus, who published it, in Dee's name and his own, 
in 1570 6. Dee did not himself translate the tract from the Arabic ; he 

Bryson, to say nothing of the lunules of Hippocrates. I think however that there is an 
objection to this theory so far as regards Bryson; for Alexander distinctly says that Bryson's 
quadrature did not start from the proper principles of geometry, but from some principles 
more general. 

1 Pappus, VII. p. 638. 
3 Vol. VI. in the Teubner edition of Euclidis opera omnia by Heiberg and Menge. A 

translation of the Data is also included in Simson's Euclid (though naturally his text left 
much to be desired). 

8 Proclus, p. 69, 4. * ibid. 144, 12—26. 
5 Steinschneider places him in the iothc. H. Suter (Bibliotheca Malhematua, IV, , 1903, 

Kp. 24, 27) identifies him with Abu (Bekr) Muh. b. 'AbdalbaqI al-Bagdadl, Qadi (Judge) of 
[aristan (circa ro70 -H4i ) , to whom he also attributes the Liber judei (? judicis) super decimum 

Euclidis translated by Gherard of Cremona. 
6 De superficierum divisionibus liber Machomelo Bagdadino adscriptus, nunc primum 

Ioannis Dee Londinensis et Federici Commandini Urbinatis opera in lucem editus, Pisauri, 
1570, afterwards included in Gregory's Euclid (Oxford, 1703). 



found it in Latin in a MS. which was then in his own possession but 
was about 20 years afterwards stolen or destroyed in an attack by a 
mob on his house at Mortlake'. Dee, in his preface addressed to 
Commandinus, says nothing of his having translated the book, but 
only remarks that the very illegible MS. had caused him much trouble 
and (in a later passage) speaks of " the actual, very ancient, copy from 
which I wrote out..." (in ipso unde descripsi vetustissimo exemplari). 
The Latin translation of this tract from the Arabic was probably made 
by Gherard of Cremona (1114-1187) , among the list of whose numerous 
translations a " liber divisionum " occurs. The Arabic original cannot 
have been a direct translation from Euclid, and probably was not even 
a direct adaptation of i t ; it contains mistakes and unmathematical 
expressions, and moreover does not contain the propositions about 
the division of a circle alluded to by Proclus. Hence it can scarcely 
have contained more than a fragment of Euclid's work. 

But Woepcke found in a MS. at Paris a treatise in Arabic on the 
division of figures, which he translated and published in 1851 s . It is 
expressly attributed to Euclid in the MS. and corresponds to the 
description of it by Proclus. Generally speaking, the divisions are 
divisions into figures of the same kind as the original figures, e.g. of 
triangles into triangles; but there are also divisions into " unlike" 
figures, e.g. that of a triangle by a straight line parallel to the base. 
The missing propositions about the division of a circle are also here: 
" to divide into two equal parts a given figure bounded by an arc 
of a circle and two straight lines including a given angle " and " to 
draw in a given circle two parallel straight lines cutting off a certain 
part of the circle." Unfortunately the proofs are given of only four 
propositions (including the two last mentioned) out of 36, because 
the Arabic translator found them too easy and omitted them. To 
illustrate the character of the problems dealt with I need only take 
one more example: " To cut off a certain fraction from a (parallel-) 
trapezium by a straight line which passes through a given point lying 
inside or outside the trapezium but so that a straight line can be 
drawn through it cutting both the parallel sides of the trapezium." 
The genuineness of the treatise edited by Woepcke is attested by the 
facts that the four proofs which remain are elegant and depend on 
propositions in the Elements, and that there is a lemma with a true 
Greek ring: " to apply to a straight line a rectangle equal to the 
rectangle contained by AB, AC and deficient by a square!' Moreover 
the treatise is no fragment, but finishes with the words " end of the 
treatise," and is a well-ordered and compact whole. Hence we may 
safely conclude that Woepcke's is not only Euclid's own work but 
the whole of it. A restoration of the work, with proofs, was attempted 
by Ofterdinger3, who however does not give Woepcke's props. 30, 31, 
34, 35, 36- We have now a satisfactory restoration, with ample notes 

1 R. C. Archibald, Euclid's Book on the Division of Figures with a restoration based on 
Woepcke's text and on the Practica geometriae of Leonardo Pisano, Cambridge, 1915, pp. 4—9. 

2 Journal Asiatique, 1851, p. 233 sqq. 
3 L. F. Ofterdinger, Beitrage zur fViederherstetlung der Schrift des Euklides fiber die 

Theilung der Figuren, Ulm, 1853. 



and an introduction, by R. C Archibald, who used for the purpose 
Woepcke's text and a section of Leonardo of Pisa's Practica geotnetriae 
(1220) 1. 

4. The Porisms. 
It is not possible to give in this place any account of the con

troversies about the contents and significance of the three lost books 
of Porisms, or of the important attempts by Robert Simson and 
Chasles to restore the work. These may be said to form a whole 
literature, references to which will be found most abundantly given 
by Heiberg and Loria, the former of whom has treated the subject 
from the philological point of view, most exhaustively, while the 
latter, founding himself generally on Heiberg, has added useful 
details, from the mathematical side, relating to the attempted restora
tions, etc.2 It must suffice here to give an extract from the only 
original source of information about the nature and contents of the 
Porisms, namely Pappus 3. In his general preface about the books 
composing the Treasury of Analysis ( T W O S dvaXvo/ievot) he says : 

"After the Tangencies (of Apollonius) come, in three books, the 
Porisms of Euclid, [in the view of many] a collection most ingeniously 
devised for the analysis of the more weighty problems, [and] although 
nature presents an unlimited number of such porisms4, [they have 
added nothing to what was written originally by Euclid, except that 
some before my time have shown their want of taste by adding to a 
few (of the propositions) second proofs, each (proposition) admitting 
of a definite number of demonstrations, as we have shown, and 
Euclid having given one for each, namely that which is the most 
lucid. These porisms embody a theory subtle, natural, necessary, 
and of considerable generality, which is fascinating to those who can 
see and produce results]. 

" Now all the varieties of porisms belong, neither to theorems nor 
problems, but to a species occupying a sort of intermediate position 
[so that their enunciations can be formed like those of either theorems 
or problems], the result being that, of the great number of geometers, 
some regarded them as of the class of theorems, and others of pro
blems, looking only to the form of the proposition. But that the 
ancients knew better the difference between these three things is 
clear from the definitions. For they said that a theorem is that 
which is proposed with a view to the demonstration of the very 
thing proposed, a problem that which is thrown out with a view to 
the construction of the very thing proposed, and a porism that which 
is proposed with a view to the producing of the very thing proposed. 
[But this definition of the porism was changed by the more recent 
writers who could not produce everything, but used these elements 

1 There is a remarkable similarity between the propositions of Woepcke's text and those 
of Leonardo, suggesting that Leonardo may have had before him a translation (perhaps by 
Gherard of Cremona) of the Arabic tract. 

2 Heiberg, Euklid-Studien, pp. 56—79, and Loria, op. cit., pp. 253—265. 
3 Pappus, ed. Hultsch, VII. pp. 648—660. I put in square brackets the words bracketed 

by Hultsch. 
4 I adopt Heiberg's reading of a comma here instead of a full stop. 



and proved only the fact that that which is sought really exists, but 
did not produce it 1 and were accordingly confuted by the definition 
and the whole doctrine. They based their definition on an incidental 
characteristic, thus: A porism is that which falls short of a locus-
theorem in respect of its hypothesis'. Of this kind of porisms loci 
are a species, and they abound in the Treasury of Analysis ; but 
this species has been collected, named and handed down separately 
from the porisms, because it is more widely diffused than the other 
species]. But it has further become characteristic of porisms that, 
owing to their complication, the enunciations are put in a contracted 
form, much being by usage left to be understood; so that many 
geometers understand them only in a partial way and are ignorant of 
the more essential features of their contents. 

"[Now to comprehend a number of propositions in one enunciation 
is by no means easy in these porisms, because Euclid himself has not 
in fact given many of each species, but chosen, for examples, one or a 
few out of a great multitude'. But at the beginning of the first book 
he has given some propositions, to the number of ten, of one species, 
namely that more fruitful species consisting of loci.] Consequently, 
finding that these admitted of being comprehended in one enunciation, 
we have set it out thus: 

If, in a system of four straight lines 4 which cut each other 
two and two, three points on one straight line be given while the 
rest except one lie on different straight lines given in position, 
the remaining point also will lie on a straight line given in 
position". 

1 Heiberg points out that Props. 5—9 of Archimedes' treatise On Spirals are porisms in 
this sense. To take Prop. 5 as an example, DBF is a tangent to a circle with centre K. 
It is then possible, says Archimedes, to draw a straight line D B F 
KHF, meeting the circumference in H and the tangent in FY 

such that 
FH: HK<(SLK BH):c, 

where c is the circumference of any circle. To prove this he 
assumes the following construction. E being any straight line 
greater than c, he says : let KG be parallel to DF, " and let 
the line GH equal to £ be placed verging to the point B." 
Archimedes must of course have known how to effect this 
construction, which requires conies. But that it is possible requires very little argument, for 
if we draw any straight line BHG meeting the circle in H and KG in G, it is obvious that 
as G moves away from C, HG becomes greater and greater and may be made as great as we 
please. The " later writers " would no doubt have contented themselves with this considera
tion without actually constructing HG. 

' As Heiberg says, this translation is made certain by a preceding passage of Pappus 
(p. 648, 1—3) where he compares two enunciations, the latter of which " falls short of the 
former in hypothesis but goes beyond it in requirement.'1' E.g. the first enunciation requiring 
us, given three circles, to draw a circle touching all three, the second may require us, given 
only two circles (one less datum), to draw a circle touching them and of a given size (an 
extra requirement). 

' I translate Heiberg's reading with a full stop here followed by Tpbi ipxv W &l"*t [ r a i l 
ipXV" {SfSofiiyov) Hultsch] T O U vpurov BtfiUov.... 

4 The four straight lines are described in the text as (the sides) inrrlov $ rapwrlov, i.e. 
sides of two' sorts of quadrilaterals which Simson tries to explain (see p. 120 of the Index 
Graecitalis of Hultsch's edition of PaDpus). 

6 In other words (Chasles, p. 23; Loria, p. 256), if a triangle be so deformed that each of 
its sides turns about one of three points in a straight line, and two of its vertices lie on two 
straight lines given in position, the third vertex will also lie on a straight line. 



"This has only been enunciated of four straight lines, of which not 
more than two pass through the same point, but it is not known (to 
most people) that it is true of any assigned number of straight lines 
if enunciated thus: 

If any number of straight lines cut one another, not more 
than two (passing) through the same point, and all the points 
(of intersection situated) on one of them be given, and if each of 
those which are on another (of them) lie on a straight line given 
in position— 

or still more generally thus : 
if any number of straight lines cut one another, not more than 
two (passing) through the same point, and all the points (of 
intersection situated) on one of them be given, while of the other 
points of intersection in multitude equal to a triangular number 
a number corresponding to the side of this triangular number lie 
respectively on straight lines given in position, provided that of 
these latter points no three are at the angular points of a triangle 
(sc. having for sides three of the given straight lines)—each of the 
remaining points will lie on a straight line given in position1. 

" It is probable that the writer of the Elements was not unaware 
of this but that he only set out the principle; and he seems, in the 
case of all the porisms, to have laid down the principles and the 
seed only [of many important things], the kinds of which should be 
distinguished according to the differences, not of their hypotheses, but 
of the results and the things sought. [All the hypotheses are different 
from one another because they are entirely special, but each of the 
results and things sought, being one and the same, follow from many 
different hypotheses.] 

" W e must then in the first book distinguish the following kinds of 
things sought: 

" A t the beginning of the book 2 is this proposition : 
I. ' If from two given points straight lines be drawn meeting 

on a straight line given in position, and one cut off from a straight 
line given in position (a segment measured) to a given point on it, 
the other will also cut off from another (straight line a segment) 
liaving to the first a given ratio.' 

" Following on this (we have to prove) 
II. that such and such a point lies on a straight line given 

in position; 
III . that the ratio of such and such a pair of straight lines 

is g iven ;" 
etc. etc. (up to xxix.) . 

" The three books of the porisms contain 38 lemmas; of the 
theorems themselves there are 171." 

1 Loria (p. 256, « . 3) gives the meaning of this as follows, pointing out that Simson was 
the discoverer of it: " If a complete «-lateral be deformed so that its sides respectively turn 
about « points on a straight line, and ( « - 1) of its n(n- i)/2 vertices move on as many 
straight lines, the other ( « - i ) ( » - 2 ) / 2 of its vertices likewise move on as many straight 
lines: but it is necessary that it should be impossible to form with the ( « - 1) vertices any 
triangle having for sides the sides of the polygon." 

• Reading, with Heiberg, TOV /3t/3Xiov [TOV f Hultsch]. 



Pappus further gives lemmas to the Porisms (pp. 866—918, ed. 
Hultsch). 

With Pappus' account of Porisms must be compared the passages 
of Proclus on the same subject. Proclus distinguishes two senses in 
which the word iropio-fia is used. The first is that of corollary where 
something appears as an incidental result of a proposition, obtained 
without trouble or special seeking, a sort of bonus which the investi
gation has presented us with 1. The other sense is that of Euclid's 
Porisms*. In this sense* "porism is the name given to things which 
are sought, but need some finding and are neither pure bringing into 
existence nor simple theoretic argument. For (to prove) that the 
angles at the base of isosceles triangles are equal is a matter of 
theoretic argument, and it is with reference to things existing that 
such knowledge is (obtained). But to bisect an angle, to construct a 
triangle, to cut off", or to place—all these things demand the making 
of something; and to find the centre of a given circle, or to find the 
greatest common measure of two given commensurable magnitudes, 
or the like, is in some sort between theorems and problems. For in 
these cases there is no bringing into existence of the things sought, 
but finding of them, nor is the procedure purely theoretic. For it is 
necessary to bring that which is sought into view and exhibit it to 
the eye. Such are the porisms which Euclid wrote, and arranged in 
three books of Porisms.' 

Proclus' definition thus agrees well enough with the first, " older," 
definition of Pappus. A porism occupies a place between a theorem 
and a problem: it deals with something already existing, as a theorem 
does, but has to find it (e.g. the centre of a circle), and, as a certain 
operation is therefore necessary, it partakes to that extent of the 
nature of a problem, which requires us to construct or produce some
thing not previously existing. Thus, besides III. I of the Elements 
and x. 3, 4 mentioned by Proclus, the following propositions are 
real porisms: III. 25, VI. 1 1 — 1 3 , vn . 33, 34, 36, 39, VIII. 2, 4, X. 10, 
XIII. 18. Similarly in Archimedes On the Sphere and Cylinder I. 2—6 
might be called porisms. 

The enunciation given by Pappus as comprehending ten of Euclid's 
propositions may not reproduce the form of Euclid's enunciations ; 
but, comparing the result to be proved, that certain points lie on 
straight lines given in position, with the class indicated by II. above, 
where the question is of such and such a point lying on a straight line 
given in position, and with other classes, e.g. (v.) that such and such a 
line is given in position, (vi.) that such and such a line verges to a given 
point, (XXVII.) that there exists a given point such that straight lines 
drawn from it to such and such (circles) will contain a triangle given 
in species, we may conclude that a usual form of a porism was " to 
prove that it is possible to find a point with such and such a property" 

1 Proclus; pp. I l l , 1 4 ; 301, 22. 
' ibid. p. 212, 12. "The term porism is used of certain problems, like the Porisms 

written by Euclid." 
* ibid. pp. 301, 35 sqq. 



or " a straight line on which lie all the points satisfying given 
conditions" etc. 

Simson denned a porism thus: " Porisma est propositio in qua 
proponitur demonstrare rem aliquam, vel plures datas esse, cui, vel 
quibus, ut et cuilibet ex rebus innumeris, non quidem datis, sed quae 
ad ea quae data sunt eandem habent relationem,convenire ostendendum 
est affectionem quandam communem in propositione descriptam1." 

From the above it is easy to understand Pappus' statement that 
loci constitute a large class of porisms. A locus is well defined by 
Simson thus: " Locus est propositio in qua propositum est datam 
esse demonstrare, vel invenire lineam aut superficiem cuius quodlibet 
punctum, vel superficiem in qua quaelibet linea data lege descripta, 
communem quandam habet proprietatem in propositione descriptam." 
Heiberg cites an excellent instance of a locus which is a porism, namely 
the following proposition quoted by Eutocius 2 from the Plane Loci of 
Apollonius: 

" Given two points in a plane, and a ratio between unequal straight 
lines, it is possible to draw, in the plane, a circle such that the straight 
lines drawn from the given points to meet on the circumference of 
the circle have (to one another) a ratio the same as the given ratio." 

A difficult point, however, arises on the passage of Pappus, which 
says that a porism is " that which, in respect of its hypothesis, falls 
short of a locus-theorem " (TOTTUCOV 0eo>prJtiaTo<;). Heiberg explains it 
by comparing the porism from Apollonius' Plane Loci just given with 
Pappus' enunciation of the same thing, to the effect that, if from two 
given points two straight lines be drawn meeting in a point, and these 
straight lines have to one another a given ratio, the point will lie on 
either a straight line or a circumference of a circle given in position. 
Heiberg observes that in this latter enunciation something is taken 
into the hypothesis which was not in the hypothesis of the enunciation 
of the porism, viz. " that the ratio of the straight lines is the same." 
I confess this does not seem to me satisfactory: for there is no real 
difference between the enunciations, and the supposed difference in 
hypothesis is very like playing with words. Chasles says: " Ce qui 
constitue le porisme est ce qui manque a I'kypothese d'un tke'orime 
local (en d'autres termes, le porisme est inferieur, par l'hypothese, au 
theoreme local; c'est-a-dire que quand quelques parties d'une pro
position locale n'ont pas dans l'^nonce' la determination qui leur est 
propre, cette proposition cesse d'etre regardee comme un theoreme et 
devient un porisme)." But the subject still seems to require further 
elucidation. 

While there is so much that is obscure, it seems certain ( i ) that the 
Porisms were distinctly part of higher geometry and not of elementary 

1 This was thus expressed by Chasles : " Le porisme est une proposition dans laquelle on 
demande de d£montrer qu'une chose ou plusieurs choses sont donntes, qui, ainsi que l'une 
quelconque d'une infinite d'autres choses non donnees,,mais dont chacune est avec des choses 
donnees dans une meme relation, ont une certaine propriete commune, decrite dans la pro
position." 

2 Commentary on Apollonius' Conies (vol. It. p. 180, ed. Heiberg). 



geometry, (2) that they contained propositions belonging to the 
modern theory of transversals and to projective geometry. It should 
be remembered too that it was in the course of his researches on this 
subject that Chasles was led to the idea of anharmonic ratios. 

Lastly, allusion should be made to the theory of Zeuthen 1 on the 
subject of the porisms. He observes that the only porjsm of which 
Pappus gives the complete enunciation, " If from two given points 
straight lines be drawn meeting on a straight line given in position, 
and one cut off from a straight line given in position (a segment 
measured) towards a given point on it, the other will also cut off from 
another (straight line a segment) bearing to the first a given ratio," 
is also true if there be substituted for the first given straight line a 
conic regarded as the " locus with respect to four lines," and that this 
extended porism can be used for completing Apollonius' exposition 
of that locus. Zeuthen concludes that the Porisms were in part by
products of the theory of conies and in part auxiliary means for the 
study of conies, and that Euclid called them by the same name as 
that applied to corollaries because they were corollaries with respect to 
conies. But there appears to be no evidence to confirm this conjecture. 

5 . The Surface-loci (jotroi Trpbs emtpaveia). 
The two books on this subject are mentioned by Pappus as part 

of the Treasury of Analysis'1. As the other works in the list which 
were on plane subjects dealt only with straight lines, circles, and 
conic sections, it is a priori likely that among the loci in this treatise 
(loci which are surfaces) were included such loci as were cones, 
cylinders and spheres. Beyond this all is conjecture based on two 
lemmas given by Pappus in connexion with the treatise. 

(1) The first of these lemmas 3 and the figure attached to it are 
not satisfactory as they stand, but a possible restoration is indicated 
by Tannery*. If the latter is right, it suggests that one of the loci 
contained all the points on the elliptical parallel sections of a cylinder 
and was therefore an oblique circular cylinder. Other assumptions 
with regard to the conditions to which the lines in the figure may be 
subject would suggest that other loci dealt with were cones regarded 
as containing all points on particular elliptical parallel sections of 
the cones'. 

(2) In the second lemma Pappus states and gives a complete proof 
of the focus-and-directrix property of a conic, viz. that the locus of a 
point whose distance from a given point is in a given ratio to its distance 
from a fixed line is a conic section, which is an ellipse, a parabola or a 
hyperbola according as the given ratio is less than, equal to, or greater 
than unity'. Two conjectures are possible as to the application of 
this theorem in Euclid's Surface-loci, (a) It may have been used to 
prove that the locus of a point whose distance from a given straight 

1 Die Lekre von den Kegelschnitien im Altertum, chapter VIII . 
3 Pappus, VII. p. 636. 3 Hid. vn. p. 1004. 
4 .Bulletin des sciences math, el astron., 1° Sene, VI. 149. 
5 Further particulars will be found in The Works of Archimedes, pp. lxii—Ixiv, and in 

Zeuthen, Die Lthre von den Kegelschnitten, p. 425 sqq. 
* Pappus, VII. pp. 1006—1014, and Hultsch's Appendix, pp. U70—3. 



line is in a given ratio to its distance from a given plane is a certain 
cone, (b) It may have been used to prove that the locus of a point 
whose distance from a given point is in a given ratio to its distance 
from a given plane is the surface formed by the revolution of a conic 
about its major or conjugate axis 1 . Thus Chasles may have been 
correct in his conjecture that the Surface-loci dealt with surfaces of 
revolution of the second degree and sections of the same'. 

6. The Conks. 
Pappus says of this lost work: "The four books of Euclid's Conies 

were completed by Apollonius, who added four more and gave us 
eight books of Conies'." It is probable that Euclid's work was lost 
even by Pappus' time, for he goes on to speak of "Aristaeus, who wrote 
the still extant five books of Solid Loci connected with the conies." 
Speaking of the relation of Euclid's work to that of Aristaeus on conies 
regarded as loci, Pappus says in a later passage (bracketed however 
by Hultsch) that Euclid, regarding Aristaeus as deserving credit for 
the discoveries he had already made in conies, did not (try to) 
anticipate him or construct anew the same system. We may no 
doubt conclude that the book by Aristaeus on solid loci preceded 
Euclid's on conies and was, at least in point of originality, more 
important. Though both treatises dealt with the same subject-matter, 
the object and the point of view were different; had they been the 
same, Euclid could scarcely have refrained, as Pappus says he did, 
from attempting to improve upon the earlier treatise. No doubt 
Euclid wrote on the general theory of conies as Apollonius did, but 
confined himself to those properties which were necessary for the 
analysis of the Solid Loci of Aristaeus. The Conks of Euclid were 
evidently superseded by the treatise of Apollonius. 

A s regards the contents of Euclid's Conks, the most important 
source of our information is Archimedes, who frequently refers to 
propositions in conies as well known and not needing proof, adding 
in three cases that they are proved in the " elements of conies " or in 
"the conies," which expressions must clearly refer to the works of 
Aristaeus and Euclid 4 

Euclid still used the old names for the conies (sections of a right-
angled, acute-angled, or obtuse-angled cone), but he was aware that 
an ellipse could be obtained by cutting a cone in any manner by a 
plane not parallel to the base (assuming the section to lie wholly 
between the apex of the cone and its base) and also by cutting a 
cylinder. This is expressly stated in a passage from the Phaenomena 
of Euclid about to be mentioned 5. 

7. The Pkaenomena. 
This is an astronomical work and is still extant. A much inter-

1 For further details see The Works of Archimedes, pp. lxiv, Ixv, and Zeuthen, /. c. 
' Apercu historique, pp. 273—4. 3 Pappus, VII. p. 672. 
4 For details of these propositions see my Apollonius of Perga, pp. xxxv, xxxvi. 
* Phaenomena, ed. Menge, p. 6 : "If a cone or a cylinder be cut by a plane not 

parallel to the base, the section is a section of an acute-angled cone, which is like a shield 
(8vpc&s)." 



polated version appears in Gregory's Euclid. An earlier and better 
recension is however contained in the MS. Vindobonensis philos. 
Gr. 103, though the end of the treatise, from the middle of prop. 16 
to the last (18), is missing. The book, now edited by Menge 1, consists 
of propositions in spheric geometry. Euclid based it on Autolycus' 
work irepl Kivov/aevrit <r<\>aLpa<;, but also, evidently, on an earlier text
book of Sphaerica of exclusively mathematical content. It has been 
conjectured that the latter textbook may have been due to Eudoxus 2 . 

8. The Optics. 
This book needs no description, as it has been edited by Heiberg 

recently3, both in its genuine form and in the recension by Theon. 
The Catoptrica published by Heiberg in the same volume is not 
genuine, and Heiberg suspects that in its present form it may be 
Theon's. It is not even certain that Euclid wrote Catoptrica at all, as 
Proclus may easily have had Theon's work before him and inadvertently 
assigned it to Euclid 4. 

9. Besides the above-mentioned works, Euclid is said to have 
written the Elements of Music'' (al Kara, fiovo-cicrjv o-Totvetaio-ei?). T w o 
treatises are attributed to Euclid in our MSS. of the Musici, the 
KaraTOfir) Kavovoi, Sectio canonis (the theory of the intervals), and the 
eltrayayr) apfxoviKj) (introduction to harmony) 8. The first, resting on 
the Pythagorean theory of music, is mathematical, and the style and 
diction as well as the form of the propositions mostly agree with what 
we find in the Elements. Jan thought it genuine, especially as almost 
the whole of the treatise (except the preface) is quoted in extenso, and 
Euclid is twice mentioned by name, in the commentary on Ptolemy's 
Harmonica published by Wallis and attributed by him to Porphyry. 
Tannery was of the opposite opinion'. The latest editor, Menge, sug
gests that it may be a redaction by a less competent hand from the 
genuine Euclidean Elements of Music. The second treatise is not 
Euclid's, but was written by Cleonides, a pupil of Aristoxenus 8 . 

Lastly, it is worth while to give the Arabians' list of Euclid's 
works. I take this from Suter's translation of the list of philosophers 
and mathematicians in the Fihrist, the oldest authority of the kind 
that we possess". " To the writings of Euclid belong further [in 
addition to the Elements']: the book of Phaenomena; the book of 

1 Euclidis opera omnia, vol. VIII*, 1916, pp. 2—156. 
2 Heiberg, Euklid-Studien, p. 46; Hultsch, Autolycus, p. xii; A. A. Bjornbo, Studien 

iiber Menelaos' Sphdrik (Abhandlungen zur Geschichte der mathematischen Wissenschaften, 
xiv. 1902), p. 56sqq. 

3 Euclidis opera omnia, vol. VII. (1895). 
4 Heiberg, Euclid's Optics, etc. p. 1. ft Proclus, p. 69, 3. 
8 Both treatises edited by Jan in Musici Scriptores Graeci, 1895, pp. 113—166, 167—207, 

and by Menge in Euclidis opera omnia, vol. VIII., 1916, pp. 157-—183, 185—223. 
7 Comptes rendus de VAcad. des inscriptions et belles-lettres, Paris, 1904, pp. 439—445. 

Cf. Bibliotheca Mathematica, VI3, 1905-6, p. 225, note 1. 
8 Heiberg, Euklid-Studien, pp. 52—55; Jan, Musici Scriptores Graeci, pp. 169—174. 
6 H. Suter, Das Mathematiker- Verzeichniss im Fihrist in Abhandlungen zur Geschichte 

der Mathematik, vi., 1892, pp. 1—87 (see especially p. 17). Cf. Casiri, 1. 339, 340, and 
Gartz, De interpretibus et explanatoribus Euclidis Arabicis, 1823, pp. 4, 5. 



Given Magnitudes [Data]; the book of Tones, known under the name 
of Music, not genuine; the book of Division, emended by Thabit; 
the book of Utilisations or Applications [Porisms], not genuine; the 
book of the Canon; the book of the Heavy and Light ; the book of 
Synthesis, not genuine; and the book of Analysis, not genuine." 

It is to be observed that the Arabs already regarded the book of 
Tones (by which must be meant the eirraycoyT] app.ovi.Kr]) as spurious. 
The book of Division is evidently the book on Divisions (of figures). 
The next book is described by Casiri as " liber de utilitate suppositus." 
Suter gives reason for believing the Porisms to be meant 1, but does 
not apparently offer any explanation of why the work is supposed to 
be spurious. The book of the Canon is clearly the KaraTop.}] Kavovo<t. 
The book on " the Heavy and Ligh t" is apparently the tract De levi 
et ponderoso, included in the Basel Latin translation of 1537, and in 
Gregory's edition. The fragment, however, cannot safely be attributed 
to Euclid, for (1) we have nowhere any mention of his having written 
on mechanics, (2) it contains the notion of specific gravity in a form 
so clear that it could hardly be attributed to anyone earlier than 
Archimedes". Suter thinks" that the works on Analysis and Synthesis 
(said to be spurious in the extract) may be further developments of 
the Data or Porisms, or may be the interpolated proofs of Eucl. 
XIII. 1—5, divided into analysis and synthesis, as to which see the notes 
on those propositions. 

1 Suter, op. cit. pp. 49, 50. Wenrich translated the word as " utilia." Suter says that 
the nearest meaning of the Arabic word as of "porism" is use, gain (Nutzen, Gewinn), while 
a further meaning is explanation, observation, addition: a gain arising out of what has 
preceded (cf. Proclus' definition of the porism in the sense of a corollary). 

* Heiberg, Euklid-Studien, pp. 9, 10. 3 Suter, op. cit. p. 50. 
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C H A P T E R I I I . 

G R E E K C O M M E N T A T O R S O N T H E ELEMENTS O T H E R 
T H A N P R O C L U S . 

THAT there was no lack of commentaries on the Elements before 
the time of Proclus is evident from the terms in which Proclus refers 
to them; and he leaves us in equally little doubt as to the value 
which, in his opinion, the generality of them possessed. Thus he says 
in one place (at the end of his second prologue) 1: 

" Before making a beginning with the investigation of details, 
I warn those who may read me not to expect from me the things 
which have been dinned into our ears ad nauseam (SiaTedpvXriTat,) by 
those who have preceded me, viz. lemmas, cases, and so forth. For 
I am surfeited with these things and shall give little attention to them. 
But I shall direct my remarks principally to the points which require 
deeper study and contribute to the sum of philosophy, therein emulating 
the Pythagoreans who even had this common phrase for what I mean 
' a figure and a platform, but not a figure and sixpence".'" 

In another place 3 he says : " Let us now turn to the elucidation 
of the things proved by the writer of the Elements, selecting the more 
subtle of the comments made on them by the ancient writers, while 
cutting down their interminable diffuseness, giving the things which 
are more systematic and follow scientific methods, attaching more 
importance to the working-out of the real subject-matter than" to the 
variety of cases and lemmas to which we see recent writers devoting 
themselves for the most part." 

A t the end of his commentary on Eucl. I. Prockis remarks 4 that 
the commentaries then in vogue were full of all sorts of confusion, and 
contained no account of causes, no dialectical discrimination, and no 
philosophic thought. 

These passages and two others in which Proclus refers to "the 
commentators 5" suggest that these commentators were numerous. 
He does not however give many names; and no doubt the only 
important commentaries were those of Heron, Porphyry, and Pappus. 

1 Proclus, p. 84, 8. 
3 i.e. we reach a certain height, use the platform so attained as a base on which to build 

another stage, then use that as a base and so on. 
3 Proclus, p. 200, 10. 4 ibid. p. 431, 15. 5 ibid. p. 289, 1 1 ; p. 328, 16. 



20 INTRODUCTION [CH. Ill 

I . Heron. 
Proclus alludes to Heron twice as Heron mec/ianicus1, in another 

place ' he associates him with Ctesibius, and in the three other 
passages 3 where Heron is mentioned there is no reason to doubt that 
the same person is meant, namely Heron of Alexandria. The date of 
Heron is still a vexed question. In the early stages of the controversy 
much was made of the supposed relation of Heron to Ctesibius. The 
best MS. of Heron's Belopoeica has the heading "H/woro? KTjjo-t/Siou 
fieXoirouicd, and an anonymous Byzantine writer of the tenth century, 
evidently basing himself on this title, speaks of Ctesibius as Heron's 
Ka0riyrjTTi<!, " master " or " teacher." W e know of two men of the name 
of Ctesibius. One was a barber who lived in the time of Ptolemy 
Euergetes II, i.e. Ptolemy V I I , called Physcon (died 117 B.C.), and 
who is said to have made an improved water-organ 4. The other was a 
mechanician mentioned by Athenaeus as having made an elegant 
drinking-horn in the time of Ptolemy Philadelphus (285-247 B.C.)'. 
Martin 6 took the Ctesibius in question to be the former and accord
ingly placed Heron at the beginning of the first century B.C., say 
126-50 B .C But Philo of Byzantium 7 , who repeatedly mentions Ctesi
bius by name, says that the first mechanicians had the advantage of 
being under kings who loved fame and supported the arts. Hence our 
Ctesibius is more likely to have been the earlier Ctesibius who was 
contemporary with Ptolemy II Philadelphus. 

But, whatever be the date of Ctesibius, we cannot safely conclude 
that Heron was his immediate pupil. The title " Heron's (edition of) 
Ctesibius's Belopoeica" does not, in fact, justify any inference as to 
the interval of time between the two works. 

W e now have better evidence for a terminus post quern. The 
Metrica of Heron, besides quoting Archimedes and Apollonius, twice 
refers to " the books about straight lines (chords) in a circle " (h toi? 
irepl TCOV it) KvicXtp evdeiwv). Now we know of no work giving a Table 
of Chords earlier than that of Hipparchus. We get, therefore, at 
once, 150 B.C. or thereabouts as the terminus post quern. But, again, 
Heron's Mechanica quotes a definition of " centre of gravity " as given 
by " Posidonius, a Stoic " : and, even if this Posidonius lived before 
Archimedes, as the context seems to imply, it is certain that another 
work of Heron's, the Definitions, owes something to Posidonius of 
Apamea or Rhodes, Cicero's teacher (135-51 B.C.). This brings Heron's 
date down to the end of the first century B.C., at least. 

W e have next to consider the relation, if any, between Heron and 
Vitruvius. In his De Architectura, brought out apparently in 14 B.C., 
Vitruvius quotes twelve authorities on machinationes including Archytas 

1 Proclus, p. 305, 24 ; p. 346, 13. 
3 ibid. p. 41, 10. 
3 ibid. p. 196, 1 6 ; p. 323, 7 ; p. 419, 13. 
4 Athenaeus, Dcipno-Soph. iv., c. 75, p. 174 b—e.. 
' ibid, xi., c. 97, p. 497 b—c. 
' Martin, Recherches sur la vie et Us ouvrages d'ffiron d'A/exandrie, Paris, 1854, p. 37. 
7 Philo, Median. Synt., p. 50, 38, ed. Schone. 



(second), Archimedes (third), Ctesibius (fourth) and Philo of Byzan
tium (sixth), but does not mention Heron. Nor is it possible to 
establish inter-dependence between Vitruvius and Heron; the differ
ences between them seem on the whole more numerous and important 
than the resemblances (e.g. Vitruvius uses 3 as the value of IT, while 
Heron always uses the Archimedean value i \ \ The inference is that 
Heron can hardly have written earlier than the first century A.D. 

The most recent theory of Heron's date makes him later than 
Claudius Ptolemy the astronomer (100-178 A.D.). The arguments are 
mainly these. (1) Ptolemy claims as a discovery of his own a method 
of measuring the distance between two places (as an arc of a great 
circle on the earth's surface) in the case where the places are neither 
on the same meridian nor on the same parallel circle. Heron, in his 
Dioptra, speaks of this method as of a thing generally known to 
experts. (2) The dioptra described in Heron's work is a fine and 
accurate instrument, much better than anything Ptolemy had at his 
disposal. (3) Ptolemy, in his work Hepl poirmv, asserted that water 
with water round it has no weight and that the diver, however deep 
he dives, does not feel the weight of the water above him. Heron, 
strangely enough, accepts as true what Ptolemy says of the diver, but 
is dissatisfied with the explanation given by " some," namely that it is 
because water is uniformly heavy—this seems to be equivalent to 
Ptolemy's dictum that water in water has no weight—and he essays a 
different explanation based on Archimedes. (4) It is suggested that 
the Dionysius to whom Heron dedicated his Definitions is a certain 
Dionysius who was praefectus urbi in 301 A.D. 

On the other hand Heron was earlier than Pappus, who was 
writing under Diocletian (284-305 A.D.), for Pappus alludes to and 
draws upon the works of Heron. The net result, then, of the most 
recent research is to place Heron in the third century A.D. and perhaps 
little earlier than Pappus. Heiberg 1 accepts this conclusion, which 
may therefore, perhaps, be said to hold the field for the present*. 

That Heron wrote a systematic commentary on the Elements 
might be inferred from Proclus, but it is rendered quite certain by 
references to the commentary in Arabian writers, and particularly in 
an-Nairlzi's commentary on the first ten Books of the Elements. The 
Fihrist says, under Euclid, that " Heron wrote a commentary on this 
book [the Elements], endeavouring to solve its., difficulties*"; and 
under Heron, " He wrote: the book of explanation of the obscurities 
in Euclid 4...." An-NairizI's commentary quotes Heron by name very 
frequently, and often in such a way as to leave no doubt that the 
author had Heron's work actually before him. Thus the extracts are 
given in the first person, introduced by "Heron says" ("Dixit Yrinus" 

1 Heronis AUxandrini opera, vol. V. (Teuhner, 1914), p. ix. 
2 Fuller details of the various arguments will be found in my History of Greek Mathe

matics, 1921, vol. 11., pp. 398—306. 
3 Das Mathcmatikcr-Verzcichniss im Fihrist (tr. Suter), p. 16. 
4 ibid. p. 11. 



1 Codex Leideusis 399, I. Euclidis Elementa ex interprctatione al-Hadschdschadschii 
cum commentariis al-Narizii. Five parts carrying the work to the end of Book iv. were 
issued in 1893, 1897, 1900, 1905 and 1910 respectively. 

2 Anaritii in decern libros priores elementorum Euclidis commenlarii ex interprctatione 
Gherardi Cremonensis...edidit Maximilianus Curtze (Teubner, Leipzig, 1899). 

or " Heron") ; and in other places we are told that Heron " says 
nothing," or " is not found to have said anything," on such and such 
a proposition. The commentary of an-Nairizi is in part edited by 
Besthorn and Heiberg from a Leiden MS. of the translation of the 
Elements by al-Hajjaj with the commentary attached 1. But this MS. 
only contains six Books, and several pages in the first Book, which 
contain the comments of Simplicius on the first twenty-two defini
tions of the first Book, are missing. Fortunately the commentary of 
an-Nairizi has been discovered in a more complete form, in a Latin 
translation by Gherardus Cremonensis of the twelfth century, which 
contains the missing comments by Simplicius and an-Nairizi's com
ments on the first ten Books. This valuable work has recently been 
edited by Curtze*. 

Thus from the three sources, Proclus, and the two versions of 
an-Nairizi, which supplement one another, we are able to form a very 
good idea of the character of Heron's commentary. In some cases 
observations given by Proclus without the name of their author are 
seen from an-Nairizi to be Heron's; in a few cases notes attributed 
by Proclus to Heron are found in an-Nairizi without Heron's name; 
and, curiously enough, one alternative proof (of I. 25) given as Heron's 
by Proclus is introduced by the Arab with the remark that he has 
not been able to discover who is the author. 

Speaking generally, the comments of Heron do not seem to have 
contained much that can be called important. We find 

(1) A few general notes, e.g. that Heron would not admit more 
than three axioms. 

(2) Distinctions of a number of particular cases of Euclid's pro
positions according as the figure is drawn in one way or in another. 

Of this class are the different cases of I. 35, 36, i l l . 7, 8 (where the 
chords to be compared are drawn on different sides of the diameter 
instead of on the same side), HI. 12 (which is not Euclid's, but Heron's 
own, adding the case of external contact to that of internal contact in 
III. 11), VI. 19 (where the triangle in„which an additional line is drawn 
is taken to be the smaller of the two), VII. 19 (where he gives the 
particular case of three numbers in continued proportion, instead of 
four proportionals). 

(3) Alternative proofs. Of these there should be mentioned (a) 
the proofs of II. I—10 "without a figure," being simply the algebraic 
forms of proof, easy but uninstructive, which are so popular nowadays, 
the proof of III. 25 (placed after III. 30' and starting from the arc 
instead of the chord), III. 10 (proved by III. 9), III. 13 (a proof 
preceded by a lemma to the effect that a straight line cannot meet a 
circle in more than two points). Another class of alternative proof is 



(b) that which is intended to meet a particular objection (evtrracrii) 
which had been or might be raised to Euclid's construction. Thus 
in certain cases he avoids producing a particular straight line, where 
Euclid produces it, in order to meet the objection of any one who should 
deny our right to assume that there is any space available1. Of this 
class are Heron's proofs of I. 1 1 , 1 . 20, and his note on I. 16. Similarly 
on I. 48 he supposes the right-angled triangle which is constructed to 
be constructed on the same side of the common side as the given 
triangle is. A third class (c) is that which avoids reductio ad 
absurdum. Thus, instead of indirect proofs, Heron gives direct 
proofs of I. 19 (for which he requires, and gives, a preliminary 
lemma), and of I. 25. 

(4) Heron supplies certain converses of Euclid's propositions, 
e.g. converses of II. 12, 13, VIII. 27. 

(5) A few additions to, and extensions of, Euclid's propositions 
are also found. Some are unimportant, e.g. the construction of isosceles 
and scalene triangles in a note on I. I, the construction of two tangents 
in III. 17, the remark that VII. 3 about finding the greatest common 
measure of three numbers can be applied to as many numbers as we 
please (as Euclid tacitly assumes in VII. 31). The most irrfportant 
extension is that of III. 20 to the case where the angle at the 
circumference is greater than a right angle, and the direct deduction 
from this extension of the result of III. 22. Interesting also are the 
notes on I. 37 (on I. 24 in Proclus), where Heron proves that two 
triangles with two sides of one equal to two sides of the other and 
with the included angles supplementary are equal, and compares the 
areas where the snm of the two included angles (one being supposed 
greater than the other) is less or greater than two right angles, and 
on I. 47, where there is a proof (depending on preliminary lemmas) of 
the fact that, in the figure of the proposition, the straight lines AL, 
BK, CF meet in a point. After IV. 16 there is a proof that, in a 
regular polygon with an even number of sides, the bisector of one 
angle also bisects its opposite, and an enunciation of the corresponding 
proposition for a regular polygon with an odd number of sides. 

Van Pesch* gives reason for attributing to Heron certain other 
notes found in Proclus, viz. that they are designed to meet the same 
sort of points as Heron had in view in other notes undoubtedly written 
by him. These are (a) alternative proofs of I. 5, I. 17, and I. 32, 
which avoid the producing of certain straight lines, (b) an alternative 
proof of I. 9 avoiding the construction of the equilateral triangle on 
the side of BC opposite to A ; (c) partial converses of I. 35—38, starting 
from the equality of the areas and the fact of the parallelograms or 
triangles being in the same parallels, and proving that the bases are 
the same or equal, may also be Heron's. Van Pesch further supposes 
that it was in Heron's commentary that the proof by Menelaus of 
I. 25 and the proof by Philo of I. 8 were given. 

1 Cf. Proclus, 175, 7 el li \iym TII T6to» /ui) elSinai,.., 389, 18 \eyet OVP Tit 0V1 OVK ICTI 
TOTOt.... 

a Dt Proclifonlibus, Lugduni-Batavorum, 1900, 
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The last reference to Heron made by an-Nairizi occurs in the note 
on VIII. 27, so that the commentary of the former must at least have 
reached that point. 

I I . Porphyry . 
The Porphyry here mentioned is of course the Neo-Platonist who 

lived about 232-304 A.D. Whether he really wrote a systematic 
commentary on the Elements is uncertain. The passages in Proclus 
which seem to make this probable are two in which he mentions him 
(1) as having demonstrated the necessity of the words "not on the 
same side " in the enunciation of I. 14 1, and (2) as having pointed out 
the necessity of understanding correctly the enunciation of I. 26, since, 
if the particular injunctions as to the sides of the triangles to be taken 
as equal are not regarded, the student may easily fall into error'. 
These passages, showing that Porphyry carefully analysed Euclid's 
enunciations in these cases, certainly suggest that his remarks were 
part of a systematic commentary. Further, the list of mathematicians 
in the Fihrist gives Porphyry as having written " a book on the 
Elements." It is true that Wenrich takes this book to have been a 
work by Porphyry mentioned by Suidas and Proclus ( Theolog. Platan.), 
irepl dpxtov libri II.' 

There is nothing of importance in the notes attributed to Porphyry 
by Proclus. 

(1) Three alternative proofs of I. 20, which avoid producing a side 
of the triangle, are assigned to Heron and Porphyry without saying 
which belonged to which. If the first of the three was Heron's, I 
agree with van Pesch that it is more probable that the two others 
were both Porphyry's than that the second was Heron's and only the 
third Porphyry's. For they are similar in character, and the third 
uses a result obtained in the second 4. 

(2) Porphyry gave an alternative proof of I. 18 to meet a childish 
objection which is supposed to require the part of AC equal to AB to 
be cut off from CA and not from A C. 

Proclus gives a precisely similar alternative proof of I. 6 to meet a 
similar supposed objection ; and it may well be that, though Proclus 
mentions no name, this proof was also Porphyry's, as van Pescb 
suggests*. 

T w o other references to Porphyry found in Proclus cannot have 
anything to do with commentaries on the Elements. In the first a 
work called the 'Zvp.p.iKTa is quoted, while in the second a philo
sophical question is raised. 

I I I . Pappus . 
The references to Pappus in Proclus are not numerous; but we 

have other evidence that he wrote a commentary on the Elements. 
Thus a scholiast on the definitions of the Data uses the phrase " as 

1 Proclus, pp. 297, 1—298, 10. ' ibid. p. 352, 13, 14 and the pages preceding. 
8 Fihrist (tr. Suter), p. 9, 10 and p. 45 (note 5). 
4 Van Pesch, De Procli fontibus, pp. 129, 130. Heiberg assigned them as above in his 

Euklid-Studien (p. 160), but seems to have changed his view later. (See Besthorn-Heiberg, 
Codex Leidensis, p. 93, note 2.) 

5 Van Pesch, op. cit. pp. 130—\. 



Pappus says at the beginning of his (commentary) on the 10th (book) 
of Euclid 1." Again in the Fihrist we are told that Pappus wrote a 
commentary to the tenth book of Euclid in two parts*. Fragments 
of this still survive in a MS. described by Woepcke*, Paris. No. 952. 2 
(supplement arabe de la Bibliotheque impeViale), which contains a 
translation by Abu 'Uthman (beginning of 10th century) of a Greek 
commentary on Book x. It is in two books, and there can now be 
no doubt that the author of the Greek commentary was Pappus*. 
Again Eutocius, in his note on Archimedes, On the Sphere and 
Cylinder I. 13, says that Pappus explained in his commentary on the 
Elements how to inscribe in a circle a polygon similar to a polygon 
inscribed in another circle; and this would presumably come in his 
commentary on Book XII., just as the problem is solved in the second 
scholium on Eucl. XII. I. Thus Pappus' commentary on the Elements 
must have been pretty complete, an additional confirmation of this 
supposition being forthcoming in the reference of Marinus (a pupil 
and follower of Proclus) in his preface to the Data to " the com
mentaries of Pappus on the book 8." 

The actual references to Pappus in Proclus are as follows: 
(1) On the Postulate (4) that all right angles are equal, Pappus is 

quoted as saying that the converse, viz. that all angles equal to a 
right angle are right, is not true6, since the angle included between 
the arcs of two semicircles which are equal, and have their diameters 
at right angles and terminating at one point, is equal to a right angle, 
but is not a right angle. 

(2) On the axioms Pappus is quoted as saying that, in addition to 
Euclid's axioms, others are on record as well (crvvavaypdcpecrdai) about 
unequals added to equals and equals added to unequals'; these, says 
Proclus, follow from the Euclidean axioms, while others given by 
Pappus are involved by the definitions, namely those which assert 
that " all parts of the plane and of the straight line coincide with one 
another," that " a point divides a straight line, a line a surface, and a 
surface a solid," and that " the infinite is (obtained) in magnitudes 
both by addition and diminution8." 

1 Euclid's Data, ed. Menge, p. 262. * Fihrist (tr. Suter), p. 1 3 . 
* Mhnoires priscntls a Facademie des sciences, 1856, XIV. pp. 658—719. 
* Woepcke read the name of the author, in the title of the first book, as B . los (the dot 

representing a missing vowel). He quotes also from other MSS. (e.g. of the Ta'rikh at' 
Hukamli and of the Fihrist) where he reads the name of the commentator as B.lis, B.n.s 
or B . l.s. Woepcke takes this author to be Valens, and thinks it possible that he may be 
the same as the astrologer Vettius Valens. This Heiberg (Euklid-Studien, pp. 169, 170) 
proves to be impossible, because, while one of the MSS. quoted by Woepcke says that 
"B.n.s, le Ro&mi" (late-Greek) was later than Claudius Ptolemy and the Fihrist says 
11B. l.s, le Rodmi" wrote a commentary on Ptolemy's Planisphaerium, Vettius Valens 
seems to have lived under Hadrian, and must therefore have been an elder contemporary of 
Ptolemy. But Suter shows (Fihrist, p. 22 and p. 54, note 92) that Bancs is only distin
guished from Babes by the position of a certain dot, and Bales may also easily have arisen 
from an original Babos (there is no P in Arabic), so that Pappus must be the person meant. 
This is further confirmed by the fact that the Fihrist gives this author and Valens as the 
subjects of two separate paragraphs, attributing to the latter astrological works only. 

8 Heiberg, Euklid-Studien, p. 173 ; Euclid's Data, ed. Menge, pp. 256, lii. 
6 Proclus, pp. 189, 190. 7 ibid. p. 197, 6—10. 
8 ibid. p. 198, 3—15. 
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(3) Pappus gave a pretty proof of I. 5. This proof has, I think, 
been wrongly understood; on this point see my note on the 
proposition. 

(4) On I. 47 Proclus says 1 : " A s the proof of the writer of the 
Elements is manifest, I think that it is not necessary to add anything 
further, but that what has been said is sufficient, since indeed those 
who have added more, like Heron and Pappus, were obliged to make 
use of what is proved in the sixth book, without attaining any 
important result." W e shall see what Heron's addition consisted of; 
what Pappus may have added we do not know, unless it was some
thing on the lines of his extension of I. 47 found in the Synagoge 
(IV. p. 176, ed. Hultsch). 

We may fairly conclude, with van Pesch 8, that Pappus is drawn 
upon in various other passages of Proclus where he quotes no 
authority, but where the subject-matter reminds us of other notes 
expressly assigned to Pappus or of what we otherwise know to have 
been favourite questions with him. Thus : 

1. W e are reminded of the curvilineal angle which is equal to but 
not a right angle by the note on I. 32 to the effect that the converse 
(that a figure with its interior angles together equal to two right 
angles is a triangle) is not true unless we confine ourselves to 
rectilineal figures. This statement is supported by reference to a 
figure formed by four semicircles whose diameters form a square, and 
one of which is turned inwards while the others are turned outwards. 
The figure forms two angles "equal to" right angles in the sense 
described by Pappus on Post. 4, while the other curvilineal angles are 
not considered to be angles at all, and are left out in summing the 
internal angles. Similarly the allusions in the notes on I. 4, 23 to 
curvilineal angles of which certain moon-shaped angles (/j,r]voeiSeU) 
are shown to be "equal t o" rectilineal angles savour of Pappus. 

2. On I. 9 Proclus says 8 that " Others, starting from the Archi
medean spirals, divided any given rectilineal angle in any given ratio." 
W e cannot but compare this with Pappus IV. p. 286, where the spiral 
is so used ; hence this note, including remarks immediately preceding 
about the conchoid and the quadratrix, which were used for the same 
purpose, may very well be due to Pappus. 

3. The subject of isoperimetric figures was a favourite one with 
Pappus, who wrote a recension of Zenodorus' treatise on the subject1. 
Now on I. 35 Proclus speaks 5 about the paradox of parallelograms 
having equal area (between the same parallels) though the two sides 
between the parallels may be of any length, adding that of parallelo
grams with equal perimeter the rectangle is greatest if the base be 
given, and the square greatest if the base be not given etc. He 
returns to the subject on I. 37 about triangles5. Compare 7 also his 
note on I. 4. These notes may have been taken from Pappus. 

1 Proclus, p. 419, 9—15. 
2 Van Pesch, De Prodi fontibus, p. 134 sqq. 8 Proclus, p. 272, 10. 
4 Pappus, V. pp. 304—350 ; for Zenodorus' own treatise see Hultsch's Appendix, pp. 1189 

—tfltti 
5 Proclus, pp. 396—8. 8 ibid. pp. 403—4. 7 ibid. pp. 236—7. 



4. Again, on I. 21, Proclus remarks on the paradox that straight 
lines may be drawn from the base to a point within a triangle which 
are (1) together greater than the two sides, and (2) include a less 
angle, provided that the straight lines may be drawn from points in 
the base other than its extremities. The subject of straight lines 
satisfying condition (1) was treated at length, with reference to a 
variety of cases, by Pappus 1, after a collection of "paradoxes" by 
Erycinus, of whom nothing more is known. Proclus gives Pappus' 
first case, and adds a rather useless proof of the possibility of drawing 
straight lines satisfying condition (2) alone, adding that " the proposi
tion stated has been proved by me without using the parallels of 
the commentators2." By " the commentators " Pappus is doubtless 
meant. 

5. Lastly, the "four-sided triangle," called by Zenodorus the 
" hollow-angled,"' is mentioned in the notes on I. Def. 24—29 and 
I. 21. A s Pappus wrote on Zenodorus' work in which the term 
occurred4, Pappus may be responsible for these notes. 

I V . Simplicius. 
According to the Fihrist', Simplicius the Greek wrote "a com

mentary to the beginning of Euclid's book, which forms an introduc
tion to geometry." And in fact this commentary on the definitions, 
postulates and axioms (including the postulate known as the Parallel-
Axiom) is preserved in the Arabic commentary of an-Nairizi'. On 
two subjects this commentary of Simplicius quotes a certain "Aganis ," 
the first subject being the definition of an angle, and the second the 
definition of parallels and the parallel-postulate. Simplicius gives 
word for word, in a long passage placed by an-Nairizi after I. 29, an 
attempt by " Aganis " to prove the parallel-postulate. It starts from 
a definition of parallels which agrees with Geminus' view of them as 
given by Proclus 7, and is closely connected with the definition given 
by Posidonius8. Hence it has been assumed that " Aganis " is none 
other than Geminus, and the historical importance of the commentary 
of Simplicius has been judged accordingly. But it has been recently 
shown by Tannery that the identification of " Agan i s " with Geminus 
is practically impossible". In the translation of Besthorn-Heiberg 
Aganis is called by Simplicius in one place " philosophus Aganis," in 
another " magister noster Aganis," in Gherard's version he is " socius 
Aganis" and "socius noster Aganis." These expressions seem to 
leave no doubt that Aganis was a contemporary and friend, if not 
master, of Simplicius ; and it is impossible to suppose that Simplicius 
(fl. about 500 A.D.) could have used them of a man who lived four and 

1 Pappus, III. pp. 104—130. 2 Proclus, p. 328, 15. 
3 Proclus, p. 165, 24; cf. pp. 328, 329. 4 See Pappus, ed. Hultsch, pp. 1154, i2p6. 

5 Fihrist (tr. Suter), p. 21 . 
" An-Nairizi, ed. Besthorn-Heiberg, pp. 9—41, 119—133, ed. Curtze, pp. 1—37,65—73. 

The Codex Leidcnsis, from which Besthorn and Heiberg's edition is taken, has unfortunately 
lost some leaves, so that there is a gap from Def. 1 to Def. 23 (parallels). The loss is, how
ever, made good by Curtze's edition of the translation by Gherard of Cremona. 

7 Proclus, p. 177, II . 8 ibid. p. 176, 7. 
0 Bibliotheca Mathematica, II t , 1900, pp. 9 — 1 1 . 



a half centuries before his time. A phrase in Simplicius' word-for-
word quotation from Aganis leads to the same conclusion. He speaks 
of people who objected "even in ancient times" (iam antiquitus) to 
the use by geometers of this postulate. This would not have been an 
appropriate phrase had Geminus been the writer. I do not think 
that this difficulty can be got over by Suter's suggestion 1 that the 
passages in question may have been taken out of Heron's commentary, 
and that an-Nairizi may have forgotten to name the author; it seems 
clear that Simplicius is the person who described " Aganis." Hence 
we are driven to suppose that Aganis was not Geminus, but some 
unknown contemporary of Simplicius 2. Considerable interest will 
however continue to attach to the comments of Simplicius so 
fortunately preserved. 

Proclus tells us that one Aegaeas (? Aenaeas) of Hierapolis wrote an 
epitome of the Elements'; but we know nothing more of him or of it. 

1 Zeitschriftfur Math. u. Physik, XLIV., hist.-litt. Abth. p. 61 . 
3 The above argument seems to me quite insuperable. The other arguments of Tannery 

do not, however, carry conviction to my mind. I do not follow the reasoning based on 
Aganis' definition of an angle. It appears to me a pure assumption that Geminus would have 
seen that Posidonius' definition of parallels was not admissible. Nor does it seem to me to 
count for much that Proclus, while telling us that Geminus held that the postulate ought to be 
proved and warned the unwary against hastily concluding that two straight lines approaching 
one another must necessarily meet (cf. a curve and its asymptote), gives no hint that 
Geminus did try to prove the postulate. It may well be that Proclus omitted Geminus' 
"proof" (if he wrote one) because he preferred Ptolemy's attempt which he gives 
(pp. 3jS5—-7)-

» Proclus, p. 361, 1 1 . 
• 

I 



C H A P T E R I V . 

PROCLUS AND HIS SOURCES 1. 

IT is well known that the commentary of Proclus on Eucl. Book I. 
is one of the two main sources of information as to the history of 
Greek geometry which we possess, the other being the Collection of 
Pappus. They are the more precious because the original works of 
the forerunners of Euclid, Archimedes and Apollonius are lost, having 
probably been discarded and forgotten almost immediately after the 
appearance of the masterpieces of that great trio. 

Proclus himself lived 410-485 A.D., so that there had already 
passed a sufficient amount of time for the tradition relating to the 
pre-Euclidean geometers to become obscure and defective. In this 
connexion a passage is quoted from Simplicius* who, in his account 
of the quadrature of certain lunes by Hippocrates of Chios, while 
mentioning two authorities for his statements, Alexander Aphro-
disiensis (about 220 A.D.) and Eudemus, says in one place*, " A s 
regards Hippocrates of Chios we must pay more attention to Eudemus, 
since he was nearer the times, being a pupil of Aristotle." 

The importance therefore of a critical examination of Proclus' 
commentary with a view to determining from what original sources 
he drew need not be further emphasised. 

Proclus received his early training in Alexandria, where Olympio-
dorus was his instructor in the works of Aristotle, and mathematics 
was taught him by one Heron 4 (of course a different Heron from the 
•'mechanicus Hero" of whom we have already spoken). He after
wards went to Athens where he was imbued by Plutarch, and by 
Syrianus, with the Neo-Platonic philosophy, to which he then devoted 

1 My task in this chapter is made easy by the appearance, in the nick of time, of the 
dissertation De Prodi fontibus by J. G. van Pesch (Lugduni-Batavorum, Apud L. van 
Nifterik, MDCCCC). The chapters dealing directly with the subject show a thorough 
acquaintance on the part of the author with all the literature bearing on it; he covers 
the whole field and he exercises a sound and sober judgment in forming his conclusions. 
The same cannot always be said of his only predecessor in the same inquiry, Tannery 
(in La Ghmitrie grecque, 1887), who often robs his speculations of much of their value 
through his proneness to run away with an idea; he does so in this case, basing most of his 
conclusions on an arbitrary and unwarranted assumption as to the significance of the words 
ol real run. (e.g. "Haunt, noo-ettiinov etc) as used in Proclus. 

* Simplicius on Aristotle's Physics, ed. Diets, pp. 54—69. 
• ibid. p. 68, 3». 
4 Cf. Martin, Reckerches sur la vie et les ouvrages d'Hiron d*Alexandrit, pp. 340—a. 



heart and soul, becoming one of its most prominent exponents. He 
speaks everywhere with the highest respect of his masters, and 
was in turn regarded with extravagant veneration by his contem
poraries, as we learn from Marinus his pupil and biographer. On 
the death of Syrianus he was put at the head of the Neo-Platonic 
school. He was a man of untiring industry, as is shown by the 
number of books which he wrote, including a large number of com
mentaries, mostly on the dialogues of Plato. He was an acute 
dialectician, and pre-eminent among his contemporaries in the 
range of his learning 1; he was a competent mathematician ; he was 
even a poet. A t the same time he was a believer in all sorts of 
myths and mysteries and a devout worshipper of divinities both 
Greek and Oriental. 

Though he was a competent mathematician, he was evidently 
much more a philosopher than a mathematician2. This is shown 
even in his commentary on Eucl. I., where, not only in the Prologues 
(especially the first), but also in the notes themselves, he seizes any 
opportunity for a philosophical digression. He says himself that he 
attaches most importance to "the things which require deeper study 
and contribute to the sum of philosophy 3"; alternative proofs, cases, 
and the like (though he gives many) have no attraction for him ; 
and, in particular, he attaches no value to the addition of Heron to 
I. 47 4 , which is of considerable mathematical interest. Though he 
esteemed mathematics highly, it was only as a handmaid to philosophy. 
He quotes Plato's opinion to the effect that "mathematics, as making 
use of hypotheses, falls short of the non-hypothetical and perfect 
science 5 ". . ."Let us then not say that Plato excludes mathematics 
from the sciences, but that he declares it to be secondary to the one 
supreme science8." And again, while "mathematical science must be 
considered desirable in itself, though not with reference to the needs 
of daily life," "if it is necessary to refer the benefit arising from it to 
something else, we must connect that benefit with intellectual know
ledge (voepav yvaxriv), to which it leads the way and is a propaedeutic, 
clearing the eye of the soul and taking away the impediments which 
the senses place in the way of the knowledge of universals (TWV 
iXoyv)7." 

W e know that in the Neo-Platonic school the younger pupils 
learnt mathematics; and it is clear that Proclus taught this subject, 
and that this was the origin of the commentary. Many passages 
show him as a master speaking to scholars. Thus "we have illustrated 

1 Zeller calls him "Der Gelehrte, dem kein Feld damaligen Wissens verschlossen ist." 
8 Van Pesch observes that in his commentaries on the Timaeus (pp. 671—2) he speaks 

as no real mathematician could have spoken. In the passage referred to the question is 
whether the sun occupies a middle place among the planets. Proclus rejects the view of 
Hipparchus and Ptolemy because "6 ffeovpybs" (sc. the Chaldean, says Zeller) thinks otherwise, 
" whom it is not lawful to disbelieve." Martin says rather neatly, " Pour Proclus, les 
Elements d'Euclide ont l'heureuse chance de n'elre contredits ni par les Oracles chaldaiques, 
ni par les speculations des pythagoriciens anciens et nouveaux " 

8 Proclus, p. 84, 13. 4 ibid. p. 429, 12. 
8 ibid. p. 31, 20. 6 ibid. p. 32, 2. 
7 ibid. p. 27, 27 to 28, 7 ; cf. also p. 21, 25, pp. 46, 47. 



and made plain all these things in the case of the first problem, but 
it is necessary that my hearers should make the same inquiry as 
regards the others as well 1," and " I do not indicate these things as a 
merely incidental matter but as preparing its beforehand for the 
doctrine of the Timaeus 2." Further, the pupils whom he was 
addressing were beginners in mathematics ; for in one place he says 
that he omits " for the present" to speak of the discoveries of those 
who employed the curves of Nicomedes and Hippias for trisecting 
an angle, and of those who used the Archimedean spiral for dividing 
an angle in any given ratio, because these things would be too 
difficult for beginners (hvadea>pt)rovi TOK elaayop.evoc<i)3. Again, if 
his pupils had not been beginners, it would not have been necessary 
for Proclus to explain what is meant by saying that sides subtend 
certain angles 4, the difference between adjacent and vertical angles 8 

etc., or to exhort them, as he often does, to work out other particular 
cases for themselves, for practice (yvp.va<rta<; eveta)*. 

The commentary seems then to have been founded on Proclus' 
lectures to beginners in mathematics. But there are signs that it 
was revised and re-edited for a larger public ; thus he gives notice in 
one place 7 " to those who shall come upon " his work (TOK ivrev^o-
pevoK). There are also passages which could not have been under
stood by the beginners to whom he lectured, e.g. passages about the 
cylindrical helix 8, conchoids and cissoids9. These passages may have 
been added in the revised edition, or, as van Pesch conjectures, the 
explanations given in the lectures may have been much fuller and 
more comprehensible to beginners, and they may have been shortened 
on revision. 

In his comments on the propositions of Euclid, Proclus generally 
proceeds in this way: first he gives explanations regarding Euclid's 
proofs, secondly he gives a few different cases, mainly for the sake of 
practice, and thirdly he addresses himself to refuting objections 
raised by cavillers to particular propositions. The latter class of 
note he deems necessary because of " sophistical cavils" and the 
attitude of the people who rejoiced in finding paralogisms and in 
causing annoyance to scientific men 1 0. His commentary does not 
seem to have been written for the purpose of correcting or improving 
Euclid. For there are very few passages of mathematical content 
in which Proclus can be supposed to be propounding anything of his 
own; nearly all are taken from the works of others, mostly earlier 
commentators, so that, for the purpose of improving on or correcting 
Euclid, there was no need for his commentary at all. Indeed only in 
one place does he definitely bring forward anything of his own to get 
over a difficulty which he finds in Eucl id 1 1 ; this is where he tries to 

I Proclus, p. 210, 18. 
8 ibid. p. 272, i t . 
8 ibid. p. 198, 14. 
7 ibid. p. 84, 9. 
8 ibid. p. 113. 

II ibid. pp. 368—373. 

2 ibid. p. 384, 2. 
4 ibid. p. 238, 12. 
8 Cf. p. 224, 15 (on I. 2). 
8 ibid. p. 105. 

1 0 ibid. p. 375, 8. 



prove the parallel-postulate, after first giving Ptolemy's attempt and 
then pointing out objections to it. On the other hand, there are a 
number of passages in which he extols Euclid; thrice 1 also he supports 
Euclid against Apollonius where the latter had given proofs which he 
considered better than Euclid's (i. 10, 11, and 23). 

Allusion must be made to the debated question whether Proclus 
continued his commentaries beyond Book I. His intention to do so 
is clear from the following passages. Just after the words above 
quoted about the trisection etc. of an angle by means of certain curves 
he says, " For we may perhaps more appropriately examine these 
things on the third book, where the writer of the Elements bisects a 
given circumference2." Again, after saying that of all parallelograms 
which have the same perimeter the square is the greatest " and the 
rhomboid least of all," he adds: " But this we will prove in another 
place ; for it is more appropriate to the (discussion of the) hypotheses 
of the second book 3." Lastly, when alluding (on I. 45) to the squaring 
of the circle, and to Archimedes' proposition that any circle is equal 
to the right-angled triangle in which the perpendicular is equal to the 
radius of the circle and the base to its perimeter, he adds, "But of this 
elsewhere 4 "; this may imply.an intention to treat of the subject on 
Eucl. XII. , though Heiberg doubts it". But it is clear that, at the time 
when the commentary on Book I. was written, Proclus had not yet 
begun to write on the other Books and was uncertain whether he 
would be able to do so : for at the end he says", "For my part, if I 
should be able to discuss the other books' in the same manner, I 
should give thanks to the gods ; but, if other cares should draw me 
away, I beg those who are attracted by this subject to complete the 
exposition of the other books as well, following the same method, and 
addressing themselves throughout to the deeper and better defined 
questions involved" (TO TTpaypaTeimBet iravraxov Kal evSiaiperov 
peraSioiKOVTa';). 

There is in fact no satisfactory evidence that Proclus did actually 
write any more commentaries than that on Book I . 8 The contrary 
view receives support from two facts pointed out by Heiberg, viz. (1) 
that the scholiast's copy of Proclus was not so much better than our 

1 Proclus, p. 280, 9 ; p. 282, 20; pp. 335, 336. - ibid. p. 272, 14. 
3 ibid. p. 398, 18. 4 ibid. p. 423, 6. 
8 Heiberg, Euklid-Studien, p. 165, note. 8 Proclus, p. 432, 9. 
7 The words in the Greek are : el fiev Svv7}0elrjfiev nai rots XOITOH TOV aiirbv Tpbvov l£e\deiv. 

For i^e\6eiv Heiberg would read iire^eXdelv. 
8 True, a Vatican MS. has a collection of scholia on Books 1. (extracts from the extant 

commentary of Proclus), II . , v., VI. , x. headed Eis TO. EuKKeiSov oroixeTa irpo\a/j.^av6p.eva 4K 
T&V Up6K\ov.<riropa8rjv Kal K<XT' iirnop.-h.v. Heiberg holds that this title itself suggests that the 
authorship of Proclus was limited to the scholia on Book I . ; for •KpoXo.p.pavbp.tva 4K TWV 
WpbxXov suits extracts from Proclus' prologues, but hardly scholia to later Books. Again, a 
certain scholium (Heiberg in Hermes, xxxvm., 1903, p. 341, No. 17) purports to quote 
words from the end of "a scholium of Proclus" on x. 9. The words quoted are from the 
scholium x. No. 62, one of the Scholia Vaticana. But none of the other, older, sources 
connect Proclus' name with x. No. 62 ; it is probable therefore that a Byzantine, who had in 
his MS. of Euclid the collection of Schol. Vat. and knew that those on Book 1. came from 
Proclus, himself attached Proclus' name to the others. 



MSS. as to suggest that the scholiast had further commentaries of 
Proclus which have vanished for us 1 ; (2) that there is no trace in the 
scholia of the notes which Proclus promised in the passages quoted 
above. 

Coming now to the question of the sources of Proclus, we may say 
that everything goes to show that his commentary is a compilation, 
though a compilation "in the better sense" of the term 2. He does not 
even give us to understand that we shall find in it much of his own ; 
" let us," he says, " now turn to the exposition of the theorems proved 
by Euclid, selecting the more subtle of the comments made on them 
by the ancient writers, and cutting down their interminable diffuse-
ness. . . 8 " : not a word about anything of his own. A t the same time, 
he seems to imply that he will not necessarily on each occasion quote 
the source of each extract from an earlier commentary; and, in fact, 
while he quotes the name of his authority in many places, especially 
where the subject is important, in many others, where it is equally 
certain that he is not giving anything of his own, he mentions no 
authority. Thus he quotes Heron by name six times; but we now 
know, from the commentary of an-Nairizi, that a number of other 
passages, where he mentions no name, are taken from Heron, and 
among them the. not unimportant addition of an alternative proof to 
I. 19. Hence we can by no means conclude that, where no authority 
is mentioned, Proclus is giving notes of his own. The presumption is 
generally the other way; and it is often possible to arrive at a con
clusion, either that a particular note is not Proclus' own, or that it 
is definitely attributable to someone else, by applying the ordinary 
principles of criticism. Thus, where the note shows an unmistakable 
affinity to another which Proclus definitely attributes to some com
mentator by name, especially when both contain some peculiar and 
distinctive idea, we cannot have much doubt in assigning both to the 
same commentator 4. Again, van Pesch finds a criterion in the form 
of a note, where the explanation is so condensed as to be only just 
intelligible; the note is that in which a converse of I. 32 is proved 8 

the proposition namely that a rectilineal figure which has all its in
terior angles together equal to two right angles is a triangle. 

It is not safe to attribute a passage to Proclus himself because he 
uses the first person in such expressions as " I say " or " I will prove " 
—for he was in the habit of putting into his own words the substance 
of notes borrowed from others—nor because, in speaking of an 

1 While one class of scnuua (Schol. Vat.) have some better readings than our MSS. of 
Proclus have, and partly fill up the gaps at i. 36, 37 and 1. 41—43, the other class (Schol. 
Vind.) derive from an inferior Proclus MS. which also had the same lacunae. 

2 Knoche, Untersuchungen uber des Proklus Diattoehus Commentar zu EuklicTs Ele
mental (1862), p. 1 [. 

3 Proclus, p. 200, 10—13. 
4 Instances of the application of this criterion will be found in the discussion of Proclus' 

indebtedness to the commentaries of Heron, Porphyry and Pappus. 
8 Van Pesch attributes this converse and proof to Pappus, arguing from the fact that the 

proof is followed by a passage which, on comparison with Pappus' note on the postulate that 
all right angles are equal, he feels justified in assigning to Pappus. I doubt if the evidence is 
sufficient. 



objection raised to a particular proposition, he uses such expressions 
as "perhaps someone may object" (to-aj? «5' av rives ivcrralev...): for 
sometimes other words in the same passage.indicate that the objection 
had actually been taken by someone1. Speaking generally, we shall 
not be justified in concluding that Proclus is stating something new of 
his own unless he indicates this himself in express terms. 

A s regards the form of Proclus' references to others by name, van 
Pesch notes that he very seldom mentions the particular toork from 
which he is borrowing. If we leave out of account the references to 
Plato's dialogues, there are only the following references to books: 
the Bacchae of Philolaus 2, the Symmikta of Porphyry", Archimedes On 
the Sphere and Cylinder*, Apollonius On the coch/ias", a book by 
Eudemus on T-he Angle", a whole book of Posidonius directed against 
Zeno of the Epicurean sect 7, Carpus' Astronomy", Eudemus' History of 
Geometry', and a tract by Ptolemy on the parallel-postulate1 0. 

Again, Proclus does not always indicate that he is quoting some
thing at second-hand. He often does so, e.g. he quotes Heron as the 
authority for a statement about Philippus, Eudemus as attributing a 
certain theorem to Oenopides etc.; but he says on I. 12 that " Oeno-
pides first investigated this problem, thinking it useful for astronomy " 
when he cannot have had Oenopides' work before him. 

It has been said above that Proclus was in the habit of stating in 
his own words the substance of the things which he borrowed. We 
are prepared for this when we find him stating that he will select the 
best things from ancient commentaries and " cut short their intermin
able diffuseness," that he will " briefly describe " (crvvTopM'i icrropr)aai) 

the other proofs of I. 20 given by Heron and Porphyry and also the 
proofs of I. 25 by Menelaus and Heron. But the best evidence is of 
course to be found in the passages where he quotes works still extant, 
e.g. those of Plato, Aristotle and Plotinus. Examination of these 
passages shows great divergences from the original; even where he 
purports to quote textually, using the expressions " Plato says," or 
" Plotinus says," he by no means quotes word for word 1 1. In fact, he 
seems to have had a positive distaste for quoting textually from other 
works. He cannot conquer this even when quoting from Euclid; he 
says in his note on I. 22, " we will follow the words of the geometer " 
but fails, nevertheless, to reproduce the text of Euclid unchanged". 

W e now come to the sources themselves from which Proclus drew 
I Van Pesch illustrates this by an objection refuted in the note on I. 9, p. 273, 11 sqq. 

After using the above expression to introduce the objection, Proclus uses further on (p. 173,25) 
the term "they say" (tpao-lv). 

8 Proclus, p. 22, 15. 8 ibid. p. 56, 25. 
4 ibid. p. 71, 18. 8 ibid. p. 105, 5. 
6 ibid. p. 125, 8. 7 ibid. p. 200, 2. 
8 ibid. p. 241, 19. ibid. p. 352, 15. 
1 0 ibid. p. 362, 15. 
I I See the passages referred to by van Pesch (p. 70). The most glaring case is a passage 

(p. 31, 19) where he quotes Plotinus, using the expression " Plotinus says " Comparison 
with Plotinus, Ennead. I. 3, 3, shows that very few words are those of Plotinus himself; the 
rest represent Plotinus' views in Proclus' own language. 

1 2 Proclus, p. 330, 19 sqq 



in writing his commentary. Three have already been disposed of, 
viz. Heron, Porphyry and Pappus, who had all written commentaries 
on the Elements^. W e go on to 

Eudemus, the pupil of Aristotle, who, among other works, wrote a 
history of arithmetic, a history of astronomy, and a history of geometry. 
The importance of the last mentioned work is attested by the frequent 
use made of it by ancient writers. That there was no other history 
of geometry written after the time of Eudemus seems to be proved by 
the remark of Proclus in the course of his famous summary: " Those 
who compiled histories bring the development of this science up to 
this point. Not much younger than these is Euclid*...." The loss of 
Eudemus' history is one of the gravest which fate has inflicted upon 
us, for it cannot be doubted that Eudemus had before him a number 
of the actual works of earlier geometers, which, as before observed, 
seem to have vanished completely when they were superseded by the 
treatises of Euclid, Archimedes and Apollonius. A s it is, we have to 
be thankful for the fragments from Eudemus which such writers as 
Proclus have preserved to us. 

I agree with van Pesch 8 that there is no sufficient reason for 
doubting that the work of Eudemus was accessible to Proclus at first 
hand. For the later writers Simplicius and Eutocius refer to it in 
terms such as leave no room for doubt that they had it before them. 
I have already quoted a passage from Simplicius' account of the lunes 
of Hippocrates to the effect that Eudemus must be considered the 
best authority since he lived nearer the times*. In the same place 
Simplicius says 5, " I will set out what Eudemus says word for word 
(Kara Xigiv Xeyo/ieva), adding only a little explanation in the shape of 
reference to Euclid's Elements owing to the memorandum-like style of 
Eudemus (Sid rbv vTro/j.vr)/j,ariKbv rpoirov rov Fiv8rj/j.ov) who sets out 
his explanations in the abbreviated form usual with ancient writers. 
Now in the second book of the history of geometry he writes as 
follows5." It is not possible to suppose that Simplicius would have 
written in this way about the style of Eudemus if he had merely been 
copying certain passages second-hand out of some other author and 
had not the original work itself to refer to. In like manner, Eutocius 
speaks of the paralogisms handed down in connexion with the 
attempts of Hippocrates and Antiphon to square;the circle 8, "with 
which I imagine that those are accurately acquainted who have 
examined (iireo-Kerifiivov<;) the geometrical history of Eudemus and 
know the Ceria Aristotelica." How could the contemporaries of Euto
cius have examined the work of Eudemus unless it was still extant in 
his time? 

The passages in which Proclus quotes Eudemus by name as his 
authority are as follows : 

(i) On I. 26 he says that Eudemus in his history of geometry 
1 See pp. 10 to 27 above. 
5 Proclus, p. 68, 4—7. 
4 See above, p. 29. 
8 Archimedes, ed. Heiberg, vol. III. p. 228. 

8 De Prodi fontibus, pp. 7,5—75. 
5 Simplicius, he. cit., ed. Diels, p. 60, 27. 



referred this theorem to Thales, inasmuch as it was necessary to 
Thales' method of ascertaining the distance of ships from the shore'. 

(2) Eudemus attributed to Thales the discovery of Eucl. I. 15 ' , 
and 

(3) to Oenopides the problem of I. 23*. 
(4) Eudemus referred the discovery of the theorem in I. 32 to the 

Pythagoreans, and gave their proof of it, which Proclus reproduces4. 
(5) On 1. 44 Proclus tells us 6 that Eudemus says that "these 

things are ancient, being discoveries of the Pythagorean muse, the 
application (irapalioXrj) of areas, their exceeding (\nrepfio\ri) and 
their falling short (eWet^rtc)." The next words about the appro
priation of these terms (parabola, hyperbola and ellipse) by later 
writers (i.e. Apollonius) to denote the conic sections are of course not 
due to Eudemus. 

Coming now to notes where Eudemus is not named by Proclus, 
we may fairly conjecture, with van Pesch, that Eudemus was really 
the authority for the statements (1) that Thales first proved that a 
circle is bisected by its diameter* (though the proof by reductio ad 
absurdum which follows in Proclus cannot be attributed to Thales'), 
(2) that " Plato made over to Leodamas the analytical method, by 
means of which *'/ is recorded (iarbprrfTaC) that the latter too made 
many discoveries in geometry*," (3) that the theorem of I. 5 was due 
to Thales, and that for equal angles he used the more archaic 
expression "similar" angles*, (4) that Oenopides first investigated 
the problem of I. 12, and that he called the perpendicular the 
gnomottic line (jcara yvtbpova)1', (5) that the theorem that only three 
sorts of polygons can fill up the space round a point, viz. the 
equilateral triangle, the square and the regular hexagon, was 
Pythagorean". Eudemus may also be the authority for Proclus' 
description of the two methods, referred to Plato and Pythagoras 
respectively, of forming right-angled triangles in whole numbers1*. 

W e cannot attribute to Eudemus the beginning of the note on 
I. 47 where Proclus says that " i f we listen to those who like to ' 
recount ancient history, we may find some of them referring this 
theorem to Pythagoras and saying that he sacrificed an ox in honour 
of his discovery 1 8." A s such a sacrifice was contrary to the Pytha
gorean tenets, and Eudemus could not have been unaware of this, 
ttie story cannot rest on his authority. Moreover Proclus speaks as 
though he were not certain of the correctness of the tradition ; indeed, 

1 Proclus, p. 352, 14—18. * ibid. p. 199, 3. 
» ibid. p. 333, 5. 4 ibid. p. 379, 1—16. 
8 ibid. p. 419, 15—18. 8 ibid. p. 157, 10, 1 1 . 
7 Cantor (Gesch. d. Math. 13, p. 221) points out the connexion between the reductio ad 

absurdum and the analytical method said to have been discovered by Plato. Proclus gives 
the proof by reductio ad absurdum to meet an imaginary critic who desires a mathematical 
proof; possibly Thales may have been satisfied with the argument in the same sentence 
which mentions Thales, "the cause o r the bisection being the unswerving course of the 
straight line through the centre." 

" Proclus, p. 3 M , r9—13. 8 ibid. p. 250, 20. 
1 8 ibid. p. 183, 7—10. 1 1 ibid. pp. 304, n—305, 3. 
* ibid. pp. 428, 7—439, 9. 1 3 ibid. p. 426, 6—9. 
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so far as the story of the sacrifice is concerned, the same thing is told 
of Thales in connexion with his discovery that the angle in a semi
circle is a right angle 1, and Plutarch is not certain whether the ox 
was sacrificed on the discovery of I. 47 or of the problem about 
application of areas*. Plutarch's doubt suggests that he knew of no 
evidence for the story beyond the vague allusion in the distich of 
Apollodorus " Logisticus" (the " calculator") cited by Diogenes 
Laertius also"; and Proclus may have had in mind this couplet with 
the passages of Plutarch. 

We come now to the question of the famous historical summary 
given by Proclus*. No one appears to maintain that Eudemus is the 
author of even the early part of this summary in the form in which 
Proclus gives it. It is, as is well known, divided into two distinct 
parts, between which comes the remark, " Those who compiled 
histories" bring the development of this science up to this point. 
Not much younger than these is Euclid, who put together the 
Elements, collecting many of the theorems of Eudoxus, perfecting 
many others by Theaetetus, and bringing to irrefragable demonstration 
the things which had only been somewhat loosely proved by his pre
decessors." Since Euclid was later than Eudemus, it is impossible that 
Eudemus can have written this. Ye t the style of the summary after 
this point does not show any such change from that of the former 
portion as to suggest different authorship. The author of the earlier 
portion recurs frequently to the question of the origin of the 
elements of geometry in a way in which no one would be likely to 
do who was not later than Euclid ; and it must be the same hand 
which in the second portion connects Euclid's Elements with the 
work of Eudoxus and Theaetetus*. 

If then the summary is the work of one author, and that author 
not Eudemus, who is it likely to have been ? Tannery answers that 
it is Geminus 7 ; but I think, with van Pesch, that he has failed to 
show why it should be Geminus rather than another. And certainly 
the extracts which we have from Geminus' work suggest that the sort 
of topics which it dealt with was quite different; they seem rather to 
have been general questions of the content of mathematics, and even 
Tannery admits that historical details could only have come inci
dentally into the work*. 

Could the author have been Proclus himself? Circumstances 

1 Diogenes Laertius, I. 74, p. 6, ed. Cobet. 
* Plutarch, non posse suaviter vivi secundum Epicurum, 1 1 ; Symp. VIII, 2. 
* Diog. Laert. VIII. 11 , p. 507, ed. Cobet: 

*HcUa Hvday6pTjs TO TcpticXeif eOpero ypdp.pxtt 

See on this subject Tannery, La Giomltrie grccquc, p. 105. 
* Proclus, pp. 64—70. 
' The plural is well explained by Tannery, La Giomitric grecque, pp. 73, 74. No doubt 

the author of the summary tried to supplement Eudemus by means of any other histories 
which threw light on the subject. Thus e.g. the allusion (p. 64, 11) to the Nile recalls 
Herodotus. Cf. the expression in Proclus, p. 64, 19, irooa run iroXkwv ItrrbprjTai. 

* Tannery, La Glomtirie grecqut, p. 75. 
7 ibid. pp. 66—75. 8 ibid. p. 19. 



which seem to suggest this possibility are ( i ) that, as already stated, 
the question of the origin of the Elements is kept prominent, 
(2) that there is no mention of Democritus, whom Eudemus would 
not be likely to have ignored, while a follower of Plato would be 
likely enough to do him the injustice, following the example of Plato 
who was an opponent of Democritus, never once mentions him, and 
is said to have wished to burn all his writings1, and (3) the allusion at 
the beginning to the " inspired Aristotle " (o Sat^owo? 'Apto-TOTe\»)?)2, 
though this may easily have been inserted by Proclus in a quotation 
made by him from someone else. On the other hand there are 
considerations which suggest that Proclus himself was not the writer. 
(1) The style of the whole passage is not such as to point to him 
as the author. (2) If he wrote it, it is hardly conceivable that he 
would have passed over in silence the discovery of the analytical 
method, the invention of Plato to which he attached so much 
importance". 

There is nothing improbable in the conjecture that Proclus quoted 
the summary from a compendium of Eudemus' history made by some 
later writer: but as yet the question has not been definitely settled. 
Al l that is certain is that the early part of the summary must have 
been made up from scattered notices found in the great work of 
Eudemus. 

Proclus refers to another work of Eudemus besides the history, 
viz. a book on The Angle (ftifiXiov wepl yoovias)'. Tannery assumes 
that this must have been part of the history, and uses this assumption 
to confirm his idea that the history was arranged according to subjects, 
not according to chronological order". The phraseology of Proclus 
however unmistakably suggests a separate work; and that the 
history was chronologically arranged seems to be clearly indicated by 
the remark of Simplicius that Eudemus "also counted Hippocrates 
among the more ancient writers" (hi TOIT iraXaioTepoisy. 

The passage of Simplicius about the lunes of Hippocrates throws 
considerable light on the style of Eudemus' history. Eudemus wrote 
in a memorandum-like or summary manner (TOV viropvripMTiicbv rpowov 
TOV EuS^ou) 7 when reproducing what he found in the ancient writers; 
sometimes it is clear that he left out altogether proofs or constructions 
of things by no means easy 8. 

Geminus . 
The discussions about the date and birthplace of Geminus form a 

whole literature, as to which I must refer the reader to Manitius and 
Tittel 9 . Though the name looks like a Latin name (Geminus), Mani-

1 Diog. Laertius, ix. 40, p. 237, ed. Cobet. 2 Proclus, p. 64, 8. 
3 Proclus, p. 2 1 1 , 19 sqq.; the passage is quoted above, p. 36. 
4 ibid. p. 125, 8. 5 Tannery, La GionUtriegrttque, p. 16. 
6 Simplicius, ed. Diels, p. 69, 23. 7 ibid, p: 60, 29. 
8 Cf. Simplicius, p. 63, 19 sqq.; p. 64, 25 sqq.; also Usener's note " de supplendis 

Hippocratis quas omisit Eudemus constructionibus added to Diels' preface, pp. xxiii—xxvi. 
9 Manitius, Gemini elementa astronomiae (Teubner, 1898), pp. 237—252 ; Tittel, art. 

" Geminos" in Pauly-Wissowa's Real-Encyclopadie der classischen AUertumswissenschaft, 
vol. VII.. 1910. 



tius concluded that, since it appears as rep,ivo<; in all Greek MSS. and 
as re/^etvo? in some inscriptions, it is Greek and possibly formed from 
yep, as 'Epyivos is from epy and ' A \ e f Ivoi from aXef (cf. also '1KTIVO<;, 

Kparlvo<s). Tittel is equally positive that it is Geminus and suggests 
that re/j.ivos is due to a false analogy with 'AXegivos etc. and Te/^eti/o? 
wrongly formed on the model of 'AtTtwtivm,' Aypnrirelva. Geminus, 
a Stoic philosopher, born probably in the island of Rhodes, was the 
author of a comprehensive work on the classification of mathematics, 
and also wrote, about 73-67 B.C., a not less comprehensive commentary 
on the meteorological textbook of his teacher Posidonius of Rhodes. 

It is the former work in which we are specially interested here. 
Though Proclus made great use of it, he does not mention its title, 
unless we may suppose that, in the passage (p. 177, 24) where, after 
quoting from Geminus a classification of lines which never meet, he 
says, " these remarks I have selected from the <piXoicaXia of Geminus," 
(piXoKaXla is a title or an alternative title. Pappus however quotes a 
work of Geminus "on the classification of the mathematics" (ev too 
irepl TSJ<I T&V fta0T)p.dTa>v Tafeojs) 1 , while Eutocius quotes from " the 
sixth book of the doctrine of the mathematics " (ev rm exr(p rrj<: rSsv 
padr/paToav 0ea>pia<;Y. Tannery 8 pointed out that the former title 
corresponds well, enough to the long extract 4 which Proclus gives in 
his first prologue, and also to the fragments contained in the A nonymi 
variae collectiones published by Hultsch at the end of his edition of 
Heron 8; but it does not suit most of the o'ther passages borrowed by 
Proclus. The correct title was therefore probably that given by 
Eutocius, Tlte Doctrine, or Theory, of the Mathematics; and Pappus 
probably refers to one particular portion of the work, say the first 
Book. If the sixth Book treated of conies, as we may conclude from 
Eutocius, there must have been more Books to follow, because Proclus 
has preserved us details about higher curves, which must have come 
later. If again Geminus finished his work and wrote with the same 
fulness about the other branches of mathematics as he did about 
geometry, there must have been a considerable number of Books 
altogether. A t all events it seems to have been designed to give 
a complete view of the whole science of mathematics, and in fact to 
be a sort of encyclopaedia of the subject. 

I shall now indicate first the certain, and secondly the probable, 
obligations of Proclus to Geminus, in which task I have only to follow 
van Pesch, who has embodied the results of TittePs similar inquiry also 8. 
I shall only omit the passages as regards which a case for attributing 
them to Geminus does not seem to me to have been made out. 

First come the following passages which must be attributed to 
Geminus, because Proclus mentions his name: 

(1) (In the first prologue of Proclus 7) on the division of mathe-
1 Pappus, ed. Hultsch, p. 1026, 9. 8 Apollonius, ed. Heiberg, vol. II. p. 170. 
8 Tannery, La Giomitrie grecque, pp. 18, 19. 4 Proclus, pp. 38, 1—41, 8. 
8 Heron, ed. Hultsch, pp. 146, 16—249, 12. 
8 Van Pesch, De Prodi fonlibus, pp. 97—113. The dissertation of Tittel is entitled De 

Gemini Stoici studiis mathematicis (1895). 
7 Proclus, pp. 38, 1—42,8, except the allusion in p. 41 ,8—10, to Ctesibius and Heron and 



matical sciences into arithmetic, geometry, mechanics, astronomy, 
optics, geodesy, canonic (science of musical harmony), and logistic 
(apparently arithmetical problems); 

(2) (in the note on the definition of a straight line) on the 
classification of lines (including curves) as simple (straight or circular) 
and mixed, composite and incomposite, uniform (6p.010p.epeU) and 
non-uniform (ctvopoiopepeis), lines " about solids " and lines produced 
by cutting solids, including conic and spiric sections'; 

(3) (in the note on the definition of a plane surface) on similar 
distinctions extended to surfaces and solids'; 

(4) (in the note on the definition of parallels) on lines which 
do not meet (dcrvpytTTairoi) but which are not on that account 
parallel, e.g. a curve and its asymptote, showing that the property of 
not meeting- does not make lines parallel—a favourite observation of 
Geminus—and, incidentally, on bounded lines or those which enclose a 

figure and those which do not*; 
(5) (in the same note) the definition of parallels given by 

Posidonius 4; 
(6) on the distinction between postulates and axioms, the futility 

of trying to prove axioms, as Apollonius tried to prove Axiom I, and 
the equal incorrectness of assuming what really requires proof, "as 
Euclid did in the fourth postulate [equality of right angles] and in 
the fifth postulate [the parallel-postulate]'" ; 

(7) on Postulates I , 2, 3, which Geminus makes depend on the 
idea of a straight line being described by the motion of a point*; 

(8) (in the note on Postulate 5) on the inadmissibility in geometry 
of an argument which is merely plausible, and the danger in this 
particular case owing to the existence of lines which do converge 
ad infinitum and yet never meet 7 ; 

(9) (in the note on 1. 1) on the subject-matter of geometry, 
theorems, problems and hiopi<rp.oi (conditions of possibility) for 
problems 8; 

(10) (in the note on I. 5) on a generalisation of I. 5 by Geminus 
through the substitution for the rectilineal base of "one uniform line 
(curve)," by means of which he proved that the only " uniform lines " 

their pneumatic devices (tfav/iaToiroii'/ti)), as regards which Proclus' authority may be Pappus 
(VIII. p. 1014, 14—17) who uses very similar expressions. Heron, even if not later than 
Geminus, could hardly have been included in a historical work by him. Perhaps Geminus 
may have referred to Ctesibius only, and Proclus may have inserted "and Heron himself. 

1 Proclus, pp. 103, 21—107, l o ; PP- •—«I3, 3-
* ibid. pp. 117, 14—120, 12, where perhaps in the passage pp. t i 7 , 22—118, 23 we may 

have Geminus' own words. 
* ibid. pp. 176, 18—177, 25; perhaps also p. 175. The note ends with the words 

"These things too we have selected from Geminus' *iXoicaMa for the elucidation of the 
matters in question." Tannery (p. 27) takes these words coming at the end of the commen
tary on the definitions as referring to the whole of the portion of the commentary dealing 
with the definitions. Van Pesch properly regards them as only applying to the note on 
parallels. This seems to me clear from the use of the word too (Toeavra xof). 

4 Proclus, p. 176, 5—17. 
8 ibid. pp. 178—182, 4 ; pp. 183, 14—184, 10 ; cf. p. 188, 3 — 1 1 . 
8 Oid. p. 185, 6—25. 
7 ibid. p. 191, 5—39. 8 ibid. pp. 100, 21—202, i j . 
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(alike in all their parts) are a straight line, a circle, and a cylindrical 
hel ix 1 ; 

(11) (in the note on I. 10) on the question whether a line is made 
up of indivisible parts (dpepif), as affecting the problem of bisecting 
a given straight l ine 2 ; 

(12) (in the note on I. 35) on topical, or /<?<w-theorems*, where 
the illustration of the equal parallelograms described between a 
hyperbola and its asymptotes may also be due to Geminus 4. 

Other passages which may fairly be attributed to Geminus, though 
his name is not mentioned, are the following : 

(1) in the prologue, where there is the same allusion as in the 
passage (8) above to a remark of Aristotle that it is equally absurd to 
expect scientific proofs from a rhetorician and to accept mere plausi
bilities from a geometer"; 

(2) a passage in the prologue about the subject-matter, methods, 
and bases of geometry, the latter including axioms and postulates*; 

(3) another on the definition and nature of elements'; 
(4) a remark on the Stoic use of the term axiom for every simple 

statement (wnofyavcris dirXrjY; 
(5) another discussion on theorems and problems", in the middle 

of which however there are some sentences by Proclus himself1 0. 
(6) another passage, in connexion with Def. 3, on lines including 

or not including a figure (with which cf. part of the passage (4) 
above) 1 1 ; 

(7) a classification of different sorts of angles according as they 
are contained by simple or mixed lines (or curves) 1 2; 

(8) a similar classification of figures18, and of plane figures14; 
(9) Posidonius' definition of a figure™; 
(10) a classification of triangles into seven kinds 1 8 ; 
(11) a note distinguishing lines (or curves) producible indefinitely 

or not so producible, whether forming a figure or not forming a 
figure (like the "single-turn spiral") 1 7; 

(12) passages distinguishing different sorts of problems 1 8, different 
sorts of theorems1', and two sorts of converses (complete and partial) 2 0; 

(13) the definition of the term "porism" as used in the title of 
Euclid's Porisms, as distinct from the other meaning of " corollary " 2 1 ; 

(14) a note on the Epicurean objection to I. 20 as being obvious 
even to an ass 2 2 ; 

(15) a passage on the properties of parallels, with allusions to 

I Proclus, p. JJI, 2—n. ' ibid. pp. 277, 25—279, 11 . 
» ibid. pp. 394, 11—395, 2 and p. 395, 13—21. 4 ibid. p. 395, 8—13. 
" ibid. pp. 33, 21—34, 1. 6 ibid. pp. 57, 9—58, 3. 
7 ibid, pp, 72, 3—75, 4. 8 ibid. p. 77, 3—6. 
» ibid. pp. 77, 7—78, 13, and 79, 3—81, 4. 1 0 ibid. pp. 78, 13—79, * 
II ibid. pp. 102,-22—103, 18. 1 2 ibid. pp. 126, 7—127, 16. 
13 ibid. pp. 159, 12—160, 9. 1 4 ibid. pp. 162, 27—164, 6. 
1 5 ibid. p. 143, 5—11 . 1 8 ibid. p. 168, 4—12. 
17 ibid. p. 187, 19—27. 1 8 ibid. pp. 220, 7—222, 1 4 ; also p. 330, 6—9. 
18 ibid. pp. 244, 14—246, 12. 2 0 ibid. pp. 252, 5—254, 20. 
21 ibid. pp. 301, 21—302, 13. 8 8 ibid. pp. 322, 4—323, 3. 



INTRODUCTION [CH. IV 

Apollonius' Conies, and the curves invented by Nicomedes, Hippias 
and Perseus 1; 

(16) a passage on the parallel-postulate regarded as the converse 
of I. 17 2 . 

Of the authors to whom Proclus was indebted in a less degree the 
most important is Apollonius of Perga . Two passages allude to his 
Conies', one to a work on irrationals4, and two to a treatise On tfie 
cochlias (apparently the cylindrical helix) by Apollonius 5. But more 
important for our purpose are six references to Apollonius in connexion 
with elementary geometry. 

(1) He appears as the author of an attempt to explain the idea 
of a line (possessing length but no breadth) by reference to daily 
experience, e.g. when we tell someone to measure, merely, the length 
of a road or of a wal l 6 ; and doubtless the similar passage showing 
how we may in like manner get a notion of a surface (without depth) 
is his also'. 

(2) He gave a new general definition of an angle 8. 
(3) He tried to prove certain axioms", and Proclus gives his 

attempt to prove Axiom 1, word for word 1 0. 
Proclus further quotes: 
(4) Apollonius' solution of the problem in Eucl. I. 10, avoiding 

Euclid's use of I. 9 1 1, 
(5) his solution of the problem in I. 11, differing only slightly 

from Euclid's 1 2, and 
(6) his solution of the problem in I. 23 1 3. 
Heiberg 1 4 conjectures that Apollonius departed from Euclid's 

method in these propositions because he objected to solving problems 
of a more general, by means of problems of a more particular, 
character. Proclus however considers all three solutions inferior to 
Euclid's; and his remarks on Apollonius' handling of these ele
mentary matters generally suggest that he was nettled by criticisms 
of Euclid in the work containing the things which he quotes from 
Apollonius, just as we conclude that Pappus was offended by the 
remarks of Apollonius about Euclid's incomplete treatment of the 
" three- and four-line locus 1 8." If this was the case, Proclus can hardly 
have got his information about these things at second-hand; and 
there seems to be no reason to doubt that he had the actual work of 
Apollonius before him. This work may have been the treatise 
mentioned by Marinus in the words " Apollonius in his general 
treatise" ('KiroWwvios ev TJ? xadoXov trpayfiarelay. If the notice 
in the Fihrist" stating, on the authority of Thabit b. Qurra, that 

I Proclus, pp. 355, 30—356, 16. 2 ibid. p. 364, 9— 12; pp. 364, 10—365,4. 
8 ibid. p. 71 , 1 9 ; p. 356, 8, 6. 4 ibid. p. 74, 13, 14. 
8 ibid. pp. 105, 5, 6, 14, 15. 6 ibid. p. 100, 5—19. 
' ibid. p. 114, 10—25. 8 ibid. p. 113, 15—19 (cf. p. 114, 17, p. 115, 17). 
8 ibid. p. 183, 13, 14. 1 0 ibid. pp. 194, 25—195, 5-
I I ibid. pp. 279, 16—280, 4. 1 2 ibid. p. 282, 8—19. 
1 8 ibid. pp. 335, 16—336, 5. 1 4 Philologus, vol. XLIII. p. 489. 
1 5 See above, pp. 2, 3. 1 6 Marinus in Euclidis Data, ed. Menge, p. 234, 16. 
17 Fihrist, tr. Suter, p. 19. 



Apollonius wrote a tract on the parallel-postulate be correct, it may 
have been included in the same work. We may conclude generally 
that, in it, Apollonius tried to remodel the beginnings of geometry, 
reducing the number of axioms, appealing, in his definitions of lines, 
surfaces etc., more to experience than to abstract reason, and 
substituting for certain proofs others of a more general character. 

The probabilities are that, in quoting from the tract of P to lemy in 
which he tried to prove the parallel-postulate, Proclus had the actual 
work before him. For, after an allusion to it as " a certain book 1 " 
he gives two long extracts 2, and at the beginning of the second 
indicates the title of the tract, " in the (book) about the meeting of 
straight lines produced from (angles) less than two right angles," as 
he has very rarely done in other cases. 

Certain things from Posidonius are evidently quoted at second
hand, the authority being Geminus (e.g. the definitions of figure and 
parallels); but besides these we have quotations from a separate work 
which he wrote to controvert Zeno of Sidon, an Epicurean who had 
sought to destroy the whole of geometry 3. We are told that Zeao 
had argued that, even if we admit the fundamental principles (ap\<sl) 
of geometry, the deductions from them cannot be proved without the 
admission of something else as well, which has not been included in 
the said principles'. On i. I Proclus gives at some length the argu
ments of Zeno and the reply of Posidonius as regards this proposition5. 
In this case Zeno's " something else" which he considers to be 
assumed is the fact that two straight lines cannot have a common 
segment, and then, as regards the "proof" of it by means of the 
bisection of a circle by its diameter, he objects that it has been 
assumed that two circumferences (arcs) of circles cannot have a 
common part. Lastly, he makes up, for the purpose of attacking it, 
another supposed "proof" of the fact that two straight lines cannot 
have a common part. Proclus appears, more than once, to be quoting 
the actual words of Zeno and Posidonius; in particular, two expres
sions used by Posidonius about " the acrid Epicurean" (TOV Spipiiv 
'ETriKovpeiov)' and his "misrepresentations" (Hoo-eiSd>vi,6<; (prjtrf TOV 
Tirjviova o-vKotpavTetv)7. It is not necessary to suppose that Proclus 
had the original work of Zeno before him, because Zeno's arguments 
may easily have been got from Posidonius' reply; but he would 
appear to have quoted direct from the latter at all events. 

The work of Carpus mechanicus (a treatise on astronomy) quoted 
from by Proclus 8 must have been accessible to him at first-hand, 
because a portion of the extract from it about the relation of theorems 
and problems 9 is reproduced word for word. Moreover, if he were not 
using the book itself, Proclus would hardly be in a position to question 
whether the introduction of the subject of theorems and problems 

1 Proclus, p. 101, 23. 2 ibid. pp. 362, 14—363, 18; pp. 365, 7—367, 27. 
3 ibid. p. 200, 1 — 3. 4 ibid. pp. 199, 11—200, 1. 
5 ibid. pp. 214, 18—215, 1 3 ; pp. 216, 10—218, 1 1 . 
6 ibid. p. 216, 21. 7 ibid. p. 218, I . 
8 ibid. pp. 241, 19—243, 1 1 . 9 ibid. pp. 242, 22—243, 11 . 



was opportune in the place where it was found (et ftht Kara icaipbv rj 
p-V, "irapeLcrOw irpds TO irapov)1. 

It is of course evident that Proclus had before him the original 
works of Plato, Aristotle, Archimedes and Plotinus, as well as the 
~S.vfip.iKTa of Porphyry and the works of his master Syrianus (6 yperepo? 
KaOriyepMavy, from whom he quotes in his note on the definition of an 
angle. Tannery also points out that he must have had before him a 
group of works representing the Pythagorean tradition on its mystic, 
as distinct from its mathematical, side, from Philolaus downwards, and 
comprising the more or less apocryphal iepbs X070? of Pythagoras, the 
Oracles (\6yia), and Orphic verses*. 

Besides quotations from writers whom we can identify with more 
or less certainty, there are many other passages which are doubtless 
quoted from other commentators whose names we do not know. A 
list of such passages is given by van Pesch 4, and there is no need to 
cite them here. 

Van Pesch also gives at the end of his work* a convenient list of 
the books which, as the result of his investigation, he deems to have 
been accessible to and directly used by Proclus. The list is worth 
giving here, on the same ground of convenience. It is as follows: 

Eudemus : history of geometry. 
Geminus : the theory of the mathematical sciences. 
Heron : commentary on the Elements of Euclid. 
Porphyry: „ „ 
Pappus: 
Apollonius of Perga : a work relating to elementary geometry. 
Ptolemy: on the parallel-postulate. 
Posidonius : a book controverting Zeno of Sidon. 
Carpus: astronomy. 
Syrianus: a discussion on the angle. 
Pythagorean philosophical tradition. 
Plato's works. 
Aristotle's works. 
Archimedes' works. 
Plotinus: Enneades. 

Lastly we come to the question what passages, if any, in the 
commentary of Proclus represent his own contributions to the subject. 
A s we have seen, the onus probandi must be held to rest upon him 
who shall maintain that a particular note is original on the part of 
Proclus. Hence it is not enough that it should be impossible to point 
to another writer as the probable source of a note; we must have a 
positive reason for attributing it to Proclus. The criterion must there
fore be found either ( i ) in the general terms in which Proclus points 
out the deficiencies in previous commentaries and indicates the 
respects in which his own will differ from them, or (2) in specific 
expressions used by him in introducing particular notes which may 

1 Proclus, p. 241, ft, 22. 3 ibid. p. 123, 19. 
3 Tannery, La Giomttricgrecque, pp. 25, 26, 
4 Van Pesch, De Prodi fontibus, p. 139. • ibid. p. 155. 
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indicate that he is giving his own views. Besides indicating that he 
paid more attention than his predecessors to questions requiring 
deeper study (TO irpaypMreidSSes) and "pursued clear distinctions" 
(TO evBiaipeTov fteTaSicoKovrai;)'—by which he appears to imply that 
his predecessors had confused the different departments of their 
commentaries, viz. lemmas, cases, and objections (eWTao-et?) 2—Proclus 
complains that the earlier commentators had failed to indicate the 
ultimate grounds or causes of propositions'. Although it is from 
Geminus that he borrowed a passage maintaining that it is one of the 
proper functions of geometry to inquire into causes (TT)I> alriav KOI 

TO out T I ) 4 , yet it is not likely that Geminus dealt with Euclid's 
propositions one by one; and consequently, when we find Proclus, on 
I. 8, 16, 17, 18, 32, and 47 s , endeavouring to explain causes, we have 
good reason to suppose that the explanations are his own. 

Again, his remarks on certain things which he quotes from Pappus 
can scarcely be due to anyone else, since Pappus is the latest of the 
commentators whose works he appears to have used. Under this 
head, come 

(1) his objections to certain new axioms introduced by Pappus', 
(2) his conjecture as to how Pappus came to think of his alterna

tive proof of I. 5 7, 
(3) an addition to Pappus' remarks about the curvilineal angle 

which is equal to a right angle without being one*. 
The defence of Geminus against Carpus, who combated his view 

of theorems and problems, is also probably due to Proclus*, as well as 
an observation on I. 38 to the effect that I. 35—38 are really compre
hended in v i . 1 as particular cases 1 0. 

Lastly, we can have no hesitation in attributing to Proclus himself 
(1) the criticism of Ptolemy's attempt to prove the parallel-postulate", 
and (2) the other attempted proof given in the same note" (on I. 29) 
and assuming as an axiom that " if from one point two straight lines 
forming an angle be produced ad infinitum the distance between them 
when so produced ad infinitum exceeds any finite magnitude (i.e. 
length)," an assumption which purports to be the equivalent of a 
statement in Aristotle1*. It is introduced by words in which the 
writer appears to claim originality for his proof: " To him who 
desires to see this proved (KaraaKeva^opevov) let it be said by us 
(Xeyecr0a> trap rjp.a>v)" etc.1 4 Moreover, Philoponus, in a note on 
Aristotle's Anal.post. I. JO, says that " the geometer (Euclid) assumes 
this as an axiom, but it wants a great deal of proof, insomuch that 
both Ptolemy and Proclus wrote a whole book upon it1'." 

I Proclus, p. 84, 13, p. 431, 14, 15. ' Cf. ibid. p. 589, 1 1 — 1 5 ; p. 432, 1 5 — 1 7 . 
* ibid. p. 432, 17. 4 ibid. p. 202, 9—25. 
6 See Proclus, p. 270, 5—24 (I. 8); pp. 309, 3—310, 8 (I. 16); pp. 310, 19—311, 23 

(I. 17) ; pp. 316, 14—318, 2 (I. 18); p. 384, 13—21 (1. 32); pp. 426, 22—427, 8 (I. 47). 
" Proclus, p. 198, 5—15. 7 ibid. p. 250, 12—19. * ibid. p. 190, 9—23. 
• ibid. p. 243, 12—29. 1 0 ibid. pp. 405, 6—406, 9. 
I I ibid. p. 368, 1—23. •* ibid. pp. 371, 11—373, 1. 
" Aristotle, de each, I. 5 (271 b 28—30). 1 4 Proclus, p. 371, 10. 
•' Berlin Aristotle, vol. IV. p. 214 a 9 — 1 1 . 



C H A P T E R V . 

T H E T E X T 1 . 

IT is well known that the title of Simson's edition of Euclid (first 
brought out in "Latin and English in 1756) claims that, in it, "the 
errors by which Theon, or others, have long ago vitiated these books 
are corrected, and some of Euclid's demonstrations are restored " ; and 
readers of Simson's notes are familiar with the phrases used, where 
anything in the text does not seem to him satisfactory, to the effect 
that the demonstration has been spoiled, or things have been interpo
lated or omitted, by Theon "or some other unskilful editor." Now 
most of the MSS. of the Greek text prove by their titles that they 
proceed from the recension of the Elements by Theon; they purport 
to be either " from the edition of Theon " («'« 7-179 ©eWo? eV6oo-eo>s) or 
" from the lectures of Theon " (diro avvovo-imv TOV @eWo?). This was 
Theon of Alexandria (4th c. A.D.) who also wrote a commentary on 
Ptolemy, in which there occurs a passage of the greatest importance 
in this connexion 2 : "Bu t that sectors in equal circles are to one 
another as the angles on which they stand has been proved by me in 
my edition of the Elements at the end of the sixth book!' Thus Theon 
himself says that he edited the Elements and also that the second part 
of VI. 33, found in nearly all the MSS., is his addition. 

This passage is the key to the whole question of Theon's changes 
in the text of Euclid ; for, when Peyrard found in the Vatican the 
MS. 190 which contained neither the words from the titles of the other 
MSS. quoted above nor the interpolated second part of VI. 33, he was 
justified in concluding, as he did, that in the Vatican MS. we have an 
edition more ancient than Theon's. It is also clear that the copyist 
of P, or rather of its archetype, had before him the two recensions and 
systematically gave the preference to the earlier one; for at XIII. 6 in 
P the first hand has added a note in the margin: " This theorem is 
not given in most copies of the new edition, but is found in those of 
the old." Thus we are more fortunate than Simson, since our 
judgment of Theon's recension can be formed on the basis, not of 
mere conjecture, but of the documentary evidence afforded by a 
comparison of the Vatican MS. just mentioned with what we may 
conveniently call, after Heiberg, the Theonine MSS. 

1 The material for the whole of this chapter is taken from Heiberg's edition of the 
Elements, introduction to vol. v., and from the same scholar's Litterargeschichtliche Studien 
iiber Eitklid, p. i74sqq. and Paralipomena zu Euklid in Hermes, xxxvm., 1903. 

2 1. p. 101 ed. Halma = p. 50 ed. Basel. 



The MSS. used for Heiberg's edition of the Elements are the 
following: 

(1) P = Vatican MS. numbered 190, 4*0, in two volumes (doubt
less one originally); 10th c. 

This is the MS. which Peyrard was able to use; it was sent from 
Rome to Paris for his use and bears the stamp of the Paris Imperial 
Library on the last page. I t is well and carefully written. There are 
corrections some of which are by the original hand, but generally in 
paler ink, others, still pretty old, by several different hands, or by one 
hand with different ink in different places (P m. 2), and others again 
by the latest hand (P ni. ret). It contains, first, the Elements I .—XIII . 
with scholia, then Marinus' commentary on the Data (without the 
name of the author), followed by the Data itself and scholia, then the 
Elements XIV., XV. (so called), and lastly three books and a part of a 
fourth of a commentary by Theon et« TOI)? irpo)(elpov<; icavbvas IlToXe-
paiov. 

The other MSS. are " Theonine." 
(2) F = MS. x x v i n , 3, in the Laurentian Library at Florence, 4to; 

10th c. 
This MS. is written in a beautiful and scholarly hand and contains 

the Elements I .—XV., the Optics and the Phaenomena, but is not well 
preserved. Not only is the original writing renewed in many places, 
where it had become faint, by a later hand of the 16th c , but the same 
hand has filled certain smaller lacunae by gumming on to torn 
pages new pieces of parchment, and has replaced bodily certain 
portions of the MS., which had doubtless become illegible, by fresh 
leaves. The larger gaps so made good extend from Eucl. vi i . 12 to 
IX. 15, and from XII. 3 to the end ; so that, besides the conclusion of the 
Elements, the Optics and Phaenomena are also in the later hand, and we 
cannot even tell what in addition to the Elements I .—XIII . the original 
MS. contained. Heiberg denotes the later hand by <p and observes 
that, while in restoring words which had become faint and filling up 
minor lacunae the writer used no other MS., yet in the two larger 
restorations he used the Laurentian MS. XXVIII , 6, belonging to the 
13th—14th c. The latter MS. (which Heiberg denotes by f) was 
copied from the Viennese MS. (V) to be described below. 

(3) B = Bodleian MS., D'Orville X. 1 inf. 2, 30, 4to ; A.D. 888. 
This MS. contains the Elements I .—XV. with many scholia. Leaves 

15—118 contain I. 14 (from about the middle of the proposition) to 
the end of Book VI., and leaves 123—387 (wrongly numbered 397) 
Books VII .—XV. in one and the same elegant hand (9th a). The 
leaves preceding leaf 15 seem to have been lost at some time, leaves 
6 to 14 (containing Elem. I. to the place in I. 14 above referred to) 
being carelessly written by a later hand on thick and common parch
ment (13th a) . On leaves 2 to 4 and 122 are certain notes in the 
hand of Arethas, who also wrote a two-line epigram on leaf 5, the 
greater part of the scholia in uncial letters, a few notes and corrections, 
and two sentences on the last leaf, the first of which states that the 
MS. was written by one Stephen clericus in the year of the world 6397 



(= 888 A.D.), while the second records Arethas' own acquisition of it. 
Arethas lived from, say, 865 to 939 A.D. He was Archbishop of 
Caesarea and wrote a commentary on the Apocalypse. The portions 
of his library which survive are of the greatest interest to palaeography 
on account of his exact notes of dates, names of copyists, prices of 
parchment etc. It is to him also that we owe the famous Plato MS. 
from Patmos (Cod. Clarkianus) which was written for him in November 
89S1. 

(4) V = Viennese MS. Philos. Gr. No. 103 ; probably 12th c. 
This MS. contains 292 leaves, Eucl. Elements I .—XV. occupying 

leaves 1 to 254, after which come the Optics (to leaf 271), the 
Phaenomena (mutilated at the end) from leaf 272 to leaf 282, and lastly 
scholia, on leaves 283 to 292, also imperfect at the end. The different 
material used for different parts and the varieties of handwriting make 
it necessary for Heiberg to discuss this MS. at some length1. The 
handwriting on leaves I to 183 (Book I. to the middle of X. 105) and 
on leaves 203 to 234 (from XI. 31, towards the end of the proposition, 
to XIII. 7, a few lines down) is the same ; between leaves 184 and 202 
there are two varieties of handwriting, that of leaves 184 to 189 and 
that of leaves 200 (verso) to 202 being the same. Leaf 235 begins in 
the same handwriting, changes first gradually into that of leaves 184 
to 189 and then (verso) into a third more rapid cursive writing which 
is the same as that of the greater part of the scholia, and also as that 
of leaves 243 and 282, although, as these leaves are of different 
material, the look of the writing and of the ink seems altered. 
There are corrections both by the first and a second hand, and scholia 
by many hands. On the whole, in spite of the apparent diversity of 
handwriting in the MS., it is probable that the whole of it was written 
at about the same time, and it may (allowing for changes of material, 
ink etc.) even have been written by the same man. It is at least 
certain that, when the Laurentian MS. XXVIII, 6 was copied from it, the 
whole MS. was in the condition in which it is now, except as regards 
the later scholia and leaves 283 to 292 which are not in the Laurentian 
MS., that MS. coming to an end where the Phaenomena breaks off 
abruptly in V . Hence Heiberg attributes the whole MS. to the 12th c. 

But it was apparently in two volumes originally, the first con
sisting of leaves 1 to 183; and it is certain that it was not all copied 
at the same time or from one and the same original. For leaves 
184 to 202 were evidently copied from two MSS. different both from 
one another and from that from which the rest was copied. Leaves 
184 to the middle of leaf 189 (recto) must have been copied from a 
MS. similar to P, as is proved by similarity of readings, though not 
from P itself. The rest, up to leaf 202, were copied from the Bologna 
MS. (b) to be mentioned below. It seems clear that the content of 
leaves 184 to 202 was supplied from other MSS. because there was a 
lacuna in the original from which the rest of V was copied. 

1 See Pauly-Wissowa, Real-Encyclopadic der class. Altertiimswissenschaft, vol. II., 1896, 

1 Heiberg, vol. v. pp. xxix—xxxiii. • 



Heiberg sums up his conclusions thus. The copyist of V first 
copied leaves I to 183 from an original in which two quaterniones 
were missing (covering from the middle of Eucl. X. 105 to near the 
end of XI. 31). Noticing the lacuna he put aside one quaternio of the 
parchment used up to that point. Then he copied onwards from 
the end of the lacuna in the original to the end of the Phaenomena. 
After this he looked about him for another MS. from which to fill up 
the lacuna; finding one, he copied from it as far as the middle of leaf 
189 (recto). Then, noticing that the MS. from which he was copying 
was of a different class, he had recourse to yet another MS. from which 
he copied up to leaf 202. A t the same time, finding that the lacuna 
was longer than he had reckoned for, he had to use twelve more 
leaves of a different parchment in addition to the quaternio which he 
had put aside. The whole MS. at first formed two volumes (the first 
containing leaves 1 to 183 and the second leaves 184 to 282); then, 
after the last leaf had perished, the two volumes were made into one 
to which two more quaterniones were also added. A few leaves of the 
latter of these two have since perished. 

(5) b = MS. numbered 18—19 in the Communal Library at 
Bologna, in two volumes, 4to; n t h c. 

This MS. has scholia in the margin written both by the first hand 
and by two or three later hands ; some are written by the latest hand, 
Theodorus Cabasilas (a descendant apparently of Nicolaus Cabasilas, 
14th c.) who owned the MS. at one time. It contains (a) in 14 quater
niones the definitions and the enunciations (without proofs) of the 
Elements I .—XIII. and of the Data, (b) in the remainder of the 
volumes the Proem to Geometry (published among the Variae 
Collectiones in Hultsch's edition of Heron, pp. 252, 24 to 274, 14) 
followed by the Elements I .—XIII. (part of XIII. 18 to the end being 
missing), and then by part of the Data (from the last three words of 
the enunciation of Prop. 38 to the end of the penultimate clause in 
Prop. 87, ed. Menge). From XI. 36 inclusive to the end of XII. this 
MS. appears to represent an entirely different recension. Heiberg is 
compelled to give this portion of b separately in an appendix. He 
conjectures that it is due to a Byzantine mathematician who thought 
Euclid's proofs too long and tiresome and consequently contented 
himself with indicating the course followed1. A t the same time this 
Byzantine must have had an excellent MS. before him, probably of the 
ante-Theonine variety of which the Vatican MS. 190 (P) is the sole 
representative. 

(6) p = Paris MS. 2466, 4to; 12th c. 
This manuscript is written in two hands, the finer hand occupying 

leaves 1 to 53 (recto), and a more careless hand leaves 53 (verso) to 
64, which are of the same parchment as the earlier leaves, and leaves 
65 to 239, which are of a thinner and rougher parchment showing 
traces of writing of the 8th—9th c. (a Greek version of the Old 
Testament). The MS. contains the Elements I .—XIII . and some scholia 
after Books xi. , x i i . and XIII. 

1 Zeitschriftfur Math. u. Physik, XXIX., hist.-litt. Abtheilung, p. 13. 



(7) q = Paris MS. 2344, folio ; 12th c. 
It is written by one hand but includes scholia by many hands. 

On leaves I to 16 (recto) are scholia with the same title as that found 
by Wachsmuth in a Vatican MS. and relied upon by him to prove that 
Proclus continued his commentaries beyond Book I . 1 Leaves 17 to 
357 contain the Elements I .—xm. (except that there is a lacuna from 
the middle of VIII, 25 to the eicdeo-i<s of IX. 14) ; before Books VII. and 
X. there are some leaves filled with scholia only, and leaves 358 to 366 
contain nothing but scholia. 

(8) Heiberg also used a palimpsest in the British Museum (Add. 
17211). Five pages are of the 7th—8th c. and are contained (leaves 
49—53) in the second volume of the Syrian MS. Brit. Mus. 687 of the 
9th c.; half of leaf 50 has perished. The leaves contain various frag
ments from Book x. enumerated by Heiberg, Vol. III., p. v, and nearly 
the whole of x m . 14 

Since his edition of the Elements was published, Heiberg has 
collected further material bearing on the history of the text". Besides 
giving the results of further or new examination of MSS., he has 
collected the fresh evidence contained in an-Nairizi's commentary, 
and particularly in the quotations from Heron's commentary given in 
it (often word for word), which enable us in several cases to trace 
differences between our text and the text as Heron had it, and to 
identify some interpolations which actually found their way into the 
text from Heron's commentary itself; and lastly he has dealt with 
some valuable fragments of ancient papyri which have recently come 
to light, and which are especially important in that the evidence drawn 
from them necessitates some modification in the views expressed in 
the preface to Vol. v. as to the nature of the changes made in Theon's 
recension, and in the principles laid down for differentiating between 
Theon's recension and the original text, on the basis of a comparison 
between P and the Theonine MSS. alone. 

The fragments of ancient papyri referred to are the following. 
1. Papyrus Herculanensis No. 1061 8. 
This fragment quotes Def. 15 of Book I. in Greek, and omits the 

words rj xaXelrai rrepupepeia, " which is called the circumference," 
found in all our MSS., and the further addition irpbs TI)V TOV KVKKOV 

rrepufrepeiav also found in practically all the MSS. Thus Heiberg's 
assumption that both expressions are interpolations is now confirmed 
by this oldest of all sources. 

2. The Oxyrhynchus Papyri I. p. 58, No. XXIX. of the 3rd or 4th c. 
This fragment contains the enunciation of Eucl. II. 5 (with figure, 

apparently without letters, immediately following, and not, as usual in 
our MSS., at the end of the proof) and before it the part of a word 
Trepie%op,e belonging to II. 4 (with room for -vq> dp6oya>vl<p- Strep eBei 

1 [els T]4 rod EI/K\C,3OU orotxeta vpo\aftf3avbfieva 4K T&V llpUXov ffropabijr KOX Kar' 4TI-
TOU^V. Cf. p. 32, note 8, above. 

" Heiberg, Paralipomena zu Euklid in Hermes, xxxvui. , 1903, pp. 46—74, 161—201 , 

8 Described by Heiberg in Oversigt over del kngl. dansie Videnskabernes Selskabs 
Forhandlinger, 1900, p. 161 . 



Seiljat and a stroke to mark the end), showing that the fragment had 
not the Porism which appears in all the Theonine M S S . and (in a later 
hand) in P, and thereby confirming Heiberg's assumption that the 
Porism was due to Theon. 

3. A fragment in Fayum towns and their papyri, p. 96, No. I X . of 
2nd or 3rd c. 

This contains I . 39 and I. 41 following one another and almost 
complete, showing that I. 40 was wanting, whereas it is found in all 
the M S S . and is recognised by Proclus. Moreover the text of the 
beginning of 1. 39 is better than ours, since it has no double Siopio-/i6$ 
but omits the first (" I say that they are also in the same parallels ") 
and has "and" instead of "for let AD be joined " in the next sentence. 
It is clear that I. 40 was interpolated by someone who thought there 
ought to be a proposition following I. 39 and related to it as I . 38 is 
related to I. 37 and I. 36 to I. 35, although Euclid nowhere uses I . 40, 
and therefore was not likely to include it. The same interpolator 
failed to realise that the words "let AD be joined" were part of the 
e*<Wt? or setting-out, and took them for the icaTacricevq or " construc
tion " which generally follows the Siopicr/wi or " particular statement" 
of the conclusion to be proved, and consequently thought it necessary 
to insert a before the words. 

The conclusions drawn by Heiberg from a consideration of 
particular readings in this papyrus along with those of our M S S . will 
be referred to below. 

We now come to the principles which Heiberg followed, when 
preparing his edition, in differentiating the original text from the 
Theonine recension by means of a comparison of the readings of P 
and of the Theonine M S S . The rules which he gives are subject to a 
certain number of exceptions (mostly in cases where one M s . or the 
other shows readings due to copyists' errors), but in general they may 
be relied upon to give conclusive results. 

The possible alternatives which the comparison of P with the 
Theonine M S S . may give in particular passages are as follows: 

I. There may be agreement in three different degrees. 
(1) P and all the Theonine M S S . may agree. 
In this case the reading common to all, even if it is corrupt or 

interpolated, is more ancient than Theon, i.e. than the 4th c. 
(2) P may agree with some (only) of the Theonine M S S . 
In this case Heiberg considered that the latter give the true 

reading of Theon's recension, and the other Theonine M S S . have 
departed from it. 

(3) P and one only of the Theonine M S S may agree. 
In this case too Heiberg assumed that the one Theonine M S . which 

agrees with P gives the true Theonine reading, and that this rule even 
supplies a sort of measure of the quality and faithfulness of the 
Theonine M S S . Now none of them agrtes alone v. ith P in preserving 
the true reading so often as F. Hence F must be held to havt pre
served Theon's recension more faithfully than the other Theonine M S S . ; 
and it would follow that in those portions where F fails us P must 



carry rather more weight even though it may differ from the Theonine 
M S S . BVpq. (Heiberg gives many examples in proof of this, as of his 
main rules generally, for which reference must be made to his Prole
gomena in Vol. V . ) The specially close relation of F and P is also 
illustrated by passages in which they have the same errors; the 
explanation of these common errors (where not due to accident) is 
found by Heiberg in the supposition that they existed, but were not 
noticed by Theon, in the original copy in which he made his changes. 

Although however F is by far the best of the Theonine M S S . , there 
are a considerable number of passages where one of the others (B, V, 
p or q) alone with P gives the genuine reading of Theon's recension. 

A s the result of the discovery of the papyrus fragment containing 
I. 39, 41, the principles above enunciated under (2) and (3) are found 
by Heiberg to require some qualification. For there is in some cases 
a remarkable agreement between the papyrus and the Theonine M S S . 
(some or all) as against P. This shows that Theon took more trouble 
to follow older M S S . , and made fewer arbitrary changes of his own, 
than has hitherto been supposed. Next, when the papyrus agrees 
with some of the Theonine M S S . against P, it must now be held that 
these M S S . (and not, as formerly supposed, those which agree with P) 
give the true reading of Theon. If it were otherwise, the agreement 
between the papyrus and the Theonine M S S . would be accidental: but 
it happens too often for this. It is clear also that there must have 
been contamination between the two recensions; otherwise, whence 
could the Theonine M S S . which agree with P and not with the papyrus 
have got their readings? The influence of the P class on the Theonine 
F is especially marked. 

II. There may be disagreement between P and all the Theonine 
M S S . 

The following possibilities arise. 
(1) The Theonine M S S . differ also among themselves. 
In this case Heiberg considered that P nearly always has the true 

reading, and the Theonine M S S . have suffered interpolation in different 
ways after Theon's time. 

(2) The Theonine M S S . all combine against P. 
In this case the explanation was assumed by Heiberg to be one or 

other of the following. 
(a) The common reading is due to an error which cannot be 

imputed to Theon (though it may have escaped him when putting 
together the archetype of his edition); such error may either have 
arisen accidentally in all alike, or (more frequently) may be 
referred to a common archetype of all the M S S . 

(j8) There may be an accidental error in P ; e.g. something 
has dropped out of P in a good many places, generally through 
OfioioreKevTov 

(7) There may be words interpolated in P. 
(8) Lastly, we may have in the Theonine M S S . a change made 

by Theon himself. 
(The discovery of the ancient papyrus showing readings agreeing 
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with some, or with all, of the Theonine M S S . against P now makes it 
necessary to be very cautious in applying these criteria.) 

It is of course the last class (8) of changes which we have to 
investigate in order to get a proper idea of Theon's recension. 

Heiberg first observes, as regards these, that we shall find that 
Theon, in editing the Elements, altered hardly anything without some 
reason, often inadequate according to our ideas, but still some reason 
which seemed to him sufficient. Hence, in cases of very slight differ
ences where both the Theonine M S S . and P have readings good and 
probable in themselves, Heiberg is not prepared to put the differences 
down to Theon. In those passages where we cannot see the least 
reason why Theon, if he had the reading of P before him, should have 
altered it, Heiberg would not at once assume the superiority of P 
unless there was such a consistency in the differences as wouW indicate 
that they were due not to accident but to design. In the absence of 
such indications, he thinks that the ordinary principles of criticism 
should be followed and that proper weight should be attached to the 
antiquity of the sources. And it cannot be denied that the sources of 
the Theonine version are the more ancient. For not only is the 
British Museum palimpsest (L), which is intimately connected with 
the rest of our M S S . , at least two centuries older than P, but the other 
Theonine M S S . are so nearly allied that they must be held to have 
had a common archetype intermediate between them and the actual 
edition of Theon; and, since they themselves are as old as, or older 
than P, their archetype must have been much older. Heiberg gives 
(pp. xlvi, xlvii) a list of passages where, for this reason, he has 
followed the Theonine M S S . in preference to P. 

It has been mentioned above that the copyist of P or rather of its 
archetype wished to give an ancient recension. Therefore (apart from 
clerical errors and interpolations) the first hand in P may be relied 
upon as giving a genuine reading even where a correction by the first 
hand has been made at the same time. But in many places the first 
hand has made corrections afterwards; on these occasions he must 
have used new sources, e.g. when inserting the scholia to the first 
Book which P alone has, and in a number of passages he has made 
additions from Theonine M S S . 

We cannot make out any " family tree " for the different Theonine 
M S S . Although they all proceeded from a common archetype later 
than the edition of Theon itself, they cannot have been copied one 
from the other; for, if they har' been, how could it have come about 
that in one place or other each of them agrees alone with P in pre
serving the genuine reading ? Moreover the great variety in their 
agreements and disagreements indicates that they have all diverged 
to about the same extent from their archetype. A s we have seen that 
P contains corrections from the Theonine family, so they show correc
tions from P or other M S S . of the same family. Thus V has part of 
the lacuna in the M S . from which it was copied filled up from a M S . 
similar to P, and has corrections apparently derived from the same; 
the copyist, however, in correcting V, also used another M S . to which 



he alludes in the additions to I X . 19 and 30 (and also on X . 23 Por.): 
"in the book of the Ephesian (this) is not found." Who this Ephesian 
of the 12th c. was, we do not know. 

We now come to the alterations made by Theon in his edition of 
the Elements. I shall indicate classes into which these alterations 
may be divided but without details (except in cases where they affect 
the mathematical content as distinct from form or language pure and 
simple)1. 

I. Alterations made by Theon where he found, or thought he found, 
mistakes in the original. 

1. Real blots in the original which Theon saw and tried to 
remove. 

(a) Euclid has a porism (corollary) to V I . 19, the enunciation 
of which speaks of similar and similarly described figures though the 
proposition itself refers only to triangles, and therefore the porism 
should have come after V I . 20. Theon substitutes triangle for figure 
and proves the more general porism after V I . 20. 

(b) In I X . 19 there is a statement which is obviously incorrect. 
Theon saw this and altered the proof by reducing four alternatives to 
two, with the result that it fails to correspond to the enunciation even 
with Theon's substitution of " if" for " when " in the enunciation. 

(c) Theon omits a porism to I X . 11, although it is necessary for 
the proof of the succeeding proposition, apparently because, owing to 
an error in the text {nark TOV corrected by Heiberg into « r i T O ) , he 
could not get out of it the right sense. 

(d) I should also put into this category a case which Heiberg 
classifies among those in which Theon merely fancied that he found 
mistakes, viz. the porism to V . 7 stating that, if four magnitudes are 
proportional, they are proportional inversely. Theon puts this after 
v. 4 with a proof, which however has no necessary connexion with 
V . 4 but is obvious from the definition of proportion. 

(e) I should also put under this head X I . I , where Euclid's argu
ment to prove that two straight lines cannot have a common segment 
is altered. 

2. Passages which seemed to Theon to contain blots, and which 
he therefore set himself to correct, though more careful consideration 
would have shown that Euclid's words are right or at least may be 
excused and offer no difficulty to an intelligent reader. Under this 
head come: 

(a) an alteration in I I I . 24. 
(b) a perfectly unnecessary alteration, in V I . 14, of "equiangular 

parallelograms " into " parallelograms having one angle equal to one 
angle," where Theon followed the false analogy of V I . 15. 

(c) an omission of words in V . 26, owing to his having been mis
led by a wrong figure. 

(d) an alteration of the order of X I . Deff. 27, 28. 
(e) the substitution of " parallelepipedal solid " for " cube " in xi. 

1 Exhaustive details under all the different heads are given by Heiberg (Vol. v . 
pp. lii—lxxv). 



38, because Theon observed, correctly enough, that it was true of the 
parallelepipedal solid in general as well as of the cube, but failed to 
give weight to the fact that Euclid must have given the particular 
case of the cube for the simple reason that that was all he wanted for 
use in X I I I . 17. 

( / ) the substitution of the letter <t> for D, ( V for Z in my figure) 
because he saw that the perpendicular from K to B<I> would fall on 4? 
itself, so that <&, fl coincide. But, if the substitution is made, it should 
be proved that <1>, £1 coincide. Euclid can hardly have failed to notice 
the fact, but it may be that he deliberately ignored it as unnecessary 
for his purpose, because he did not want to lengthen his proposition 
by giving the proof. 

II. Emendations intended to improve the form or diction of Euclid. 
Some of these emendations of Theon affect passages of appreciable 

length. Heiberg notes about ten such passages; the longest is 
in Eucl. X I I . 4 where a whole page of Heiberg's text is affected and 
Theon's version is put in the Appendix. The kind of alteration may 
be illustrated by that in I X . 15 where Euclid uses successively the 
propositions V I I . 24, 25, quoting the enunciation of the former but not 
of the latter ; Theon does exactly the reverse. In a few of the cases 
here quoted by Heiberg, Theon shortened the original somewhat. 

But, as a rule, the emendations affect only a few words in each 
sentence. Sometimes they are considerable enough to alter the con
formation of the sentence, sometimes they afe trifling alterations 
"more magistellorum ineptorum" and unworthy of Theon. Generally 
speaking, they were prompted by a desire to change anything which 
was out of the common in expression or in form, in order to reduce 
the language to one and the same standard or norm. Thus Theon 
changed the order of words, substituted one word for another where 
the latter was used in a sense unusual with Euclid (e.g. iireihrjirep, 
" since," for on in the sense of " because"), or one expression for 
another in like circumstances (e.g. where, finding "that which was 
enjoined would be done" in a theorem, V I I . 31, and deeming the phrase 
more appropriate to a problem, he substituted for it " that which is 
sought would be manifest"; probably also and for similar reasons he 
made certain variations between the two expressions usual at the end 
of propositions owep eSei 8eif<u and oirep eSei woirja-ai, quod erat 
demonstrandum and quod erat faciendum). Sometimes his alterations 
show carelessness in the use of technical terms, as when he uses 

'dtneadai. (to meet) for ((paTrreo-dai (to touch) although the ancients 
carefully distinguished the two words. The desire of keeping to a 
standard phraseology also led Theon to omit or add words in a 
number of cases, and also, sometimes, to change the lettering of 
figures. 

But Theon seems, in editing the Elements, to have bestowed the 
most attention upon 

III. Additions designed to supplement or explain Euclid. 
First, he did not hesitate to interpolate whole propositions where 

he thought there was room or use for them. We have already 



mentioned the addition to V I . 33 of the second part relating to sectors, 
for which Theon himself takes credit in his commentary on Ptolemy. 
Again, he interpolated the proposition commonly known as V i l . 22 
(ex aequo in proportioneperturbata for numbers, corresponding to V . 23), 
and perhaps also V I I . 20, a particular case of V I I . 19 as V I . 17 is of V I . 
16. He added a second case to V I . 27, a porism to I t 4, a second 
porism to i n . 16, and a lemma after X . 12; perhaps also the porism 
to V . 19 and the first porism to V I . 20. He also inserted alternative 
proofs here and there, e.g. in 11. 4 (where the alternative differs little 
from the original) and in V I I . 31 ; perhaps also in X . 1, 6, and 9. 

Secondly, he sometimes repeats an argument where Euclid had 
said " For the same reason," adds specific references to points, 
straight lines etc. in the figures in order to exclude the possibility 
of mistake arising from Euclid's reference to them in general terms, 
or inserts words to make the meaning of Euclid more plain, e.g. 
componendo and alternately, where Euclid had left them out. Some
times he thought to increase by his additions the mathematical 
precision of Euclid's language in enunciations or elsewhere, sometimes 
to make smoother and clearer things which Euclid had expressed 
with unusual brevity and harshness or carelessness, in reliance on the 
intelligence of his readers. 

Thirdly, he supplied intermediate steps where Euclid's argument 
seemed too rapid and not easy enough to follow. The form of these 
additions varies; they are sometimes placed as a definite intermediate 
step with " therefore " or " so that," sometimes they are additions to 
the statement of premisses, sometimes phrases introduced by "since," 
"for" and the like, after the inference. 

Lastly, there is a very large class of additions of a word, or one 
or two words, for the sake of clearness or consistency. Heiberg 
gives a number of examples of the addition of such nouns as 
"triangle," "square," "rectangle," "magnitude," "number," "point," 
"side," "circle," "straight line," "area" and the like, of adjectives 
such as " remaining," " right," " whole," " proportional," and of other 
parts of speech, even down to words like " is " (4<TTI) which is added 
600 times, 8>j, apa, ixiv, yap, tcai and the like. 

IV. Omissions by Theon. 
Heiberg remarks that, Theon's object having been, as above 

shown, to amplify and explain Euclid, we should not naturally have 
expected to find him doing much in the contrary process of com
pression, and it is only owing to the recurrence of a certain sort of 
omissions so frequently (especially in the first Books) as to exclude 
the hypothesis of their being all due to chance that we are bound to 
credit him, with alterations making for greater brevity. We have 
seen, it is true, that he made omissions as well as additions for the 
purpose of reducing the language to a certain standard form. But 
there are also a good number of cases where in the enunciation of 
propositions, and in the exposition (the re-statement of them with 
reference to the figure), he has left out words because, apparently, 
he regarded Euclid's language as being too careful and precise. 



Again, he is apparently responsible for the frequent omission of the 
words otrep e&ei Seifai (or irorfcrai), Q.E.D. (or F . ) , at the end of 
propositions. This is often the case at the end of porisms, where, 
in omitting the words, Theon seems to have deliberately departed 
from Euclid's practice. The M S . P seems to show clearly that, where 
Euclid put a porism at the end of a proposition, he omitted the 
Q.E.D. at the end of the proposition but inserted it at the end of the 
porism, as if he regarded the latter as being actually a part of the 
proposition itself. As in the Theonine M S S . the Q.E.D. is generally 
omitted, the omission would seem to have been due to Theon. 
Sometimes in these cases the Q.E.D. is interpolated at the end of the 
proposition. 

Heiberg summed up the discussion of Theon's edition by the 
remark that Theon evidently took no pains to discover and restore 
from M S S . the actual words which Euclid had written, but aimed 
much more at removing difficulties that might be felt by learners 
in studying t h e book. His edition is therefore not to be compared 
with the editions of the Alexandrine grammarians, but rather with 
the work done by Eutocius in editing Apollonius and with an 
interpolated recension of some of the works of Archimedes by a 
certain Byzantine, Theon occupying a position midway between these 
two editors, being superior to the latter in mathematical knowledge 
but behind Eutocius in industry (these views now require to be some
what modified, as above stated). But however little Theon's object 
may be approved by those of us who would rather know the 
ipsissinta verba of Euclid, there is no doubt that his work was 
approved by his pupils at Alexandria for whom it was written ; and 
his edition was almost exclusively used by later Greeks, with the 
result that the more ancient text is only preserved to us in one M S . 

A s the result of the above investigation, we may feel satisfied 
that, where P and the Theonine M S S . agree, they give us (except in a 
few accidental instances) Euclid as he was read by the Greeks of 
the 4th c. But even at that time the text had been passed from 
hand to hand through more than six centuries, so that it is certain 
that it had already suffered changes, due partly to the fault of 
copyists and partly to the interpolations of mathematicians. Some 
errors of copyists escaped Theon and were corrected in some M S S . 
by later hands. Others appear in all our M S S . and, as they cannot 
have arisen accidentally in all, we must put them down to a common 
source more ancient than Theon. A somewhat serious instance is 
to be found in I I I . 8 ; and the use of cnrrkada) for e<pairTea-0a> in the 
sense of " touch" may also be mentioned, the proper distinction 
between the words having been ignored as it was by Theon also. 
But there are a number of imperfections in the ante-Theonine text 
which it would be unsafe to put down to the errors of copyists, those 
namely where the good M S S . agree and it is not possible to see any 
motive that a copyist could have had for altering a correct reading. 
In these cases it is possible that the imperfections are due to a 
certain degree of carelessness on the part of Euclid himself; for it 



is not possible " Euclidem ab omni naevo vindicare," to use the 
words of Saccheri1, and consequently Simson is not right in attributing 
to Theon and other editors all the things in Euclid to which mathe
matical objection can be taken. Thus, when Euclid speaks of " the 
ratio compounded of the sides" for " the ratio compounded of the 
ratios of the sides," there is no reason for doubting that Euclid himself 
is responsible for the more slip-shod expression. Again, in the Books 
X I . — X I I I . relating to solid geometry there are blots neither few 
nor altogether unimportant which can only be attributed to Euclid 
himself2; and there is the less reason for hesitation in so attributing 
them because solid geometry was then being treated in a thoroughly 
systematic manner for the first time. Sometimes the conclusion 
(ov/JLTrepa<T/j,a) of a proposition does not correspond exactly to the 
enunciation, often it is cut short with the words xal ra etffj'i "and the 
rest" (especially from Book X . onwards), and very often in Books V I I I . , 

I X . it is omitted. Where all the M S S . agree, there is no ground for 
hesitating to attribute the abbreviation or omission to Euclid; though, 
of course, where one or more MSS. have the longer form, it must be 
retained because this is one of the cases where a copyist has a 
temptation to abbreviate. 

Where the true reading is preserved in one of the Theonine M S S . 
alone, Heiberg attributes the wrong reading to a mistake which arose 
before Theon's time, and the right reading of the single M S . to a 
successful correction. 

We now come to the most important question of the Interpolations 
introduced before Theoris time. 

I. Alternative proofs or additional cases. 
It is not in itself probable that Euclid would have given two 

proofs of the same proposition ; and the doubt as to the genuineness 
of the alternatives is increased when we consider the character of 
some of them and the way in which they are introduced. First of 
all, we have those of V I . 20 and X I I . 17 introduced by "we shall prove 
this otherwise more readily (Trpoxeiporepov)" or that of X . go " it is 
possible to prove more slwrtly (<rvvTO(id>Tepov)." Now it is impossible 
to suppose that Euclid would have given one proof as that definitely 
accepted by him and then added another with the express comment 
that the latter has certain advantages over the former. Had he con
sidered the two proofs and come to this conclusion, he would have 
inserted the latter in the received text instead of the former. These 
alternative proofs must therefore have been interpolated. The same 
argument applies to alternatives introduced with the words "or even 
thus" (rj /cal OVTCOI), "or even otherwise" (fj xal a A A t o ? ) . Under this 
head come the alternatives for the last portions of I I I . 7, 8 ; and 
Heiberg also compares the alternatives for parts of I I I . 31 (that the 
angle in a semicircle is a right angle) and X I I I . 18, and the alternative 
proof of the lemma after X . 32. The alternatives to X . 105 and 106, 

1 EudicUs ab omni naevo vindicates, Mediolani, T 733. 
2 Cf. especially the assumption, without proof or definition, of the criterion for equal solid 

angles, and the incomplete proof of x u . 17. 



again, are condemned by the place in which they occur, namely after 
an alternative proof to X . 115. The above alternatives being all 
admitted to be spurious, suspicion must necessarily attach to the few 
others which are in themselves unobjectionable. Heiberg instances 
the alternative proofs to I I I . 9, I I I . 10, V I . 30, V I . 31 and X I . 22, observing 
that it is quite comprehensible that any of these might have occurred 
to a teacher or editor and seemed to him, rightly or wrongly, to be 
better than the corresponding proofs in Euclid. Curiously enough, 
Simson adopted the alternatives to I I I . 9, 10 in preference to the 
genuine proofs. Since Heiberg's preface was written, his suspicion 
has been amply confirmed as regards I I I . 10 by the commentary of 
an-Nairizi (ed. Curtze) which shows not only that this alternative is 
Heron's, but also that the substantive proposition I I I . 12 in Euclid 
is also Heron's, having been given by him to supplement I I I . 11 
which must originally have been enunciated of circles " touching one 
another " simply, i.e. so as to include the case of external as well as 
internal contact, though the proof covered the case of internal contact 
only. "Euclid, in the n t h proposition," says Heron, "supposed two 
circles touching one another internally and wrote the proposition on 
this case, proving what it was required to prove in it. But I will 
show how it is to be-proved if the contact be external^'' This additional 
proposition of Heron's is by way of adding another case, which brings 
us to that class of interpolation. It was the practice of Euclid and 
the ancients to give only one case (generally the most difficult one) 
and to leave the others to be investigated by the reader for himself. 
One interpolation of a second case ( V I . 27) is due, as we have seen, 
to Theon. The two extra cases of X I . 23 were manifestly interpolated 
before Theon's time, for the preliminary distinction of three cases, 
"(the centre) will either be within the triangle LMN, or on one of 
the sides, or outside. First let it be within," is a spurious addition 
(B and V only). Similarly an unnecessary case is interpolated in 
I I I . I I . 

II. Lemmas. 
Heiberg has unhesitatingly placed in his Appendix to Vol. I I I . 

certain lemmas interpolated either by Theon (on X . 13) or later 
writers (on X. 27, 29, 31, 32, 33, 34, where V only has the lemmas). 
But we are here concerned with the lemmas found in all the M S S . , 
which however are, for different reasons, necessarily suspected. We 
will deal with the Book X . lemmas last. 

(1) There is an a priori ground of objection to those lemmas 
which come after the propositions to which they relate and prove 
properties used in those propositions; for, if genuine, they would be a 
sign of faulty arrangement such as would not be likely in a systematic 
work so carefully ordered as the Elements. The lemma to V I . 22 is 
one of this class, and there is the further objection to it that in V I . 28 
Euclid makes an assumption which would equally require a lemma 
though none is found. The lemma after xil. 4 is open to the further 
objections that certain altitudes are used but are not drawn in the 

1 An-Nairlzl, ed. Curtze, p. i l l . 



figure (which is not in the manner of Euclid), and that a peculiar 
expression " parallelepipedal solids described on (dvaypa<f>6p.eva a i r o ) 
prisms " betrays a hand other than Euclid's. There is an objection on 
the score of language to the lemma after XIII. 2. The lemmas on 
XI. 23, XIII. 13, x m . 18, besides coming after the propositions to 
which they relate, are not very necessary in themselves and, as regards 
the lemma to XIII. 13, it is to be noticed that the writer of a gloss 
in the proposition could not have had it, and the words "as will 
be proved afterwards" in the text are rightly suspected owing to 
differences between the M S . readings. The lemma to XII. 2 also, to 
which Simson raised objection, comes after the proposition ; but, if it 
is rejected, the words "as was proved before" used in XII. 5 and 18, 
and referring to this lemma, must be struck out. 

(2) Reasons of substance are fatal to the lemma before X. 60, 
which is really assumed in X. 44 and therefore should have appeared 
there if anywhere, and to the lemma on X. 20, which tries to prove 
what is already stated in X. Def. 4. 

We now come to the remaining lemmas in Book x., eleven in 
number, which come before the propositions to which they relate and 
remove difficulties in the way of their demonstration. That before 
X. 42 introduces a set of propositions with the words " that the said 
irrational straight lines are uniquely divided... we will prove after 
premising the following lemma," and it is not possible to suppose 
that these words are due to an interpolator; nor are there any 
objections to the lemmas before X. 14, 17, 22, 33, 54, except perhaps 
that they are rather easy. The lemma before X. 10 and X. 10 itself 
should probably be removed from the Elements; for X. 10 really uses 
the following proposition x . 11, which is moreover numbered 10 by 
the first hand in P, and the words in X. 10 referring to the leroma "for 
we learnt (how to do this) " betray the interpolator. Heiberg gives 
reason also for rejecting the lemmas before X. 19 and 24 with the 
words " in any of the aforesaid ways " (omitted in the Theonine M S S . ) 
in the enunciations of X. 19, 24 and in the exposition of X. 20. Lastly, 
the lemmas before X. 29 may be genuine, though there is an addition 
to the second of them which is spurious. 

Heiberg includes under this heading of interpolated lemmas two 
which purport to be substantive propositions, XI. 38 and XIII. 6. These 
must be rejected as spurious for reasons which will be found in detail 
in my notes on XI. 37 and x m . 6 respectively. The latter proposition 
is only quoted once (in XIII. 17) ; probably the words quoting it 
(with ypa/ifiTj instead of evdeta) are themselves interpolated, and 
Euclid thought the fact stated a sufficiently obvious inference from 
XIII. 1. 

III. Porisms (or corollaries). 
Most of the porisms in the text are both genuine and necessary; 

but some are shown by differences- in the M S S . not to be so, e.g. those 
to I. 15 (though Proclus has it), ill. 31 and VI. 20 (Por. 2). Sometimes 
parts of porisms are interpolated. Such are the last few lines in 
the porisms to IV. 5, VI. 8 ; the latter addition is proved later by 



means of V I . 4, 8, so that the writer of these proofs could not have had 
the addition to vi. 8 Por. before him. Lastly, interpolators have added 
a sort of proof to some porisms, as though they were not quite 
obvious enough; but to add a demonstration is inconsistent with the 
idea of a porism, which, according to Proclus, is a by-product of a 
proposition appearing without our seeking it. 

IV. Scholia. 
Several interpolated scholia betray themselves by their wording, 

e.g. those given by Heiberg in the Appendix to Book X . and contain
ing the words icaXel, eKaXeae ("he calls" or "called"); these scholia were 
apparently written as marginal notes before Theon's time, and, being 
adopted as such by Theon, found their way into the text in P and 
some of the Theonine M S S . The same thing no doubt accounts for 
the interpolated analyses and syntheses to X I I I . 1—5, as to which see 
my note on X I I I . 1. 

V. Interpolations in Book X . 
First comes the proposition " Let it be proposed to us to show that 

in square figures the diameter is incommensurable in length with the 
side," which, with a scholium after it, ends the tenth Book. The form 
of the enunciation is suspicious enough and the proposition, the proof 
of which is indicated by Aristotle and perhaps was Pythagorean, is 
perfectly unnecessary when X . 9 has preceded. The scholium ends 
with remarks about commensurable and incommensurable solids, 
which are of course out of place before the Books on solids. The 
scholiast on Book X . alludes to this particular scholium as being due 
to " Theon and some others." But it is doubtless much more ancient, 
and may, as Heiberg conjectures have been the beginning of 
Apollonius' more advanced treatise on incommensurables. Not only 
is everything in Book X . after X . 115 interpolated, but Heiberg doubts 
the genuineness even of X . 112—115 , on the ground that X . n 1 
rounds off the theory of incommensurables as we want it in the Books 
on solid geometry, while X . 112—115 are not really connected with 
what precedes, nor wanted for the later Books, but seem to form the 
starting-point of a new and more elaborate theory of irrationals. 

V I . Other minor interpolations are found of the same character as 
those above attributed to Theon. First there are two places ( X I . 35 
and X I . 26) where, after "similarly we shail prove " and "for the same 
reason," an actual proof is nevertheless given. Clearly the proofs are 
interpolated; and there are other similar interpolations. There 
are also interpolations of intermediate steps in proofs, unnecessary 
explanations and so on, as to which I need not enter into details. 

Lastly, following Heiberg's order, I come to 
V I I . Interpolated definitions, axioms etc. 
Apart from V I . Def. S (which may have been interpolated by 

Theon although it is found written in the margin of P by the first 
hand), the definition of a segment of a circle in Book I. is interpolated, 
as is clear from the fact that it occurs in a more appropriate place in 
Book I I I . and Proclus omits it. V I . Def. 2 (reciprocal figures) is rightly 
condemned by Simson—perhaps it was taken from Heron—and 



Heiberg would reject VII . Def. 10, as to which see my note on that 
definition. Lastly the double definition of a solid angle (XI. Def. n ) 
constitutes a difficulty. The use of the word itn(pdveia suggests that 
the first definition may have been older than Euclid, and he may have 
quoted it from older elements, especially as his own definition which 
follows only includes solid angles contained by planes, whereas the 
other includes other sorts (cf. the words ypap.fid>v, ypafifiais) which are 
also distinguished by Heron (Def. 22). If the first definition had come 
last, it could have been rejected without hesitation : but it is not so 
easy to reject the first part up to and including " otherwise " (a\\o>?). 
No difficulty need be felt about the definitions of "oblong," "rhombus," 
and " rhomboid," which are not actually used in the Elements; they 
were no doubt taken from earlier elements and given for the sake of 
completeness. 

A s regards the axioms or, as they are called in the text, common 
notions (xoival evvoiai), it is to be observed that Proclus says 1 that 
Apollonius tried to prove " the axioms," and he gives Apollonius' 
attempt to prove Axiom I. This shows at all events that Apollonius 
had some of the axioms now appearing in the text. But how could 
Apollonius have taken a controversial line against Euclid on the 
subject of axioms if these axioms had not been Euclid's to his know
ledge? And, if they had been interpolated between Euclid's time 
and his own, how could Apollonius, living so comparatively short a 
time after Euclid, have been ignorant of the fact ? Therefore some of 
the axioms are Euclid's (whether he called them common notions, or 
axioms, as is perhaps more likely since Proclus calls them axioms): 
and we need not hesitate to accept as genuine the first three discussed 
by Proclus, viz. (1) things equal to the same equal to one another, 
(2) if equals be added to equals, wholes equal, (3) if equals be 
subtracted from equals, remainders equal. The other two mentioned 
by Proclus (whole greater than part, and congruent figures equal) are 
more doubtful, since they are omitted by Heron, Martianus Capella, 
and others. The axiom that "two lines cannot enclose a space" is 
however clearly an interpolation due to the fact that I. 4 appeared to 
require it. The others about equals added to unequals, doubles of 
the same thing, and halves of the same thing are also interpolated; 
they are connected with other interpolations, and Proclus clearly 
used some source which did not contain them. 

Euclid evidently limited his formal axioms to those, which seemed 
to him most essential and of the widest application; for he not un-
frequently assumes other things as axiomatic, e.g. in VII . 28 that, if a 
number measures two numbers, it measures their difference. 

The differences of reading appearing in Proclus suggest the 
question of the comparative purity of the sources used by Proclus, 
Heron and others, and of our text. The omission of the definition of 
a segment in Book I. and of the old gloss " which is called the cir
cumference " in I. Def. 15 (also omitted by Heron, Taurus, Sextus 

1 Proclus, pp. 194, iosqq. 



Empiricus and others) indicates that Proclus had better sources than 
we have; and Heiberg gives other cases where Proclus omits words 
which are in all our M S S . and where Proclus' reading should perhaps 
be preferred. But, except in these instances (where Proclus may have 
drawn from some ancient source such as one of the older com
mentaries), Proclus' M S . does not seem to have been among the best. 
Often it agrees with our worst M S S . , sometimes it agrees with F where 
F alone has a certain reading in the text, so that (e.g. in I. 15 Por.) 
the common reading of Proclus and F must be rejected, thrice only-
does it agree with P alone, sometimes it agrees with P and some 
Theonine M S S . , and once it agrees with the Theonine M S S . against P 
and other sources. 

Of the other external sources, those which are older than Theon 
generally agree with our best M S S . , e.g. Heron, allowing for the 
difference in the plan of his definitions and the somewhat free adap
tation to his purpose of the Euclidean definitions in Books X . , X I . 

Heiberg concludes that the Elements were most spoiled by inter
polations about the 3rd c, for Sextus Empiricus had a correct text, 
while Iamblichus had an interpolated one; but doubtless the purer 
text continued for a long time in circulation, as we conclude from the 
fact that our M S S . are free from interpolations already found in 
Iamblichus' M S . 



C H A P T E R V I . 

T H E S C H O L I A . 

H E I B E R G has collected scholia, to the number of about 1500, in 
Vol. V. of his edition of Euclid, and has also discussed and classified 
them in a separate short treatise, in which he added a few others1. 

These scholia cannot be regarded as doing much to facilitate the 
reading of the Elements. As a rule, they contain only such observa
tions as any intelligent reader could make for himself. Among the 
few exceptions are XI . Nos. 33, 35 (where XI . 22, 23 are extended to 
solid angles formed by any number of plane angles), XII . No. 85 
(where an assumption tacitly made by Euclid in XII . 17 is proved), 
IX. Nos. 28, 29 (where the scholiast has pointed out the error in the 
text of IX. 19). 

Nor are they very rich in historical information ; they cannot be 
compared in this respect with Proclus' commentary on Book I. or 
with those of Eutocius on Archimedes and Apollonius. But even 
under this head they contain some things of interest, e.g. II. No. 11 
explaining that the gnomon was invented by geometers for the sake of 
brevity, and that its name was suggested by an incidental characteristic, 
namely that "from it the whole is known (yvmplfcrai), either of the 
whole area or of the remainder, when it (the yvwfiwv) is either placed 
round or taken away"; 11. No. 13, also on the gnomon; IV. No. 2 
stating that Book IV. was the discovery of the Pythagoreans; 
V. No. 1 attributing the content of Book V. to Eudoxus; X. No. I with 
its allusion to the discovery of incommensurability by the Pytha
goreans and to Apollonius' work on irrationals; X. No. 62 definitely 
attributing X. 9 to Theaetetus; XII I . No. I about the "Platonic" figures, 
which attributes the cube, the pyramid, and the dodecahedron to the 
Pythagoreans, and the octahedron and icosahedron to Theaetetus. 

Sometimes the scholia are useful in connexion with the settlement 
of the text, (1) directly, e.g. III. No. 16 on the interpolation of the 
word "within" (eVro?) in the enunciation of III. 6, and X. No. 1 
alluding to the discussion by "Theon and some others" of irrational 
"surfaces" and "solids," as well as "lines," from which we may 

1 Heiberg, Om Scholierne til Eukiids Elementer, Kjtfbenhavn, 1888. The tract is 
written in Danish, but, fortunately for those who do not read Danish easily, the author has 
appended (pp. 70—78) a resume in French. 



conclude that the scholium at the end of Book X. is not genuine; 
(2) indirectly in that they sometimes throw light on the connexion 
of certain M S S . 

Lastly, they have their historical importance as enabling us to 
judge of the state of mathematical science at the times when they 
were written. 

Before passing to the classification of the scholia, Heiberg remarks 
that we must separate from them a number of additions in the nature 
of scholia which are found in the text of our M S S . but which can, in 
one way or another, be proved to be spurious. As they are found 
both in P and in the Theonine M S S . , they must have been in the M S S . 
anterior to Theon (4th a). But they are, in great part, only found in 
the margin of P and the Theonine M S S . ; in V they are half in the 
text and half in the margin. This can hardly be explained except 
on the supposition that these additions were originally (in the M S S . 
before Theon-) in the margin, and that Theon kept them there in his 
edition, but that they afterwards found their way gradually into the 
text of P as well as of the Theonine M S S . , or were omitted altogether, 
while particular M S S . have in certain places preserved the old arrange
ment. Of such spurious additions Heiberg enumerates the following: 
the axiom about equals subtracted from unequals, the last lines of the 
porism to VI. 8, second porisms to V. 19 and to VI. 20, the porism 
to i n . 31, VI. Def. 5, various additions in Book X., the analyses and 
syntheses of XIII. 1—5, and the proposition XIII. 6. 

The two first classes of scholia distinguished by Heiberg are 
denoted by the convenient abbreviations "Schol. Vat." and "Schol. 
Vind." 

I. Schol. V a t . 
It is first necessary to set out the letters by which Heiberg 

denotes certain collections of scholia. 
P = Scholia in P written by the first hand. 
B = Scholia in B by a hand of the same date as the M S . itself, 

generally that of Arethas. 
F = Scholia in F by the first hand. 
Vat. = Scholia of the Vatican M S . 204 of the 10th c, which has 

these scholia on leaves 198—205 (the end is missing) as an independent 
collection. It does not contain the text of the Elements. 

V c = Scholia found on leaves 283—292 of V and written in the 
same hand as that part of the M S . itself which begins at leaf 235. 

Vat. 192 = a Vatican M S . of the 14th c. which contains, after 
(1) the Elements I .—XIII. (without scholia), (2) the Data with scholia, 
(3) Marinus on the Data, the Schol. Vat. as an independent collection 
and in their entirety, beginning with I. No. 88 and ending with x m . 
No. 44. 

The Schol. Vat., the most ancient and important collection of 
scholia, comprise those which are found in P B F Vat. and, from VII. 12 
to IX. 15, in P B Vat. only, since in that portion of the Elements 
F was restored by a later hand without scholia; they also include I. 
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No. 88 which only happens to be erased in F, and I X . Nos. 28, 29 
which may be left out because F. here has a different text. In F 
and Vat. the collection ends with Book X . ; but it must also include 
Schol. PB of Books X I . — x m . , since these are found along with Schol. 
Vat. to Books I . — X . in several MSS. (of which Vat. 192 is one) as a 
separate collection. The Schol. Vat. to Books X . — X I I I . are also 
found in the collection V c (where, curiously enough, X I I I . Nos. 43, 44 
are at the beginning). The Schol. Vat. accordingly include Schol. 
P B V C Vat. 192, and doubtless also those which are found in two of 
these sources. The total number of scholia classified by Heiberg as 
Schol. Vat. is 138. 

A s regards the contents of Schol. Vat. Heiberg has the following 
observations. The thirteen scholia to Book I. are extracts made 
from Proclus by a writer thoroughly conversant with the subject, 
and cleverly recast (with some additions). Their author does not 
seem to have had the two lacunae which our text of Proclus has 
(at the end of the note on I. 36 and the beginning of the next note, 
and at the beginning of the note on I. 43), for the scholia I . Nos. 125 
and 137 seem to fill the gaps appropriately, at least in part. In 
some passages he had better readings than our MSS. have. The rest 
of Schol. Vat. (on Books I I . — x m . ) are essentially of the same 
character as those on Book I. , containing prolegomena, remarks on 
the object of the propositions, critical remarks on the text, converses, 
lemmas; they are, in general, exact and true to tradition. The 
reason of the resemblance between them and Proclus appears to be 
due to the fact that they have their origin in the commentary of 
Pappus, of which we know that Proclus also made use. In support 
of the view that Pappus is the source, Heiberg places some of the 
Schol. Vat. to Book x. side by side with passages from the com
mentary of Pappus in the Arabic translation discovered by Woepcke 1; 
he also refers to the striking confirmation afforded by the fact that 
X I I . No. 2 contains the solution of the problem of inscribing in a 
given circle a polygon similar to a polygon inscribed in another circle, 
which problem Eutocius says 2 that Pappus gave in his commentary 
on the Elements. 

But, on the other hand, Schol. Vat. contain some things which 
cannot have come from Pappus, e.g. the allusion in X . No. 1 to Theon 
and irrational surfaces and solids, Theon being later than Pappus; 
I I I . No. 10 about porisms is more like Proclus' treatment of the 
subject than Pappus', though one expression recalls that of Pappus 
about forming ( ( T ^ / w i T i f e o - r J a t ) the enunciations of porisms like those 
of either theorems or problems. 

The Schol. Vat. give us important indications as regards the 
text of the Elements as Pappus had it. In particular, they show that 
he could not have had in his text certain of the lemmas in Book X . 
For example, three of these are identical with what we find in Schol. 

1 Om Sckolicmc til Euklids Elementer, pp. n , i f : cf. Euklid-Studien, pp. 170, 1 7 1 ; 
Woepcke, Memoires frtsent. & fAcad. des Sciences, 1856, XIV. p. 658 sqq. 

* Archimedes, ed. Heiberg, m . p. 18, 1 9 — 1 5 . 



Vat. (the lemma to x. 17 = Schol. X . No. 106, and the lemmas to 
X. 54,60 come in Schol. X . No. 328); and it is not possible to suppose, 
that these lemmas, if they were already in the text, would also be 
given as scholia. Of these three lemmas, that before X . 60 has 
already been condemned for other reasons; the other two, un
objectionable in themselves, must be rejected on the ground now 
stated. There were four others against which Heiberg found nothing 
to urge when writing his prolegomena to Vol. v., viz. the lemmas 
before X . 42, X . 14, X . 22 and X . 33. Of these, the lemma to X . 22 
is not reconcilable with Schol. X . No. 161, which takes up the 
assumption in the text of Eucl. X . 22 as if no lemma had gone before. 
The lemma to X . 42, which, on account of the words introducing it 
(see p. 60 above), Heiberg at first hesitated to regard as an inter
polation, is identical with Schol. X . No. 270. It is true that in 
Schol. X . No. 269 we find the words "this lemma has been proved 
before (iv TOK efnrpoa-Oev), but it shall also be proved now for 
convenience' sake (TOV erol^ov evexa)" and it is possible to suppose 
that " before" may mean in Euclid's text before x. 42; but a proof 
in that place would surely have been as "convenient" as could be 
desired, and it is therefore more probable that the proof had been 
given by Pappus in some earlier place. (It may be added that the 
lemma to x. 14, which is identical with the lemma to xi . 23, con
demned on other grounds, is for that reason open to suspicion.) 

Heiberg's conclusion is that all the lemmas are spurious, and that 
most or all of them have found their way into the text from Pappus' 
commentary, though at a time anterior to Theon's edition, since 
they are found in all our M S S . This enables us to fix a date for these 
interpolations, namely the first half of the 4th c. 

Of course Pappus had not in his text the interpolations which, 
from the fact of their appearing only in some of our M S S . , are seen to 
be later than those above-mentioned. Such are the lemmas which 
are found in the text of V only after x. 29 and X . 31 respectively and 
are given in Heiberg's Appendix to Book X . (numbered 10 and 11). 
On the other hand it appears from Woepcke's tract 1 that Pappus 
already had x. 115 in his text: though it does not follow from this 
that the proposition is genuine but only that interpolations began 
very early. 

Theon interpolated a proposition (or lemma) between X . 12 and 
x. 13 (No. 5 in Heiberg's Appendix). Schol. Vat. has the same 
thing (x. No. 125). The writer of the scholia therefore did not find 
this lemma in the text. Schol. Vat. I X . Nos. 28, 29 show that neither 
did he find in his text the alterations which Theon made in Eucl. I X . 
19; the scholia in fact only agree with the text of P, not with Theon's. 
This suggests that Schol. Vat. were written for use with a M S . of the 
ante-Theonine recension such as P is. This probability is further 
confirmed by a certain independence which P shows in several places 
when compared with the Theonine M S S . Not only has P better 
readings in some passages, but more substantial divergences; and, 

1 Woepcke, op. cit. p. 702. 



in particular, the absence in P of three notes of a historical character 
which are added, wholly or partly from Proclus, in the Theonine M S S . 
attests an independent and more primitive point of view in P. 

In view of the distinctive character of P, it is possible that some 
of the scholia found in it in the first hand, but not in the other 
sources of Schol. Vat., also belong to that collection; and several 
circumstances confirm this. Schol. x m . No. 45, found in P only, 
which relates to a passage in Eucl. XIII. 13, shows that certain words 
in the text, though older than Theon, are interpolated; and, as the 
scholium is itself older than Theon, is headed " third lemma," and 
follows a " second lemma" relating to a passage in the text im
mediately preceding, which "second lemma" belongs to Schol. Vat. 
and is taken from Pappus, the "third" in all probability came from 
Pappus also. The same is true of Schol. XII. No. 72 and x m . No. 69, 
which are respectively identical with the propositions vulgo XI. 38 
(Heiberg, App. to Book XI., No. 3) and XIII. 6; for both of these 
interpolations are older than Theon. Moreover most of the scholia 
which P in the first hand alone has are of the same character as 
Schol. Vat. Thus VII. No. 7 and x m . No. 1 introducing Books VII. 
and XIII. respectively are of the same historical character as several 
of Schol. Vat . ; that VII. No. 7 appears in the text of P at the 
beginning of Book VII. constitutes no difficulty. There are a number 
of converses, remarks on the relation of propositions to one another, 
explanations such as XII. No. 89 in which it is remarked that <I>, f l 
in Euclid's figure to XII. 17 (Z, V in my figure) are really the same 
point but that this makes no difference in the proof. Two other 
Schol. P on XII. 17 are connected by their headings with x n . No. 72 
mentioned above. XI. No. 10 (P) is only another form of XI. 
No. 11 (B); and B often, alone with P, has preserved Schol. Vat. 
On the whole Heiberg considers some 40 scholia found in P alone to 
belong to Schol. Vat. 

The history of Schol. Vat. appears to have been, in its main 
outlines, the following. They were put together after 500 A . D . , since 
they contain extracts from Proclus, to which we ought not to assign 
a date too near to that of Proclus' work itself; and they must at least 
be earlier than the latter half of the 9th c, in which B was written. 
A s there must evidently have been several intermediate links between 
the archetype and B, we must assign them rather to the first half of 
the period between the two dates, and it is not improbable that they 
were a new product of the great development of mathematical studies 
at the end of the 6th c. (Isidorus of Miletus). The author extracted 
what he found of interest in the commentary of Proclus on Book I. 
and in that of Pappus on the rest of the work, and put these extracts 
in the margin of a M S . of the class of P. A s there are no scholia to 
I. 1—22, the first leaves of the archetype or of one of the earliest 
copies must have been lost at an early date, and it was from that 
mutilated copy that partly P and partly a M S . of the Theonine class 
were taken, the scholia being put in the margin in both. Then the 
collection spread through the Theonine M S S . , gradually losing some 



scholia which could not be read or understood, or which were 
accidentally or deliberately omitted. Next it was extracted from 
one of these MSS. and made into a separate work which has been 
preserved, in part, in its entirety (Vat. 192 etc.) and, in part, divided 
into sections, so that the scholia to Books x . — x m . were detached 
(V c). It had the same fate in the MSS. which kept the original 
arrangement (in the margin), and in consequence there are some MSS. 
where the scholia to the stereometric Books are missing, those Books 
having come to be less read in the period of decadence. It is from 
one of these MSS. that the collection was extracted as a separate work 
such as we find it in Vat. (10th c). 

II. The second great division of the scholia is Schol. Vind. 
This title is taken from the Viennese MS. (V), and the letters used 

by Heiberg to indicate the sources here in question are as follows. 
V a = scholia in V written by the same hand that copied the MS. 

itself from fol. 235 onward. 
q = scholia of the Paris MS. 2344 (q) written by the first hand. 
1 = scholia of the Florence MS. Laurent. XXVIII, 2 written in the 

13th—14th c, mostly in the first hand, but partly in two later 
hands. 

V b = scholia in V written by the same hand as the first part 
(leaves I—183) of the MS. itself; V b wrote his scholia after V*. 

q 1 = scholia of the Paris MS. (q) found here and there in another 
hand of early date. 

Schol. Vind. include scholia found in V a q. 1 is nearly related to 
q ; and in fact the three MSS. which, so far as Euclid's text is con
cerned, show no direct interdependence, are, as regards their scholia, 
derived from one original. Heiberg proves this by reference to the 
readings of the three in two passages (found in Schol. I. No. 109 and 
X. No. 39 respectively). The common source must have contained, 
besides the scholia found in the three MSS. V a ql, those also which 
are contained in two of them, for it is more unlikely that two of the 
three should contain common interpolations than that a particular 
scholium should drop out of one of them. Besides V" and q, the 
scholia V b and q1 must equally be referred to Schol. Vind., since the 
greater part of their scholia are found in 1. There is a lacuna in q 
from Eucl. VIII. 25 to IX. 14, so that for this portion of the Elements 
Schol. Vind. are represented by VI only. Heiberg gives about 450 
numbers in all as belonging to this collection. 

Schol. Vind. did not all come from one source; this is shown by 
differences of substance, e.g. between X. Nos. 36 and 39, and by 
differences of time of writing: e.g. vi. No. 52 refers at the beginning 
to No. 55 with the words "as the scholium has it" and is therefore 
later than that scholium ; X. No. 247 is also later than X. No. 246. 

The scholia to Book I. are here also extracts from Proclus, but 
more copious and more verbatim than in Schol. Vat. The author 
has not always understood Proclus; and he had a text as bad as 
that of our MSS., with the same lacunae. The scholia to the other 



Books are partly drawn ( i ) from Schol. V a t , the M S S . representing 
Schol. Vind. and Schol. Vat. in these cases showing nearly all possible 
combinations; but there is no certain trace in Schol. Vind. of the 
scholia peculiar to P. The author used a copy of Schol. Vat. in the 
form in which they were attached to the Theonine text; thus Schol. 
Vind. correspond to B F Vat., where these diverge from P, and 
especially closely to B. Besides Schol. Vat., the editors of Schol. 
Vind. used (2) other old collections of scholia of which we find traces 
in B and F ; Schol. Vind. have also some scholia common with b. 
The scholia which Schol. Vind. have in common with B F come from 
two different sources, and were apparently afterwards introduced 
into the other M S S . ; one result of this is that several scholia are 
reproduced twice. 

But, besides the scholia derived from these sources, Schol. Vind. 
contain a large number of others of late date, characterised by in
correct language or by triviality of content (there are many examples 
in numbers, citations of propositions used, absurd diropuu, and the 
like). Unlike Schol. Vat., these scholia often quote words from Euclid 
as a heading (in one case a heading is inserted in Schol. Vind. where 
a scholium without the heading is quoted from Schol. Vat., see V . 
No. 14). The explanations given often presuppose very little know
ledge on the part of the reader and frequently contain obscurities 
and gross errors. 

Schol. Vind. were collected for use with a M S . of the Theonine 
class; this follows from the fact that they contain a note on the 
proposition vulgo V I I . 22 interpolated by Theon (given in Heiberg's 
App. to Vol. I I . p. 430). Since the scholium to V I I . 39 given in V and 
p in the text after the title of Book V I I I . quotes the proposition as 
V I I . 39, it follows that this scholium must have been written before 
the interpolation of the two propositions vulgo V I I . 20, 22 ; Schol. 
Vind. contain ( V H . No. 80) the first sentence of it, but without the 
heading referring to V I I . 39. Schol. V I I . No. 97 quotes V I I . 33 as 
V I I . 34, so that the proposition vulgo V I I . 22 may have stood in the 
scholiast's text but not the later interpolation vulgo vn. 20 (later 
because only found in B in the margin by the first hand). Of course 
the scholiast had also the interpolations earlier than Theon. 

For the date of the collection we have a lower limit in the date 
(12th c.) of M S S . in which the scholia appear. That it was not much 
earlier than the 12th c. is indicated (1) by the poverty of its contents, 
(2) by the quality of the M S . of Proclus which was used in the 
compilation of it (the Munich M S . used by Friedlein with which the 
scholiast's excerpts are essentially in agreement belongs to the I ith— 
12th a), (3) by the fact that Schol. Vind. appear only in M S S . of the 
12th c. and no trace of them is found in our M S S . belonging to 
the 9th—10th c. in which Schol. Vat. are found. The collection may 
therefore probably be assigned to the 1.1th c. Perhaps it may be in 
part due to Psellus who lived towards the end of that century: for in 
a Florence M S . (Magliabecch. X I , 53 of the 15th c.) containing a 
mathematical compendium intended for use in the reading of Aristotle 



the scholia I . Nos. 40 and 49 appear with the name of Psellus 
attached. 

Schol. Vind. are not found without the admixture of foreign 
elements in any of our three sources. In 1 there are only very few 
such in the first hand. In q there are several new scholia in the first 
hand, for the most part due to the copyist himself. The collection of 
scholia on Book X . in q (Heiberg's q c) is also in the first hand ; it is 
not original, and it may perhaps be due to Psellus (Maglb. has some 
definitions of Book X . with a heading "scholia of... Michael Psellus 
on the definitions of Euclid's 10th Element" and Schol. X . No. 9), 
whose name must have been attached to it in the common source of 
Maglb. and q; to a great extent it consists of extracts from Schol. 
Vind. taken from the same source as VI. The scholia q 1 (in an 
ancient hand in q), confined to Book II . , partly belong to Schol. Vind. 
and partly correspond to b 1 (Bologna M S . ) , q a and q b are in one hand 
(Theodorus Antiochita), the nearest to the first hand of q ; they are 
doubtless due to an early possessor of the M S . of whom we know 
nothing more. 

V a has, besides Schol. Vind., a number of scholia which also appear 
in other M S S . , one in BFb, some others in P, and some in v (Codex 
Vat. 1038, 13th c.); these scholia were taken from a source in which 
many abbreviations were used, as they were often misunderstood by V a . 
Other scholia in V a which are not found in the older sources—some 
appearing in V a alone—are also not original, as is proved by mistakes 
or corruptions which they contain; some others may be due to the 
copyist himself. 

V b seldom has scholia common with the other older sources; for 
the most part they either appear in V b alone or only in the later 
sources as v or F 2 (later scholia in F), some being original, others not. 
In Book X . V b has three series of numerical examples, (1) with Greek 
numerals, (2) alternatives added later, also mostly with Greek numerals, 
(3) with Arabic numerals. The last class were probably the work of 
the copyist himself. These examples (cf. p. 74 below) show the facility 
with which the Byzantines made calculations at the date of the M S . 
(12th c ) . They prove also that the use of the Arabic numerals (in the 
East-Arabian form) was thoroughly established in the 12th c.; they 
were actually known to the Byzantines a century earlier, since they 
appear, in the first hand, in an Escurial M S . of the n t h c. 

Of collections in other hands in V distinguished by Heiberg (see 
preface to Vol. v.), V 1 has very few scholia which are found in other 
sources, the greater part being original; V 2 , V 3 are the work of the 
copyist himself; V 4 are so in part only, and contain several scholia 
from Schol. Vat. and other sources. V 3 and V 4 are later than 13th 
—14th c , since they are not found in f (cod. Laurent, x x v m , 6) which 
was copied from V and contains, besides V a V b , the greater part of 
V 1 and V I . No. 20 of V 2 (in the text). 

In P there are, besides P s (a quite late hand, probably one of the 
old Scriptores Graeci at the Vatican), two late hands (P 2), one of 
which has some new and independent scholia, while the other has 
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added the greater part of Schol. Vind., partly in the margin and 
partly on pieces of leaves stitched on. 

Our sources for Schol. Vat. also contain other elements. In P 
there were introduced a certain number of extracts from Proclus, to 
supplement Schol. Vat. to Book I . ; they are all written with a 
different ink from that used for the oldest part of the M S . , and the 
text is inferior. There are additions in the other sources of Schol. 
Vat. (F and B) which point to a common source for F B and which 
are nearly all found in other M S S . , and, in particular, in Schol. Vind., 
which also used the same source; that they are not assignable to 
Schol. Vat. results only from their not being found in Vat. Of other 
additions in F, some are peculiar to F and some common to it and b; 
but they are not original. F 2 (scholia in a later hand in F) contains 
three original scholia; the rest come from V. B contains, besides 
scholia common to it and F, b or other sources, several scholia which 
seem to have been put together by Arethas, who wrote at least a part 
of them with his own hand. 

Heiberg has satisfied himself, by a closer study of b, that the 
scholia which he denotes by b, {$ and b 1 are by one hand ; they are 
mostly to be found in other sources as well, though some are original. 
By the same hand (Theodorus Cabasilas, 15th c.) are also the scholia 
denoted by b2, B 2 , b 3 and B 3. These scholia come in great part from 
Schol. Vind., and in making these extracts Theodorus probably used 
one of our sources, 1, mistakes in which often correspond to those of 
Theodorus. T o one scholium is attached the name of Demetrius (who 
must be Demetrius Cydonius, a friend of Nicolaus Cabasilas, 14th c ) ; 
but it could not have been written by him, since it appears in B an'd 
Schol. Vind. Nor are all the scholia which bear the name of 
Theodorus due to Theodorus himself, though some are so. 

A s B 3 (a late hand in B) contains several of the original scholia of 
b 2, B s must have used b itself as his source, and, as all the scholia in 
B 3 are in b, the latter is also the source of the scholia in B 3 which are 
found in other M S S . B and b were therefore, in the 15th c, in the 
hands of the same person; this explains, too, the fact that b in a late 
hand has some scholia which can only come from B. We arrive then 
at the conclusion that Theodorus Cabasilas, in the 15 th c, owned both 
the M S S . B and b, and that he transferred to B scholia which he had 
before written in b, either independently or after other sources, and 
inversely transferred some scholia from B to b. Further, B 2 are 
earlier than Theodorus Cabasilas, who certainly himself wrote B' as 
well as b 2 and b3. 

A n author's name is also attached to the scholia V I . No. 6 and 
X . No. 223, which are attributed to Maximus Planudes (end of 13th c.) 
along with scholia on I. 31, x. 14 and x. 18 found in 1 in a quite late 
hand and published on pp. 46, 47 of Heiberg's dissertation. These 
seem to have been taken from lectures of Planudes on the Elements 
by a pupil who used 1 as his copy. 

There are also in 1 two other Byzantine scholia, written by a late 
hand, and bearing the names Ioannes and Pediasimus respectively; 



these must in like manner have been written by a pupil after lectures 
of Ioannes Pediasimus (first half of 14th c) , and this pupil must also 
have used 1. 

Before these scholia were edited by Heiberg, very few of them had 
been published in the original Greek. The Basel editio princeps has a 
few (v. No. 1, vi. Nos. 3, 4 and some in Book X.) which are taken, 
some from the Paris MS. (Paris. Gr. 2343) used by Grynaeus, others 
probably from the Venice MS. (Marc. 301) also used by him; one 
published by Heiberg, not in his edition of Euclid but in his paper 
on the scholia, may also be from Venet. 301, but appears also in 
Paris. Gr. 2342. The scholia in the Basel edition passed into the 
Oxford edition in the text, and were also given by August in the 
Appendix to his Vol. 11. 

Several specimens of the two series of scholia (Vat. and Vind.) 
were published by C. Wachsmuth (Rhein. Mus. XVIII. p. 132 sqq.) 
and by Knoche (Untersuchungen iiber die neu aufgefundenen Scholien 
des Proklus, Herford, 1865). 

The scholia published in Latin were much more numerous. G. 
Valla (De expetendis et fugiendis rebus, 1501) reproduced apparently 
some 200 of the scholia included in Heiberg's edition. Several of 
these he obtained from two Modena MSS. which at one time were 
in his possession (Mutin. Ill B, 4 and II E , 9, both of the 15th c.); 
but he must have used another source as well, containing extracts 
from other series of scholia, notably Schol. Vind. with which he has 
some 87 scholia in common. He has also several that are new. 

Commandinus included in his translation under the title " Scholia 
antiqua" the greater part of the Schol. Vat. which he certainly 
obtained from a MS. of the class of Vat. 192; on the whole he 
adhered closely to the Greek text. Besides these scholia Com
mandinus has the scholia and lemmas which he found in the Basel 
editio princeps, and also three other scholia not belonging to Schol. 
Vat., as well as one new scholium (to XII. 13) not included in 
Heiberg's edition, which are distinguished by different type and were 
doubtless taken from the Greek MS. used by him along with the 
Basel edition. 

In Conrad Dasypodius' Lexicon mathematicutn published in 1573 
there is (on fol. 42—44) " Graecum scholion in definitiones Euclidis 
libri quinti elementorum appendicis loco propter pagellas vacantes 
annexum." This contains four scholia, and part of two others, 
published in Heiberg's edition, with some variations of readings, and 
with some new matter added (for which see pp. 64—6 of Heiberg's 
pamphlet). The source of these scholia is revealed to us by another 
work of Dasypodius, Isaaci Monachi Scholia in Euclidis elementorum 
geometriae sex priores libros per C. Dasypodium in latinum sermonem 
translata et in lucem edita (1579). This work contains, besides 
excerpts from Proclus on Book I. (in part closely related to Schol. 
Vind.), some 30 scholia included in Heiberg's edition, several new 
scholia, and the above-mentioned scholia to the definitions of Book V. 
published in Greek in 1573. After the scholia follow " Isaaci Monachi 



prolegomena in Euclidis Elementorum geometriae libros" (two 
definitions of geometry) and " Varia miscellanea ad geometriae cogni-
tionem necessaria ab Isaaco Monacho collecta " (mostly the same as 
pp. 252, 24—272, 27 in the Variae Collectiones included in Hultsch's 
Heron); lastly, a note of Dasypodius to the reader says that these 
scholia were taken " ex clarissimi viri Joannis Sambuci antiquo codice 
manu propria Isaaci Monachi scripto." Isaak Monachus is doubtless 
Isaak Argyrus, 14th c. ; and Dasypodius used a M S . in which, besides 
the passage in Hultsch's Variae Collectiones, there were a number of 
scholia marked in the margin with the name of Isaak (cf. those in b 
under the name of Theodorus Cabasilas). Whether the new scholia 
are original cannot be decided until they are published in Greek ; but 
it is not improbable that they are at all events independent arrange
ments of older scholia. All but five of the others, and all but one of 
the Greek scholia to Book v., are taken from Schol. Vat . ; three of the 
excepted ones are from Schol. Vind., and the other three seem to 
come from F (where some words of them are illegible, but can be 
supplied by means of Mut. I l l B, 4, which has these three scholia and 
generally shows a certain likeness to Isaak's scholia). 

Dasypodius also published in 1564 the arithmetical commentary 
of Barlaam the monk (14th c.) on Eucl. Book I I . , which finds a place 
in Appendix I V . to the Scholia in Heiberg's edition. 

Hultsch has some remarks on the origin of the scholia1. He 
observes that the scholia to Book I . contain a considerable portion 
of Geminus' commentary on the definitions and are specially valuable 
because they contain extracts from Geminus only, whereas Proclus, 
though drawing mainly upon him, quotes from others as well. On the 
postulates and axioms the scholia give more than is found in Proclus. 
Hultsch conjectures that the scholium on Book v., No. 3, attributing 
the discovery of the theorems to Eudoxus but their arrangement to 
Euclid, represents the tradition going back to Geminus, and that the 
scholium X I I I . , No. I , has the same origin. 

A word should be added about the numerical illustrations of 
Euclid's propositions in the scholia to Book x. They contain a large 
number of calculations with sexagesimal fractions'; the fractions go 
as far as fourth-sixtieths (1/604). Numbers expressed in these fractions 
are handled with skill and include some results of surprising accuracy* 

1 Ar t . " E u k l e i d e s " in Pauly-Wissowa's Real-Encyclopadic. 
2 Hultsch has written upon these in Bibliothcca Mdthematica, v 8 , 1904, pp. 225—133. 
8 T h u s s/(i7) is given (allowing for a slight correction by means of the context) as 5 1 1 ' 

46" 10"', which gives for V 3 the value 1 43 55" 23"', being the same value as that given by 
Hipparchus in his Tab le of Chords, and correct to the seventh decimal place. Similarly ^ 8 
is given as 2 49' 42" 20"' 10"", which is equivalent to N / 2 = 1*41421335. Hultsch gives 
instances of the various operations, addition, subtraction, etc., carried out in these fractions, 
and shows how the extraction of the square root was effected. Cf. T . L . Heath, History of 
Greek Mathematics, 1., pp. 59—63. 



C H A P T E R V I I . 

E U C L I D I N A R A B I A . 

W E are told by Hajl Khalfa 1 that the Caliph al-Mansur (754-775) 
sent a mission to the Byzantine Emperor as the result of which he 
obtained from him a copy of Euclid among other Greek books, and 
again that the Caliph al-Ma'mun (813-833) obtained manuscripts of 
Euclid, among others, from the Byzantines. The version of the 
Elements by al-Hajjaj b. Yusuf b. Matar is, if not the very first, at 
least one of the first books translated from the Greek into Arabic 2. 
According to the Fihrist* it was translated by al-Hajjaj twice; the 
first translation was known as " Haruni" (" for Harun "), the second 
bore the name "Ma'muni" ("for al-Ma'mun") and was the more trust
worthy. Six Books of the second of these versions survive in a Leiden 
MS. (Codex Leidensis 399, 1) now in part published by Besthorn 
and Heiberg 4. In the preface to this M S . it is stated that, in the reign 
of Harun ar-Rashid (786-809), al-Hajjaj was commanded by Yahya 
b. Khalid b. Barmak to translate the book into Arabic. Then, when 
al-Ma'mun became Caliph, as he was devoted to learning, al-Hajjaj 
saw that he would secure the favour of al-Ma'mun " if he illustrated 
and expounded this book and reduced it to smaller dimensions. He 
accordingly left out the superfluities, filled up the gaps, corrected or 
removed the errors, until he had gone through the book and reduced 
it, when corrected and explained, to smaller dimensions, as in this 
copy, but without altering the substance, for the use of men endowed 
with ability and devoted to learning, the earlier edition being left in 
the hands of readers." 

The Fihrist goes on to say that the work was next translated by 
Ishaq b. Hunain, and that this translation was improved by Thabit b, 
Qurra. This Abu Ya'qub Ishaq b. Hunain b. Ishaq al-'Ibadl (d. 910) 
was the son of the most famous of Arabic translators, Hunain b. Ishaq 
al-'Ibadl (809-873), a Christian and physician to the Caliph al-
Mutawakkil (847-861). There seems to be no doubt that Ishaq, who 

1 Lexicon bibliogr. et encyclop. ed. Fliigel, III. pp. 91 , 92. 
2 Klamroth, Zeitschrift der Deutschen Morgenldndischen Geselhchaft', XXXV. p. 303. 
3 Fihrist (tr. Suter), p. 16. 
* Codex Leidensis 399 ,1 . Euclidis Elementa ex interpretatione al-Hadschdschadschii cum 

commcntariis al-Narizii, Hauniae, part 1. i. 1893, part I. ii. 1897, part II. i. 1900, part II. 
ii. 1905, part i l l . i. 1910. 



must have known Greek as well as his father, made his translation 
direct from the Greek. The revision must apparently have been the 
subject of an arrangement between Ishaq and Thabit, as the latter 
died in 901 or nine years before Ishaq. Thabit undoubtedly consulted 
Greek M S S . for the purposes of his revision. This is expressly stated 
in a marginal note to a Hebrew version of the Elements, made from 
Ishaq's, attributed to one of two scholars belonging to the same family, 
viz. either to Moses b. Tibbon (about 1244-1274) or to Jakob b. Machir 
(who died soon after 1306)1. Moreover Thabit observes, on the pro
position which he gives as IX. 31, that he had not found this proposition 
and the one before it in the Greek but only in the Arabic; from which 
statement Klamroth draws two conclusions, (1) that the Arabs had 
already begun to interest themselves in the authenticity of the text 
and (2) that Thabit did not alter the numbers of the propositions in 
Ishaq's translation2. The Fihrist also says that Yuhanna al-Qass (i.e. 
" the Priest") had seen in the Greek copy in his possession the pro
position in Book I. which Thabit took credit for, and that this was 
confirmed by Nazlf, the physician, to whom Yuhanna had shown it. 
This proposition may have been wanting in Ishaq, and Thabit may 
have added it, but without claiming it as his own discovery8. A s 
a fact, I. 45 is missing in the translation by al-Hajjaj. 

The original version of Ishaq without the improvements by Thabit 
has probably not survived any more than the first of the two versions 
by al-Hajjaj; the divergences between the M S S . are apparently due to 
the voluntary or involuntary changes of copyists, the former class 
varying according to the degree of mathematical knowledge possessed 
by the copyists and the extent to which they were influenced by 
considerations of practical utility for teaching purposes*. Two M S S . 
of the Ishaq-Thabit version exist in the Bodleian Library (No. 279 
belonging to the year 1238, and No. 280 written in 1260-1) 5; Books 
I.—XIII. are in the Ishaq-Thabit version, the non-Euclidean Books 
XIV., xv . in the translation of Qusta b. Luqa al-Ba'labakki (d. about 
912). The first of these M S S . (No. 279) is that-tjO) used by Klamroth 
for the purpose of his paper on the Arabian Euclid. The other M S . 
used by Klamroth is (K) Kjobenhavn LXXXI, undated but probably 
of the 13th c, containing Books V.—XV., Books V.—X. being in the 
Ishaq-Thabit version, Books XI.—XIII. purporting to be in al-Hajjaj's 
translation, and Books xiv., xv. in the version of Qusta b. Luqa. In 
not a few propositions K and O show not the slightest difference, and, 
even where the proofs show considerable differences, they are generally 
such that, by a careful comparison, it is possible to reconstruct the 
common archetype, so that it is fairly clear that we have in these cases, 
not two recensions of one translation, but arbitrarily altered and 

1 Steinschneider, Zeitschrift fiir Math. u. Physik, x x x i . , hist.-litt. Abtheilung, pp. 85, 
86, 99. 

2 Klamroth, p. 279. 8 Steinschneider, p. 88. 
* Klamroth, p. 300. 
5 These MSS. are described by Nicoll and Pusey, Calalogus cod. mss. orient, bibl. Bod-

leianae, pt. II. 1835 (pp. 257—262). 



shortened copies of one and the same recension*. The Bodleian M S . 
No. 280 contains a preface, translated by Nicoll, which cannot be by 
Thabit himself because it mentions Avicenna (980-1037) and other 
later authors. The M S . was written at Maraga in the year 1260-1 and 
has in the margin readings and emendations from the edition of 
NasJraddin at-TusI (shortly to be mentioned) who was living at Maraga 
at the time. Is it possible that at-TusI himself is the author of the 
preface"? Be this as it may, the preface is interesting because it 
throws light on the liberties which the Arabians allowed themselves 
to take with the text. After the observation that the book (in spite 
of the labours of many editors) is not free from errors, obscurities, 
redundancies, omissions etc., and is without certain definitions neces
sary for the proofs, it goes on to say that the man has not yet been 
found who could make it perfect, and next proceeds to explain 
(1) that Avicenna "cut out postulates and many Definitions" and 
attempted to clear up difficult and obscure passages, (2) that Abu'l 
Wafa al-Buzjani (939-997) "introduced unnecessary additions and 
left out many things of great importance and entirely necessary," 
inasmuch as he was too long in various places in Book VI. and too 
short in Book X. where he left out entirely the proofs of the apotomae, 
while he made an unsuccessful attempt to emend XII. 14, (3) that Abu 
Ja'far al-Khazin (d. between 961 and 971) arranged the postulates 
excellently but " disturbed the number and order of the propositions, 
reduced several propositions to one " etc. Next the preface describes 
the editor's own claims' and then ends with the sentences, " But we 
have kept to the order of the books and propositions in the work itself 
(i.e. Euclid's) except in the twelfth and thirteenth books. For we have 
dealt in Book XIII. with the (solid) bodies and in Book XII. with the 
surfaces by themselves." 

After Thabit the Fihrist mentions Abu 'Uthman ad-Dimashql as 
having translated some Books of the Elements including Book X. (It 
is Abu 'Uthman's translation of Pappus' commentary on Book X. 
which Woepcke discovered at Paris.) The Fihrist adds also that 
" Nazlf the physician told me that he had seen the tenth Book of 
Euclid in Greek, that it had 40 propositions more than the version 
in common circulation which had 109 propositions, and that he had 
determined to translate it into Arabic." 

But the third form of the Arabian Euclid actually accessible to us 
is the edition of Abu Ja'far Muh. b. Muh. b. al-Hasan Naslraddin 
at-TusI (whom we shall call at-TusI for short), born at Tus (in 
Khurasan) in 1201 (d. 1274). This edition appeared in two forms, a 
larger and a smaller. The larger is said to survive in Florence only 
(Pal. 272 and 313, the latter M S . containing only six Books); this was 
published at Rome in 1594, and, remarkably enough, some copies of 

1 Klamroth, pp. 306—8. 
-* Steinschneider, p. 98. Heiberg has quoted the whole of this preface in the Zeitschrift 

fiir Math. u. Phyiik, x x i x . , hist.-litt. Abth . p. 16. 
' This seems to include a rearrangement of the contents of Books XIV., XV. added to the 

Elements. 



this edition are to be found with 12 and some with 13 Books, some 
with a Latin title and some without'. But the book was printed in 
Arabic, so that Kastner remarks that he will say as much about it as 
can be said about a book which one cannot read". The shorter form, 
which however, in most M S S . , is in 15 Books, survives at Berlin, Munich, 
Oxford, British Museum (974, 1334*, 1335), Paris (2465, 2466), India 
Office, and Constantinople; it was printed at Constantinople in 
1801, and the first six Books at Calcutta in 18244. 

At-Tusl's work is however not a translation of Euclid's text, but a 
re-written Euclid based on the older Arabic translations. In this 
respect it seems to be like the Latin version of the Elements by 
Campanus (Campano), which was first published by Erhard Ratdolt 
at Venice in 1482 (the first printed edition of Euclid"). Campanus 
(13th c.) was a mathematician, and it is likely enough that he allowed 
himself the same liberty as at-TusI in reproducing Euclid. What
ever may be the relation between Campanus' version and that of 
Athelhard of Bath (about 1120), and whether, as Curtze thinks6, they 
both used one and the same Latin version of 10th—I ith c, or whether 
Campanus used Athelhard's version in the same way as at-TusI used 
those of his predecessors7, it is certain that both versions came from 
an Arabian source, as is evident from the occurrence of Arabic words 
in them8. Campanus' version is not of much service for the purpose 
of forming a judgment on the relative authenticity of the Greek and 
Arabian tradition; but it sometimes preserves traces of the purer 
source, as when it omits Theon's addition to V I . 33'. A curious 
circumstance is that, while Campanus' version agrees with at-TusI's 
in the number of the propositions in all the genuine Euclidean Books 
except V . and I X . , it agrees with Athelhard's in having 34 propositions 
in Book V . (as against 25 in other versions), which confirms the view 
that the two are not independent, and also leads, as Klamroth says, 
to this dilemma: either the additions to Book v. are Athelhard's 
own, or he used an Arabian Euclid which is not known to us". 
Heiberg also notes that Campanus' Books X I V . , X V . show a certain 
agreement with the preface to the Thabit-Ishaq version, in which the 
author claims to have (1) given a method of inscribing spheres in the 
five regular solids, (2) carried further the solution of the problem how 

1 Suter, Die Mathematiker und Astronomen der A fader, p. 151 . The Latin title is 
Euclidis elementorum geometricorum libri tredecim. Ex traditionc doctissimi Nasiridini 
Tusini nunc primum arabice impressi. Romae in typographia Medicea MDXCIV. Cum 
licentia superiorum. 

' Kastner, Geschichte der Mathemalik, I. p . 367. 
* Suter has a note that this MS. is very old, having been copied from the original in the 

author's lifetime. 
* Suter, p. m , 
! Described by Kastner, Geschichte der Mathemalik, I. pp. 389—199, and by Weiss-

enbom, Die Ubersctzungen des Euklid durch Campano und Zamberti, Halle a. S., 1882, 
pp. 1—7. See also infra, Chapter VIII, p. 97. 

* Sonderabdruck des Jahresberichtes uber die Fortschritte der hlassischen Altcrthums-
wissenschaft mm Okt. 1879—1881, Berlin, 1884. 

7 Klamroth, p. 271 . 
* Curtze, op. cit. p. 1 0 ; Heiberg, Euilid-Studien, p. 178. 
* Heiberg's Euclid, vol. V. p . ci. 1 0 Klamroth, pp. 273—4. 



to inscribe any one of the solids in any other and (3) noted the cases 
where this could not be done1. 

With a view to arriving at what may be called a common measure 
of the Arabian tradition, it is necessary to compare, in the first place, 
the numbers of propositions in the various Books. Hajl Khalfa says 
that al-Hajjaj's translation contained 468 propositions, and Thabit's 
478; this is stated on the authority of at-TusI, whose own edition 
contained 468*. The fact that Thabit's version had 478 propositions 
is confirmed by an index in the Bodleian M S . 279 (called O by 
Klamroth). A register at the beginning of the Codex Leidensis 399, 1 
which gives Ishaq's numbers (although the translation is that of 
al-Hajjaj) apparently makes the total 479 propositions (the number in 
Book X I V . being apparently 11, instead of the 10 of O s ) . I subjoin a 
table of relative numbers taken from Klamroth, to which I have added 
the corresponding numbers in August's and Heiberg's editions of the 
Greek text. 

The Arabian Euclid The Greek Euclid 

Books Ishaq at-TusI Campanus Gregory August Heiberg 

I 48 48 48 48 48 48 
II H ' 4 14 14 14 14 

III 36 36 36 37 37 37 
IV 16 16 16 16 16 16 
V 25 25 34 25 25 25 

VI 33 32 32 33 33 33 
VII 39 39 39 41 4i 39 
VIII 27 25 25 27 27 27 

IX 38 36 39 36 36 36 
X 109 107 107 117 116 " 5 

XI 4J 4i 4i 40 40 39 
XII IS »5 '5 18 18 18 

XIII 21 18 18 18 18 18 

462 452 464 470 469 465 

[XIV 10 10 18 7 ? 
XV 6 6 13 10 

478 468 495 487 ?] 1 

The numbers in the case of Heiberg include all propositions which 
he has printed in -the text; they include therefore XIII. 6 and III. 12 
now to be regarded as spurious, and X. .112—115 which he brackets 
as doubtful. He does not number the propositions in Books xiv., xv., 
but I conclude that the numbers in P reach at least 9 in xiv., and 9 
in XV. 

1 Heiberg, Zeitschriftfar Math. u. Physik, XXIX., hist.-litt. Abtheilung, p. 21 . 
* Klamroth, p. 1 7 4 ; Steinschneider, Zeitschrift fur Math. u. Physik, XXXI., hist.-litt. 

Abth . p. 98. 
* Besthorn-Heiberg read " n ? " as the number, Klamroth had read it as 21 (p. 273). 



8o INTRODUCTION [CH. VII 

The Fihrist confirms the number 109 for Book X., from which 
Klamroth concludes that Ishaq's version was considered as by far the 
most authoritative. 

In the text of O, Book IV. consists of 17 propositions and Book 
X I V . of 12, differing in this respect from its own table of contents ; IV. 
15, 16 in O are really two proofs of the same proposition. 

In al-Hajjaj's version Book 1. consists of 47 propositions only, I. 45 
being omitted. It has also one proposition fewer in Book in., the 
Heronic proposition Hi. 12 being no doubt omitted. 

In speaking of particular propositions, I shall use Heiberg's 
numbering, except where otherwise stated. 

The difference of 10 propositions between Thabit-Ishaq and 
at-Tusi is accounted for thus: 

(1) The three propositions VI . 12 and X. 28, 29 which both Ishaq 
and the Greek text have are omitted in at-Tusi. 

(2) Ishaq divides each of the propositions x m . I — 3 into two, 
making six instead of three in at-Tusi and in the Greek. 

(3) Ishaq has four propositions (numbered by him VIII . 24, 25, 
IX. 30, 31) which are neither in the Greek Euclid nor in at-Tusi. 

Apart from the above differences al-Hajjaj (so far as we know), 
Ishaq and at-Tusi agree; but their Euclid shows many differences 
from our Greek text. These differences we will classify as follows1. 

1. Propositions. 
The Arabian Euclid omits vn . 20, 22 of Gregory's and August's 

editions (Heiberg, App. to Vol. II . pp. 428-32); VIII . 16, 17; X. 7, 8, 
13, 16, 24, 112, 113, 114, besides a lemma vulgo X. 13, the proposition 
X. 117 of Gregory's edition, and the scholium at the end of the Book 
(see for these Heiberg's Appendix to Vol. III . pp. 382, 408—416); 
XI . 38 in Gregory and August (Heiberg, App. to Vol. IV. p. 354); 
X I I . 6, 13, 14; (also all but the first third of Book XV.) . 

The Arabian Euclid makes III . 11, 12 into one proposition, and 
divides some propositions (x. 31, 32 ; xi. 31, 34; XIII. 1—3) into two 
each. 

The order is also changed in the Arabic to the following extent. 
V. 12, 13 are interchanged and the order in Books VI. , VII. , I X . — 
XIII . is: 

V I . 1—8, 13, 11, 12, 9, 10, 14—17, 19, 20, 18, 21, 22, 24, 26, 23, 
25. 27—30, 32, 31. 33-

vn . 1—20, 22, 21, 23—28, 31, 32, 29, 30, 33—39-
IX. 1—13, 20, 14—19, 21—25, 27, 26, 28—36, with two new pro

positions coming before prop. 30. 
x. 1—6, 9—12, 15, 14, 17—23, 26—28, 25, 29—30, 31, 32, 33— 

i n , 115. 
XI . i—30,3i ,32,34.33.35—39-
XII . 1—5, 7, 9, 8, 10, 12, 11, 15, 16—18. 

x m . 1—3, 5, 4, 6, 7, 12, 9, 10, 8, 11, 13, 15,14, 16—18. 

1 See Klamroth, pp. 1 7 5 — 6 , 1 8 0 , 282—4, $14—15 , 326; Heiberg, vol. v. pp. xcvi, xcvii. 



2. Definitions. 
The Arabic omits the following definitions: IV. Deff. 3—7, VII. 

Def. 9 (or io), XI. Deff. 5—7, 15, 17. 23, 25—28; but it has the 
spurious definitions VI. Deff. 2, 5, and those of proportion and ordered 
proportion in Book V. (Deff. 8, 19 August), and wrongly interchanges 
v. Deff. 11, 12 and also VI. Deff. 3, 4. 

The order of the definitions is also different in Book VII. where, 
after Def. 11, the order is 12, 14, 13, 15, 16, 19, 20, 17, 18, 21, 22, 23, 
and in Book XI. where the order is 1, 2, 3,4, 8, 10, 9, 13, 14,16, 12, 21, 
22, 18, 19, 20, 11, 24. 

3. Lemmas and porisms. 
All are omitted in the Arabic except the porisms to VI. 8, VIII. 2, 

X. 3; but there are slight additions here and there, not found in the 
Greek, e.g. in v m . 14, 15 (in K). 

4. Alternative proofs. 
These are all omitted in the Arabic, except that in X. 105, 106 they 

are substituted for the genuine proofs; but one or two alternative 
proofs are peculiar to the Arabic (VI. 32 and v m . 4, 6). 

The analyses and syntheses to XIII. I—5 are also omitted in the 
Arabic. 

Klamroth is inclined, on a consideration of all these differences, to 
give preference to the Arabian tradition over the Greek (1) "on 
historical grounds," subject to the proviso that no Greek MS. as 
ancient as the 8th c. is found to contradict his conclusions, which are 
based generally (2) on the improbability that the Arabs would have 
omitted so much if they had found it in their Greek MSS., it being clear 
from the Fihrist that the Arabs had already shown an anxiety for a 
pure text, and that the old translators were subjected in this matter to 
the check of public criticism. Against the " historical grounds," Heiberg 
is able to bring a considerable amount of evidence1. First of all there 
is the British Museum palimpsest (L) of the 7th or the beginning of 
the 8th c. This has fragments of propositions in Book X. which are 
omitted in the Arabic; the numbering of one proposition, which agrees 
with the numbering in other Greek MS., is not comprehensible on 
the assumption that eight preceding propositions were omitted in it, 
as they are in the Arabic; and lastly, the readings in L are tolerably 
like those of our MSS., and surprisingly like those of B. It is also to 
be noted that, although P dates from the 10th c. only, it contains, 
according to all appearance, an ante-Theonine recension. 

Moreover there is positive evidence against certain omissions by 
the Arabians. At-TusI omits VI. 12, but it is scarcely possible that, 
if Eutocius had not had it, he would have quoted VI. 23 by that 
number8. This quotation of VI. 23 by Eutocius also tells against 
Ishaq who has the proposition as VI. 25. Again, Simplicius quotes VI. 
10 by that number, whereas it is VI. 13 in Ishaq ; and Pappus quotes, 
by number, XIII. 2 (Ishaq 3, 4), XIII. 4 (Ishaq 8), XIII. 16 (Ishaq 19). 

1 Heiberg in Zeitsehriftfiir Math. u. Physik, XXIX., hist.-litt. A b t h . p. 3 sqq. 
• Apollonius, ed. Heiberg, vol. II. p. 1 1 8 , 3—5. 



On the other hand the contraction of ill. II , 12 into one proposition 
in the Arabic tells in favour of the Arabic. 

Further, the ornission of certain porisms in the Arabic cannot be 
supported; for Pappus quotes the porism to X I I I . 17 1 , Proclus those 
to I I . 4, I I I . 1, V I I . 2", and Simplicius that to I V . 1.5. 

Lastly, some propositions omitted in the Arabic are required in 
later propositions. Thus x. 13 is used in x. 18, 22, 23, 26 etc.; x. 17 
is wanted in X. 18, 26, 36; X I I . 6, 13 are required for X I I . 11 and X I I . 
15 respectively. 

It must also be remembered that some of the things which were 
properly omitted by the Arabians are omitted or marked as doubtful 
in Greek M S S . also, especially in P, and others are rightly suspected for 
other reasons (e.g. a number of alternative proofs, lemmas, and porisms, 
as well as the analyses and syntheses of X I I I . 1—5). On the other 
hand, the Arabic has certain interpolations peculiar to our inferior 
M S S . (cf. the definition V I . Def. 2 and those of proportion and ordered 
proportion). 

Heiberg comes to the general conclusion that, not only is the 
Arabic tradition not to be preferred offhand to that of the Greek M S S . , 
but it must be regarded as inferior in authority. It is a question 
how far the differences shown in the Arabic are due to the use of 
Greek M S S . differing from those which have been most used as the 
basis of our text, and how far to the arbitrary changes made by 
the Arabians themselves. Changes of order and arbitrary omissions 
could not surprise us, in view of the preface above quoted from the 
Oxford M S . of Thabit-Ishaq, with its allusion to the many important 
and necessary things left out by Abu '1 Wafa and to the author's, 
own rearrangement of Books X I I . , X I I I . But there is evidence of 
differences due to the use by the Arabs of other Greek M S S . Heiberg 3 

is able to show considerable resemblances between the Arabic text 
and the Bologna M S . b in that part of the M S . where it diverges so 
remarkably from our other M S S . (see the short description of it above, 
p. 49); in illustration he gives a comparison of the proofs of X I I . 7 in b 
and in the Arabic respectively, and points to the omission in both of 
the proposition given in Gregory's edition as X I . 38, and to a remark
able agreement between them as regards the order of the propositions 
of Book X I I . As above stated, the remarkable divergence of b only 
affects Books X I . (at end) and X I I . ; and Book X I I I . in b shows none 
of the transpositions and other peculiarities of the Arabic. There 
are many differences between b and the Arabic, especially in the 
definitions of Book X I . , as well as in Book X I I I . It is therefore a 
question whether the Arabians made arbitrary changes, or the Arabic 
form is the more ancient, and b has been altered through contact 
with other M S S . Heiberg points out that the Arabians must be alone 
responsible for their definition of a prism, which only covers a prism 
with a triangular base. This could not have been Euclid's own, for 
the word prism already has the wider me.aning in Archimedes, and 

3 Zeitsehrift fiir Math. u. Physik, XXIX. 
' Proclus, pp. 303—4. 

:., hist.-litt. Abtli . p. 6sqq. 



Euclid himself speaks of prisms with parallelograms and polygons 
as bases (XI. 39; XII. 10). Moreover, a Greek would not have been 
likely to leave out the definitions of the " Platonic" regular solids. 

Heiberg considers that the Arabian translator had before him 
a M S . which was related to b, but diverged still further from the rest 
of our M S S . He does not think that there is evidence of the existence of 
a redaction of Books I . — x . similar to that of Books x i . , XII. in b ; for 
Klamroth observes that it is the Books on solid geometry (XI .—XIII . ) 
which are more remarkable than the others for omissions and shorter 
proofs, and it is a noteworthy coincidence that it is just in these 
Books that we have a divergent text in b. 

An advantage in the Arabic version is the omission of VII. Def. 10, 
although, as Iamblichus had it, it may have been deliberately omitted 
by the Arabic translator. Another advantage is the omission of the 
analyses and syntheses of XIII. 1—5 ; but again these may have been 
omitted purposely, as were evidently a number of porisms which 
are really necessary. 

One or two remarks may be added about the Arabic versions 
as compared with one another. Al-Hajjaj's object seems to have 
been less to give a faithful reflection of the original than to write 
a useful and convenient mathematical text-book. One characteristic 
of it is the careful references to earlier propositions when their results 
are used. Such specific quotations of earlier propositions are rare in 
Euclid ; but in al-Hajjaj we find not only such phrases as " by prop, 
so and so," " which was proved " or " which we showed how to do in 
prop, so and so," but also still longer phrases. Sometimes he- repeats 
a construction, as in I. 44 where, instead of constructing "the parallelo
gram BEFG equal to the triangle C in the angle EBG which is equal 
to the angle D" and placing it in a certain position, he produces AB 
to G, making BG equal to half DE (the base of the triangle CDE in 
his figure), and on GB so constructs the parallelogram BHKG by 
I. 42 that it is equal to the triangle CDE, and its angle GBH is equal 
to the given angle. 

Secondly, al-Hajjaj, in the arithmetical books, in the theory of 
proportion, in the applications of the Pythagorean I. 47, and generally 
where possible, illustrates the proofs by numerical examples. It is 
true, observes Klamroth, that these examples are not apparently 
separated from the commentary of an-NairizI, and might not there
fore have been due to al-Hajjaj himself; but the marginal notes to 
the Hebrew translation in Municn M S . 36 show that these additions 
were in the copy of al-Hajjaj used by the translator, for they expressly 
give these proofs in numbers as variants taken from al-Hajjaj 1 . 

These characteristics, together with al-Hajjaj's freer formulation 
of the propositions and expansion of the proofs, constitute an in
telligible reason why Ishaq should have undertaken a fresh translation 
from the Greek. Klamroth calls Ishaq's version a model of a good 
translation of a mathematical text; the introductory and transitional 

1 Klamroth, p. 3 1 0 ; Steinschneider, pp. 8}—6. 



phrases are stereotyped and few in number, the technical terms are 
simply and consistently rendered, and the less formal expressions 
connect themselves as closely with the Greek as is consistent with 
intelligibility and the character of the Arabic language. Only in 
isolated cases does the formulation of definitions and enunciations 
differ to any considerable extent from the original. In general, his 
object seems to have been to get rid of difficulties and unevennesses 
in the Greek text by neat devices, while at the same time giving a 
faithful reproduction of it1. 

There are curious points of contact between the versions of 
al-Hajjaj and Thabit-Ishaq. For example, the definitions and 
enunciations of propositions are often word for word the same. 
Presumably this is owing to the fact that Ishaq found these de
finitions and enunciations already established in the schools in his 
time, where they would no doubt be learnt by heart, and refrained 
from translating them afresh, merely adopting the older version with 
some changes'. Secondly, there is remarkable agreement between 
the Arabic versions as regards the figures, which show considerable 
variations from the figures of the Greek text, especially as regards 
the letters; this is also probably to be explained in the same way, 
all the later translators having most likely borrowed al-Hajjaj's 
adaptation of the Greek figures8. Lastly, it is remarkable that the 
version of Books x i . — x m . in the Kjybenhavn M S . (K), purporting 
to be by al-Hajjaj, is almost exactly the same as the Thabit-Ishaq 
version of the same Books in O. Klamroth conjectures that Ishaq 
may not have translated the Books on solid geometry at all, and that 
Thabit took them from al-Hajjaj, only making some changes in order 
to fit them to the translation of Ishaq 4. 

From the facts ( i ) that at-Tusi's edition had the same number 
of propositions (468) as al-Hajjaj's version, while Thabit-Ishaq's had 
478, and (2) that at-Tusi has the same careful references to earlier 
propositions, Klamroth concludes that at-Tusi deliberately preferred 
al-Hajjaj's version to that of Ishaq 5. Heiberg, however,, points out 
(1) that at-Tusi left out V I . 12 which, if we may judge by Klamroth's 
silence, al-Hajjaj had, and (2) al-Hajjaj's version had one proposition 
less in Books I. and I I I . than at-Tusi has. Besides, in a passage quoted 
by Haji Khalfa" from at-Tusi, the latter says that " he separated the 
things which, in the approved editions, were taken from the archetype 
from the things which had been added thereto," indicating that he 
had compiled his edition from both the earlier translations7. 

There were a large number of Arabian commentaries on, or 
reproductions of, the Elements or portions thereof, which will be 

1 Klamroth, p. 290, illustrates Ishaq's method by his way of distinguishing i<papnb£tLv 
(to be congruent with) and tipapnifcaSai (to be applied to), the confusion of which by trans
lators was animadverted on by Savile. Ishaq avoided the confusion by using two entirely 
different words. 

' Klamroth, pp. 3 1 0 — 1 . 8 ibid. p. 287. 
* ibid. pp. 304—5. * ibid, p / 2 7 4 . 
• Haji Khalfa, I. p. 383. 

7 Heiberg, Zeitsehriftfiir Math, u: Physik, XXIX., hist.-litt. Abth . pp . 2, 3. 



found fully noticed by Steinschneider1. I shall mention here the 
commentators etc. referred to in the Fihrist, with a few others. 

1. Abu '1 'Abbas al-Fadl b. Hatim an-Nairlzi (born at Nairiz, 
died about 922) has already been mentioned8. His commentary 
survives, as regards Books I .—VI. , in the Codex Leidensis 399,1, now 
edited, as to four Books, by Besthorn and Heiberg, and as regards 
Books 1.—x. in the Latin translation made by Gherard of Cremona 
in the 12th c. and now published by Curtze from a Cracow M S . 8 Its 
importance lies mainly in the quotations from Heron and Simplicius. 

2. Ahmad b. 'Umar a l - K a r a b i s I (date uncertain, probably 9th— 
10th a), " who was among the most distinguished geometers and 
arithmeticians4." 

3. Al-'Abbas b. Sa'id al-Jauhari (fl. 830) was one of the astro
nomical observers under al-Ma'mun, but devoted himself mostly to 
geometry. He wrote a commentary to the whole of the Elements, 
from the beginning to the end; also the " Book of the propositions 
which he added to the first book of Euclid'." 

4. Muh. b. 'Isa Abu 'Abdallah a l - M a h a n i (d. between 874 and 
884) wrote, according to the Fihrist, (1) a commentary on Eucl. 
Book v., (2) "On proportion," (3) "On the 26 propositions of the 
first Book of Euclid which are proved without reductio ad absurdum'." 
The work " On proportion " survives and is probably identical with, or 
part of, the commentary on Book v. 7 He also wrote, what is not 
mentioned by the Fihrist, a commentary on Eucl. Book X . , a fragment 
of which survives in a Paris M S . ' 

5. Abu Ja'far al-Khazin (i.e. " the treasurer " or " librarian "), one 
of the first mathematicians and astronomers of his time, was born in 
Khurasan and died between the years 961 and 971. The Fihrist 
speaks of him as having written a commentary on the whole of the 
Elements*, but only the commentary on the beginning of Book X . 
survives (in Leiden, Berlin and Paris); therefore either the notes on 
the rest of the Books have perished, or the Fihrist is in error10. The 
latter would seem more probable, for, at the end of his commentary, 
al-Khazin remarks that the rest had already been commented on by 
Sulaiman b. 'Usma (Leiden M S . ) 1 1 or 'Oqba (Suter), to be mentioned 
below. Al-Khazin's method is criticised unfavourably in the preface 
to the Oxford M S . quoted by Nicoll (see p. 77 above). 

6. Abu '1 W a f a al-Buzjanl (940-997), one of the greatest 
Arabian mathematicians, wrote a commentary on the Elements, but 

1 Steinschneider, Zeitsehrift fiir Math. u. Physik, XXXI., hist.-litt. Abth . pp. 86sqq. 
1 Steinschneider, p. 86, Fihrist (tr. Suter), pp. 16, 67 ; Suter, Die Mathematiker und 

Astronomen der Araber (1900), p. 45. 
8 Supplementum ad Euclidis opera omnia, ed. Heiberg and Menge, Leipzig, 1899. 
4 Fihrist, pp. 16, 3 8 ; Steinschneider, p. 87 ; Suter, p . 65. 
* Fihrist, pp. 16, 25 ; Steinschneider, p. 88; Suter, p. 1 1 . 
* Fihrist, pp. 16, 15, 58. 

7 Suter, p. 16, note, quotes the Paris MS. 1467, 16 0 containing the work "on proportion" 
as the authority for this conjecture. 

* Ms'. 1457, 39" (cf. Woepcke in Mim. prts. h Taead. des sciences, XIV., 1856, p. 669). 
* Fihrist, p. 17. 1 0 Suter, p. }8, note b. 1 1 Steinschneider, p. 89. 



did not complete it1. His method is also unfavourably regarded in 
the same preface to the Oxford M S . 280. According to Haji Khalfa, he 
also wrote a book on geometrical constructions, in thirteen chapters. 
Apparently a book answering to this description was compiled by a 
gifted pupil from lectures by Abu '1 Wafa, and a Paris M S . (Anc. fonds 
169) contains a Persian translation of this work, not that of AbO '1 Wafa 
himself. A n analysis of the work was given by Woepcke", and some 
particulars will be found in Cantor 3. Abu '1 Wafa also wrote a 
commentary on Diophantus, as well as a separate "book of proofs 
to the propositions which Diophantus used in his book and to what 
he (Abu '1 Wafa) employed in his commentary4." 

7. Ibn Rahawaihi al-Arjani also commented on Eucl. Book X . ' 
8. 'All b. Ahmad Abu '1-Qasim al-Antaki (d. 987) wrote a 

commentary on the whole book 6 ; part of it seems to survive (from 
the Sth Book onwards) at Oxford (Catal. MSS. orient. I I . 281 )7. 

9. Sind b. 'Al l Abu 't-Taiyib was a Jew who went over to 
Islam in the time of al-Ma'mun, and was received among his astro
nomical observers, whose head he became 8 (about 830) ; he died after 
864. He wrote a commentary on the whole of the Elements; " Abu 
'All saw nine books of it, and a part of the tenth*." His book "On 
the Apotomae and the Medials," mentioned by the Fihrist, may be 
the same as, or part of, his commentary on Book X . 

10. Abu Yusuf Ya'qub b. Muh. ar-Razi " wrote a commentary 
on Book X . , and that an excellent one, at the instance of Ibn al-
'Amld1"." 

11. The Fihrist next mentions al-Kindi (Abu Yusuf Ya'qub b. 
Ishaq b. as-Sabbah al-Kindi, d. about 873), as the author (1) of a 
work " on the objects of Euclid's book," in which occurs the statement 
that the Elements were originally written by Apollonius, the carpenter 
(see above, p. 5 and note), (2) of a book " on the improvement of 
Euclid's work," and (3) of another " on the improvement of the 14th 
and 15th Books of Euclid." "He was the most distinguished man 
of his time, and stood alone in the knowledge of the old sciences 
collectively; he was called ' the philosopher of the Arabians'; his 
writings treat of the most different branches of knowledge, as logic, 
philosophy, geometry, calculation, arithmetic, music, astronomy and 
others11." Among the other geometrical works of al-Kindi mentioned 
by the Fihrist1* are treatises on the closer investigation of the results 
of Archimedes concerning the measure of the diameter of a circle in 
terms of its circumference, on the construction of the figure of the two 
mean proportionals, on the approximate determination of the chords 

1 Fihrist, p. 17. 
4 Woepcke, Journal Asiatique, Ser. v . T . v . pp. 118—256 and 309—359. 
8 Gescn. d. Math. vol. i s , pp. 743—6. 
* Fihrist, p. 39 ; Suter, p. 71 . « Fihrist, p. 17 ; Suter, p. 17. 
• Fihrist, p. 17. 7 Suter, p. 64. 
8 Fihrist, p. 17 , 29 ; Suter, pp. 13, 14. * Fihrist, p. 17. 
1 0 Fihrist, p. 1 7 ; Suter, p. 66. 1 1 Fihrist, p. 17, 10—15. 
1 8 T h e mere catalogue of al-Kindi's works on the various branches of science takes up 

four octavo pages ( 1 1 — 1 5 ) of Suter's translation of the Fihrist. 
\ 



of the circle, on the approximate determination of the chord (side) of 
the nonagon, on the division of triangles and quadrilaterals and con
structions for that purpose, on the manner of construction of a circle 
which is equal to the surface of a given cylinder, on the division of 
the circle, in three chapters etc. 

12. The physician Nazif b. Yumn (or Yaman) al-Qass ("the 
priest") is mentioned by the Fihrist as having seen a Greek copy 
of Eucl. Book X . which had 40 more propositions than that which 
was in general circulation (containing 109), and having determined 
to translate it into Arabic 1. Fragments of such a translation exist 
at Paris, Nos. 18 and 34 of the M S . 2457 (952, 2 Suppl. Arab, in 
Woepcke's tract); No. 18 contains " additions to some propositions 
of the 10th Book, existing in the Greek language"." Nazif must have 
died about 990'. 

13. Yuhanna b. Yusuf b. al-Harith b. al-Bitrlq al-Qass (d. about 
980) lectured on the Elements and other geometrical books, made 
translations from the Greek, and wrote a tract on the " proof" of the 
case of two straight lines both meeting a third and making with it, 
on one side, two angles together less than two right angles*. Nothing 
of his appears to survive, except that a tract "on rational and irrational 
magnitudes," No. 48 in the Paris M S . just mentioned, is attributed 
to him. 

14 Abu Muh. al-Hasan b. 'Ubaidallah b. Sulaiman b. W a h b 
(d. 901) was a geometer of distinction, who wrote works under the 
two distinct titles " A commentary on the difficult parts of the work 
of Euclid" and " The Book on Proportion'." Suter thinks that an
other reading is possible in the case of the second title, and that it 
may refer to the Euclidean work " on the divisions (of figures)*." 

15. Qusta b. Luqa al-Ba'labakki (d. about 912), a physician, 
philosopher, astronomer, mathematician and translator, wrote " on the 
difficult passages of Euclid's book" and "on the solution of arith
metical problems from the third book of Eucl id 7 "; also an "intro
duction to geometry," in the form of question and answer9. 

16. Thabit b. Qurra (826-901), besides translating some parts 
of Archimedes and Books V . — V I I . of the Conks of Apollonius, and 
revising Ishaq's translation of Euclid's Elements, also revised the trans
lation of the Data by the same Ishaq and the book On divisions of 

figures translated by an anonymous writer. We are told also 
that he wrote the following works: (1) On the Premisses (Axioms, 
Postulates etc.) of Euclid, (2) On the Propositions of Euclid, (3) On 
the propositions and questions which arise when two straight lines 
are cut by a third (or on the "proof" of Euclid's famous postulate). 
The last tract is extant in the M S . discovered by Woepcke (Paris 
2457i 3 2°)- He is also credited with "an excellent work" in the 
shape of an " Introduction to the Book of Euclid," a treatise on 

1 Fihrist, pp. 16, 17. 
* Woepcke, Mim.prls. h Vacad. des sciences, XIV. pp. 666, 668. 
* Suter, p. 68. * Fihrist, p. 3 8 ; Suter, p. 60. 
' Fihrist, p. 16, and Suter's note, p. 60. * Suter, p. 1 1 1 , note 13 . 
7 Fihrist, p. 43. » Fihrist, p. 4 3 ; Suter, p. 41. 



Geometry dedicated to Ismail b. Bulbul, a Compendium of Geometry, 
and a large number of other works for the titles of which reference 
may be made to Suter, who also gives particulars as to which are 
extant 1. 

17. Abu Sa'ld Sinan b. Thabit b. Qurra, the son of the translator 
of Euclid, followed in his father's footsteps as geometer, astronomer 
and physician. He wrote an " improvement of the book of on 
the Elements of Geometry, in which he made various additions to the 
original." It is natural to conjecture that Euclid is the name missing 
in this description (by Ibn abl Usaibi'a); Casiri has the name Aqaton'. 
The latest editor of the Ta'rikh al-Hukama, however, makes the name 
to be Iflaton (= Plato), and he refers to the statement by the Fihrist 
and Ibn al-Qifti attributing to Plato a work on the Elements of 
Geometry translated by Qusta. It is just possible, therefore, that at 
the time of Qusta the Arabs were acquainted with a book on the 
Elements of Geometry translated from the Greek, which they attri
buted to Plato 3. Sinan died in 943. 

18. Abu Sahl Wljan (or Waijan) b. Rustam al-Kuhi (fl. 988), 
born at Kuh in Tabaristan, a distinguished geometer and astronomer, 
wrote, according to the Fihrist, a " Book of the Elements " after that 
of Euclid 4 ; the 1st and 2nd Books survive at Cairo, and a part of 
the 3rd Book at Berlin (5922)°. He wrote also a number of other 
geometrical works: Additions to the 2nd Book of Archimedes on 
the Sphere and Cylinder (extant at Paris, at Leiden, and in the India 
Office), On the finding of the side of a heptagon in a circle (India 
Office and Cairo), On two mean proportionals (India Office), which 
last may be only a part of the Additions to Archimedes' On the Sphere 
and Cylinder, etc. 

19.' Abu Nasr Muh. b. Muh. b. Tarkhan b. Uzlag al-Farabi 
(870-950) wrote a commentary on the difficulties of the introductory 
matter to Books I. and V . " This appears to survive in the Hebrew 
translation which is, with probability, attributed to Moses b. Tibbon 7. 

20. Abu 'All al-Hasan b. al-Hasan b. al-Haitham (about 965-
1039), known by the name Ibn al-Haitham or Abu 'AlI-al-Basri, was a 
man of great powers and knowledge, and no one of his time approached 
him in the field of mathematical science. He wrote several works on 
Euclid the titles of which, as translated by Woepcke from Usaibi'a, 
are as follows 8: 

1. Commentary and abridgment of the Elements. 
2. Collection of the Elements of Geometry and Arithmetic, 

drawn from the treatises of Euclid and Apollonius. 
3. Collection of the Elements of the Calculus deduced from 

the principles laid down by Euclid in his Elements. 

1 Suter, pp. 34—8. 
2 Fihrist (ed. Suter), p. 59, note 132 ; Suter, p. 52, note b. 
8 See Suter in Bibliotheca Mathematica, i v 8 , 1903-4, pp. 296—7, review of Julius 

Lippert's Ibn al-Qifti. Tdrich al-hukamd, Leipzig, 1903. 
4 Fihrist, p. 40. " Suter, p. 75. 
6 Suter, p. 55. 7 Steinschneider, p. 92. 
8 Steinschneider, pp. 92—3. 



4. Treatise on " measure" after the manner of Euclid's 
Elements. 

5. Memoir on the solution of the difficulties in Book I. 
6. Memoir for the solution of a doubt about Euclid, relative 

to Book V . 
7. Memoir on the solution of a doubt about the stereometric 

portion. 
8. Memoir on the solution of a doubt about Book xil. 
9. Memoir on the division of the two magnitudes mentioned 

in X . 1 (the theorem of exhaustion). 
10. Commentary on the definitions in the work of Euclid 

(where Steinschneider thinks that some more general expression 
should be substituted for " definitions "). 

The last-named work (which Suter calls a commentary on the 
Postulates of Euclid) survives in an Oxford M S . (Catal. M S S . orient. 
I. 908) and in Algiers (1446, 1°). 

A Leiden M S . (966) contains his Commentary "on the difficult 
places " up to Book V. We do not know whether in this commentary, 
which the author intended to form, with the commentary on the 
Musadarat, a sort of complete commentary, he had collected the 
separate memoirs on certain doubts and difficult passages mentioned 
in the above list. 

A commentary on Book V . and following Books found in a 
Bodleian M S . (Catal. I I . p. 262) with the title " Commentary on Euclid 
and solution of his difficulties " is attributed to b. Haitham; this might 
be a continuation of the Leiden M S . 

The memoir on X . I appears to survive at St Petersburg, M S . de 
l'lnstitut des Iangues orient. 192, 5° (Rosen, Catal. p. 125). 

21. Ibn S T n a , known as Avicenna (980-1037), wrote a Com
pendium of Euclid, preserved in a Leiden M S . No. 1445, and forming 
the geometrical portion of an encyclopaedic work embracing Logic, 
Mathematics, Physics and Metaphysics 1. 

22. Ahmad b. al-Husain al-Ahwazi al-Katib wrote a com-, 
mentary on Book x., a fragment of which (some 10 pages) is to be 
found at Leiden (970), Berlin (5923) and Paris (2467, i8°)a. 

23. Naslraddln at-Tusi (1201-1274) who, as we have seen, 
brought out a Euclid in two forms, wrote: 

1. A treatise on the postulates of Euclid (Paris, 2467, 50). 
2. A treatise on the 5th postulate, perhaps only a part of 

the foregoing (Berlin, 5942, Paris, 2467, 6°). 
3. Principles of Geometry taken from Euclid, perhaps 

identical with No. I above (Florence, Pal. 298). 
4 105 problems out of the Elements (Cairo). He also edited 

the Data (Berlin, Florence, Oxford etc.)*. 
24. Muh. b. Ashraf Shamsaddln as-Samarqandl (fl. 1276) wrote 

" Fundamental Propositions, being elucidations of 35 selected proposi-

1 Steinschneider, p. gi; Suter, p. 89. 2 Suter, p . 57. 
3 Suter, pp. 150—1. 
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tions of the first Books of Euclid," which are extant at Gotha (1496 
and 1497), Oxford (Catal. 1. 967, 20), and Brit. Mus. 1. 

25. Musa b. Muh. b. Mahmud, known as Qadizade ar-Rumi (i.e. 
the son of the judge from Asia Minor), who died between 1436 and 
1446, wrote a commentary on the "Fundamental Propositions" just 
mentioned, of which many M S S . are extant 8. It contained biographical 
statements about Euclid alluded to above (p. 5, note). 

26. Abu Da'ud Sulaiman b. 'Uqba, a contemporary of al-Khazin 
(see above, No. 5), wrote a commentary on the second half of Book X . , 
which is, at least partly, extant at Leiden (974) under the title " On 
the binomials and apotomae found in the 10th Book of Euclid*." 

27. The Codex Leidensis 399, 1 containing al-Hajjaj's transla
tion of Books I . — V I . is said to contain glosses to it by Sa'ld b. Mas'ud 
b. al-Qass, apparently identical .with Abu Nasr Gars al-Na'ma, son of 
the physician Mas'ud b. al-Qass al-Bagdadi, who lived in the time of 
the last Caliph al-Musta'sim (d. 1258)4. 

28. Abu Muhammad b. Abdalbaqi al-Bagdadi al-Faradt (d. 
1141, at the age of over 70 years) is stated in the Tdrikh al-Hukama 
to have written an excellent commentary on Book X. of the Elements, 
in which he gave numerical examples of the propositions5. This is 
published in Curtze's edition of an-NairlzI where it occupies pages 
252—386*. 

29. Yahya b. Muh. b. 'Abdan b. 'Abdalwahid, known by the 
name of Ibn al-Lubudl (1210-1268), wrote a Compendium of Euclid, 
and a short presentation of the postulates'. 

30. Abu 'Abdallah Muh. b. Mu'adh al-Jayyanl wrote a com
mentary on Eucl. Book V. which survives at Algiers (1446, 3 0) 8. 

31. Abu Nasr Mansur b. 'Al l b. 'Iraq wrote, at the instance of 
Muh. b. Ahmad Abu 'r-Raihan al-Blrunl (973-1048), a tract "on 
a doubtful (difficult) passage "in Eucl. Book xm." (Berlin, 5925)*. 

1 Suter, p. 157. * ibid. p. 175 . * ibid. p. 56. 

* ibid. pp. 153—4, 227. 
5 Gartz, p. 14 ; Steinschneider, pp . 94—5. 
* Suter in Bibliotheca Mathematica, i v s , 1903, pp. 15, 195 ; Suter has also an article on 

its contents, Bibliotheca Mathematica, V I I S , 1906-7, pp. 234—251. 
7 Steinschneider, p. 9 4 ; Suter, p. 146. 
* Suter, Nachtrage und Berichtigungen, in Abhandlungen zur Gesch. der math. Wissen-

schaften, XIV., 1902, p. 170. 
* Suter, p. 81, and Nachtrage, p. 172. 



C H A P T E R V I I I . 

P R I N C I P A L T R A N S L A T I O N S A N D E D I T I O N S O F T H E E L E M E N T S . 

C I C E R O is the first Latin author to mention Euclid 1 ; but it is not 
likely that in Cicero's time Euclid had been translated into Latin or 
was studied to any considerable extent by the Romans; for, as Cicero 
says in another place', while geometry was held in high honour 
among the Greeks, so that nothing was more brilliant than their 
mathematicians, the Romans limited its scope by having regard only 
to its utility for measurements and calculations. How very little 
theoretical geometry satisfied the Roman agritnensores is evidenced 
by the work of Balbus de mensuris*, where some of the definitions of 
Eucl. Book I. are given. Again, the extracts from the Elements found 
in the fragment attributed to Censorinus (fl. 238 A . D ) 4 are confined to 
the definitions, postulates, and common notions. But by degrees the 
Elements passed even among the Romans into the curriculum of a 
liberal education ; for Martianus Capella speaks of the effect of the 
enunciation of the proposition " how to construct an equilateral 
triangle on a given straight line " among a company of philosophers, 
who, recognising the first proposition of the Elements, straightway 
break out into encomiums on Euclid 5. But the Elements were then 
(c. 470 A . D . ) doubtless read in Greek ; for what Martianus Capella 
gives* was drawn from a Greek source, as is shown by the occurrence 
of Greek words and by the wrong translation of I. def. I (" punctum 
vero est cuius pars nihil est"). Martianus may, it is true, have 
quoted, not from Euclid himself, but from Heron or some other ancient 
source. 

But it is clear from a certain palimpsest at Verona that some 
scholar had already attempted to translate the Elements into Latin. 
This palimpsest7 has part of the " Moral reflections on the Book of 
Job " by Pope Gregory the Great written in a hand of the 9th c. above 
certain fragments which in the opinion of the best judges date from 
the 4th c. Among these are fragments of Vergil and of Livy, as well 
as a geometrical fragment which purports to be taken from the I4tn 
and 15th Books of Euclid. A s a matter of fact it is from Books XII. 
and x m . and is of the nature of a free rendering, or rather a new 

1 De oratore III. 13J. ' Tusc. I. 5. 
* Gromatici Vetera, 1. 97 sq. (ed. F . Blume, K . Lachmann and A . Rudorff. Berlin, 

1848, 1851). 
4 Censorinus, ed. Hultsch, pp. 60—3. 
• Martianus Capella, VI. 714. • ibid. VI. 708 sq. 
7 Cf. Cantor, i „ p. 565. 



arrangement, of Euclid with the propositions in different order1. The 
M S . was evidently the translator's own copy, because some words are 
struck out and replaced by synonyms. We do not know whether the 
translator completed the translation of the whole, or in what relation 
his version stood to our other sources. 

Magnus Aurelius Cassiodorus (b. about 475 A . D . ) in the geometrical 
part of his encyclopaedia De artibus ac disciplinis liberalium literarum 
says that geometry was represented among the Greeks by Euclid, 
Apollonius, Archimedes, and others, " of whom Euclid was given us 
translated into the Latin language by the same great man Boethius " ; 
also in his collection of letters* is a letter from Theodoric to Boethius 
containing the words, "for in your translations... Nicomachus the 
arithmetician, and Euclid the geometer, are heard in the Ausonian 
tongue." The so-called Geometry of Boethius which has come down 
to us by no means constitutes a translation of Euclid. The M S S . 
variously give five, four, three or two Books, but they represent only 
two distinct compilations, one normally in five Books and the other 
in two. Even the latter, which was edited by Friedlein, is not 
genuine3, but appears to have been put together in the n t h c, from 
various sources. It begins with the definitions of Eucl. I . , and in these 
are traces of perfectly correct readings which are not found even in 
the M S S . of the 10th c, but which can be traced in Proclus and other 
ancient sources; then come the Postulates (five only), the Axioms 
(three only), and after these some definitions of Eucl. I I . , I I I . , I V . 
Next come the enunciations of Eucl. I . , of ten propositions of Book I I . , 
and of some from Books I I I . , I V . , but always without proofs ; there 
follows an extraordinary passage which indicates that the author will 
now give something of his own in elucidation of Euclid, though what 
follows is a literal translation of the proofs of Eucl. I . I — 3 . This 
latter passage, although it affords a strong argument against the 
genuineness of this part of the work, shows that the Pseudoboethius 
had a Latin translation of Euclid from which he extracted the three 
propositions. 

Curtze has reproduced, in the preface to his edition of the trans
lation by Gherard of Cremona of an-NairlzI's Arabic commentary on 
Euclid, some interesting fragments of a translation of Euclid taken 
from a Munich M S . of the 10th c. They are on two leaves used 
for the cover of the M S . (Bibliothecae Regiae Universitatis Monacensis 
2° 757) and consist of portions of Eucl. I . 37, 38 and I I . 8, translated 
literally word for word from the Greek text. The translator seems to 
have been an Italian (cf. the words "capitolonono" used for the ninth 
prop, of Book I I . ) who knew very little Greek and had moreover little 
mathematical knowledge. For example, he translates the capital letters 
denoting points in figures as if they were numerals: thus rd ABr, 

1 T h e fragment was deciphered by W . Studemund, who communicated his results to 
Cantor. 

3 Cassiodorus, Variae, I. 45, p. 40, 12 ed. Mommsen. 
3 See especially Weissenborn in Abhandlungen zur Gesch. d. Math. II. p . 185 sq.; 

Heiberg in Philologus, XLIII. p. 507 sq. ; Cantor, Is, p. 580 sq. 



AEZ is translated "que primo secundo et tertio quarto quinto et 
septimo," T becomes "tricentissimo " and so on. The Greek M S . which 
he used was evidently written in uncials, for A E Z ® becomes in one 
place " quod autem septimo nono," showing that he mistook A E for 
the particle Be, and xal 6 2 T U is rendered "sicut tricentissimo et 
quadringentissimo," showing that the letters must have been written 
K A I O C T U . 

The date of the Englishman Athelhard (^Ethelhard) is approxi
mately fixed by some remarks in his work Perdifficiles Quaestiones 
Naturales which, on the ground of the personal allusions they contain, 
must be assigned to the first thirty years of the 12th c.1 He wrote a 
number of philosophical works. Little is known about his life. He 
is said to have studied at Tours and Laon, and to have lectured at the 
latter school. He travelled to Spain, Greece, Asia Minor and Egypt, 
and acquired a knowledge of Arabic, which enabled him to translate 
from the Arabic into Latin, among other works, the Elements of 
Euclid. The date of this translation must be put at about 1120. 
M S S . purporting to contain Athelhard's version are extant in the 
British Museum (Harleian No. 5404 and others), Oxford (Trin. Coll. 
47 and Ball. Coll. 257 of 12th a), Niirnberg (Johannes Regiomontanus' 
copy) and Erfurt 

Among the very numerous works of Gherard of Cremona ( 1 1 1 4 — 
1187) are mentioned translations of " 15 Books of Euclid " and of the 
Data*. Till recently this translation of the Elements was supposed to 
be lost; but Axel Anthon Bjornbo has succeeded (1904) in discovering 
a translation from the Arabic which is different from the two others 
known to us (those by Athelhard and Campanus respectively), and 
which he, on grounds apparently convincing, holds to be Gherard's. 
Already in 1901 Bjornbo had found Books X . — x v . of this translation 
in a M S . at Rome (Codex Reginensis lat. 1268 of 14th c.)'; but three 
years later he had traced three M S S . containing the whole of the same 
translation at Paris (Cod. Paris. 7216, 15th a), Boulogne-sur-Mer 
(Cod. Bononiens. 196, 14th a), and Bruges (Cod. Brugens. 521, 14th a), 
and another at Oxford (Cod. Digby 174, end of 12th c.) containing a 
fragment, X I . 2 to X I V . The occurrence of Greek words in this 
translation such as rombus, romboides (where Athelhard keeps the 
Arabic terms), ambligonius, orthogonius, gnomo, pyramis etc., show 
that the translation is independent of Athelhard's. Gherard appears 
to have had before him an old translation of Euclid from the Greek 
which Ath'elhard also often followed, especially in his terminology, 
using it however in a very different manner. Again, there are some 
Arabic terms, e.g. meguar for axis of rotation, which Athelhard did not 
use, but which is found in almost all the translations that are with 
certainty attributed to Gherard of Cremona; there occurs also the 

1 Cantor, Gesch. d. Math. i „ p. 006. 
* Boncompagni, Delia vita e delle opere di Gherardo Cremonese, Rome, 1851, p. 5. 
' Described in an appendix to Studien iiber Menelaos'' Spharik (Abhattdlungcn zur 

Geschichte der mathematischen Wisscnschaften, XIV., 1902). 
4 See Bibliotheca Mathematica, V I , , 1905-6, pp. 1 4 1 — 8 . 



expression "superficies equidistantium laterum et rectorum angulorum," 
found also in Gherard's translation of an-Nairizi, where Athelhard says 
" parallelogrammum rectangulum." The translation is much clearer 
than Athelhard's: it is neither abbreviated nor "edited" as Athelhard's 
appears to have been ; it is a word-for-word translation of an Arabic 
M S . containing a revised and critical edition of Thabit's version. It 
contains several notes quoted from Thabit himself ( Thebit dixit), e.g. 
about alternative proofs etc. which Thabit found " in another Greek 
M S . , " and is therefore a further testimony to Thabit's critical treatment 
of the text after Greek M S S . The new editor also added critical 
remarks of his own, e.g. on other proofs which he found in other 
Arabic versions, but not in the Greek: whence it is clear that he 
compared the Thabit version before him with other versions as care
fully as Thabit collated the Greek M S S . Lastly, the new editor speaks 
of " Thebit qui transtulit hunc librum in arabicam linguam " and of 
"translatio Thebit," which may tend to confirm the statement of al-Qifti 
who credited Thabit with an independent translation, and not (as the 
Fihrist does) with a mere improvement of the version of Ishaq b. 
Hunain. 

Gherard's translation of the Arabic commentary of an-Nairizi on 
the first ten Books of the Elements was discovered by Maximilian 
Curtze in a M S . at Cracow and published as a supplementary volume 
to Heiberg and Menge's Eucl id 1 : it will often be referred to in this 
work. 

Next in chronological order comes Johannes Campanus (Campano) 
of Novara. He is mentioned by Roger Bacon (1214-1294) as a 
prominent mathematician of his time8, and this indication of his date 
is confirmed by the fact that he was chaplain to Pope Urban IV, who 
was Pope from 1261 to 1281 s . His most important achievement was 
his -edition of the Elements including the two Books Xiv. and xv. 
which are not Euclid's. The sources of Athelhard's and Campanus' 
translations, and the relation between them, have been the subject of 
much discussion, which does not seem to have led as yet to any 
definite conclusion. Cantor ( I I , , p. 91) gives references4 and some 
particulars. It appears that there is a M S . at Munich (Cod. lat. Mon. 
13021) written by Sigboto in the 12th c. at Priifning near Regensburg, 
and denoted by Curtze by the letter R, which contains the enunciations 
of part of Euclid. The Munich MSS. of Athelhard and Campanus' 
translations have many enunciations textually identical with those in 
R, so that the source of all three must, for these enunciations, have 

1 Anaritii in decern libros priores Elementorum Euclidis Commentarii ex interpretatione 
Gherardi Cremonensis in codice Cracoviensi 569 servala edidit Maximilianus Curtze, Leipzig 
(Teubner), 1899. 

* Cantor, I I , , p. 88. 
* Tiraboschi, Storia delta letteratura italiana, iv . 145—160. 
4 H . Weissenborn in Zeitsehrift fiir Math. u. Physik, x x v . , Supplement, pp. 143—166, 

and in his monograph, Die Ubersetzungen des Euklid durch Campano und Zamberti (1882); 
Max. Curtze in Philologische Rundschau (1881), I. pp. 543—950, and in Jahresbtricht iiber 
die Fortschritte der classischen Alterthumswissenschaft, XL. (1884, III.) pp. 1 9 — » > ; Heiberg 
in Zeitsehrift fiir Math. u. Physik, x x x v . , hist.-litt A b t h . , pp. 48—58 and pp. 81—6. 



been the same; in others Athelhard and Campanus diverge com
pletely from R, which in these places follows the Greek text and is 
therefore genuine and authoritative. In the 32nd definition occurs the 
word " elinuam," the Arabic term for " rhombus," and throughout the 
translation are a number of Arabic figures. But R was not translated 
from the Arabic, as is shown by (among other things) its close 
resemblance to the translation from Euclid given on pp. 377 sqq. of 
the Gromatici Veteres and to the so-called geometry of Boethius. The 
explanation of the Arabic figures and the word " elinuam " in Def. 32 
appears to be that R was a late copy of an earlier original with 
corruptions introduced in many places ; thus in Def. 32 a part of the 
text was completely lost and was supplied by some intelligent copyist 
who inserted the word " elinuam," which was known to him, and also 
the Arabic figures. Thus Athelhard certainly was not the first to 
translate Euclid into Latin; there must have been in existence before 
the n th c. a Latin translation which was the common source of R, 
the passage in the Gromatici, and " Boethius." A s in the two latter 
there occur the proofs as well as the enunciations of I. 1—3, it is 
possible that this translation originally contained the proofs also. 
Athelhard must have had before him this translation of the 
enunciations, as well as the Arabic source from which he obtained his 
proofs. That some sort of translation, or at least fragments of one, 
were available before Athelhard's time even in England is indicated 
by some old English verses 1: 

" T h e c lerk E u c l i d e on this w y s e hit fonde 
T h y s craft of g e m e t r y y n E g y p t e londe 
Y n E g y p t e he t a w g h t e hy t ful w y d e , 
In d y v e r s l onde on every s y d e . 
M o n y erys afterwarde y unders tonde 
Y e r that the craft c o m y n t o t h y s londe. 
T h y s craft c o m into E n g l a n d , a s y y o w say , 
Y n t y m e of g o o d k y n g Ade l s tone ' s day ," 

which would put the introduction of Euclid into England as far back 
as 924-940 A . D . 

We now come to the relation between Athelhard and Campanus. 
That their translations were not independent, as Weissenborn would 
have us believe, is clear from the fact that in all M S S . and editions, 
apart from orthographical differences and such small differences as 
are bound to arise when M S S . are copied by persons with some 
knowledge of the subject-matter, the definitions, postulates, axioms, 
and the 364 enunciations are word for word identical in Athelhard 
and Campanus; and this is the case not only where both have the 
same text as R but where they diverge from it. Hence it would seem 
that Campanus used Athelhard's translation and only developed the 
proofs by means of another redaction of the Arabian Euclid. It is 
true that the difference between the proofs of the propositions in the 
two translations is considerable; Athelhard's are short and com-

1 Quoted by Halliwell in Kara Mathematica (p. 56 note) from MS. Bib. Reg. Mus. Brit. 
17 A . 1. f. i k — 3 . 



pressed, Campanus' clearer and more complete, following the Greek 
text more closely, though still at some distance. Further, the 
arrangement in the two is different; in Athelhard the proofs regularly 
precede the enunciations, Campanus follows the usual order. It is a 
question how far the differences in the proofs, and certain additions in 
each, are due to the two translators themselves or go back to Arabic 
originals. The latter supposition seems to Curtze and Cantor the 
more probable one. Curtze's general view of the relation of Campanus 
to Athelhard is to the effect that Athelhard's translation was gradually 
altered, from the form in which it appears in the two Erfurt M S S . 
described by Weissenborn, by successive copyists and commentators 
who had Arabic originals before them, until it took the form which 
Campanus gave it and in which it was published. In support of this 
view Curtze refers to Regiomontanus' copy of the Athelhard-Campanus 
translation. In Regiomontanus' own preface the title is given, and 
this attributes the translation to Athelhard; but, while this copy 
agrees almost exactly with Athelhard in Book I. , yet, in places where 
Campanus is more lengthy, it has similar additions, and in the later 
Books, especially from Book I I I . onwards, agrees absolutely with 
Campanus; Regiomontanus, too, himself implies that, though the 
translation was Athelhard's, Campanus had revised it; for he has 
notes in the margin such as the following, "Campani est hec," "dubito 
an demonstret hie Campanus " etc. 

We come now to the printed editions of the whole or of portions 
of the Elements. This is not the place for a complete bibliography, 
such as Riccardi has attempted in his valuable memoir issued in five 
parts between 1887 and 1893, which makes a large book in itself1. 
I shall confine myself to saying something of the most noteworthy 
translations and editions. It will be convenient to give first the Latin 
translations which preceded the publication of the editio princeps of 
the Greek text in 1533, next the most important editions of the Greek 
text itself, and after them the most important translations arranged 
according to date of first appearance and languages, first the Latin 
translations after 1533, then the Italian, German, French and English 
translations in order. 

It may be added here that the first allusion, in the West, to the 
Greek text as still extant is found in Boccaccio's commentary on the 
Divina Commedia of Dante 2. Next Johannes Regiomontanus, who 
intended to publish the Elements after the version of Campanus, but 
with the latter's mistakes corrected, saw in Italy (doubtless when 
staying with his friend Bessarion) some Greek M S S . and noticed how 
far they differed from the Latin version (see a letter of his written in 
the year 1471 to Christian Roder of Hamburg)*. 

1 Saggio di una Bibliografia Euclidea, memoria del Prof. Pietro Riccardi (Bologna, 
1887, 1888, 1890, 1893). 

2 I. p. 404. 
5 Published in C . T . de Murr's Memorabilia Bibliolhecarum Norimbergcnsium, Part I. 

p. 190 sqq. 



I . L A T I N T R A N S L A T I O N S P R I O R T O 1533 . 

1482. In this year appeared the first printed edition of Euclid, 
which was also the first printed mathematical book of any import
ance. This was printed at Venice by Erhard Ratdolt and contained 
Campanus' translation1. Ratdolt belonged to a family of artists at 
Augsburg, where he was born about 1443. Having learnt the trade 
of printing at home, he went in 1475 to Venice, and founded there a 
famous printing house which he managed for 11 years, after which he 
returned to Augsburg and continued to print important books until 
1516. He is said to have died in 1528. Kastner 2 gives a short 
description of this first edition of Euclid and quotes the dedication to 
Prince Mocenigo of Venice which occupies the page opposite to the 
first page of text. The book has a margin of 2,\ inches, and in this 
margin are placed the figures of the propositions. Ratdolt says in 
his dedication that at that time, although books by ancient and 
modern authors were printed every day in Venice, little or nothing 
mathematical had appeared : a fact which he puts down to the diffi
culty involved by the figures, which no one had up to that time 
succeeded in printing. He adds that after much labour he had 
discovered a method by which figures could be produced as easily as 
letters'. Experts are in doubt as to the nature of Ratdolt's discovery. 
Was it a method of making figures up out of separate parts of figures, 
straight or curved lines, put together as letters are put together to 
make words ? In a life of Joh. Gottlob Immanuel Breitkopf, a con
temporary of Kastner's own, this member of the great house of 
Breitkopf is credited with this particular discovery. Experts in that 
same house expressed the opinion that Ratdolt's figures were wood
cuts, while the letters denoting points in the figures were like the 
other letters in the text ; yet it was with carved wooden blocks that 
printing began. If Ratdolt was the first to print geometrical figures, 
it was not long before an emulator arose; for in the very same year 
Mattheus Cordonis of Windischgratz employed woodcut mathematical 
figures in printing Oresme's De latitudintbus*. How eagerly the 
opportunity of spreading geometrical knowledge was seized upon is 
proved by the number of editions which followed in the next few 
years. Even the year 1482 saw two forms of the book, though they 
only differ in the first sheet. Another edition came out in i486 
(Ulmae, apud Io. Regerum) and another in 1491 (Vincentiae per 

1 Curtze (An-Nairizi, p. xiii) reproduces the heading of the first page of the text as 
follows (there is no title-page): Preclariffimu opus elemento^f Euclidis megarefis vna cu 
cdmentis Campani pfpicaciffimi in arte geometria incipit felicit', after which the definitions 
begin at once. Other copies have the shorter heading ; Preclarissimus liber elementorum 
Euclidis perspicacissimi: in artem Geometrie incipit quam foelicissime. A t the end stands 
the following: CI Opus elementoru euclidis megarenf is in geometria arte Jn id quoq) Campani 
pfpicaciffimi Comentationes finiui. Erhardus ratdolt Augustensis impreffor folertiffimus . 
venetijs impreffit . Anno falutis . M.cccc.lxxxij . Octauis . Calefi . Jufl . Lector . Vale. 

' Kastner, Geschichte der Mathematik, I. p. 289 sqq. See also Weissenborn, Die UbersetZ' 
ungen des Euklid durch Campano und Zamberti, pp. 1—7. 

• " M e a industria non sine maximo labore effeci vt qua facilitate litterarum elementa 
imprimuntur ea etiam geometrice figure conficerentur." 

' Curtze in Zeitsehrift fiir Math. u. Physik, x x . , hist.-litt. A b t h . p. 58. 
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Leonardum de Basilea et Gulielmum de Papid), but without the dedi
cation to Mocenigo who had died in the meantime (1485). If Cam
panus added anything of his own, his additions are at all events not 
distinguished by any difference of type or otherwise; the enunciations 
are in large type, and the rest is printed continuously in smaller type. 
There are no superscriptions to particular passages such as Euclides 
ex Campano, Campanus, Campani additio, or Campani annotatio, which 
are found for the first time in the Paris edition of 1516 giving 
both Campanus' version and that of Zamberti (presently to be men
tioned). 

1501. G. Valla included in his encyclopaedic work De expetendis 
et fugiendis rebus published in this year at Venice (in aedibus Aldi 
Romani) a number of propositions with proofs and scholia translated 
from a Greek M S . which was once in his possession (cod. Mutin. I l l 
B, 4 of the 15 th c) . 

1505. In this year Bartolomeo Zamberti (Zambertus) brought out 
at Venice the first translation, from the Greek text, of the whole of the 
Elements. From the title1, as well as from his prefaces to the Catoptrica 
and Data, with their allusions to previous translators " who take some 
things out of authors, omit some, and change some," or " to that most 
barbarous translator" who filled a volume purporting to be Euclid's 
"with extraordinary scarecrows, nightmares and phantasies," one object 
of Zamberti's translation is clear. His animus against Campanus 
appears also in a number of notes, e.g. when he condemns the terms 
" helmuain" and " helmuariphe " used by Campanus as barbarous, 
un-Latin etc., and when he is roused to wrath by Campanus' unfortu
nate mistranslation of V . Def. 5. He does not seem to have had the 
penetration to see that Campanus was translating from an Arabic, 
and not from a Greek, text. Zamberti tells us that he spent 
seven years over his translation of the thirteen Books of the 
Elements. A s he seems to have been born in 1473, and the Elements 
were printed as early as 1500, though the complete work (including the 
Phaenomena, Optica, Catoptrica, Data etc.) has the date 1505 at the 
end, he must have translated Euclid before the age of 30. Heiberg 
has not been able to identify the M S . of the Elements which Zamberti 
used ; but it is clear that it belonged to the worse class of M S S . , since 
it contains most of the interpolations of the Theonine variety. Zam
berti, as his title shows, attributed the proofs to Theon. 

1509. A s a counterblast to Zamberti, Luca Paciuolo brought out 
an edition of Euclid, apparently at the expense of Ratdolt, at Venice 
(per Paganinum de Pagatiinis), in which he set himself to vindicate 
Campanus. The title-page of this now very rare edition' begins thus: 
"The works of Euclid of Megara, a most acute philosopher and without 

1 T h e title begins thus: "Eucl idis megaresis philosophi platonicj mathematicarum 
disciplinarum Janitoris: Habent in hoc volumine quicunque ad mathematicam substantiam 
aspirant: elementorum libros xiij cum expositione Theonis insignis mathematici. quibus 
multa quae deerant ex lectione graeca sumpta addita sunt nec non plurima peruersa et 

fraepostere: voluta in Campani interpretatione: ordinata digesta et castigata sunt etc." 
or a description of the book see Weissenborn, p. n sqq. 

2 See Weissenborn, p. 30 sqq. 



question the chief of all mathematicians, translated by Campanus their 
most faithful interpreter!' It proceeds to say that the translation had 
been, through the fault of copyists, so spoiled and deformed that it 
could scarcely be recognised as Euclid. Luca Paciuolo accordingly 
has polished and emended it with the most critical judgment, has 
corrected 129 figures wrongly drawn and added others, besides supply
ing short explanations of difficult passages. It is added that Scipio 
Vegius of Milan, distinguished for his knowledge "of both languages" 
(i.e. of course Latin and Greek), as well as in medicine and the more 
sublime studies, had helped to make the edition more perfect. Though 
Zamberti is not once mentioned, this latter remark must have refer
ence to Zamberti's statement that his translation was from the Greek 
text; and no doubt Zamberti is aimed at in the wish of Paciuolo's 
" that others too would seek to acquire knowledge instead of merely 
showing off, or that they would not try to make a market of the 
things of which they are ignorant, as it were (selling) smoke1." 
Weissenborn observes that, while there are many trivialities in Paci
uolo's notes, they contain some useful and practical hints and explana
tions of terms, besides some new proofs which of course are not 
difficult if one takes the liberty, as Paciuolo does, of diverging from 
Euclid's order and assuming for the proof of a proposition results not 
arrived at till later. Two not inapt terms are used in this edition to 
describe the figures of I I I . 7, 8, the former of which is called the 
goose's foot (pes anseris), the second the peacock's tail (cauda pavonis) 
Paciuolo as the castigator of Campanus' translation, as he calls himself, 
failed to correct the mistranslation of v. Def. s a . Before the fifth 
Book he inserted a discourse which he gave at Venice on the 
15th August, 1508, in S. Bartholomew's Church, before a select 
audience of 500, as an introduction to his elucidation of that Book. 

1516. The first of the editions giving Campanus' and Zamberti's 
translations in conjunction was brought out at Paris (in officina Henrici 
Stephani e regione scholae Decretorum). The idea that only the enun
ciations were Euclid's, and that Campanus was the author of the proofs 
in his translation, while Theon was the author of the proofs in the Greek 
text, reappears in the title of this edition; and the enunciations of the 
added Books xiv., xv. are also attributed to Euclid, Hypsicles being 
credited with the proofs8. The date is not on the title-page nor at the 

1 "Atque utinam et alii cognoscere vellent non ostentare aut ea quae nesciunt veluti 
fumum venditare non conarentur." 

' Campanus' translation in Ratdolt's edition is as follows: "Quantitates quae dicuntur 
continuam habere proportionalilatem, sunt, quarum eque multiplicia aut equa sunt aut 
eque sibi sine interruptione addunt aut minuunt" (!), to which Campanus adds the note : 
M Continue proportionalia sunt quorum omnia multiplicia equalia sunt continue proportionalia. 
Sed noluit ipsam diffinitionem proponere sub hac forma, quia tunc diffiniret idem per idem, 
aperte (?a parte) tamen rei est istud cum sua dimnitione convertibile." 

8 ' ' Euclidis Megarensis' Geometricorum Elementorum I.ibn Xv. Campani Galli trans-
alpini in eosdem commentariorum libri XV. Theonis Alexandrini Bartholomaeo Zamberto 
Veneto interprete, in tredecim priores, commentationum libri x m . Hypsiclis Alexandrini in 
duos posteriores, eqdem Bartholomaeo Zamberto Veneto interprete, commentariorum libri II." 
On the last page (261) is a similar statement of content, but with the difference that the 
expression "ex Campani...deinde Theonis...et Hypsiclis...traditionibus" For description 
see Weissenborn, p. 56 sqq. 



end, but the letter of dedication to Francois Briconnet by Jacques 
Lefevre is dated the day after the Epiphany, 1516. The figures are 
in the margin. The arrangement of the propositions is as follows: 
first the enunciation with the heading Euclides ex Campano, then the 
proof with the note Campanus, and after that, as Campani additio, any 
passage found in the edition of Campanus' translation but not in the 
Greek text ; then follows the text of the enunciation translated from 
the Greek with the heading Euclides ex Zamberto, and lastly the proof 
headed Theo ex Zamberto. There are separate figures for the two proofs. 
This edition was reissued with few changes in 1537 and 1546 at Basel 
(apud Iohannem Hervagium), but with the addition of the Phaenomena, 
Optica, Catoptrica etc. For the edition of 1537 the Paris edition of 
1516 was collated with "a Greek copy" (as the preface says) by 
Christian Herlin, professor of mathematical studies at Strassburg, 
who however seems to have done no more than correct one or two 
passages by the help of the Basel editio princeps (1533), and add the 
Greek word in cases where Zamberti's translation of it seemed unsuit
able or inaccurate. 

W e now come to 

II. E D I T I O N S O F T H E G R E E K T E X T . 

1533 is the date of the editio princeps, the title-page of which reads 
as follows: 

E T K A E I A O T Z T O I X E I f l N BIBA>- IE>-
EK TON 8 E Q N 0 2 2YN0Y2I0N. 

Et'v TOV avrov TO irp&Tov, i^rjyrjfidTiov UpoxXov f3ij3\. S. 
Adiecta praefatiuncula in qua de disciplinis 

Mathematicis nonnihil. 
B A S I L E A E A P V D I O A N . H E R V A G I V M A N N O 

M . D . X X X I I I . M E N S E S E P T E M B R I . 

The editor was Simon Grynaeus the elder (d. 1541), who, after 
working at Vienna and Ofen, Heidelberg and Tubingen, taught last 
of all at Basel, where theology was his main subject. His "prae
fatiuncula" is addressed to an Englishman, Cuthbert Tonstall (1474-
15 59). w n 0 > having studied first at Oxford, then at Cambridge, where 
he became Doctor of Laws, and afterwards at Padua, where in addi
tion he learnt mathematics—mostly from the works of Regiomontanus 
and Paciuolo—wrote a book on arithmetic1 as "a farewell to the 
sciences," and then, entering politics, became Bishop of London and 
member of the Privy Council, and afterwards (1530) Bishop of Durham. 
Grynaeus tells us that he used two MSS. of the text of the Elements, 
entrusted to friends of his, one at Venice by " Lazarus Bayfius" 
(Lazare de Balf, then the ambassador of the King of France at Venice), 
the other at Paris by " Ioann. Rvellius " (Jean Ruel, a French doctor 
and a Greek scholar), while the commentaries of Proclus were put at 

1 De arte supputandi libri quatuor. 



the disposal o f G r y n a e u s h imse l f b y " Ioann . C l a y m u n d u s " a t O x f o r d . 
He ibe rg has been ab le to ident i fy the t w o M S S . used for the t e x t ; 
they are ( i ) cod. V e n e t u s Marc i anus 301 and (2) cod. Paris , g r . 2343 
of the 16th c , conta in ing B o o k s I . — X V . , wi th some schol ia wh ich are 
embodied in the t ex t . W h e n G r y n a e u s notes in the marg in the 
readings from " t h e other copy , " this " o t h e r c o p y " is as a rule the 
Paris M S . , t hough somet imes the read ing o f the Paris M S . is t a k e n 
into the t e x t and the " other c o p y " o f the marg in is t he V e n i c e M S . 
Bes ides these t w o M S S . G r y n a e u s consul ted Zamber t i , as is shown b y 
a number o f marginal notes referring to " Z a m p e r t u s " or to " la t inum 
e x e m p l a r " in certain proposi t ions o f B o o k s I X . — X I . W h e n it is con 
sidered tha t the t w o M S S . used b y G r y n a e u s are a m o n g the worst , it 
is obvious how ent i rely unauthor i ta t ive is the t e x t o f the editio princeps. 
Y e t it remained the source and foundation o f later edi t ions o f the 
Greek t e x t for a l ong period, the edi t ions which fo l lowed b e i n g 
designed, not for the purpose o f g iv ing , from other M S S . , a t e x t more 
near ly represent ing wha t E u c l i d h imsel f wrote , but o f s u p p l y i n g a 
handy compendium to s tudents a t a modera te price. 

1536. Oront ius F inaeus ( O r o n c e F i n e ) publ ished at Par is {apud 
Simonem Colinaeuni) "demons t ra t ions on the first s i x b o o k s o f E u c l i d ' s 
e lements o f geomet ry ," " in which the G r e e k t e x t o f E u c l i d h imse l f is 
inserted in its proper places, wi th the L a t i n translat ion o f Bar th . 
Zamber t i o f V e n i c e , " which seems to i m p l y that on ly the enuncia t ions 
were g iven in Greek . T h e preface, from wh ich K a s t n e r quo te s 1 , s a y s 
that the Un ive r s i t y o f Par is a t tha t t ime required, from all w h o 
aspired to the laurels o f phi losophy, a mos t so lemn oa th that t h e y 
had a t tended lectures on the said first s i x B o o k s . O t h e r edi t ions o f 
Fine ' s work followed in 1544 and 1 5 5 1 . 

1545. T h e enunciations o f the fifteen B o o k s were publ ished in 
Greek , wi th an Ital ian translat ion b y A n g e l o Ca ian i , a t R o m e {apud 
Antonium Bladum Asulanum). T h e translator c la ims to h a v e cor 
rected the b o o k s and " purged them o f s i x hundred th ings wh ich d id 
not seem to savour o f the a lmost d iv ine gen ius and the persp icu i ty o f 
E u c l i d ' " 

1549. Joachim Camera r ius publ i shed the enuncia t ions o f the first 
s ix B o o k s in G r e e k and L a t i n ( L e i p z i g ) . T h e book , w i th preface, 
purports to be brought ou t b y R h a e t i c u s (1514—1576) , a pupi l of 
Copernicus . A n o t h e r edi t ion wi th proofs o f the proposi t ions o f t h e 
first three B o o k s was publ ished b y Mor i t z S t e i n m e t z in 1 5 7 7 ( L e i p z i g ) ; 
a no te b y the printer a t t r ibutes the preface t o Camera r iu s himself. 

1550. loan . Scheube l pub l i shed at Base l (a lso per loan. Her-
vagiuni) the first s i x B o o k s in G r e e k and L a t i n " toge the r w i th t rue 
and appropr ia te proofs o f the proposi t ions, wi thou t the use o f let ters " 
(i.e. letters deno t ing poin ts in the figures), the var ious s t ra ight l ines 
and ang les be ing descr ibed in w o r d s ' . 

1557 (also 1558). S t ephanus Grac i l i s publ ished another edi t ion 
(repeated 1 5 7 3 , 1 5 7 8 , 1 5 9 8 ) o f the enuncia t ions (a lone) o f B o o k s I . — X V . 

1 K a s t n e r , I. p. 1 6 0 . 8 H e i b e r g , vol. V . p. cvii. * K a s t n e r , I. p. 3 5 9 . 



in G r e e k and L a t i n a t Par is {apud Gulielmum Cavellat). He remarks 
in the preface tha t for w a n t o f t ime he had changed scarcely any th ing 
in B o o k s I . — V I . , bu t ; n the remain ing B o o k s he had emended wha t 
seemed obscure or ine legant in the L a t i n translation, whi le he had 
adop ted in its ent i re ty the translat ion o f B o o k X . b y Pierre Mondore 
(Pe t rus Montaureus) , publ ished separa te ly at Paris in 1 5 5 1 . Graci l is 
a lso added a few " scholia." 

1564. In this y e a r Conrad D a s y p o d i u s (Rauchfuss) , the inventor 
and m a k e r o f the c lock in S t r a s sburg cathedral , s imilar to the present 
one, which did d u t y from 1571 to 1789, edi ted (St rassburg , Chr . 
M y l i u s ) ( 1 ) B o o k I . o f the Elements in G r e e k and La t in with scholia, 
(2) B o o k I I . in G r e e k and L a t i n with Bar laam's ar i thmetical version 
of B o o k I I . , and (3) the enunciations o f the remain ing B o o k s I I I . — X I I I . 

B o o k I . w a s reissued wi th " v o c a b u l a quaedam g e o m e t r i c a " o f Heron, 
the enuncia t ions o f all the B o o k s o f the Elements, and the other works 
o f Euc l i d , all in G r e e k and La t in . In the preface to ( 1 ) he says that it 
had been for t w e n t y - s i x years the rule o f his school that all w h o were 
p romoted from the classes to publ ic lectures should learn the first 
B o o k , and that he b rough t it out , because there were then no longer 
a n y copies to be had, and in order to prevent a good and fruitful 
regula t ion o f his school from fal l ing through. In the preface to the 
edi t ion o f 1571 he s a y s tha t the first B o o k w a s genera l ly taught in all 
g y m n a s i a and that it was prescribed in his school for the first class. 
In the preface to (3) he tel ls us tha t he publ ished the enunciat ions of 
B o o k s I I I . — X I I I . in order not to leave his work unfinished, but that, as 
it would be i rksome to carry about the who le work o f Euc l id in 
ex tenso , he t h o u g h t it would b e more convenient to students o f 
g e o m e t r y to learn the Elements if t hey were compressed into a smaller 
book . 

1620. H e n r y B r i g g s (of B r i g g s ' logar i thms) publ ished the first 
s i x B o o k s in G r e e k wi th a La t in translation after C o m m a n d i n u s , 
" c o r r e c t e d in m a n y p l a c e s " ( L o n d o n , G. Jones). 

1703 is the da te of the O x f o r d edit ion b y D a v i d G r e g o r y which, 
until the issue o f H e i b e r g and Menge ' s edition, was still the on ly 
edit ion o f the comple t e w o r k s o f E u c l i d 1 . In the L a t i n translation 
a t tached to the G r e e k t e x t G r e g o r y s a y s that he fol lowed C o m m a n 
dinus in the main, but corrected numberless passages in it b y means 
o f the b o o k s in the Bod le i an L i b r a r y which be longed to E d w a r d 
Bernard ( 1 6 3 8 - 1 6 9 6 ) , formerly Sav i l i an Professor of A s t r o n o m y , w h o 
had conce ived the plan of publ i sh ing the comple te works of the ancient 
mathemat ic ians in fourteen vo lumes , o f which the first was to contain 
Euc l id ' s Elements I . — X V . A s regards the G r e e k t ex t , G rego ry tells us 
tha t he consul ted, as far as w a s necessary, not a few M S S . of" the bet ter 
sort, bequea thed b y the grea t S a v i l e to the Univers i ty , as wel l as the 
correct ions m a d e b y Sav i l e in his o w n hand in the margin of the Base l 
edit ion. H e had the help o f John Hudson , B o d l e y ' s Librar ian, who 

1 E T K A E I A O T T A 20Z0MENA. E u c l i d i s q n a e supe r sun l o m n i a . E x recens ione 
D a v i d i s G r e g o r i i M . D . A s t r o n o m i a e Professor i s S a v i l i a n i et R . S . S . O x o n i a e , e T h e a t r o 
S h e l d o n i a n o , A n . D o m . MDCCIII. 



punctuated the Base l t e x t before it w e n t to the printer, compa red the 
La t in version wi th the G r e e k throughout , e spec ia l ly in the Elements 
and Data, and, where they differed or where he suspected the Greek text, 
consul ted the G r e e k M S S . and put their readings in the marg in if 
they agreed wi th the L a t i n and, if t h e y d id not agree , affixed an 
asterisk in order that G r e g o r y migh t j u d g e which read ing w a s g e o 
metr ica l ly preferable. H e n c e it is c lear that no G r e e k M S . , bu t the 
Base l edit ion, w a s the foundat ion o f G r e g o r y ' s t ex t , and tha t G r e e k 
M S S . were o n l y referred to in the special passages t o wh ich H u d s o n 
called at tention. 

1 8 1 4 - 1 8 1 8 . A most impor tant s tep towards a g o o d G r e e k t e x t 
was t aken b y F . Peyrard , w h o publ ished at Paris , b e t w e e n these yea r s , 
in three vo lumes , the Elements and Data in Greek , L a t i n and F r e n c h 1 . 
A t the t ime (1808) when N a p o l e o n was hav ing va luab le M S S . se lec ted 
from Ital ian libraries and sent to Paris , Pey ra rd m a n a g e d to g e t t w o 
ancient V a t i c a n M S S . (190 and 1038) sent to Par is for his use ( V a t . 
204 was also at Par is a t the t ime, bu t all three w e re restored t o their 
owners in 1814) . Peyra rd not iced the e x c e l l e n c e o f C o d . V a t . 190, 
adopted m a n y o f its readings , and g a v e in an a p p e n d i x a conspec tus 
o f these readings and those o f G r e g o r y ' s edi t ion ; he a lso no ted here 
and there readings from V a t . 1038 and var ious Par is M S S . H e there
fore pointed the w a y towards a bet ter t ex t , bu t c o m m i t t e d the error 
o f correct ing the Base l t e x t ins tead o f re jec t ing it a l toge the r and 
star t ing afresh. 

1824-1825 . A most va luab le edi t ion o f B o o k s I . — V I . is tha t o f 
J. G . Camere r (and C. F . H a u b e r ) in t w o v o l u m e s publ i shed a t 
Ber l in ' . T h e G r e e k t e x t is based on Peyra rd , a l though the B a s e l 
and O x f o r d edi t ions were also used. T h e r e is a L a t i n t ranslat ion 
and a col lect ion o f notes far more c o m p l e t e than a n y other I h a v e 
seen and wel l n igh inexhaus t ib le . T h e r e is no edi tor or c o m m e n t a t o r 
o f a n y mark w h o is not quoted from ; to show the va r i e ty o f impor tan t 
authori t ies d rawn upon b y Camerer , I need o n l y ment ion the fo l lowing 
names : Proclus , Pappus , T a r t a g l i a , C o m m a n d i n u s , C l a v i u s , Pelet ier , 
Barrow, Bore l l i , W a l l i s , T a c q u e t , A u s t i n , S imson , P layfa i r . N o w o r d s 
of praise would b e too w a r m for this ver i table e n c y c l o p a e d i a o f 
information. 

1825. J. G . C . N e i d e edi ted, from Peyra rd , the t e x t o f B o o k s 
I . — V I . , X I . and X I I . (Halis Saxoniae). 

1826-9 . T h e last edi t ion o f the G r e e k t e x t before He ibe rg ' s is 
that of E . F . A u g u s t , w h o fol lowed the V a t i c a n M S . more c lose ly 
than Peyrard did, and consu l ted at all events the V i e n n e s e M S . 
Gr. 103 (He ibe rg ' s V ) . A u g u s t ' s edi t ion (Ber l in , 1826-9 ) conta ins 
B o o k s I . — X I I I . 

1 Euclidis quae supersunt. Les (Euvres d'Euclide, en Grec, en Latin et en Francois 
d'apres un manuscrit tris-ancien, qui hail reste" inconnu jusqu'a nos jours. P a r F . P e y r a r d . 
O u v r a g e a p p r o u v i pa r l ' lns t i tu t d e F r a n c e ( P a r i s , c h e z M . P a t r i s ) . 

* Euclidis elementorum libri sex priores graccc et latint commentario e scriptis veterum ac 
reccntiorum mathcmaticorum et Pfleidereri maxime illustrati ( B e r o l i n i , s u m p t i b u s G . R e i m e r i ) . 
T o m . 1. 1824 ; torn. II. 1825 . 



I I I . L A T I N V E R S I O N S O R C O M M E N T A R I E S A F T E R 1533. 

1545. Pet rus R a m u s (Pierre de la R a m e e , 1 5 1 5 - 1 5 7 2 ) is credited 
wi th a t ranslat ion of E u c l i d wh ich appeared in 1545 and again in 
1 5 4 9 a t Par i s 1 . R a m u s , w h o was more rhetorician and logician than 
geomete r , a lso publ ished in his Scholae mathematicae (1559, Frankfur t ; 
1569, Base l ) wha t amoun t s to a series o f lectures on Euc l id ' s Elements, 
in which he crit icises Euc l id ' s a r rangement o f his proposit ions, the 
definitions, pos tula tes and a x i o m s , all from the point o f v i ew o f l o g i c 

1557. Demons t r a t i ons to the geometr ica l E l e m e n t s o f Euc l id , s i x 
B o o k s , b y Pele tar ius ( Jacques Pelet ier) . T h e second edit ion (1610) 
conta ined the same wi th the addi t ion o f the " G r e e k t e x t o f E u c l i d " ; 
bu t o n l y the enunciations o f the proposi t ions, as wel l as the defini
t ions etc., are g i v e n in G r e e k (with a L a t i n translation), the rest is 
in L a t i n on ly . H e has s o m e acu te observat ions , for instance about 
the " a n g l e " o f contact . 

1559. Johannes Bu teo , or Borrel ( 1 4 9 2 - 1 5 7 2 ) , published in an 
a p p e n d i x to his b o o k De quadratura circuli some notes " on the errors 
o f C a m p a n u s , Zamber tus , Oront ius , Peletar ius , Pena, interpreters o f 
E u c l i d . " B u t e o in these notes proved, b y reasoned a rgumen t based 
on or iginal authorit ies, tha t E u c l i d h imsel f and not T h e o n was the 
author o f the proofs o f the proposi t ions. 

1566. F ranc i scus F lussa tes C a n d a l l a (Franco i s de F o i x , C o m t e de 
Canda l e , 1 5 0 2 - 1 5 9 4 ) " re s to red" the fifteen B o o k s , fol lowing, as he 
says , the t e rmino logy o f Zamber t i ' s t ranslat ion from the Greek , bu t 
d rawing , for his proofs, on both C a m p a n u s and T h e o n (i.e. Zamber t i ) 
e x c e p t where mis takes in them m a d e emenda t ion necessary. O the r 
edi t ions fol lowed in 1578, 1602, 1695 (in D u t c h ) . 

1 5 7 2 . T h e mos t impor tan t L a t i n translat ion is tha t o f C o m 
mandinus ( 1 5 0 9 - 1 5 7 5 ) o f Urb ino , s ince it w a s the foundation o f most 
t ranslat ions which fol lowed it up to the t ime o f Peyrard , inc luding 
tha t o f S i m s o n and therefore o f those edi t ions, numerous in E n g l a n d , 
wh ich g i v e E u c l i d "chief ly after the t e x t o f S imson ." S imson ' s first 
( L a t i n ) edi t ion ( 1 7 5 6 ) has " e x vers ione L a t i n a Feder ic i C o m m a n d i n i " 
on the t i t le-page. C o m m a n d i n u s not on ly fol lowed the original G r e e k 
more c lose ly than his predecessors bu t added to his translation some 
ancient schol ia as wel l as g o o d notes o f his own. T h e title o f his 
work is 

Euclidis elementorum libri x v , una cum scholiis antiquis. 
A Federico Commandino Urbinate nuper in latinum conversi, 
commentariisque quibusdam illustrati (Pisauri , apud C a m i l l u m 
Franc i sch inum) . 

H e remarks in his preface that Oron t ius F inaeus had o n l y edi ted 
s i x B o o k s wi thou t reference to a n y G r e e k MS., that Peletar ius had 
fol lowed C a m p a n u s ' version from the A r a b i c rather than the Greek 
t e x t , and that C a n d a l l a had d ive rged too far from Euc l id , hav ing 
rejected as ine legant the proofs g i v e n in the G r e e k t e x t and 
subst i tu ted faul ty proofs o f his own. C o m m a n d i n u s appears to have 

1 D e s c r i b e d b y B o n c o m p a g n i , BulUttino, II. p . 389 . 



used, in addi t ion to the Base l editioprinceps, s o m e G r e e k M S . , so far 
not identified ; he a lso e x t r a c t e d his " schol ia a n t i q u a " from a M S . 
of the class of V a t . 192 con ta in ing the schol ia d is t inguished b y 
He ibe rg as " Scho l . V a t . " N e w edi t ions o f C o m m a n d i n u s ' t ransla t ion 
followed in 1575 (in Ital ian), 1 6 1 9 , 1749 (in E n g l i s h , b y K e i l l and 
Stone) , 1756 ( B o o k s I . — V I . , X I . , X I I . in L a t i n and E n g l i s h , b y S imson) , 
1763 ( K e i l l ) . Bes ides these there were m a n y edi t ions o f par ts o f the 
who le work, e.g. the first s i x B o o k s . 

1574 . T h e first edi t ion o f the L a t i n version b y C l a v i u s 1 

(Chr i s toph K l a u [?], born at B a m b e r g 1537 , died 1 6 1 2 ) appeared 
in 1574, and new edit ions o f it in 1589, 1 5 9 1 , 1603, 1607, 1612 . I t is 
not a translation, as C lav ius h imse l f s tates in the preface, bu t it 
contains a vas t amoun t o f notes col lec ted from previous commen ta to r s 
and editors, as wel l as some g o o d cri t icisms and e lucidat ions o f his 
own. A m o n g other things, C l av iu s finally disposed o f the error b y 
which Euc l id had been identified wi th E u c l i d o f Mega ra . H e speaks 
o f the differences be tween C a m p a n u s w h o fol lowed the A r a b i c 
tradit ion and the " commenta r ies o f T h e o n , " b y which he appears to 
mean the Euc l idean proofs as handed d o w n b y T h e o n ; he compla ins 
o f predecessors who have either on ly g iven the first s i x B o o k s , or 
have rejected the ancient proofs and subst i tuted worse proofs o f their 
own , but m a k e s an e x c e p t i o n as regards C o m m a n d i n u s , " a g e o m e t e r 
not o f the c o m m o n sort, who has la te ly restored Euc l i d , in a L a t i n 
translation, to his original br i l l iancy." C lav ius , as a l r eady stated, d id 
not g i v e a translation o f the Elements but rewrote the proofs, c o m 
pressing them or a d d i n g to them, where he though t tha t he could 
m a k e them clearer. A l t o g e t h e r his book is a mos t useful work . 

1621 . H e n r y Sav i le ' s lectures (Praelectiones tresdecim in prin-
cipium Elementorum Euclidis Oxoniae habitae M D C . X X . , O x o n i i 1621) , 
t hough they d o not e x t e n d b e y o n d I . 8, are va luab le because t hey 
g rapp le wi th the difficulties connected wi th the pre l iminary matter , 
the definitions etc., and the taci t assumpt ions conta ined in the first 
proposit ions. 

1654. Andre 1 T a c q u e t ' s Elementa geometriae planae et solidae 
conta in ing apparen t ly the e igh t geomet r i ca l B o o k s a r ranged for 
general use in schools . I t c a m e out in a la rge number o f edi t ions up 
to the end o f the e igh teen th century. 

1655. Bar row 's Euclidis Elementorum Libri X V breviter demon-
strati is a book o f the same kind. In the preface ( to the edi t ion o f 
1659) he says tha t he would not have writ ten it bu t for the fact tha t 
T a c q u e t g a v e on ly e ight B o o k s o f Euc l id . H e compressed the w o r k 
into a ve ry smal l compass (less than 400 smal l pages , in the edi t ion 
o f 1659, for the who le o f the fifteen B o o k s and the Data) b y abbre
v ia t ing the proofs and using a l a rge quan t i ty o f s y m b o l s (which , he 
says , are genera l ly Ought red ' s ) . T h e r e were several edi t ions up to 
1732 ( those o f 1660 and 1732 and one or t w o others are in Eng l i sh ) . 

1 Euclidis clementoi um libri XV. Accessit XVI. de solidorum regularium comparationc. 
Omnes perspicuis demonstratitmibus, accuratisquc scholiis illustrali. Auctore Christophoro 
Clavio ( R o m a e , a p u d V i n c e n t i u m A c c o l t u m ) , « v o l s . 



1658. G i o v a n n i A l f o n s o Borel l i ( 1 6 0 8 - 1 6 7 9 ) publ ished Euclides 
restitutus, on appa ren t ly s imilar lines, wh ich wen t th rough three more 
edi t ions (one in I tal ian, 1663). 

1660. C l a u d e Franco i s Mi l l ie t Decha l e s ' e igh t geomet r ica l B o o k s 
of Euc l id ' s Elements m a d e easy . D e c h a l e s ' vers ions o f the Elements 
had g rea t v o g u e , appea r ing in French , I ta l ian and E n g l i s h as wel l 
as La t i n . R icca rd i enumera tes over t w e n t y edit ions. 

1733. Sacche r i ' s Euclides ab omni naevo vindicatus sive conatus 
geometricus quo stabiliuntur prima ipsa geometriae principia is 
impor tan t for his e labora te a t t emp t t o prove the paral lel-postulate, 
fo rming an impor tan t s t age in the his tory o f the deve lopment o f non-
E u c l i d e a n g e o m e t r y . 

1756. S imson ' s first edit ion, in L a t i n and in Eng l i sh . T h e L a t i n 
t i t le is 

Euclidis elementorum libri priores sex, item undecimus et duo-
decimus, ex versione latina Federici Commandini; sublatis iis 
quibus olim libri hi a Theone, aliisve, vitiati sunt, et quibusdam 
Euclidis demonstrationibus restitutis. A Roberto Simson M.D. 
Glasguae , in aed ibus A c a d e m i c i s e x c u d e b a n t Robe r tu s et A n d r e a s 
Fou l i s , A c a d e m i a e t y p o g r a p h i . 

1802. Euclidis elementorum libri priores X I I ex Commandini et 
Gregorii versionibus latinis. In usum juventutis Academicac.by 
S a m u e l Hors l ey , B i s h o p o f Roches te r . ( O x f o r d , C la rendon Press.) 

I V . I T A L I A N V E R S I O N S O R C O M M E N T A R I E S . 

1543. T a r t a g l i a ' s vers ion , a second edit ion o f wh ich was pub
l ished in 1 5 6 5 1 , and a third in 1585. It does not appear tha t he used 
a n y G r e e k t e x t , for in the edit ion o f 1565 he ment ions as ava i lab le 
o n l y " t h e first t ranslat ion b y C a m p a n o , " " t h e second m a d e b y 
B a r t o l o m e o Z a m b e r t o V e n e t o w h o is still al ive," " t h e edi t ions o f 
Par is or G e r m a n y in wh ich t hey h a v e included bo th the aforesaid 
t ranslat ions," and " o u r o w n translat ion into the v u l g a r ( tongue) ." 

1 5 7 5 . C o m m a n d i n u s ' t ransla t ion turned into I ta l ian and revised 
b y h im. 

1 6 1 3 . T h e first s i x B o o k s " r e d u c e d to p r a c t i c e " b y Pie t ro 
A n t o n i o C a t a l d i , re-issued in 1620, and fol lowed b y B o o k s V I I . — i x . 
( 1 6 2 1 ) and B o o k X . (1625) . 

1663. Bore l l i ' s L a t i n t ranslat ion turned into I tal ian b y D o m e n i c o 
M a g n i . 

1680. Euclide restituto b y V i t a l e Giordano . 
1690. V i n c e n z o V i v i a n i ' s Elementi piani e solidi di Euclide 

( B o o k v . in 1674) . 

1 T h e t i t l e - p a g e o f t h e e d i t i o n o f 1 5 6 5 is as f o l l o w s : Euclide Megarense philosophy, solo 
introduttore delle scientie mathematice, diligentemente rassettato, et alia integrita ridotto, per il 
degno profcssore di tal scientie Nicolo Tartalea Brisciano. secondo le due tradottioni. con una 
ampla espositione dello istesso tradottore di nuouo aggiunta. talmente chiara, che ogni mediocre 
ingtgno, senza la notitia, ouer suffragio di alcun altra scientia con facility sera capace a 
poterlo intendere. I n V e n e t i a , A p p r e s s o C u r t i o T r o i a n o , 1 5 6 5 . 



1 7 3 1 . Elementi geometrici piani e solidi di Euclide b y G u i d o 
Grandi . N o translat ion, bu t an abbrev ia ted version, of which n e w 
editions followed one another up to 1806. 

1749. I talian translation o f D e c h a l e s wi th O z a n a m ' s correct ions 
and addit ions, re-issued 1785, 1797. 

1752. L e o n a r d o X i m e n e s ( the first s i x Books ) . Fif th edi t ion, 
1819. 

1818. V i n c e n z o Flau t i ' s Corso di geometria elementare e sublime 
(4 vols.) conta ins ( V o l . I . ) the first s i x B o o k s , w i th addi t ions and a 
dissertat ion on Pos tu la te 5, and ( V o l . I I . ) B o o k s X I . , X I I . F lau t i 
a lso publ ished the first s i x B o o k s in 1827 and the Elements of geometry 
of Euclid in 1843 and 1854. 

1558. T h e ar i thmet ical B o o k s V I I . — I X . b y S c h e u b e l 1 (cf. the 
edition o f the first s i x B o o k s , wi th enuncia t ions in G r e e k and L a t i n , 
mentioned above, under da te 1550) . 

1562. T h e version o f the first s i x B o o k s b y W i l h e l m H o l t z m a n n 
( X y l a n d e r ) 9 . T h i s work has its interest as the first edi t ion in G e r m a n , 
but o therwise it is not o f impor tance . X y l a n d e r tel ls us that it w a s 
written for pract ical peop le such as artists, go ldsmi ths , bui lders etc., 
and that, as the s imple amateur is o f course conten t to k n o w facts, 
wi thout k n o w i n g how to p rove them, he has often left ou t the proofs 
al together . H e has indeed taken the greates t poss ib le l ibert ies wi th 
Eucl id , and has not grappled wi th a n y o f the theoret ical difficulties, 
such as that o f the theory o f parallels . 

1651 . Heinr ich Hoffmann 's Teutscher Euclides (2nd edi t ion 1653) , 
not a translation. 

1694. A n t . E rns t Burkh . v. P i rckens te in ' s Teutsch Redender 
Euclides (e ight geomet r ica l B o o k s ) , " for genera ls , engineers e tc ." 
" p r o v e d in a new and qui te e a s y manner." O t h e r edi t ions 1699, 

1697. S a m u e l R e y h e r ' s In teutscher Spraclie vorgestellter Euclides 
(s ix Books ) , " m a d e easy, wi th s y m b o l s a lgebra ica l or der ived from the 
newest art o f solution." 

1 7 1 4 . Euclidis x v Bucher teutsch, " t r ea t ed in a special and 
brief manner, y e t comple te ly , " b y Chr . Schess le r (another edi t ion in 

1773. T h e first s i x B o o k s t ransla ted from the G r e e k for the 
use of schools b y J. F. L o r e n z . T h e first a t t emp t to reproduce 
Euc l id in German word for word. 

1 7 8 1 . B o o k s X L , X I I . b y L o r e n z ( supp l emen ta ry t o the pre
ceding) . A l s o Euklid's Elemente funfzehn Bucher t rans la ted from 

1 Das sibendacht und neunt buck des hochberumbten Mathcmatici Euclidis Megarensis... 
durch Magistrum Johann Scheybl, der Ibblichen universitet zu Tubingen, des Euclidis und 
Arithmetic Ordinarien, auss dem latein ins teutsch gebracht.... 

9 Die sechs ersle Bucher Euclidis vom anfang oder grund der Geometry.. .Auss Griechischer 
spraeh in die Teutsch gebracht aigentlich erkldrt... Demassen vormals in Teutscher sprach nie 
gesehen worden...Durch Wilhelm Holtzman genant Xylander von Augspurg. G e t r u c k h t z u 

V . G E R M A N . 

1744-

1729). 



the G r e e k b y L o r e n z (second edi t ion 1 7 9 8 ; edi t ions o f 1809, 1818, 
1824 b y M o l l w e i d e , o f 1840 b y D i p p e ) . T h e edit ion o f 1824, and 
I p resume those before it, are shor tened b y the use o f s y m b o l s and 
the compress ion o f the enuncia t ion and " se t t i ng -ou t " into one. 

1807. B o o k s 1.—VI., XI. , x i l . " n e w l y t ranslated from the Greek ," 
b y J. K . F . Hauff. 

1828. T h e s a m e B o o k s b y Joh. Jos. Ign . Hoffmann " a s guide 
t o instruction in e l e m e n t a r y geome t ry , " fol lowed in 1832 b y observa
t ions on the t e x t b y the s a m e editor. 

1833. Die Geometric des Euklid und das Wesen derselben b y 
E . S . U n g e r ; a l so 1838, 1 8 5 1 . 

1901. M a x S i m o n , Euclid und die seeks planimetrischen Bucher. 

V I . F R E N C H . 

1 5 6 4 - 1 5 6 6 . N i n e B o o k s t ranslated b y Pierre Forcade l , a pupil 
a n d friend o f P. d e la R a m e e . 

1604. T h e first n ine B o o k s t ranslated and annota ted b y Jean 
Er ra rd d e B a r - l e - D u c ; second edi t ion, 1605. 

1 6 1 5 . D e n i s Henr ion ' s t ranslat ion o f the 15 B o o k s (seven 
edi t ions up t o 1676) . 

1639. T h e first s i x B o o k s " d e m o n s t r a t e d b y symbol s , b y a 
me thod v e r y br ie f and intel l igible ," b y Pierre HeVigone, ment ioned 
b y Ba r row as the o n l y edi tor w h o , before him, had used symbo l s for 
the expos i t i on o f E u c l i d . 

1672 . E i g h t B o o k s " r e n d u s p lus fac i les" b y C l a u d e Francois 
Mi l l i e t D e c h a l e s , w h o a l so b rough t ou t Les iUmens d'Euclide ex-
plique's d'une manikre nouvelle et tris facile, wh ich appeared in m a n y 
edi t ions, 1 6 7 2 , 1 6 7 7 , 1 6 8 3 etc. (from 1709 onwards revised b y O z a n a m ) , 
and w a s t ransla ted in to I ta l ian ( 1 7 4 9 etc . ) and Eng l i sh ( b y W i l l i a m 
H a l i f a x , 1685). 

1804. In this year , and therefore before his edi t ion o f the G r e e k 
t e x t , F . Pey ra rd publ ished the Elements l i teral ly translated into 
F rench . A second edi t ion appeared in 1809 wi th the addit ion o f the 
fifth B o o k . A s this second edi t ion conta ins B o o k s I . — V I . X L , XI I . 
and x . 1, i t would appear tha t the first edi t ion contained B o o k s I .—IV., 
VI . , X L , x i l . Pey ra rd used for this t ranslat ion the O x f o r d G r e e k t e x t 
and S imson . 

V I I . D U T C H . 

1606. Jan Pie terszoon D o u ( s ix B o o k s ) . T h e r e were m a n y later 
edi t ions. Kas tne r , in men t ion ing one o f 1702, s a y s tha t D o u exp la ins 
in h is preface tha t he used X y l a n d e r ' s translat ion, but, hav ing after
w a r d s obta ined the F r e n c h translat ion o f the s ix B o o k s b y Errard 
d e B a r - l e - D u c (see above) , , the proofs in wh ich somet imes pleased 
h i m more than those o f the G e r m a n edi t ion, he m a d e his D u t c h 
vers ion b y the he lp o f both. 

1 6 1 7 . F r a n s v a n Schoo ten , " T h e Proposi t ions o f the B o o k s o f 
Euc l id ' s E l e m e n t s " ; the fifteen B o o k s in this version " e n l a r g e d " b y 
J a k o b van L e e s t in 1662. 

1695. C . J. V o o g h t , fifteen B o o k s comple te , wi th Canda l la ' s " 16th." 



1702. Hendr ik Coe t s , s i x B o o k s (a lso in L a t i n , 1 6 9 2 ) ; severa l 
editions u p to 1752. A p p a r e n t l y not a translat ion, bu t an edi t ion for 
school use. 

1763. P y b o Steenst ra , B o o k s I . — v i . , X L , x i l . , l i kewise an abbre 
v ia ted version, severa l t imes reissued until 1825. 

V I I I . E N G L I S H . 

1570 saw the first and the most impor tant t ranslat ion, tha t o f S i r 
H e n r y Bi l l ings ley . T h e t i t le -page is as f o l l o w s : 

T H E E L E M E N T S 
O F G E O M E T R I E 

of the most auncient Ph i losopher 
EVCLIDE 
o f M e g a r a 

Faithfully (now first) translated into the Englishe toung, 
by H . Bi l l ings ley , Citizen of London. Whereunto are annexed 
certaine Scholies, Annotations, and Inuentions, of the best 
Mathematiciens, both of time past, and in this our age. 

With a very fruitfull Preface by M . I. D e e , specifying the 
chiefe Mathematicall Scieces, what they are, and whereunto 
commodious: where, also, are disclosed certaine new Secrets 
Mathematicall and Mechanicall, vntill these our daies, greatly 
missed. 

Impr in ted at L o n d o n b y fohn Daye. 

T h e Preface b y the translator, after a sentence obse rv ing tha t wi th 
out the di l igent s tudy o f Euc l i de s E l e m e n t e s it is imposs ib le to at ta in 
unto the perfect k n o w l e d g e o f G e o m e t r y , proceeds thus. " W h e r e f o r e 
cons ider ing the want and l acke o f such g o o d authors hi ther to in our 
Eng l i she tounge , l a m e n t i n g a lso the neg l igence , and l acke o f zea le to 
their count rey in those o f our nation, to w h o m G o d ha th geuen both 
k n o w l e d g e and also abil i t ie to t ranslate into our tounge , and to 
publishe abroad such g o o d authors and b o o k e s ( the chiefe ins t rumentes 
o f all l ea rn inges) : se ing moreouer that m a n y g o o d wi t tes bo th o f 
gen t l emen and o f others o f all degrees , much desirous a n d s tudious o f 
these artes, and seek ing for them as m u c h as t h e y can, spa r ing no 
paines, and y e t frustrate o f their intent, b y no meanes a t t a in ing to 
that which they s e e k e : I haue for their sakes , with s o m e c h a r g e and 
grea t trauaile, faithfully t ranslated into our vu lga re toi ige, and set 
abroad in Print, this b o o k e o f Euc l ide . W h e r e u n t o I haue added 
easie and plaine declara t ions and e x a m p l e s b y figures, o f the defini
t ions. In which b o o k e a lso y e shal l in due p l ace finde manifolde 
addit ions, Schol ies , Anno ta t ions , and Inuen t ions : which I h a u e 
ga thered out o f m a n y o f the most famous and chiefe Mathemat i c i e s , 
bo th o f old t ime, and in our a g e : as b y d i l igent r ead ing i t in course , 
y e shall wel l perceaue . . . . " 

I t is t ru ly a monumenta l work , cons i s t ing o f 464 leaves , and there
fore 928 pages , o f folio size, e x c l u d i n g the l e n g t h y preface b y D e e . 
T h e notes cer ta in ly include all the mos t impor tan t tha t had ever been 



wri t ten , from those o f the G r e e k commenta to r s , Proc lus and the others 
w h o m he quotes , d o w n to those o f D e e h imsel f on the last books . 
Bes ides the fifteen B o o k s , B i l l i ngs l ey inc luded the '* s ix t een th " added 
b y C a n d a l l a . T h e print and appea rance o f the book are wor thy of its 
c o n t e n t s ; and, in order tha t it m a y be unders tood how no pains were 
spared to represent e v e r y t h i n g in the cleares t and most perfect form, 
I need on ly ment ion tha t the figures o f the proposi t ions in B o o k X I . 
are near ly all dupl ica ted , one b e i n g the figure o f Euc l id , the other an 
a r rangemen t o f pieces o f paper ( tr iangular , rec tangular etc.) pas ted at 
the edges on to the p a g e o f the b o o k so that the pieces can be turned 
up and m a d e to show the real form o f the solid figures represented. 

B i l l i ngs l ey w a s admi t t ed L a d y Marga re t Scho la r o f S t John's 
C o l l e g e , C a m b r i d g e , in 1551, and he is also said to have studied at 
O x f o r d , bu t he d id not t a k e a deg ree at ei ther Univers i ty . H e was 
af terwards appren t iced to a L o n d o n haberdasher and rap id ly b e c a m e 
a w e a l t h y merchant . Sheriff o f L o n d o n in 1584, he w a s elected L o r d 
M a y o r on 31s t D e c e m b e r , 1596, on the death , du r ing his y e a r o f office, 
o f S i r T h o m a s Skinner . F r o m 1589 he w a s one of the Queen ' s four 
" c u s t o m e r s , " or farmers o f cus toms, o f the port o f L o n d o n . In 1391 
he founded three scholarships a t S t John's C o l l e g e for poor students, 
and g a v e to the C o l l e g e for their main tenance t w o messuages and 
t enemen t s in T o w e r S t r ee t and in M a r k L a n e , A l l h a l l o w s , Bark ing . 
H e died in 1606. 

1 6 5 1 . Elements of Geometry. The first V I Boocks: In a compen
dious form contracted and demonstrated b y Cap ta in T h o m a s R u d d , with 
the mathemat ica l l preface o f John D e e ( L o n d o n ) . 

1660. T h e first E n g l i s h edi t ion o f Bar row 's Euc l id (published in 
La t in in 1655) , appeared in L o n d o n . I t conta ined " t h e whole fifteen 
b o o k s c o m p e n d i o u s l y d e m o n s t r a t e d " ; several edi t ions fol lowed, in 
1705, 1722, 1732 , 1 7 5 1 . 

1661 . Euclids Elements of Geometry, with a supplement of divers 
Propositions and Corollaries. To which is added a Treatise of regular 
Solids by Campane and Flussat; likewise Euclid's Data and Marinus 
his Preface. Also a Treatise of the Divisions of Superficies, ascribed to 
Machomet Bagdedine, but published by Commandine at the request of 
J. Dee of London. Publ i shed b y care and industry o f John L e e k e and 
G e o . Ser le , s tudents in the Math . (London) . A c c o r d i n g to Pot t s this 
w a s a second edit ion of Bi l l ings ley ' s translation. 

1685. W i l l i a m Ha l i f ax ' s version o f Decha l e s ' " E l e m e n t s o f E u c l i d 
e x p l a i n e d in a new but mos t e a sy method " ( L o n d o n and O x f o r d ) . 

1705. The English Euclide; being the first six Elements of 
Geometry, translated out of the Greek, with annotations and usefull 
supplements by E d m u n d S c a r b u r g h (Oxfo rd ) . A no tewor thy and 
useful edi t ion. 

1708. B o o k s I . — V I . , X I . , X I I . , t rans la ted from C o m m a n d i n u s ' L a t i n 
version b y D r John K e i l l , Sav i l i an Professor of A s t r o n o m y at O x f o r d . 

K e i l l compla ins in his preface of the omiss ions b y such editors as 
T a c q u e t and D e c h a l e s o f m a n y necessary proposi t ions (e.g. V I . 27—29) , 
and o f their subst i tut ion o f proofs of their o w n for Eucl id ' s . H e praises 
Bar row ' s version on the whole, t h o u g h ob jec t ing to the " a l g e b r a i c a l " 



form of proof adop ted in B o o k l l „ and to the e x c e s s i v e use o f no tes 
and symbol s , wh ich (he considers) m a k e the proofs too short and 
thereby o b s c u r e ; his edi t ion was therefore in tended to hit a proper 
mean be tween Bar row's e x c e s s i v e brev i ty and C l a v i u s ' p ro l ix i ty . 

Ke i l l ' s t ranslation was revised b y S a m u e l C u n n and several t imes 
reissued. 1749 saw the e ighth edit ion, 1772 the e leventh , and 1782 
the twelfth. 

1 7 1 4 . W . Whi s ton ' s E n g l i s h version ( ab r idged) o f The Elements 
of Euclid with select theorems out of Archimedes by the learned Andr. 
Tacquet. 

1756. S imson ' s first E n g l i s h edit ion appeared in the s a m e y e a r as 
his La t in version under the t i t l e : 

The Elements of Euclid, viz. the first six Books together with 
the eleventh and twelfth. In this Edition the Errors by which 
Theon or others have long ago vitiated these Books are corrected and 
some of Euclid's Demonstrations are restored. B y R o b e r t S i m s o n 
( G l a s g o w ) . 

A s above stated, the L a t i n edit ion, b y i ts title, purports to be " e x 
versione latina Feder ic i C o m m a n d i n i , " but to the La t in edition, as wel l 
as to the Eng l i sh edit ions, are appended 

Notes Critical and Geometrical; containing an Account of those 
things in which this Edition differs from the Greek text; and the 
Reasons of the Alterations which have been made. As also Obser
vations on some of the Propositions. 

Simson says in the Preface to s o m e edi t ions (e.g. the tenth, o f 
1799) that " the translation is m u c h amended b y the friendly assis tance 
o f a learned gent leman." 

S imson ' s version and his notes are so wel l k n o w n as not t o need 
a n y further descript ion. T h e book wen t th rough s o m e thi r ty suc
cessive editions. T h e first five appear to h a v e been da ted 1756, 1762 , 
1767, 1772 and 1775 respec t ive ly ; the tenth 1799, the thir teenth 1806, 
the twenty- third 1830, the twenty-four th 1834, the t w e n t y - s i x t h 1844. 
T h e Data " in l ike manner corrected " w a s added for the first t ime in 
the edit ion o f 1762 ( the first oc t avo edit ion). 

1 7 8 1 , 1788. In these y e a r s respect ive ly appeared the t w o vo lumes 
conta in ing the comple te translation o f the who le thirteen B o o k s b y 
James Wi l l i amson , the last E n g l i s h t ranslat ion which reproduced 
Euc l id word for word. T h e tit le is 

The Elements of Euclid, with Dissertations intended to assist 
and encourage a critical examination of these Elements, as the most 
effectual means of establishing a juster taste upon mathematical 
subjects than that which at present prevails. B y James W i l l i a m s o n . 

In the first v o l u m e ( O x f o r d , 1 7 8 1 ) he is descr ibed as " M . A . 
Fe l l ow of Hertford Co l l ege , " and in the second ( L o n d o n , printed b y 
T . Spi lsbury, 1788) as " B . D . " s imply . B o o k s v., V I . wi th the C o n 
clusion in the first v o l u m e are p a g e d separa te ly from the rest. 

1781 . An examination of the first six Books of Euclid's Elements, 
b y Wi l l i am A u s t i n ( L o n d o n ) . 

1795. John Playfa i r ' s first edit ion, con ta in ing " the first s i x B o o k s 
o f Euc l id wi th t w o B o o k s on the G e o m e t r y o f Sol ids . " T h e b o o k 



reached a fifth edi t ion in 1819 , an e igh th in 1831 , a ninth in 1836, and 
a ten th in 1846. 

1826. R icca rd i notes under this date Euclid's Elements of Geo
metry containing the whole twelve Books translated i?ito English, from the 
edition of Peyrard, b y G e o r g e Phil l ips. T h e editor, w h o was President 
o f Q u e e n s ' C o l l e g e , C a m b r i d g e , 1 8 5 7 - 1 8 9 2 , was born in 1804 and 
matr icula ted at Q u e e n s ' in 1826, so that he must have published the 
b o o k as an undergraduate . 

1828. A v e r y va luab le edit ion o f the first s i x B o o k s is that o f 
D i o n y s i u s Lardner , wi th c o m m e n t a r y and geomet r ica l exerc ises , to 
wh ich he added , in p lace o f B o o k s XI. , XII., a Trea t i se on Sol id 
G e o m e t r y mos t ly based on Legendre . L a r d n e r compresses the pro
posi t ions b y c o m b i n i n g the enunciat ion and the set t ing-out , and he 
g ives a vas t n u m b e r o f riders and addi t ional proposi t ions in smaller 
print. T h e book had reached a ninth edi t ion b y 1846, and an eleventh 
b y 1855. A m o n g other th ings , L a r d n e r g ives an A p p e n d i x " o n the 
theory o f paral le l lines," in which he g ives a short his tory o f the 
a t t emp t s to g e t o v e r the difficulty o f the paral le l -postula te , down to 
tha t o f L e g e n d r e . 

1833. T . Per rone t T h o m p s o n ' s Geometry without axioms, or the 
first Book of Euclid's Elements with alterations and notes; and an 
intercalary book in which the straight line and plane are derived from 
properties of the sphere, with an appendix containing notices of methods 
proposed for getting over the difficulty in the twelfth axiom of Euclid. 

T h o m p s o n ( 1 7 8 3 - 1 8 6 9 ) was 7 th wrang le r 1802, midshipman 1803, 
F e l l o w o f Q u e e n s ' C o l l e g e , C a m b r i d g e , 1804, and afterwards general 
and poli t ician. T h e book went through several edit ions, but, hav ing 
been we l l t ranslated into F r e n c h b y V a n T e n a c , is said to have 
rece ived more recogni t ion in F r a n c e than at home. 

1845. R o b e r t Po t t s ' first edition (and one o f the best) en t i t l ed : 
Euclid's Elements of Geometry chiefly from the text of 

Dr Simson with explanatory notes...to which is prefixed an 
introduction containing a brief outline of the History of Geometry. 
Designed for tlie use of the higher forms in Public Schools and 
students in the Universities ( C a m b r i d g e Univers i ty Press, and 
L o n d o n , John W . Parker ) , to which was added (1847) An 
Appendix to the larger edition of Euclid's Elements of Geometry, 
containing additional notes on the Elements, a short tract on trans
versals, and hints for the solution of the problems etc. 

1862. Todhun te r ' s edit ion. 
T h e later E n g l i s h edi t ions I wil l not a t t empt to e n u m e r a t e ; their 

n a m e is legion and their ob jec t m o s t l y that of adap t ing Euc l id for school 
use, wi th a l l poss ible g rada t ions o f depar ture from his t e x t and order. 

I X . S P A N I S H . 
1576 . T h e first s i x B o o k s t ranslated into Span i sh b y R o d r i g o 

Camorano, 
1637. T h e first s i x B o o k s translated, wi th notes, b y L . Carduchi . 
1689. B o o k s I .—VI . , X L , X I L , t ranslated and e x p l a i n e d b y Jacob 

K n e s a . 



X . R U S S I A N . 

1739. Ivan As t a ro f f ( translat ion from La t in ) . 
1789. Pr. S u v o r o f f a n d Y o s . N ik i t in ( translat ion from G r e e k ) . 
1880. V a c h t c h e n k o - Z a k h a r t c h e n k o . 
( 1 8 1 7 . A translat ion into Pol ish b y Jo. C z e c h a . ) 

X I . S W E D I S H . 

1744. Mar t en St romer , the first s i x B o o k s ; second edi t ion 1748 . 
T h e third edit ion ( 1 7 5 3 ) conta ined B o o k s X I . — X I I . as w e l l ; new 
edit ions cont inued to appear till 1884. 

1836. H . Fa lk , the first s i x B o o k s . 
1844, 1845, 1859. P. R . Brakenh je lm, B o o k s I .—VI. , XI., XII . 
1850. F. A . A . L u n d g r e n . 
1850. H . A . W i t t and M. E . A r e s k o n g , B o o k s 1.—vi. , XI., XII, 

X I I . D A N I S H . 

1745. Ernes t Go t t l i eb Z i e g e n b a l g . 
1803. H . C. L inde rup , B o o k s I . — V I . 

X I I I . M O D E R N G R E E K . 

1820. Ben jamin o f L e s b o s . 

I should add a reference to certain ed i t ions which h a v e appeared 
in recent years . 

A Dan i sh translat ion (Euklid's Elementer oversa t a f T h y r a E i b e ) 
was comple ted in 1912 ; B o o k s I .—II. were publ ished (wi th an Intro
duction b y Zeu then) in 1897, B o o k s I I I .—IV. in 1900, B o o k s v . — V I . 
in 1904, B o o k s V I I . — X I I I . in 1 9 1 2 . 

T h e Ital ians, whose grea t services to e l e m e n t a r y g e o m e t r y are 
more than once emphas i sed in this work , h a v e la te ly shown a note
wor thy disposit ion to m a k e the ipsissitna verba o f Euc l id once more 
the object o f s tudy. G iovann i V a c c a has edi ted the t e x t o f B o o k I. 
(// primo libro degli Elementi. T e s t o greco , vers ione italiana, intro-
duzione e note, F i renze 1916 . ) F e d e r i g o Enr iques has b e g u n the 
publicat ion o f a comple te I ta l ian translation (GH Elementi d' Euclide 
e la critica antica e moderna); B o o k s I .—IV. appeared in 1925 ( A l b e r t o 
S tock , R o m a ) . 

A n edit ion o f B o o k I. b y the present writer w a s published in 1918 
(Euclid in Greek, Book I., with Introduction and Notes, C a m b . Un iv . 
Press). 



C H A P T E R IX. 

§ i . O N T H E N A T U R E O F ELEMENTS. 

I T wou ld not be easy to find a more lucid exp lana t ion o f the terms 
element and elementary, and o f the dist inct ion be tween them, than 
is found in Proc lus 1 , w h o is doubt less , here as so often, quo t ing 
from Geminus . T h e r e are, says Proclus, in the who le of geome t ry 
cer tain l ead ing theorems, bear ing to those which follow the relation o f 
a principle, a l l -pervading , and furnishing proofs o f m a n y properties. 
S u c h theorems are ca l led b y the n a m e o f elements; and their function 
m a y be compared to tha t o f the letters o f the a lphabet in relation to 
l anguage , letters be ing indeed ca l led b y the same name in Greek 
(o-TOt^eto). 

T h e term elementary, on the other hand, has a wider app l i ca t ion : 
it is appl icab le to things " which ex tend to greater mult ipl ic i ty , and, 
t h o u g h possess ing s impl ic i ty and e legance , have no longer the same 
d i g n i t y as the elements, because their invest igat ion is not o f general 
use in the who le o f the science, e.g. the proposi t ion tha t in tr iangles 
the perpendiculars from the angles to the t ransverse sides meet in a 
point." 

" A g a i n , the term element is used in t w o senses, as Menaechmus 
says . F o r that which is the means o f ob ta in ing is an e lement o f that 
wh ich is obta ined, as the first proposi t ion in Euc l id is o f the second, 
and the fourth o f the fifth. In this sense m a n y th ings m a y even be 
said to be e lements of each other, for they are obtained from one 
another. T h u s from the fact that the exter ior angles of rectil ineal 
figures are ( together) equal to four r ight angles we deduce the number 
o f r ight ang le s equal to the internal angles ( taken together ) 5 , and 
vice versa. S u c h an e lement is l ike a lemma. Bu t the term element is 
o therwise used o f that into which , be ing more simple, the compos i te is 
d iv ided ; and in this sense w e can no longer say that eve ry th ing is an 
e lement o f every th ing , but on ly that things which are more of the 
nature of pr inciples are e lements o f those which stand to them in the 
relation of results, as postula tes are e lements of theorems. It is 

1 P r o c l u s , Comm. on Eucl. I . , e d . F r i e d l e i n , p p . 7 * s q q . 
2 TO irXijdos TUV ivrbs dpdcus tow. I f the tex t is r igh t , w e mus t a p p a r e n t l y t a k e it a s " t h e 

n u m b e r o f the a n g l e s e q u a l to r igh t a n g l e s that there are i n s i d e , " i . e . tha t are m a d e u p b y 
the in te rna l a n g l e s . 
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according to this signification o f the term element that the e lements 
found in Euc l id were compi led , b e i n g par t ly those o f p lane geome t ry , 
and par t ly those o f s tereometry. In l ike manner m a n y wri ters h a v e 
drawn up e lementa ry treatises in ar i thmetic and as t ronomy. 

" N o w it is difficult, in each science, bo th to select and ar range in 
due order the e lements from which all the rest proceeds , and in to 
which all the rest is resolved. A n d o f those w h o h a v e m a d e the 
a t tempt some were able to put together more and some l e s s ; s o m e 
used shorter proofs, some e x t e n d e d their invest igat ion to a n indefinite 
length ; some avoided the method o f reductio ad absurdum, some 
avoided proportion; some contr ived pre l iminary s teps directed aga ins t 
those w h o reject the p r inc ip les ; and, in a word , m a n y different 
methods have been invented b y var ious writers o f e lements . 

" It is essential that such a treatise should be rid o f e v e r y t h i n g 
superfluous (for th is is an obstacle to the acquisi t ion o f k n o w l e d g e ) ; 
it should select eve ry th ing that embraces the subject and br ings it to 
a point (for this is o f supreme service to science) ; it must have grea t 
regard at once to clearness and conciseness (for their opposi tes t rouble 
our unders tanding) ; it must a im at the embrac ing o f theorems in 
general terms (for the p iecemeal division of instruction into the more 
partial makes k n o w l e d g e difficult to grasp) . In all these w a y s 
Euc l id ' s sys tem o f e lements will be found to be superior to the r e s t ; 
for its uti l i ty avai ls towards the invest igat ion of the pr imordia l 
figures1, its clearness and organic perfection are secured b y the 
progression from the more s imple to the more c o m p l e x and b y the 
foundation o f the invest igat ion upon c o m m o n notions, whi le gene ra l i ty 
of demonstrat ion is secured b y the progression th rough the theorems 
which are pr imary and o f the nature o f principles to the th ings sought . 
A s for the things which seem to be want ing , t h e y are par t ly to be 
discovered b y the same methods , l ike the construct ion o f the scalene 
and isosceles ( tr iangle), par t ly alien to the charac ter o f a select ion o f 
e lements as in t roducing hopeless and boundless c o m p l e x i t y , l ike the 
subject o f unordered irrationals which A p o l l o n i u s worked out a t 
length ' , and par t ly deve loped from th ings handed d o w n (in the 
e lements) as causes, l ike the m a n y species o f ang les and o f lines. 
T h e s e things then have been omit ted in Euc l id , t h o u g h they h a v e 
received full discussion in other works ; bu t the k n o w l e d g e o f them is 
derived from the s imple (elements) ." 

Proclus, speak ing apparen t ly on his o w n behalf, in another p lace 
dist inguishes two objects a imed at in Euc l id ' s Elements. T h e first 
has reference to the matter of the invest igat ion, and here, l ike a g o o d 
Platonist , he takes the who le subject o f g e o m e t r y to b e concerned 
with the " cosmic figures," the five regular solids, wh ich in B o o k X I I I . 

1 TW> dtoxiKu' <rxi/«ira>», b y w h i c h P r o c l u s p r o b a b l y m e a n s t he r egu la r p o l y h e d r a 
( T a n n e r y , p . 1 4 3 1 . ) . 

' W e h a v e n o m o r e t h a n t he mos t o b s c u r e i nd i ca t i ons o f the c h a r a c t e r o f th is w o r k in a n 
A r a b i c MS. ana ly sed b y W o e p c k e , Essai -d'une restitution de travaux ptrdus d'Apollonius 
sur les quanlitis irrationelles d'apres des indications tire'es cfun manuscrit arabe in Mtmoires 
prisenUs a tacadlihic des sciences, XIV. 6 5 8 — 7 5 0 , P a r i s , 1 8 5 6 . C f . C a n t o r , Gesch. d. Math. 
'a 1 PP. 3 4 8 — 9 : de ta i l s are a l so g i v e n in m y n o t e s to B o o k x . 



are constructed, inscribed in a sphere and compared with one another. 
T h e second object is relat ive to the learner; and, from this standpoint, 
the e lements m a y be descr ibed as " a means o f perfect ing the learner's 
unders tanding wi th reference to the who le o f geomet ry . For , s tar t ing 
from these (e lements) , w e shall be able to acquire k n o w l e d g e of the 
other par ts o f this science as well , whi le without them it is impossible 
for us t o g e t a g r a sp of so c o m p l e x a subject, and k n o w l e d g e of the 
rest is unat tainable. A s it is, the theorems which are most of the 
nature o f principles, most s imple, and most ak in to the first hypotheses 
are here col lec ted , in their appropr ia te o rde r ; and the proofs o f all 
o ther proposi t ions use these theorems as thoroughly well known, and 
start from them. T h u s A r c h i m e d e s in the b o o k s on the sphere and 
cyl inder , A p o l l o n i u s , and all other geomete rs , c lear ly use the theorems 
proved in this v e r y treatise as const i tu t ing admi t ted principles 1 ." 

Ar i s t o t l e too speaks of elements o f geome t ry in the same sense. 
T h u s : " in g e o m e t r y it is wel l t o be thoroughly versed in the 
e l e m e n t s 2 " ; " i n general the first o f the e lements are, g i v e n the 
definitions, e.g. o f a s t ra ight l ine and o f a circle, most easy to prove, 
a l though o f course there are not m a n y da ta tha t can be used to 
es tabl ish each o f them because there are not m a n y middle t e r m s ' " ; 
" a m o n g geomet r ica l proposi t ions w e cal l those ' e l e m e n t s ' the proofs o f 
w h i c h are conta ined in the proofs o f all or most o f such p ropos i t ions 4 " ; 
" (as in the case o f bodies) , so in l ike manner w e speak o f the e lements 
o f geomet r ica l proposi t ions and, general ly , o f demonst ra t ions ; for the 
demonst ra t ions which c o m e first and are conta ined in a var ie ty of 
other demonst ra t ions are ca l led e lements o f those demonst ra t ions . . . 
the term e lement is appl ied b y a n a l o g y to that which, be ing one and 
small , is useful for m a n y purposes ' . " 

§ 2. ELEMENTS A N T E R I O R T O E U C L I D ' S . 

T h e ea r ly part o f the famous s u m m a r y o f Proclus w a s no doubt 
d rawn , a t least indirect ly, from the history o f g e o m e t r y b y E u d e m u s ; 
this is gene ra l ly inferred from the remark, m a d e jus t after the mention 
o f Phi l ippus o f M e d m a , a disciple o f Pla to , that " t h o s e w h o have 
wri t ten histories b r ing the deve lopmen t o f this science up to this 
point ." W e h a v e therefore the best au thor i ty for the list o f writers of 
elements g iven in the summary . H ippoc ra t e s o f C h i o s (fl. in second 
ha l f o f 5th c.) is the first; then L e o n , who also d iscovered diorismi, 
put toge the r a more careful col lect ion, the proposi t ions proved in it 
be ing more numerous as wel l as more se rv iceab le 6 . L e o n w a s a little 
o lder than E u d o x u s (about 408-355 B . C . ) and a li t t le y o u n g e r than 
P l a t o ( 4 2 8 / 7 - 3 4 7 / 6 B . C . ) , bur H i d not b e l o n g to the latter 's school . T h e 

1 P r o c l u s , p p . 70, 1 9 — 7 1 , 2 1 . 
2 Topics v i n . 1 4 , 1 6 3 b 23 . 3 Topics VIII. 3, 158 b 35 . 4 Mclaph. 998 a 1 5 . 
5 Meiaph. 1 0 1 4 a 3 5 — b 5. 
6 P r o c l u s , p . 6 6 , 20 wore rbv \iovra icai TCL OT0C%€ia owduvax r $ re irXiJflei Kal xpc / a 

file:///iovra


CH. ix. §2] ELEMENTS A N T E R I O R T O E U C L I D ' S 117 

geometr ical t e x t - b o o k o f the A c a d e m y was wri t ten b y T h e u d i u s o f 
Magnesia , who, wi th A m y c l a s of Heraclea , M e n a e c h m u s the pupil o f 
E u d o x u s , Menaechmus ' brother Dinos t ra tus and A t h e n a e u s o f C y z i c u s 
consorted together in the A c a d e m y and carried on their invest igat ions 
in common. T h e u d i u s " put together the e lements admirably , m a k i n g 
many partial (or l imi ted) proposit ions more genera l 1 . " E u d e m u s 
mentions no t e x t - b o o k after that of T h e u d i u s , on ly a d d i n g that H e r -
mot imus of Co lophon "discovered m a n y o f the e lements 8 . " T h e u d i u s 
then must be taken to be the immedia te precursor o f Euc l id , and no 
doubt Euc l id made full use of T h e u d i u s as wel l as o f the discoveries o f 
Hermot imus and all other avai lable material . Na tu ra l l y it is not in 
Eucl id ' s Elements that we can find much l ight upon the state of the 
subject when he took it u p ; but w e have another source of informa
tion in Aris to t le . For tuna te ly for the historian o f mathemat ics , 
Ar is to t le was fond o f mathemat ica l i l lustrations ; he refers to a con
siderable number of geomet r ica l proposit ions, definitions etc., in a 
w a y which shows that his pupils must have had at hand some t e x t 
book where they could find the th ings he ment ions ; and this t e x t - b o o k 
must have been that of Theud ius . H e i b e r g has made a most va luab le 
collection of mathemat ica l ex t r ac t s from A r i s t o t l e 3 , from which much 
is to be gathered as to the changes which Euc l id made in the methods 
o f his predecessors ; and these passages , as wel l as others not inc luded 
in Heiberg ' s selection, wil l often be referred to in the sequel . 

§ 3 . F I R S T P R I N C I P L E S : D E F I N I T I O N S , P O S T U L A T E S , 
A N D A X I O M S . 

O n no part o f the subject does Ar i s t o t l e g i v e more va luab le 
information than on that o f the first pr inciples as, doubtless , genera l ly 
accepted at the t ime when he wrote. O n e long passage in the 
Posterior Analytics is par t icular ly full and lucid, and is wor th q u o t i n g 
in extenso. Af t e r l a y i n g it down that eve ry demons t ra t ive science 
starts from necessary pr inciples 4 , he p roceeds" : 

" B y first principles in each genus I mean those the truth o f which 
it is not possible to prove. W h a t is denoted b y the first ( terms) and 
those derived from them is assumed ; but, as regards their existence, 
this must be assumed for the principles but proved for the rest. T h u s 
wha t a unit is, what the straight ( l ine) is, or w ha t a t r iangle is (must 
be a s s u m e d ) ; and the ex i s tence o f the unit and o f magn i tude must 
also be assumed, but the rest must be proved. N o w o f the premisses 
used in demonstra t ive sciences some are pecul iar to each science and 
others common ( to all), the lat ter be ing c o m m o n b y ana logy , for o f 
course they are ac tua l ly useful in so far as they are appl ied to the sub
ject -mat ter included under the part icular science. Ins tances o f first 

1 P roc lu s , p . 67 , 14 KOX yip ra oroixua. g a X w s ovvtrdicv nal TroXXd rutv fitpuc&v [optKUP (?) 
F r i e d l e i n ] KadoXiKrfirepa tirolijircv. 

3 P r o c l u s , p . 67 , 22 r w ffToixetuv roXXd &v£vpe. 
3 Malhematisches zu Aristotdes in Abhandlungen zur Gesch. d. math. Wissenschaften, 

XVIII. He f t (1904) , p p . 1—49. 
' Anal. post. I. 6, 74 b 5. 5 ibid. I. 10 , 7 6 a 3 1 — 7 7 a 4. 



principles peculiar to a sc ience are the assumpt ions that a line is of 
such and such a character , and s imilar ly for the s traight ( l ine) ; whereas 
it is a c o m m o n principle , for instance, that, if equals be subtracted 
from equals, the remainders are equal . Bu t it is enough that each of 
the c o m m o n pr inciples is true so far as regards the particular genus 
( sub jec t -mat te r ) ; for (in g e o m e t r y ) the effect wil l be the same even if 
the c o m m o n pr inciple be assumed to b e true, not o f everything, but 
o n l y o f magni tudes , and, in ari thmetic, o f numbers . 

" N o w the th ings peculiar to the science, the ex i s tence o f which 
mus t be assumed, are the th ings wi th reference to which the science 
inves t iga tes the essential at tr ibutes, e.g. ar i thmetic with reference to 
units, and g e o m e t r y with reference to points and l ; nes . W i t h these 
th ings it is assumed that they ex i s t and that they are o f such and 
such a nature. But , with regard to their essential properties, what is 
a ssumed is o n l y the mean ing of each term e m p l o y e d : thus ari thmetic 
assumes the answer to the quest ion wha t is (meant b y ) ' o d d ' or 
' e v e n , ' ' a s q u a r e ' or ' a cube, ' and g e o m e t r y to the question 
w h a t is (mean t b y ) ' the i r ra t ional ' or ' deflection ' or ( the so-cal led) 
' v e r g i n g ' ( to a p o i n t ) ; but that there are such things is proved by 
m e a n s o f the c o m m o n principles and of wha t has already been 
demons t ra ted . S i m i l a r l y wi th as t ronomy. Fo r eve ry demonstra t ive 
sc ience has to d o with three things, ( 1 ) the th ings which are assumed 
to ex is t , n ame ly the genus (subject-mat ter) in each case, the essential 
propert ies o f wh ich the science invest igates , (2) the c o m m o n a x i o m s 
so-cal led, wh ich are the p r imary source o f demonstrat ion, and (3) the 
propert ies wi th regard to which all that is assumed is the meaning o f 
the respect ive te rms used. T h e r e is, however , no reason w h y some 
sciences should not omi t to speak o f one or other of these things. 
T h u s there need not be a n y supposi t ion as to the ex i s tence o f the 
genus , if it is manifest tha t it ex i s t s (for it is not equa l ly clear that 
number ex i s t s and that cold and hot e x i s t ) ; and, wi th regard to the 
propert ies, there need be no assumpt ion as to the mean ing o f terms if 
it is c l e a r : ju s t as in the c o m m o n ( ax ioms ) there is no assumption as 
t o w h a t is t he m e a n i n g of subt rac t ing equals from equals, because it is 
we l l k n o w n . B u t none the less is it true that there are three things 
natura l ly dist inct , the subject -mat ter o f the proof, the th ings proved, 
and the ( a x i o m s ) from wh ich (the proof starts). 

" N o w that which is per se necessar i ly true, and must necessari ly be 
though t so, is not a hypo thes i s nor y e t a postulate. Fo r demon
strat ion has not to d o wi th reasoning from outside but wi th the 
reason dwe l l i ng in the soul , j u s t as is the case with the sy l log i sm. 
I t is a l w a y s possible to raise object ion to reasoning from outside, 
bu t to cont radic t the reason within us is not a l w a y s possible. N o w 
a n y t h i n g that the teacher assumes, t hough it is mat te r o f proof, 
w i thou t p r o v i n g it himself, is a hypothes i s if the th ing assumed is 
be l ieved b y the learner, and it is moreover a hypothes is , not abso
lutely, bu t re la t ive ly to the part icular pup i l ; but, if the same thing 
is a s sumed when the learner ei ther has no opinion on the subject 
or is o f a con t ra ry opinion, it is a postulate. T h i s is the difference 



between a hypothes is and a p o s t u l a t e ; for a pos tu la te is that wh ich 
is rather cont rary than otherwise to the opinion o f the learner, or 
whatever is assumed and used wi thout be ing proved, a l though mat te r 
for demonstrat ion. N o w definitions are not hypotheses , for they d o 
not assert the ex i s t ence or non-ex i s t ence o f any th ing , whi le hypo theses 
are a m o n g proposit ions. Defini t ions o n l y require to be unde r s tood : 
a definition is therefore not a hypothes i s , unless indeed it be asserted 
that a n y audible speech is a hypothes i s . A hypothes i s is tha t from 
the truth o f which , if assumed, a conclusion can be establ ished. N o r 
are the geometer ' s hypotheses false, as some have said : I mean those 
who say t h a t ' y o u should not m a k e use o f wha t is false, and y e t the 
geomete r falsely cal ls the line which he has drawn a foot l o n g when 
it is not, or straight when it is not straight. ' T h e g e o m e t e r bases no 
conclusion on the part icular line which he has drawn be ing tha t which 
he has described, but (he refers to) wha t is illustrated b y the figures. 
Further, the postulate and eve ry hypothes is are either universal or 
particular s t a t e m e n t s ; definitions are ne i the r" (because the subject 
is of equal ex t en t wi th wha t is predicated o f it). 

E v e r y demons t ra t ive science, s a y s Ar i s to t le , must s tart from in
demonstrable pr inciples : otherwise, the s teps o f demonst ra t ion wou ld 
be endless. O f these indemonst rable pr inciples some are (a) c o m m o n 
to all sciences, others are (d) part icular , or pecul iar to the par t icular 
s c i ence ; (a) the c o m m o n principles are the axioms, mos t c o m m o n l y 
illustrated b y the a x i o m that, if equals be subtrac ted from equals , the 
remainders are equal . C o m i n g now to (b) the principles pecul iar to 
the part icular sc ience which must be assumed, we have first the genus 
or subject-matter , the existence o f which mus t be assumed, v i z . m a g n i 
tude in the case o f geomet ry , the unit in the case o f ar i thmet ic . U n d e r 
this w e must assume definitions o f manifes ta t ions or a t t r ibutes o f the 
genus , e g . s t ra ight lines, t r iangles, deflection etc. T h e definition in 
itself s ays no th ing as to the ex i s t ence o f the th ing def ined : it o n l y 
requires to be understood. B u t in g e o m e t r y , in addi t ion to the genus 
and the definitions, w e have to assume the existence o f a few primary 
th ings which are defined, v iz . points and lines o n l y : the ex i s t ence 
o f eve ry th ing else, e.g. the var ious figures made up o f these, as 
triangles, squares, tangents , and their properties, e.g. incommensur 
abi l i ty etc., has to be proved (as it is p roved b y construct ion arid 
demonstrat ion) . In ar i thmetic we assume the existence o f the unit: 
but, as regards the rest, on ly the definitions, e.g. those o f odd , even, 
square, cube, are assumed, and existence has to he proved. W e h a v e then 
clearly dis t inguished, a m o n g the indemons t rab le principles, axioms 
and definitions. A postulate is also dis t inguished from a hypothesis, 
the latter be ing made wi th the assent o f the learner, the former 
wi thout such assent or even in opposi t ion to his opinion ( though, 
s t rangely enough, immedia t e ly after s a y i n g this, Ar i s to t l e g i v e s a 
wider mean ing to "pos tu la te" which would cover " h y p o t h e s i s " as wel l , 
namely wha tever is assumed, though it is mat ter for proof, and used 
without be ing proved) . He ibe rg remarks that there is no trace in 
Ar i s to t l e o f Euc l id ' s Postula tes , and that " pos tu la te" in Ar i s t o t l e has 



a different meaning . H e seems to base this on the al ternat ive 
descr ipt ion o f postulate , indis t inguishable from a h y p o t h e s i s ; but, 
if w e t a k e the other descript ion in which it is dis t inguished from a 
hypo thes i s a s be ing an assumpt ion o f someth ing which is a proper 
subject o f demonst ra t ion wi thout the assent or agains t the opinion of 
the learner, it seems to fit Euc l id ' s Pos tu la tes fairly wel l , not only the 
first three (pos tu la t ing three construct ions) , but eminent ly also the other 
two , that all right ang les are equal , and that two straight lines meet ing 
a third and m a k i n g the internal ang les on the same side o f it less than 
two r ight angles will mee t on that side. Ar is to t le ' s description also 
seems to m e to suit the " postula tes " wi th which A r c h i m e d e s begins 
his book On the equilibrium of planes, n ame ly that equal we igh t s balance 
at equal distances, and that equal we igh t s at unequal dis tances do not 
ba l ance but tha t the w e i g h t at the longer d is tance will prevail . 

Ar i s to t l e ' s dist inct ion also be tween hypothesis and definition, and 
be tween hypothesis and axiom, is c lear from the fol lowing p a s s a g e : 
" A m o n g immedia t e sy l log is t ic principles, I call that a thesis which-
it is neither poss ible t o prove nor essential for a n y one to hold who 
is to learn a n y t h i n g ; but tha t wh ich it is necessary for any one to 
hold w h o is to learn a n y t h i n g wha teve r is an axiom : for there are 
some principles of this k ind, and tha t is the mos t usual name b y 
wh ich w e speak o f them. Bu t , o f theses, one kind is that which 
assumes one or Other s ide o f a predicat ion, as, for instance, that 
s o m e t h i n g ex i s t s or does not ex is t , and this is a hypothesis; the other, 
wh ich m a k e s no such assumpt ion , is a definition. F o r a definition is 
a t h e s i s : thus the ar i thmet ic ian posits (rlderai) that a unit is that 
wh ich is indivisible in respect o f q u a n t i t y ; but this is not a hypo
thesis, s ince w h a t is mean t b y a unit and the fact that a unit ex i s t s 
are different th ings 1 . " 

Ar i s t o t l e uses as an al ternat ive term for a x i o m s " c o m m o n (things)," 
r a xoivd, or " c o m m o n o p i n i o n s " (xoival Sojjai), as in the fol lowing 
passages . " T h a t , when equals are taken from equals , the remainders 
are equa l is (a) c o m m o n (principle) in the case o f all quantit ies, but 
ma thema t i c s t akes a separate depar tment (awoXafiovaa) and directs its 
inves t iga t ion to some port ion o f its proper subject-matter , as e.g. lines 
or angles , numbers , or a n y o f the other quant i t ies ' ." " T h e c o m m o n 
(principles) , e.g. that one o f two contradictor ies must be true, tha t 
equals t aken from equals etc., and the l i k e 3 " " W i t h regard to the 
pr inciples of demonstra t ion, it is quest ionable whether they be long to 
one sc ience or to several . B y principles o f demonstra t ion I mean the 
common opinions from wh ich all demonst ra t ion proceeds, e.g. tha t one 
o f two contradictor ies mus t be true, and that it is impossible for the 
s a m e th ing to b e and not be 4 . " S imi l a r ly " eve ry demonst ra t ive 
(science) invest igates , with regard to some subject-matter , the essential 
at t r ibutes, s tar t ing from the common opinions'." W e have then here, 
as H e i b e r g says , a sufficient exp lana t ion o f Euc l id ' s term for ax ioms , 

1 Anal. post. I. 2 , 72 a 1 4 — 2 4 . 8 Metaph. 1061 b 1 9 — 2 4 . 
8 Anal.post. I. I I , 77 a 30. 4 Metaph. 996 b 2 6 — 3 0 . 
8 Metaph. 997 a 2 0 — 2 2 . 



viz. common notions (KOIVCU evvoiai), and there is no reason to suppose 
it to be a substi tut ion for the original term due to the S t o i c s : cf. 
Proclus' remark that, accord ing to Ar i s to t l e and the geomete r s , a x i o m 
and c o m m o n notion are the same thing*. 

Ar i s to t l e discusses the indemonstrable charac ter o f the a x i o m s 
in the Metaphysics. S ince " all the demons t ra t ive sc iences use the 
a x i o m s 2 , " the quest ion arises, to wha t sc ience does their discussion 
b e l o n g 3 ? T h e answer is that, l ike that o f B e i n g (ova-La), it is the 
province o f the (first) phi losopher 4 . I t is impossible that there should 
be demonstrat ion o f every th ing , as there would be an infinite series o f 
demons t ra t ions : if the a x i o m s were the subject o f a demons t ra t ive 
science, there would have to be here too, as in other demons t ra t ive 
sciences, a subject-genus, its attributes and cor responding axioms'; thus 
there would be a x i o m s behind a x i o m s , and so on cont inual ly . T h e 
a x i o m is the most firmly established o f all principles". I t is ignorance 
alone that could lead a n y one to t ry to prove the a x i o m s ' ; the supposed 
proof would be a petitio principii'. I f it is admi t ted tha t not eve ry 
thing can be proved, no one can point to a n y principle more t ruly 
indemonstrable". I f a n y one thought he could p rove them, he could 
at once be refuted ; if he did not a t t empt to s a y any th ing , it would 
be ridiculous to a rgue wi th him : he would be no bet ter than a 
vege tab le 1 0 . T h e first condi t ion o f the possibi l i ty o f a n y a rgumen t 
wha tever is that words should signify some th ing both to the speake r 
and to the hearer: wi thout this there can be no reasoning with a n y one. 
A n d , if a n y one admi ts that words can mean a n y t h i n g t o both hearer 
and speaker , he admi ts that some th ing can b e true wi thout d e m o n 
stration. A n d so o n " . 

It was necessary to g i v e some ske tch o f Ar i s to t l e ' s v iew o f the 
first principles, if on ly in connex ion wi th Proc lus ' account , wh ich is 
as follows. A s in the case o f other sciences, so " the compi le r o f 
e lements in g e o m e t r y must g i v e separa te ly the pr inciples o f the 
science, and after that the conclusions from those principles, not 
g iv ing any account o f the principles but o n l y o f their consequences . 
N o science proves its o w n principles, or even discourses about them : 
they are treated as self-evident T h u s the first essential w a s to dis
tinguish the principles from their consequences . E u c l i d carries ou t 
this plan prac t ica l ly in every book and, as a pre l iminary to the w h o l e 
enquiry, sets out the c o m m o n principles o f this science. T h e n he 
divides the c o m m o n principles themselves into hypotheses, postulates, 
and axioms. F o r all these are different from one a n o t h e r : an a x i o m , 
a postulate and a hypothes i s are not the same thing, as the inspired 
Ar is to t le somewhere says . But , wheneve r that wh ich is assumed and 
ranked as a principle is both k n o w n to the learner and conv inc ing in 
itself, such a th ing is an axiom, e.g. the s ta tement that th ings wh ich 
are equal to the same th ing are also equal to one another. W h e n , on 

1 P r o c l u s , p . 194, 8. 2 Metaph. 997 a 10 . 
8 ibid. 996 b 26. 4 ibid. 1005 a 21—b I I . 8 ibid. 997 a 5 — 8 . 
6 ibid. 1005 b 1 1 — 1 7 .

 7 ibid. 1006 a 5. 8 ibid. 1006 a 1 7 . 
9 ibid. 1 0 0 6 a 10. 1 0 ibid. 1 0 0 6 a 1 1 — 1 5 . 1 1 ibid. 1 0 0 6 a i 8 s q q . 



the o ther hand, the pupi l has not the notion o f wha t is told him 
which carr ies conv ic t ion in itself, bu t nevertheless l ays it d o w n and 
assents to its b e i n g assumed, such an assumption is a hypothesis. 
T h u s w e d o no t preconce ive b y vir tue o f a c o m m o n notion, and 
wi thou t be ing taught , that the circle is such and such a figure, but, 
w h e n w e are told so, w e assent wi thout demonstra t ion. W h e n aga in 
wha t is asserted is bo th u n k n o w n and assumed even without the 
assent o f the learner, then, he says , w e call this a postulate, e.g. that 
all r ight ang les are equal . T h i s v iew o f a postulate is c lear ly implied 
by those w h o have m a d e a special and sys temat i c a t t empt to show, 
wi th regard to one o f the postulates, that it cannot be assented to b y 
a n y one s t ra ight off. A c c o r d i n g then to the teach ing o f Ar is to t le , an 
a x i o m , a postula te and a hypothes i s are thus dis t inguished 1 . " 

W e observe, first, that Proclus in this passage confuses hypotlieses 
and definitions, a l t hough Ar i s to t l e had made the dist inction quite 
plain. T h e confusion m a y be due t o his hav ing in his mind a passage 
o f P l a t o from which he ev iden t ly go t the phrase about " not g i v i n g 
an accoun t o f " the principles. T h e passage i s " : " I think y o u k n o w 
that those w h o treat o f geomet r ies and calcula t ions (ar i thmetic) and 
such th ings t ake for gran ted (yKodkjxwot) odd and even, figures, 
ang les o f three kinds , and other th ings akin to these in each subject, 
i m p l y i n g that they k n o w these th ings , and, though using them as 
hypo theses , d o not even condescend to g i v e any account of them 
either to themse lves or to others, bu t begin from these th ings and 
then g o th rough e v e r y t h i n g else in order, arr iving ul t imate ly , b y 
recognised methods , a t the conclus ion which t hey started in search 
of." B u t the hypo thes i s is here the assumpt ion , e.g. ' that there may 
be such a thing as length wi thout breadth, henceforward cal led a line*,' 
and so on, wi thou t a n y a t t empt to show that there is such a t h i n g ; 
it is ment ioned in c o n n e x i o n wi th the dis t inct ion be tween Plato 's 
' super io r ' and ' infer ior ' intel lectual method, the former of wh ich 
uses success ive hypo theses as s tepping-s tones b y which it mounts 
upwards to the idea of G o o d . 

W e pass now to Proclus ' account o f the difference between postu
lates and axioms. H e begins wi th the v iew of Geminus , accord ing 
to which " t hey differ from one another in the same w a y as theorems 
are also dis t inguished from problems. For , as in theorems we propose 
to see and de te rmine what fol lows on the premisses, whi le in problems 
w e are told to find and d o something , in l ike manner in the axioms 
such th ings are assumed as are manifest o f themselves and eas i ly 
apprehended b y our un taugh t notions, whi le in the postulates w e 
assume such th ings as are ea sy to find and effect (our unders tanding 
suffering no strain in their assumpt ion) , and w e require no compl ica t ion 
o f mach ine ry 4 . " . . . " B o t h must h a v e the characteris t ic o f b e i n g s imple 

1 P r o c l u s , p p . 7 5 , i o — 7 7 , 1. 
2 Republic, v i . 5 1 0 c . C f . A r i s t o t l e , Nic. Eth. 1 1 5 1 a 1 7 . 
8 H . J a c k s o n , Journal of Philology, v o l . x . p . 1 4 4 . 
4 P r o c l u s , p p . 1 7 8 , 1 2 — 1 7 9 , 8. In i l lus t ra t ion P r o c l u s con t ras t s the d r a w i n g o f a s t ra ight 
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and readily grasped, I mean both the postu la te and the a x i o m ; bu t 
the postulate bids us contr ive and find s o m e subjec t -mat ter (v\rf) to 
exhibi t a proper ty s imple and easi ly grasped , whi le the a x i o m bids us 
assert some essential at t r ibute which is self-evident to the learner, 
jus t as is the fact that fire is hot, or a n y o f the most obv ious t h ings 1 . " 

A g a i n , s ays Proclus , " some c la im that all these th ings are a l ike 
postulates, in the same w a y as some maintain tha t all th ings that are 
sought are problems. F o r A r c h i m e d e s beg ins his first book on / « -
equilibrium2 wi th the remark ' I pos tu la te that equal we igh t s a t equal 
dis tances are in equilibrium,' though one would rather cal l this an 
a x i o m . Othe r s call them all a x i o m s in the s a m e w a y as s o m e regard 
as theorems eve ry th ing that requires demons t ra t ion 8 . " 

" Others again will s ay that postula tes are pecul ia r to geomet r i ca l 
subject-matter, whi le a x i o m s are c o m m o n to all inves t igat ion which 
is concerned with quan t i ty and magni tude . T h u s it is the g e o m e t e r 
who knows that all r ight ang les are equal and h o w to p roduce in 
a straight line a n y l imited s t ra ight line, whereas it is a Common not ion 
that things which are equal to the s a m e th ing are also equal to one 
another, and it is e m p l o y e d b y the ar i thmetic ian and a n y scientific 
person who adapts the general s ta tement to his o w n subject 4 . " 

T h e third v iew of the dist inct ion be tween a pos tu la te and ah a x i o m 
is that o f Ar i s to t l e above descr ibed 6 . 

T h e difficulties in the w a y o f reconci l ing Euc l id ' s classification 
o f postulates and a x i o m s with a n y one o f the three a l ternat ive v i ews 
are n e x t dwe l t upon. If w e accep t the first v iew a c c o r d i n g to wh ich 
an a x i o m has reference to some th ing k n o w n , and a pos tu la te to 
someth ing done, then the 4th pos tu la te ( that all r ight ang les are 
equal) is not a pos tu l a t e ; neither is the 5th which states that, if a 
straight line falling on two stra ight lines m a k e s the interior ang le s 
on the same side less than t w o right ang les , the s t ra ight lines, if 
produced indefinitely, will meet on that side on wh ich are the ang le s 
less than two right angles . O n the second v iew, the assumpt ion tha t 
two s t ra ight lines cannot enclose a space , " w h i c h even now," s a y s 
Proclus, " some add as an a x i o m , " and which is pecul iar to the 
subject-matter of geomet ry , l ike the fact tha t all r igh t ang le s are 
equal , is not an a x i o m . A c c o r d i n g to the third (Ar i s to t e l i an ) v iew, 
" e v e r y t h i n g which is confirmed (•mo-TovTai) b y a sort o f demons t ra t ion 

spira l r equ i r ing m o r e c o m p l e x m a c h i n e r y a n d e v e n the equ i l a t e r a l t r i ang l e n e e d i n g a ce r t a in 
m e t h o d . " F o r the g e o m e t r i c a l i n t e l l i g e n c e w i l l s ay tha t h y c o n c e i v i n g a s t r a igh t l i n e fixed 
at o n e end but , a s r ega rds the o t h e r e n d , m o v i n g round the fixed e n d , a n d a po in t m o v i n g 
a l o n g the s t ra igh t l ine from the fixed e n d , I h a v e d e s c r i b e d t he s ing le - tu rn s p i r a l ; for t he 
e n d o f the s t ra igh t l ine d e s c r i b i n g a c i r c l e , a n d the po in t m o v i n g o n the s t r a igh t l i ne s i m u l 
t aneous ly , w h e n they a r r i ve and m e e t a t t he s a m e po in t , c o m p l e t e s u c h a s p i r a l . A n d a g a i n , 
i f I d r a w equa l c i r c l e s , j o i n their c o m m o n po in t to t he c e n t r e s o f the c i r c l e s a n d d r a w a 
s t ra igh t l ine from o n e o f t he cen t res to t he o t h e r , I sha l l h a v e t h e e q u i l a t e r a l t r i a n g l e . 
T h e s e th ings then a re far f rom b e i n g c o m p l e t e d b y m e a n s o f a s i n g l e a c t o r o f a m o m e n t ' s 
t h o u g h t " (p . 180, 8 — 1 1 ) . 

1 P r o c l u s , p . 1 8 1 , 4 — 1 1 . 
8 I t is necessa ry to coin a w o r d t o r ende r dvuroppoiriuw, w h i c h i s m o r e o v e r in the p l u r a l . 

T h e t i t le o f the t reat ise as w e h a v e it is Equilibria of planes or centres of gravity of planes in 
B o o k 1 and Equilibria of planes in B o o k I I . 

8 P r o c l u s , p . 1 8 1 , 1 6 — 2 3 . 4 Md. p . 1 8 1 , 6 — 1 4 . 5 P P - " 8 , 1 1 9 . 



I N T R O D U C T I O N [CH. IX. § 3 

wi l l be a postulate , and wha t is incapable of proof will be an a x i o m 1 . " 
T h i s last s t a tement o f Proclus is loose, as regards the a x i o m , because 
it omi t s Ar i s to t l e ' s requirement that the a x i o m should be a self-
ev ident truth, and one that must be admi t ted b y a n y one who is to 
learn a n y t h i n g at all, and, as regards the postulate , because Ar is to t le 
ca l l s a pos tu la te some th ing assumed wi thout proof though it is 
" mat ter o f demonst ra t ion " (aTroSeiKTov 6v), but says nothing o f a 
y « ( 7 j / - d e m o n s t r a t i o n o f the postulates . O n the whole I think it is 
from Ar i s to t l e tha t w e ge t the best idea o f wha t Euc l id understood 
b y a pos tu la te and an a x i o m or c o m m o n notion. T h u s Aris to t le ' s 
accoun t o f an a x i o m as a principle c o m m o n to all sciences, which is 
self-evident, t hough incapable o f proof, agrees sufficiently with the 
contents o f Euc l id ' s common notions as reduced to five in the most 
recent t e x t (not omi t t ing the fourth, that " th ings which coincide are 
equa l to one ano the r " ) . A s regards the postulates, it must be borne 
in mind that Ar i s to t l e s a y s e l s ewhe re 1 that, "o ther things be ing equal , 
that p roof is the bet ter which proceeds from the fewer postulates or 
hypo theses or proposi t ions." I f then w e s a y that a geometer must 
l a y d o w n as principles, first certain a x i o m s or c o m m o n notions, and 
then an irreducible minimum o f postulates in the Aris to te l ian sense 
concerned o n l y wi th the subject -mat ter o f geomet ry , w e are not far 
from descr ib ing wha t Euc l id in fact does. A s regards the postulates 
w e m a y imag ine h im s a y i n g : " Bes ides the c o m m o n notions there are 
a few other th ings which I must assume wi thout proof, but which 
differ from the c o m m o n not ions in tha t they are not self-evident. 
T h e learner m a y or m a y not be disposed to agree to them ; but he 
must accept them at the outset on the superior author i ty o f his 
teacher, and must be left to convince h imsel f o f their truth in the 
course o f the inves t iga t ion which follows. In the first p lace certain 
s imple construct ions , the d r a w i n g and produc ing o f a straight line, 
and the d r awing o f a circle, must be assumed to be possible, and with 
the construct ions the ex i s t ence o f such th ings as straight lines and 
c i r c l e s ; and besides this w e mus t l ay down some postulate to form 
the basis o f the theory o f paral lels ." I t is true that the admission of 
the 4th pos tu la te that all r ight ang les are equal still presents a 
difficulty to which we shal l have to recur. 

T h e r e is o f course no foundation for the idea, which has found 
its w a y into m a n y t ex t -books , that " the object of the postulates is to 
dec la re that the o n l y instruments the use of which is permit ted in 
g e o m e t r y are the rule and compass*." 

§ 4. T H E O R E M S A N D P R O B L E M S . 

" A g a i n the deduct ions from the first principles," says Proclus, 
"a re d iv ided into p r o b l e m s and t h e o r e m s , the former embrac ing the 

1 P r o c l u s , p p . 1 8 1 , 1 1 — 1 8 3 , 1 3 . 3 Anal. post. I. 25 , 86 a 3 3 — 3 5 . 
3 C f . L a r d n e r ' s E u c l i d : a l s o T o d h u n t e r . 



generation, division, subtract ion or addi t ion o f figures, and gene ra l ly 
the changes which are brought abou t in them, the latter e x h i b i t i n g 
the essential a t t r ibutes of each 1 . " 

" N o w , o f the ancients, some, l ike Speus ippus and A m p h i n o m u s , 
thought proper to call them all theorems, r ega rd ing the n a m e o f 
theorems as more appropr ia te than that o f p rob lems to theoret ic 
sciences, especia l ly as these deal with eternal objects . F o r there is 
no becoming in things eternal, so that nei ther could the prob lem 
have a n y p lace with them, since it promises the genera t ion and 
m a k i n g of what has not before ex is ted , e.g. the const ruct ion o f an 
equilateral tr iangle, or the descr ibing o f a square on a g i v e n s t ra ight 
line, or the p lac ing o f a s t ra ight l ine a t a g iven point . H e n c e t hey 
say it is better to assert that all (proposi t ions) are o f the same k ind , 
and that w e regard the generat ion that takes place in them as 
referring not to actual making but to knowledge, when w e treat th ings 
ex i s t ing e ternal ly as if they were subject to b e c o m i n g : in other words , 
we may say that e v e r y t h i n g is t reated b y w a y of theorem and not 
b y w a y of p r o b l e m 2 (wavra demptjixaTiKmi aXK oi irpo/3\r)riaTt,icdi>'i 
\a/j./3dve<r(tai). 

" Others on the contrary , l ike the mathemat ic ians o f the school 
of Menaechmus , though t it r ight to cal l t hem all problems, descr ib ing 
their purpose as twofold, name ly in some cases to furnish (tropi-
a-aa-ffai) the th ing sought , in others to t a k e a de te rmina te ob jec t 
and see either wha t it is, or o f wha t nature, or wha t is its proper ty , 
or in what relations it s tands to some th ing else. 

" In real i ty both assert ions are correct. Speus ippus is r igh t 
because the problems o f g e o m e t r y are not l ike those o f mechanics , 
the latter be ing mat ters o f sense and exh ib i t i ng b e c o m i n g and c h a n g e 
of every sort. T h e school o f M e n a e c h m u s are r ight a lso because the 
discoveries even o f theorems do not arise wi thout an issuing-forth 
into matter, b y which I mean intel l igible matter . T h u s forms g o i n g 
out into mat ter and g i v i n g it shape m a y fairly b e said t o b e l ike 
processes of becoming . Fo r w e s a y tha t the mot ion o f our though t 
and the throwing-out o f the forms in it is w h a t p roduces the figures 
in the imaginat ion and the condi t ions subsis t ing in them. It is in 
the imaginat ion that construct ions, divisions, p lac ings , appl ica t ions , 
addit ions and subtract ions ( take place) , but e v e r y t h i n g in the mind is 
fixed and immune from b e c o m i n g and f rom eve ry sort o f change 3 . " 

" N o w those who dis t inguish the theorem from the prob lem s a y 
that eve ry problem implies the possibil i ty, not o n l y o f that wh ich is 
predicated of its subject-matter , but also o f its opposi te , whereas 
every theorem implies the poss ibi l i ty o f the th ing predica ted bu t not 
of its opposi te as wel l . B y the subject -mat ter I mean the g e n u s 
which is the subject o f inquiry, for e x a m p l e , a t r iangle or a square 
or a circle, and b y the proper ty predicated the essent ial a t t r ibute , 
as equal i ty , section, posit ion, and the l ike. W h e n then a n y one 

1 P r o c l u s , p . 7 7 , 7 — I * . " ibid. p p . 7 7 , 1 5 — 7 8 , 8. 
3 ibid. p p . 7 8 , 8 — 7 9 , 1. 
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enuncia tes thus, To inscribe an equilateral triangle in a circle, he states 
a problem; for it is a lso possible to inscribe in it a t r iangle which 
is not equilateral . A g a i n , if w e t ake the enunciat ion On a given 
limited straight line to construct an equilateral triangle, this is a 
problem ; for it is possible a lso to construct one which is not equi
lateral. But , when a n y one enunciates that In isosceles triangles the 
angles at the base are equal, w e must s a y that he enunciates a theorem ; 
for it is not also possible that the ang les at the base o f isosceles 
t r iangles should be unequal . I t fol lows that, if a n y one were to use 
the form o f a p rob lem and s a y In a semicircle to describe a right angle, 
he would b e set d o w n as no geomete r . F o r eve ry ang le in a semi
circle is r ight 1 ." 

" Zenodo tus , w h o be longed t o the succession o f Oenopides , but 
w a s a disciple o f A n d r o n , dis t inguished the theorem from the problem 
b y the fact that the theorem inquires what is the proper ty predicated 
o f the subjec t -mat te r in it, but the problem what is the cause o f what 
effect (TWOS 6WOS ri ecrnv). H e n c e too Posidonius defined the one 
( the p rob lem) as a proposi t ion in wh ich it is inquired whether a th ing 
ex i s t s or not (el eo-riv r) fir)), the other ( the theorem' ) as a proposition 
in wh ich it is inquired wha t (a th ing) is or of wha t nature (ri ecnv r) 
wolov T t ) ; and he said tha t the theoret ic proposit ion must be put in a 
dec la ra tory form, e.g., Any triangle has two sides (together)greater than 
the remaining side and In any isosceles triangle the angles at the base 
are equal, but tha t w e should state the problemat ic proposit ion as if 
inqui r ing whe ther it is poss ible to construct an equilateral t r iangle 
upon such and such a s t ra ight line. Fo r there is a difference be tween 
inqui r ing abso lu te ly and inde te rmina te ly (air\a>'} re icat doplo-ra><;) 
whether there ex i s t s a s traight line from such and such a point at 
r ight ang le s to such and such a straight line and inves t igat ing which 
is the s t ra ight l ine at r ight ang les 8 . " 

" T h a t there is a certain difference be tween the problem and the 
theorem is clear from wha t has been s a i d ; and that the E l e m e n t s o f 
E u c l i d conta in par t ly p rob lems and par t ly theorems will be made 
manifest b y the individual proposi t ions, where Euc l id h imsel f adds at 
the end o f wha t is proved in them, in some c a s e s , ' that which it w a s 
required to do, ' and in others, ' that which it was required to prove, ' 
the lat ter express ion be ing regarded as characterist ic of theorems, in 
spi te o f the fact that , as w e have said, demonstra t ion is found in 
p rob lems also . In problems, however , even the demonstra t ion is for 
the purpose o f (confirming) the construction : for w e br ing in the 
demons t ra t ion in order to show that wha t w a s enjoined has been 
done ; whereas in theorems the demonstra t ion is wor thy of s tudy for 
its o w n sake as be ing capab le o f put t ing before us the nature of the 
t h i n g sought . A n d y o u wil l find that Euc l id somet imes in terweaves 
theorems wi th p rob lems and e m p l o y s them in turn, as in the first 

1 P r o c l u s , p p . 7 9 , 1 1 — 8 o , 5 . 
I I n t he t e x t w e h a v e TO ii wp6fi\i)im a n s w e r i n g t o ri /Up w i t h o u t subs t an t ive : Tpi/3X^/ia 

w a s o b v i o u s l y inse r t ed in e r ro r . 
8 P r o c l u s , p p . 80, 1 5 — 8 l > 4 . 



book, whi le at other t imes he m a k e s one or o ther preponderate . 
Fo r the fourth b o o k consis ts w h o l l y o f p rob lems , and the fifth o f 
theorems 1 . " 

A g a i n , in his note on E u c l . I . 4, Proc lus s a y s tha t Carpus , the 
writer on mechanics , raised the quest ion o f theorems and p rob lems in 
his treatise on as t ronomy. Carpus , w e are told, " s a y s tha t the class 
of p roblems is in order prior to theorems. F o r the subjects , the 
properties o f which are sought , are d iscovered b y means o f p rob lems . 
Moreover in a p rob lem the enuncia t ion is s imple and requires no 
ski l led i n t e l l i gence ; it orders y o u p la in ly to do such and such a 
thing, to construct an equilateral triangle, or, given two straight lines, to 
cut off front the greater (a straight line) equal to the lesser, and wha t is 
there obscure or e labora te in these th ings ? B u t the enuncia t ion o f a 
theorem is a mat ter o f labour and requires much e x a c t n e s s and 
scientific j u d g m e n t in order tha t it m a y not turn out to e x c e e d or 
fall short o f the t ru th ; an e x a m p l e is found even in this proposi t ion 
( I . 4), the first o f the theorems. A g a i n , in the case of p roblems, one 
general w a y has been discovered, that o f analysis, b y fo l lowing which 
w e can a l w a y s hope to succeed ; it is this me thod b y which the more 
obscure problems are invest igated. Bu t , in the case o f theorems, the 
method o f set t ing about them is hard to g e t hold o f s ince ' up to our 
time, ' s a y s C a r p u s , ' no one has been able to hand d o w n a genera l 
method for their d iscovery . Hence , b y reason o f their easiness, the 
class of problems would na tura l ly be more simple. ' A f t e r these 
distinctions, he p r o c e e d s : ' H e n c e it is that in the E l e m e n t s too 
problems precede theorems, and the E l e m e n t s begin from t h e m ; the 
first theorem is fourth in order, not because the fifth2 is proved from 
the problems, but because, even if it needs tor its demonst ra t ion none 
o f the proposi t ions which precede it, it w a s necessary tha t t hey should 
be first because they are problems, whi le it is a theorem. In fact, in 
this theorem he uses the c o m m o n not ions exc lus ive ly , and in s o m e 
sort t akes the same t r iangle p laced in different pos i t i ons ; the 
coincidence and the equa l i ty proved the reby depend ent i re ly upon 
sensible and dist inct apprehension. Never the less , t hough the d e m o n 
stration of the first theorem is o f this character , the p rob lems proper ly 
preceded it, because in general p rob lems are a l lot ted the order o f 
precedence 8 . ' " 

Proclus h imsel f exp la ins the posit ion o f Prop . 4 after Props . 1—3 
as due to the fact that a theorem about the essential propert ies o f 
t r iangles ough t not to be introduced before w e k n o w that such a 
th ing as a t r iangle can be constructed, nor a theorem about the 
equal i ty o f s ides or s t ra ight lines until w e have shown, b y cons t ruc t ing 
them, that there can be t w o s t ra ight lines which are equal to one 
another 4 . I t is plausible enough to a rgue in this w a y that Props . 2 
and 3 at all events should precede Prop. 4. A n d Prop . 1 is used in 

1 P r o c l u s , p . 8 1 , 5—it. 
1 ri Ti/iTTov. T h i s s h o u l d a p p a r e n t l y b e t h e fourth b e c a u s e in t h e n e x t w o r d s it is 

i m p l i e d that n o n e o f t he first t h ree p ropos i t i ons a re r equ i r ed in p r o v i n g i t . 
• P r o c l u s , p p . 1 4 1 , 1 9 — 1 4 3 , 4 »'*»*'• PP- ^ 3 3 . » i — * 3 4 > 6. 



Prop . 2, and must therefore precede it. Bu t Prop. I showing how to 
construct an equilateral t r iangle on a g iven base is not important , in 
relation to Prop . 4, as dea l ing wi th the " product ion o f t r iangles " in 
g e n e r a l : for it is o f no use to say , as Proc lus does, that the construc
tion o f the equi la teral t r iangle is " c o m m o n to the three species (of 
t r iangles) 1 , " as w e are not in a posit ion to know this at such an ear ly 
s tage. T h e existence o f t r iangles in genera l was doubt less assumed as 
fo l lowing from the ex i s t ence o f s t ra ight lines and points in one plane 
and from the poss ib i l i ty o f d r a w i n g a s t ra ight line from one point to 
another. 

P roc lus does not howeve r seem to reject definitely the view o f 
Carpus , for he g o e s o n " : " A n d perhaps problems are in order before 
theorems, and espec ia l ly for those w h o need to ascend from the arts 
wh ich are concerned wi th th ings o f sense to theoret ical invest igat ion. 
B u t in d ign i ty theorems are prior to problems. . . . I t is then foolish to 
b l a m e G e m i n u s for s a y i n g that the theorem is more perfect than the 
problem. F o r Carpus h imsel f g a v e the priori ty to problems in respect 
o f order, and G e m i n u s to theorems in point o f more perfect dignity" 
so tha t there was no real incons is tency be tween the two . 

P rob lems were classified acco rd ing to the number o f their possible 
solut ions. A m p h i n o m u s said tha t those which had a unique solution 
(pvova^wf) were ca l led " o r d e r e d " (the word has dropped out in 
Proclus , bu t it must be rerayfieva, in contras t to the third kind, 
a T a K T o ) ; those wh ich had a definite number o f solutions " inter
media te " (fiio-a); and those wi th an infinite var ie ty of solutions " un
ordered " (araKTa)*. Proc lus g ives as an e x a m p l e o f the last the 
p rob lem To divide a given straight line into three parts in continued 
proportion*. T h i s is the s a m e th ing as so lv ing the equat ions x+y+z=a, 
xz =y. P roc lus ' r emarks upon the problem show that it was solved, 
l ike all quadra t ic equat ions , b y the method of " appl icat ion o f areas." 
T h e s t ra ight l ine a w a s first d iv ided into a n y t w o parts, (x + z) and y, 
subject to the sole l imitat ion that (x + z) must not be less than 2y, 
which l imita t ion is the Biopier/uxs, or condi t ion o f possibil i ty. T h e n 
an area w a s appl ied to (x + z), or (a— y), "falling short by a square 
figure" (iWeiTrov eiSei rerpaydtvoi) and equal to the square on y. T h i s 
de termines x and z separa te ly in terms o f a and y. For , if z be the 
side o f the square b y which the area (i.e. rec tangle) " falls short," w e 
h a v e {(a —y) —z\z = y , whence 2z=- (a — y) ± >J{(a — yf — 4y-}. A n d 
y m a y be chosen arbitrari ly, p rovided that it is not greater than a/3. 
H e n c e there are an infinite number o f solutions. I f y = 0 / 3 , then, as 
Proc lus remarks , the three par ts are equal. 

O t h e r dist inct ions be tween different k inds o f p rob lems are added 
b y Proc lus . T h e word " problem," he says , is used in several senses. 
In its wides t sense it m a y mean a n y t h i n g " propounded " (irpoTuvo-
pevov), whe ther for the purpose o f instruction {p,adr]o-eai<;) or construc
t ion (iroirio-em). ( In this sense, therefore, it would include a theorem.) 

1 P r o c l u s , p . 234 , II . 
8 ibid. p . 1 2 0 , 7 — 1 1 . 

• 
* ibid. p . 243 , 1 2 — 2 5 . 

* ibid. p p . 220 , 1 6 — 2 2 1 , 6 . 



But its special sense in ma themat i c s is that o f some th ing "p ropounded 
with a v iew to a theoret ic const ruct ion 1 . " 

A g a i n y o u m a y app ly the term (in this restricted sense) even to 
someth ing which is impossible, a l though it is more appropr ia te ly used 
of wha t is possible and neither asks too much nor conta ins too li t t le in 
the shape o f data. A c c o r d i n g as a problem has one or other o f these 
defects respect ively, it is cal led (1) a problem in excess (ir\eovd^ov) or 
(2) a deficient p rob lem (i\\nrk TrpoBXrtpa). T h e p rob lem in excess 
(1) is o f two kinds, (a) a p rob lem in which the propert ies o f the 
figure to be found are ei ther inconsistent (ao-v/j,/3a,Ta) or non-existent 
{avvTrapKTa), in which case the problem is cal led impossible , or (b) a 
problem in which the enuncia t ion is mere ly r edundan t : an e x a m p l e 
of this would be a problem requir ing us to construct an equi lateral 
t r iangle wi th its vert ical ang le equal to two-thi rds o f a r ight a n g l e ; 
such a problem is possible and is cal led " more than a p rob lem " (fielfyv 
r) Trp6f3\rip,a). T h e deficient p roblem (2) is s imi lar ly ca l led " less than 
a p r o b l e m " (eXaa-crov r) •n-pd/SX.ri/j.a), its character is t ic be ing tha t 
something has to be added to the enunc ia t ion in order to conver t it 
from indeterminateness (dopio-ria) to order ( ra f t? ) and scientific deter-
minateness (opo<s iTrio-rrjpoviKo'i): such wou ld be a prob lem b i d d i n g 
y o u " to construct an isosceles t r iangle," for the variet ies o f isosceles 
t r iangles are unl imited. S u c h " p r o b l e m s " are not p rob lems in the 
proper sense (Kvpiwt \cyop.eva irpofi\ripAiTa), but o n l y equ ivoca l l y 2 . 

§ 5. T H E F O R M A L D I V I S I O N S O F A P R O P O S I T I O N . 

" E v e r y problem," says Proc lus 3 , " and eve ry theorem which is 
comple te with all its parts perfect purports to conta in in i tself all o f 
the fol lowing e lements : e n u n c i a t i o n (trpoTacris:). s e t t i n g - o u t (eicQecns), 
def in i t ion or s p e c i f i c a t i o n (Biopio-p,6<;), c o n s t r u c t i o n or m a c h i n e r y 
(Karao-Kevr)), p r o o f (A7RO8ETFI?), c o n c l u s i o n (crvp.irepao-p.a). N o w o f 
these the enunciation s tates wha t is g iven and wha t is that which is 
sought , the perfect enunciation consis t ing o f both these parts. T h e 
setting-out ma rks off what is g iven , b y itself, and adapts it before
hand for use in the invest igat ion. T h e definition or specification 
states separa te ly and makes c lear wha t the particular th ing is wh ich 
is sought. T h e construction or machinery adds wha t is w a n t i n g to the 
da tum for the purpose o f finding what is sought . . T h e proof d r aws 
the required inference b y reasoning scientif ical ly from a c k n o w l e d g e d 
facts. T h e conclusion reverts aga in to the enunciation, conf i rming 
what has been demonst ra ted . T h e s e are all the parts o f p rob lems 
and theorems, but the most essential and those which are found in all 
are enunciation, proof, conclusion. Fo r it is equa l ly necessary to k n o w 
beforehand what is sought , to prove this b y means o f the intermediate 
steps, and to state the proved fact as a c o n c l u s i o n ; it is imposs ib le 
to dispense with a n y of these three things . T h e remain ing par ts 
are often brought in, but are often left out as se rv ing no purpose. 

1 P r o c l u s , p . I'll, 7 — 1 1 . 2 ibid. p p . 2 2 1 , 13—222 , 1 4 . 
3 ibid. p p . 303, 1—204, 13 ; 204, 2 3 — 2 0 5 , 8. 
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T h u s there is neither setting-out nor definition in the problem o f 
cons t ruc t ing an isosceles t r iangle hav ing each o f the angles at the 
base doub le of the r ema in ing angle , and in most theorems there 
is no construction because the setting-out suffices wi thout a n y addit ion 
for p r o v i n g the required p roper ty from the data. W h e n then d o 
w e say tha t the setting-out is wan t ing ? T h e answer is, when there 
is no th ing given in the enunciation; for, though the enunciat ion is 
in genera l d iv ided into wha t is g i v e n and wha t is sought , this 
is not a l w a y s the case, but somet imes it s tates on ly wha t is sought , 
i.e. wha t must b e k n o w n or found, as in the case o f the problem 
jus t ment ioned. T h a t problem does not, in fact, s tate beforehand 
wi th what d a t u m w e are to construct the isosceles tr iangle hav ing 
each o f the equa l angles double o f the remain ing angle , but ( s imply) 
tha t w e are to find such a t r i a n g l e — W h e n , then, the enuncia
tion conta ins bo th (what is g iven and wha t is sought) , in that case 
w e find both definition and setting-out, but, whenever the da tum 
is wan t ing , t hey too are want ing . F o r not o n l y is the setting-out 
concerned wi th the da tum, but so is the definition also, as, in the 
absence o f the da tum, the definition will be identical wi th the 
enunciat ion. In fact, wha t could y o u s a y in defining the object of 
the aforesaid p rob lem e x c e p t that it is required to find an isosceles 
t r iangle o f the kind referred t o ? B u t tha t is wha t the enunciation 
stated. I f then the enunciation does not include, on the one hand, 
w h a t is g i v e n and, on the other, wha t is sought , there is no setting-out 
in vir tue o f there be ing no da tum, and the definition is left out in 
order to avoid a mere repeti t ion o f the enunciation!' 

T h e const i tuent parts o f an Euc l idean proposi t ion will be readi ly 
identified b y means o f the a b o v e descript ion. A s regards the defi
nition or specification (&iopio-p.6<;) it is to be observed that w e have 
here on ly one o f its uses. H e r e it means a closer definition or descrip
t ion o f the objec t a imed at, b y means o f the concrete lines or figures 
set ou t in the eic0eoi<s instead o f the genera l te rms used in the enun
ciat ion ; and its purpose is to r ivet the at tent ion better, as Proclus 
indicates in a later pas sage (rpowov nva irpoo-eyeiat eo-Tiv ahtoi 6 
Biopio-fioi;)1. 

T h e other technical use of the word to signify the l imitat ions to 
which the possible solutions o f a p rob lem are subject is also described 
b y Proclus , w h o speaks o f Siopiafwi de te rmin ing " whether wha t is 
sough t is imposs ib le or possible, and h o w far it is pract icable and in 
how m a n y w a y s 2 " ; and the Siopio-pw? in this sense appears in Euc l id 
as wel l as in A r c h i m e d e s and Apo l lon ius . T h u s w e h a v e in E u c l . I . 
22 the enunciation " F r o m three s t ra ight lines which are equal to 
three g i v e n s t ra ight l ines to construct a t r iangle," fol lowed imme
d ia te ly b y the limiting condition (8iopto-fi6<;). " T h u s two o f the 
st ra ight lines t aken together in a n y manner must be grea te r than the 
remain ing one." S imi la r ly in V I . 28 the enunciation " T o a g iven 
s t ra ight l ine to a p p l y a para l le logram equal to a g iven rectilineal 

1 P r o c l u s , p . 208, 2 1 . 2 ibid. p . 202, 3 . 
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figure and fal l ing short b y a para l le logrammic figure similar to a 
given o n e " is a t once followed b y the necessary condi t ion o f possi
bili ty : " T h u s the g iven rectilineal figure must not be greater than 
that described on hal f the line and similar to the defect ." 

T a n n e r y supposed that, in g i v i n g the other descr ip t ion o f the 
Siopio-pas as quoted above , Proclus, or rather his guide, was us ing the 
term incorrectly. T h e Siopio-/j.6<i in the better k n o w n sense o f the 
determinat ion of l imits or condi t ions o f possibi l i ty was , w e are told, 
invented b y L e o n . P a p p u s uses the word in this sense only . T h e 
other use of the term might , T a n n e r y thought , be due to a confusion 
occasioned b y the use of the same words (Sei Srj) in in t roducing the 
parts of a proposit ion corresponding to the t w o mean ings o f the word 
S top t t r /xd? 1 . O n the other hand it is to be observed that E u t o c i u s 
dist inguishes c lear ly be tween the two uses and implies that the differ
ence was well k n o w n 2 . T h e Siopio-p,6<; in the sense of condi t ion o f 
possibi l i ty follows immedia te ly on the enunciat ion, is even part o f i t ; 
the Siopio-p.61; in the other sense o f course comes immed ia t e ly after the 
setting-out. 

Proclus has a useful observat ion respect ing the conclusion o f a 
proposi t ion 3 . " T h e conclusion they are accus tomed to m a k e doub le 
in a certain w a y : I mean, b y p rov ing it in the g i v e n case and then 
d rawing a general inference, passing, that is, from the part ial con 
clusion to the general . For , inasmuch as t hey do not m a k e use o f 
the individuality of the subjects taken , but on ly draw an ang le or a 
straight line with a view to p lac ing the da tum before our eyes , t hey 
consider that this same fact which is established in the case o f the 
particular figure const i tutes a conclus ion true o f eve ry other figure o f 
the same kind. T h e y pass acco rd ing ly to the genera l in order that 
w e m a y not conce ive the conclusion to be partial . A n d they are 
justified in so passing, since they use for the demonst ra t ion the par
ticular things set out, not qud part iculars, but qua t yp ica l of the rest. 
Fo r it is not in virtue o f such and such a size a t tach ing to the ang le 
which is set out that I effect the bisection o f it, but in vir tue o f its 
be ing rectilineal and noth ing more. S u c h and such size is pecul iar to 
the angle set out, but its qual i ty of be ing recti l ineal is c o m m o n to all 
rectilineal angles. Suppose , for e x a m p l e , that the g iven a n g l e is a 
right angle. I f then I had e m p l o y e d in the proof the fact o f its be ing 
right, I should not have been able to pass to eve ry species o f recti
lineal ang le ; but, if I m a k e no use of its be ing right, and o n l y consider 
it as rectilineal, the a rgument will equa l ly a p p l y to recti l ineal ang les 
in general ." 

1 La GiotnHrie grecque, p . 149 no t e . W h e r e Set Stj i n t roduces t he c l o s e r d e s c r i p t i o n of 
the p r o b l e m w e m a y t rans la te , " i t is t hen r e q u i r e d " o r " t h u s it is r e q u i r e d " (to cons t ruc t e t c ) : 
w h e n it in t roduces the c o n d i t i o n o f poss ib i l i ty w e m a y t rans la te " t h u s it is n e c e s s a r y e t c . " 
H e i b e r g o r ig ina l ly w r o t e Set Si in the la t te r sense in 1. 72 o n the a u t h o r i t y o f P r o c l u s a n d 
E u t o c i u s , a n d aga ins t tha t o f the M S S . L a t e r , o n t he o c c a s i o n o f X I . 2 3 , h e o b s e r v e d tha t h e 
s h o u l d h a v e f o l l o w e d the M S S . a n d w r i t t e n 5ei Stj w h i c h h e found t o b e , after a l l , t h e right 
r e ad ing in E u t o c i u s ( A p o l l o n i u s , ed . H e i b e r g , I I . p . 1 7 8 ) . del 5tj is a l s o the e x p r e s s i o n used 
b y D i o p h a n t u s for i n t r o d u c i n g c o n d i t i o n s o f poss ib i l i t y . 

2 S e e the pas sage o f E u t o c i u s referred to in last no t e . 3 P r o c l u s , p . 207, 4 — 2 5 . 
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§ 6. O T H E R T E C H N I C A L T E R M S . 

I . T h i n g s said to be g i v e n . 
Proclus a t taches to his descript ion o f the formal divisions o f a 

proposit ion an e x p l a n a t i o n o f the different senses in which the word 
given or datum (SeSopivov) is used in geomet ry . " E v e r y t h i n g that is 
g iven is g iven in one or other of the fo l lowing w a y s , in position, in 
ratio, in magnitude, or in species. T h e point is g iven in position only, 
but a line and the rest m a y be g iven in all the senses 1 . " 

T h e illustrations which Proclus g ives o f the four senses in which a 
th ing m a y be given are not a l together happy , and, as regards things 
wh ich are g i v e n in position, in magnitude, and in species, it is best, I 
think, to follow the definitions g iven b y E u c l i d himself in his book o f 
Data. Euc l id does not mention the fourth class, th ings g iven in ratio, 
nor apparen t ly do a n y o f the grea t geometers . 

( 1 ) Given in position real ly needs no definit ion; and, when Euc l id 
s a y s (Data, Def. 4 ) that " Points , l ines and ang les are said to be given 
in position wh ich a l w a y s o c c u p y the same place," w e are not real ly 
the wiser. 

(2) Given in magnitude is defined thus (Data, Def. 1 ) : " A r e a s , 
l ines and ang les are cal led given in magnitude to which we can find 
equals ." Proclus ' i l lustration is in this case the f o l l o w i n g : when, he 
says , t w o unequal s t ra ight lines are g iven from the grea ter of which 
w e have to cut off a s t ra ight line equal to the lesser, the straight lines 
are obv ious ly given in magnitude, " for grea ter and less, and finite 
and infinite are predicat ions peculiar to magni tude ." Bu t he does not 
e x p l a i n that part o f the impl icat ion o f the term is that a th ing is g iven 
in magn i tude only, and that, for e x a m p l e , its position is not g iven and 
is a mat ter o f indifference 

(3) Given in species. Euc l id ' s definition (Data, Def. 3) i s : 
" Rec t i l inea l figures are said to be given in species in which the angles 
are severa l ly g iven and the ratios o f the sides to one another are 
g i v e n " A n d this is the recognised use o f the term (cf. Pappus, 
passim) Proc lus uses the term in a much wider sense for which I a m 
not aware o f a n y authori ty . T h u s , he says , when w e speak o f (bisect
ing) a g iven recti l ineal angle , the ang le is g iven in species b y the word 
rectilineal, wh ich prevents our a t tempt ing , b y the same method, to 
bisec t a curvi l ineal a n g l e ! O n E u c l . I . 9, to which he here refers, he 
s a y s tha t an ang le is g iven in species when e.g. we say that it is r ight 
or acute or obtuse or rectil ineal or " mixed , " but that the ac tual ang le 
in the proposi t ion is g iven in species only . A s a mat ter o f fact, w e 
should s a y that the actual ang le in the figure of the proposi t ion is 
g iven in magnitude and not in species, part o f the impl icat ion o f given 
in species be ing that the ac tual magn i tude of the th ing given in species 
is indifferent ; an a n g l e cannot be given in species in this sense a t all. 
T h e confusion in Proc lus ' mind is shown when, after s a y i n g that a 
r ight ang le is g i v e n in species, he descr ibes a third o f a r ight angle as 
g iven in magnitude. 

1 P r o c l u s , p . 205, 1 3 — 1 5 . 



N o better e x a m p l e o f wha t is meant b y given in species, in its 
proper sense, as l imited to rectil ineal figures, can be quo ted than the 
given para l le logram in E u c l . V I . 28, to which the required para l le lo
g ram has to be m a d e s imi la r ; the former para l le logram is in fact 
given in species, t hough its actual size, or scale, is indifferent. 

(4) Given in ratio p resumably means someth ing which is g i v e n 
b y means o f its ratio to some other g iven thing. T h i s w e gather from 
Proclus ' remark (in his note on I . 9) that an a n g l e m a y be g iven in 
ratio " as when we say that it is double and treble o f such and such an 
angle or, general ly , grea ter and less." T h e term, however , appears to 
h a v e no author i ty and to serve no purpose. Proc lus m a y h a v e 
derived it from such express ions as " in a g iven r a t i o " which are 
common enough. 

2. L e m m a . 
" T h e term lemma" s ays Proc lus 1 , " i s often used o f a n y proposi t ion 

which is assumed for the construct ion of someth ing e l s e : thus it is a 
common remark that a proof has been m a d e out o f such and such 
lemmas. B u t the special mean ing o f lemma in g e o m e t r y is a 
proposit ion requir ing confirmation. F o r when, in ei ther construct ion 
or demonstrat ion, w e assume a n y t h i n g which has not been proved bu t 
requires argument , then, because w e regard wha t has been assumed as 
doubtful in itself and therefore wor thy o f invest igat ion, we call it a 
lemma'', differing as it does from the postula te and the a x i o m in be ing 
mat ter of demonstrat ion, whereas t hey are i m m e d i a t e l y t aken for 
granted, wi thout demonstrat ion, for the purpose o f confi rming other 
things. N o w in the d i scovery o f l emmas the best aid is a menta l 
apt i tude for it. Fo r w e m a y see m a n y w h o are quick at solut ions and 
y e t do not work b y method ; thus Crat is tus in our t ime was able to 
obtain the required result from first principles, and those the fewest 
possible, but it was his natural gift wh ich helped h im to the discovery . 

1 P r o c l u s , p p . 2 1 1 , 1—-ill, 4 . 
3 I t w o u l d a p p e a r , s ays T a n n e r y (p . 1 5 1 « . ) , tha t G e m i n u s u n d e r s t o o d a l e m m a as b e i n g 

s i m p l y \afifiav6fievov, s o m e t h i n g a s s u m e d (cf. the p a s s a g e o f P r o c l u s , p . 7 3 , 4, r e l a t i ng to 
M e n a e c h m u s ' v i e w o f elements): h e n c e w e c a n n o t cons ide r o u r s e l v e s au thor i sed in a t t r i bu t ing 
t o G e m i n u s t he m o r e t e c h n i c a l def in i t ion o f the t e r m h e r e g i v e n b y P r o c l u s , a c c o r d i n g to 
w h i c h it is o n l y used o f p ropos i t i ons no t p r o v e d b e f o r e h a n d . T h i s v i e w o f a l e m m a mus t 
be cons ide red as r e l a t i v e l y m o d e r n . I t s e e m s to h a v e h a d i ts o r ig in in an i m p e r f e c t i o n o f 
m e t h o d . I n the course o f a d e m o n s t r a t i o n i t w a s n e c e s s a r y to a s s u m e a p r o p o s i t i o n w h i c h 
requ i red proof, but t he p r o o f o f w h i c h w o u l d , i f inser ted in t he pa r t i cu l a r p l a c e , b r e a k the 
th read o f the d e m o n s t r a t i o n : h e n c e it w a s neces sa ry e i ther to p r o v e it b e f o r e h a n d as a 
p re l im ina ry p ropos i t i on o r to pos tpone it to be p r o v e d a f t e rwards (ws e$?)s SeixO-fioeTai). 
W h e n , after the t ime o f G e m i n u s , the p r o g r e s s o f o r ig ina l d i s c o v e r y in g e o m e t r y w a s a r re s t ed , 
g e o m e t e r s o c c u p i e d t h e m s e l v e s w i t h t he s t u d y a n d e l u c i d a t i o n o f the w o r k s o f t he g r e a t 
m a t h e m a t i c i a n s w h o had p r e c e d e d t h e m . T h i s i n v o l v e d the inves t iga t ion o f p ropos i t i ons 
e x p l i c i t l y q u o t e d o r tac i t ly a s sumed in the g rea t c l a s s i ca l t r ea t i s e s ; a n d n a t u r a l l y it w a s found 
that s eve ra l such r e m a i n e d to be d e m o n s t r a t e d , e i ther b e c a u s e the a u t h o r s h a d o m i t t e d 
t h e m a s b e i n g easy e n o u g h to be left to the r e a d e r h i m s e l f to p r o v e , o r because b o o k s in 
w h i c h t h e y w e r e p r o v e d h a d b e e n lost in t he m e a n t i m e . H e n c e a rose a c lass o f c o m p l e m e n t a r y 
o r a u x i l i a r y p ropos i t i ons w h i c h w e r e c a l l e d lemmas. T h u s P a p p u s g i v e s in h is B o o k VII a 
co l l ec t i on of l e m m a s in e l u c i d a t i o n o f the t rea t i ses o f E u c l i d a n d A p o l l o n i u s i n c l u d e d in t he 
so-ca l l ed " T r e a s u r y o f A n a l y s i s " (t6tos d.va\v6ficvos). W h e n P r o c l u s g o e s o n to d i s t i n g u i s h 
three m e t h o d s o f d i s c o v e r i n g l e m m a s , analysis, division, a n d reductio ad absurdum, h e s e e m s 
to i m p l y that the p r inc ipa l bus iness o f c o n t e m p o r a r y g e o m e t e r s w a s the i n v e s t i g a t i o n of these 
aux i l i a ry p ropos i t i ons . 

file:///afifiav6fievov


Never the less certain methods h a v e been handed down. T h e finest is 
the method which b y means o f analysis carries the th ing sought up to 
an a c k n o w l e d g e d principle, a me thod which Pla to , as they say, com
munica ted to L e o d a m a s 1 , and b y which the latter, too, is said to have 
discovered m a n y things in geomet ry . T h e second is the method of 
division1, wh ich d iv ides into its parts the genus proposed for con
siderat ion and g ives a s tar t ing-point for the demonstra t ion b y means 
o f the el iminat ion o f the other e lements in the construct ion of wha t is 
proposed, which method also P la to ex to l l ed as be ing o f assistance to 
all sciences. T h e third is that b y means o f the reductio ad absurdum, 
which does not show wha t is sough t direct lyj but refutes its opposi te 
and discovers the truth incidental ly ." 

3. C a s e . 
" T h e case" (TTTmcrK)," Proc lus proceeds 4 , "announces different w a y s 

o f construct ion and alterat ion o f posit ions due to the transposit ion o f 
points or lines or planes or solids. A n d , in general , al l its varieties 
are seen in the figure, and this is w h y it is cal led case, be ing a trans
posit ion in the construct ion." 

4. P o r i s m . 
" T h e term porism is used also o f certain problems such as the 

Por i sms wri t ten b y Euc l id . B u t it is specia l ly used when from wha t 
has been demonst ra ted some other theorem is revealed at the same 
t ime wi thout our p ropounding it, wh ich theorem has on this v e r y 
accoun t been ca l led a porism (corol lary) as be ing a sort o f incidental 
ga in ar is ing from the scientific demonst ra t ion 5 . " Cf. the note on I. 15 . 

1 T h i s pa s sage and a n o t h e r from D i o g e n e s Lae r t i i i s ( i l l . 24, p . 74 e d . C o b e t ) to the effect 
tha t " H e [ P l a t o ] e x p l a i n e d (eUsrryb,oa.To) to L e o d a m a s o f T h a s o s the m e t h o d o f inqu i ry b y 
a n a l y s i s " h a v e b e e n c o m m o n l y u n d e r s t o o d as a s c r i b i n g to P l a t o the invention o f the m e t h o d 
o f a n a l y s i s ; but T a n n e r y po in t s ou t f o r c i b l y ( p p . 1 1 2 , 1 1 3 ) h o w difficult it is to e x p l a i n in 
w h a t P l a t o ' s d i s c o v e r y c o u l d h a v e cons i s t ed if analysis be t aken in the sense a t t r ibu ted to it 
in P a p p u s , w h e r e w e c a n see n o m o r e than a ser ies o f success ive , reductions o f a p r o b l e m 
u n t i l i t i s f inal ly r educed t o a . k n o w n p r o b l e m . O n the o the r h a n d , P r o c l u s ' w o r d s a b o u t 
c a r r y i n g u p the t h i n g s o u g h t t o " a n a c k n o w l e d g e d p r i n c i p l e " sugges t tha t w h a t h e had in 
m i n d w a s the p roces s desc r ibed at t he e n d of B o o k VI o f the Republic b y w h i c h the d i a l ec 
t i c i an ( u n l i k e t he m a t h e m a t i c i a n ) uses h y p o t h e s e s as s t epp ing - s tones up to a p r inc ip le w h i c h 
is n o t h y p o t h e t i c a l , a n d then is a b l e to d e s c e n d s tep b y s t ep v e r i f y i n g e v e r y o n e o f the 
h y p o t h e s e s b y w h i c h h e a s c e n d e d . T h i s desc r ip t ion d o e s no t of cou r se refer to m a t h e m a t i c a l 
a n a l y s i s , bu t it m a y h a v e g i v e n rise t o t he i d e a that ana lys i s w a s P l a t o ' s d i s c o v e r y , s ince 
analysis a n d synthesis f o l l o w i n g e a c h o t h e r are re la ted in t he s a m e w a y as the u p w a r d a n d 
t he d o w n w a r d p r o g r e s s i o n in the d i a l ec t i c i an ' s in t e l l ec tua l m e t h o d . A n d it m a y b e that 
P l a t o ' s a c h i e v e m e n t w a s t o o b s e r v e the i m p o r t a n c e , f rom the point o f v i e w o f l o g i c a l r i gour , 
of t he con f i rma to ry s y n t h e s i s f o l l o w i n g a n a l y s i s , and to regu la r i se in th is w a y a n d e l e v a t e 
i n t o a c o m p l e t e l y i r r e f r agab le m e t h o d the p a r t i a l and uncer ta in ana lys i s u p o n w h i c h the 
w o r k s o f h is p r e d e c e s s o r s d e p e n d e d . 

3 H e r e a g a i n t he s u c c e s s i v e b ipa r t i t ions o f g e n e r a in to spec ies such as w e find in t he 
Sophist a n d Republic h a v e v e r y l i t t l e to s a y to g e o m e t r y , and the v e r y fact that t h e y are here 
m e n t i o n e d s ide b y s ide w i t h a n a l y s i s s u g g e s t s tha t P r o c l u s confused t he la t te r w i t h the 
p h i l o s o p h i c a l m e t h o d of Rep. v i . 

3 T a n n e r y r i g h t l y r e m a r k s (p . 152) tha t t he subd iv i s ion o f a t h e o r e m or p r o b l e m into 
s e v e r a l c a s e s is fo re ign to t he rea l ly c lass ic form ; the a n c i e n t s p re fe r red , w h e r e neces sa ry , to 
m u l t i p l y e n u n c i a t i o n s . A s , h o w e v e r , s o m e o m i s s i o n s neces sa r i l y o c c u r r e d , the wr i t e r s o f 
l e m m a s na tu r a l l y a d d e d s epa ra t e cases, w h i c h in s o m e ins tances found the i r w a y in to the t ex t . 
A g o o d e x a m p l e is E u c l i d I. 7, t he s e c o n d case o f w h i c h , a s it a p p e a r s in our t e x t - b o o k s , 
w a s i n t e r p o l a t e d . O n t h e c o m m e n t a r y o f P r o c l u s on this p ropos i t i on T h . T a y l o r r igh t ly 
r e m a r k s tha t " E u c l i d e v e r y w h e r e a v o i d s a m u l t i t u d e of c a s e s . " 

* P r o c l u s , p . 2 1 2 , 5 — 1 1 . 
3 T a n n e r y notes h o w e v e r tha t , so far f rom d i s t i n g u i s h i n g h is co ro l l a r i e s from the con-



5. O b j e c t i o n . 
" T h e objection (evo~Ta<Ti<)) obstructs the w h o l e course o f the a rgu

ment b y appear ing as an obs tac le (or c r y i n g ' halt, ' cmavT&o-a) e i ther 
to the construct ion or to the demonstra t ion. T h e r e is this difference 
be tween the objection and the case, that, whereas he who propounds 
the case has to prove the proposi t ion to be true o f it, he who m a k e s 
the objection does not need to p rove a n y t h i n g : on the con t ra ry it is 
necessary to des t roy the object ion and to show that its author is 
s a y i n g wha t is false 1 ." 

T h a t is, in general the objection endeavours to m a k e it appear tha t 
the demonstra t ion is not true in eve ry c a s e ; and it is then necessary 
to prove, in refutation o f the object ion, e i ther that the supposed case 
is impossible, or that the demonst ra t ion is t rue even for that case. A 
good instance is afforded b y E u c l . I . 7. T h e t e x t - b o o k s g i v e a second 
case which is not in the original t e x t o f Euc l id . Proclus remarks on 
the proposit ion as g iven b y E u c l i d that the object ion m a y c o n c e i v a b l y 
be raised tha t wha t E u c l i d declares to b e impossible m a y after all be 
possible in the even t o f one pair o f s t i a igh t lines fal l ing c o m p l e t e l y 
within the other pair. P roc lus then refutes the object ion b y p r o v i n g 
the impossibi l i ty in tha t case also. H i s proof then c a m e to be g i v e n 
in the t e x t - b o o k s as part o f Euc l id ' s proposit ion. 

T h e objection is one o f the technica l te rms in Ar i s to t l e ' s logic and 
its nature is e x p l a i n e d in the Prior Analytics"1. " A n objection is a 
proposit ion cont rary to a proposi t ion . . . . Objec t ions are o f t w o sorts, 
general or par t ia l . . . . F o r when it is mainta ined that an at t r ibute 
be longs to eve ry (member o f a class) , we object either that it be longs 
to none (of the class) or that there is some one (member o f the class) 
to which it does not be long." 

6. R e d u c t i o n . 
T h i s is aga in an Ar is to te l ian term, e x p l a i n e d in the Prior 

Analytics*. I t is wel l descr ibed b y Proclus in the fo l lowing p a s s a g e : 
" Reduction (anraycoyr)) is a transition from one prob lem or theorem 

to another, the solution or p roof o f which m a k e s that which is pro
pounded manifest also. Fo r e x a m p l e , after the doub l ing o f the cube 
had been invest igated, they t ransformed the invest igat ion into another 
upon which it follows, n a m e l y the finding o f the two means ; and from 
that t ime forward they inquired how between t w o g iven s t ra ight l ines 
two mean proport ionals could be discovered. A n d tney s a y that the 
first to effect the reduction o f difficult construct ions was Hippocra t e s o f 
Chios , who also squared a lune and d iscovered m a n y other th ings in 
geomet ry , be ing second to none in ingenu i ty as regards cons t ruc t ions 4 . " 

e lus ions o f h is p ropos i t i ons , E u c l i d inser ts t h e m be fo re t h e c l o s i n g w o r d s " (be ing) w h a t i t 
w a s requ i red to d o " o r " to p r o v e . " I n fact t he p o r i s m - c o r o l l a r y is w i t h E u c l i d r a the r a 
modi f i ed fo rm o f the r e g u l a r c o n c l u s i o n t h a n a s e p a r a t e p r o p o s i t i o n . 

1 P r o c l u s , p . 2 1 2 , 1 8 — 2 3 . 
2 Anal, prior. II. 26 , 69 a 3 7 . . 8 ibid. II. 25 , 6 9 a 20. 
4 P r o c l u s , p p . 2 1 2 , 2 4 — 2 1 3 , 1 1 . T h i s p a s s a g e h a s f requen t ly b e e n t a k e n as c r e d i t i n g 

H i p p o c r a t e s w i t h t he d i s c o v e r y o f t he m e t h o d o f g e o m e t r i c a l r educ t ion : cf. T a y l o r ( T r a n s l a 
t ion o f P roc lu s , 11. p . 26) , A l l m a n (p . 41 » . , 59) , G o w (pp . 169 , 1 7 0 ) . A s T a n n e r y r e m a r k s 
(p . 1 1 0 ) , i f the par t icu la r r educ t ion o f the d u p l i c a t i o n p r o b l e m to that o f t he t w o m e a n s i s 



7. R e d u c t i o a d a b s u r d u m . 
T h i s is var ious ly cal led b y Ar i s to t l e "reductio ad absurdum" (r) eh 

TO dSvi/arov diray<oy17)1, " p roof per impossibile " (17 &ia rov dSvvaTov 
Sel^ii or aVdSetft?) 2 , " p roo f l ead ing to the imposs ib l e" (17 eh TO 
dhvvarov dyovcra airdSeifn;) 8. I t is part o f " proof (s tar t ing) from a 
h y p o t h e s i s 4 " (e'f v-Kodeaea><i). " A l l ( sy l logisms) which reach the 
conclus ion per impossibile reason out a conclusion which is false, and 
they prove the or iginal content ion ( b y the method star t ing) from a 
hypothes i s , when someth ing imposs ib le results from assuming the 
cont radic tory o f the or iginal content ion, as, for e x a m p l e , when it is 
proved that the d iagonal (of a square) is incommensurable because, 
if it be assumed commensurab le , it will follow that odd (numbers) 
are equal to even (numbers) 8 . " O r again , " p r o o f ( leading) to the 
imposs ib le diners from the direct (8eucTiicr)<;) in that it assumes what 
it desires to des t roy [name ly the hypo thes i s of the falsity o f the 
conclus ion] and then reduces it to some th ing admi t t ed ly false, whereas 
the direct p roof starts from premisses admi t t ed ly true 6 ." 

Proc lus has the fol lowing descript ion o f the reductio ad absurdum. 
" Proofs b y reductio ad absurdum in eve ry case reach a conclusion 
mani fes t ly impossible , a conclus ion the cont rad ic tory of which is 
admi t ted . In some cases the conclus ions are found to conflict wi th 
the c o m m o n notions, or the postulates , or the hypo theses (from which 
we s t a r t ed ) ; in others they contradic t proposi t ions previously es tab
l i s h e d 7 " . . . " E v e r y reductio ad absurdum assumes what conflicts wi th 
the desired result, then, us ing tha t as a basis, proceeds until it arrives 
a t an admi t t ed absurdi ty , and, b y thus des t roy ing the hypothes is , 
es tabl ishes the result o r ig ina l ly desired. F o r it is necessary to under
stand genera l ly that all ma themat ica l a rguments either proceed from 
the first pr inciples or lead back to them, as P o r p h y r y somewhere says . 
A n d those wh ich proceed from the first pr inciples are aga in o f two 
kinds , for t hey start ei ther from c o m m o n notions and the clearness o f 
the self-evident alone, or from results previous ly proved ; whi le those 
which lead back to the pr inciples are ei ther b y w a y o f as suming the 
principles or b y w a y o f des t roy ing them. T h o s e which assume the 
pr inciples are cal led analyses, and the opposi te o f these are syntheses— 
for it is poss ib le to start from the said principles and to proceed in 
the regular order to the desired conclusion, and this process is syn
thesis—while the a rgumen t s w h i c h would des t roy the principles are 

t he first n o t e d in h i s to ry , i t is difficult to s u p p o s e that it w a s rea l ly the f i r s t ; for H i p p o c r a t e s 
mus t h a v e found ins t ances of it in the P y t h a g o r e a n g e o m e t r y . B r e t s c h n e i d e r , I t h i n k , c o m e s 
nea re r t he t ru th w h e n h e b o l d l y (p . 99) t r a n s l a t e s : " T h i s r educ t ion of the aforesaid con
struction is sa id to h a v e b e e n first g i v e n b y H i p p o c r a t e s . " T h e w o r d s a re irptarov Si tpatrt 
rwv dropovfiifuv Staypatj.fi6.Ttay rty awaytoy\v notiitraodai, w h i c h mus t , l i t e ra l ly , be t rans la ted 
as in t he t ex t a b o v e ; b u t , w h e n P r o c l u s s p e a k s v a g u e l y o f " d i f f i c u l t c o n s t r u c t i o n s , " h e 
p r o b a b l y m e a n s to say s i m p l y that " th is first r e c o r d e d i n s t ance o f a r e d u c t i o n of a difficult 
cons t ruc t ion is a t t r i bu t ed to H i p p o c r a t e s . " 

1 A r i s t o t l e , Anal, prior. I. 7, 1 9 b 5 ; I. 4 4 , 50 a 30 . 
2 ibid. I. I I , 39 b 32 ; I. 29 , 45 a 3 5 . 
3 Anal. post. I. 24, 85 a 16 e t c . 4 Anal, prior. 1. 23 , 40 b 2 5 . 
8 Anal, prior. 1. 23 , 41 a 24 . 6 ibid. 11 . 1 4 , 62 b 2 9 . 
7 P r o c l u s , p . 354 , 2 2 — 2 7 . 
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called reductiones ad absurdum. F o r it is the function o f this me thod 
to upset someth ing admit ted as c lear 1 . " 

8. A n a l y s i s and S y n t h e s i s . 
I t wil l be seen from the note on E u c l . XIII, 1 that the M S S . o f the 

Elements contain definitions of Analysis and Synthesis fo l lowed b y 
al ternative proofs o f x m . 1—5 aftei that method. T h e definitions and 
al ternative proofs are interpolated, but they h a v e g rea t historical 
interest because of the possibi l i ty tha t t hey represent an ancient 
method o f dea l ing wi th these proposit ions, anterior to Euc l id . T h e 
proposit ions g ive propert ies o f a line cut " in e x t r e m e and mean ratio," 
and they are pre l iminary to the construct ion and compar i son o f the 
five regular solids. N o w Pappus , in the section o f his Collection dea l ing 
with the latter subject", s ays that he will g i v e the compar isons be tween 
the five figures, the pyramid , cube, octahedron, dodecahedron and 
icosahedron, which have equal surfaces, " not b y means o f the so-cal led 
analytical inquiry, b y which some o f the ancients worked out the proofs, 
but b y the synthet ica l m e t h o d 3 . . . . " T h e conjecture o f Bre t schne ider 
that the matter interpolated in Euc l . XIII. is a survival o f inves t iga
tions due to E u d o x u s has at first s ight much to c o m m e n d i t 4 . In the 
first place, w e are to ld b y Proclus tha t E u d o x u s " g rea t ly added to 
the number o f the theorems which P la to or ig ina ted regard ing the 
section, and e m p l o y e d in them the method o f ana lys i s 5 . " I t is obv ious 
that " the section " was some par t icular sect ion which b y the t ime o f 
Pla to had assumed grea t i m p o r t a n c e ; and the one sect ion o f which 
this can safely be said is that which was cal led the " go lden sect ion," 
namely , the division o f a s traight line in e x t r e m e and mean ratio 
which appears in Euc l . II. 11 and is therefore most p robab ly P y t h a 
gorean. Second ly , as Can to r points ou t 8 , E u d o x u s w a s the founder 
of the theory of proport ions in the form in which w e find it in E u c l i d 
v., VI., and it was no doub t th rough mee t ing , in the course o f his 
invest igat ions, wi th proport ions not express ib le b y w h o l e numbers 
that he c a m e to realise the necess i ty for a new theory o f proport ions 
which should be appl icable to incommensurab le as wel l as c o m m e n 
surable magni tudes . T h e "go lden sec t ion" would furnish such a case. 
A n d it is even ment ioned b y Proclus in this connex ion . H e is 
e x p l a i n i n g ' that it is o n l y in ar i thmet ic tha t all quant i t ies bear 
" ra t iona l" ratios (pr/rot Xoyof) to one another , whi le in g e o m e t r y there 
are " irrational " ones (appijTos) as wel l . " T h e o r e m s abou t sect ions 
l ike those in Euc l id ' s second B o o k are c o m m o n to bo th [ar i thmet ic 
and g e o m e t r y ] except that in which the straight line is cut in extreme 
and mean ratio*." 

1 P r o c l u s , p . 255 , 8—26. 
3 P a p p u s , V. p . 4 1 0 s q q . 8 ibid. p p . 4 1 0 , 2 7 — 4 1 2 , 2 . 
4 B r e t s c h n e i d e r , p . 108. S e e h o w e v e r H e i b e r g ' s r e c e n t s u g g e s t i o n {Paralipomena zu 

Euklid in Hermes, x x x v m . , 1903) tha t t he a u t h o r w a s H e r o n . T h e s u g g e s t i o n is b a s e d 
o n a c o m p a r i s o n w i t h the r e m a r k s on a n a l y s i s a n d syn thes i s q u o t e d f rom H e r o n b y a n - N a i r i z i 
(ed . C u r t z e , p . 89) a t the b e g i n n i n g o f h is c o m m e n t a r y o n E u c l . B o o k II. O n t h e w h o l e , 
this sugges t i on c o m m e n d s i t se l f to m e m o r e t h a n that of B r e t s c h n e i d e r . 

8 P r o c l u s , p . 6 7 , 6. 8 C a n t o r , Gesch. d. Math. i s , p . 2 4 1 . 
7 P r o c l u s , p . 60 , 7 — 9 . 8 ibid. p . 60, 1 6 — 1 9 . 



I N T R O D U C T I O N [CH. ix. § 6 

T h e definit ions o f Analysis and Synt/tesis in terpolated in Euc l . 
X I I I . are as fol lows ( I adop t the r ead ing o f B and V , the o n l y in
te l l ig ib le one, for the second) . 

" A n a l y s i s is an assumpt ion o f tha t which is sought as if it were 
admi t t ed < and the passage > th rough its consequences to someth ing 
admi t t ed ( to be) true. 

" S y n t h e s i s is an assumpt ion o f that wh ich is admit ted < and the 
pas sage > th rough its consequences to the finishing or a t ta inment o f 
w h a t is sought . " 

T h e l a n g u a g e is b y no means c lear and has, a t the best , to be 
filled out. 

P a p p u s has a fuller a c c o u n t 1 : 
" T h e so-cal led dva\v6fievos (' T r e a s u r y o f A n a l y s i s ' ) is, to put it 

short ly , a specia l b o d y o f doct r ine provided for the use of those who, 
after finishing the ord inary E lemen t s , are desirous o f acqui r ing the 
power o f s o l v i n g p rob lems wh ich m a y b e set them invo lv ing (the 
cons t ruc t ion of) lines, and it is useful for this alone. It is the work 
o f three men , Euc l id the author o f the E lemen t s , A p o l l o n i u s o f Pe rga , 
and A r i s t a e u s the elder, and proceeds b y w a y o f ana lys is and synthesis . 

" A n a l y s i s then t akes that wh ich is s o u g h t as if it were admit ted 
and passes from it th rough its success ive consequences to some th ing 
wh ich is admi t t ed as the result o f synthes i s : for in analys is w e assume 
tha t wh ich is sought as if it were (a l r eady) done (yeyovos), and w e 
inquire wha t it is from which this results, and aga in wha t is the ante
ceden t cause o f the latter, and so on, unti l b y so retracing our steps 
w e c o m e upon s o m e t h i n g a l r eady known or be long ing to the class of 
first principles, and such a method w e call ana lys is as be ing solution 
b a c k w a r d s (dvairaXiv \vcrtv). 

" B u t in s y n t h e s i s , revers ing the process , w e t ake as a l r eady done 
tha t which w a s last arrived at in the ana lys i s and, b y a r rang ing in 
their natural order as consequences wha t were before antecedents , 
and success ive ly connec t ing them one with another, w e arrive finally 
at the const ruct ion o f wha t w a s s o u g h t ; and this w e cal l synthesis . 

" N o w ana lys i s is of t w o kinds, the one directed to searching for 
the truth and cal led theoretical, the other directed to finding wha t we 
are told to find and cal led problematical, ( i ) In the theoretical k ind 
w e assume w h a t is sought as if it were ex is ten t and true, after which 
w e pass through its success ive consequences , as if t hey too we re true 
and es tabl i shed b y vir tue o f our hypo thes i s , to some th ing a d m i t t e d : 
then (a), if that s o m e t h i n g admi t t ed is true, that which is sought will 
a l so be t rue and the proof wil l correspond in the reverse order to the 
analys is , but (b), if w e c o m e upon someth ing admi t t ed ly false, that 
which is sought wil l also be false. (2) In the problematical k ind w e 
assume tha t wh ich is p ropounded as if it were known, after which w e 
pass th rough its success ive consequences , t ak ing them as true, up to 
someth ing admi t ted : if then (a) wha t is admi t ted is possible and 
obta inable , that is, wha t mathemat ic ians call given, wha t was or iginal ly 
proposed will a lso be possible, and the proof will aga in correspond in 

1 P a p p u s , v i i . p p . 6 3 4 — 6 . 
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reverse order to the analysis , but if (b) w e come upon s o m e t h i n g 
admi t ted ly impossible, the problem will a lso be impossible ." 

T h e ancient A n a l y s i s has been m a d e the subject o f careful s tudies 
b y several writers dur ing the last half-century, the most comple t e 
be ing those o f H a n k e l , D u h a m e l and Zeu then ; others b y Of te rd inger 
and Can to r should also be ment ioned 1 . 

T h e method is as follows. It is required, let us say, to prove that 
a certain proposit ion A is true. W e assume as a hypo thes i s tha t A 
is true and, s tar t ing from this w e find that, if A is true, a certain 
other proposit ion B is true ; if B is true, then C ; and so on unti l 
w e arrive at a proposit ion K which is admittedly true. T h e objec t 
o f the method is to enable us to infer, in the reverse order, that , s ince 
K is true, the proposit ion A or ig ina l ly assumed is true. N o w 
Ar is to t l e had a l ready made it c lear that false hypo theses migh t lead 
to a conclusion which is true. T h e r e is therefore a possibi l i ty o f error 
unless a certain precaut ion is taken. Whi l e , for e x a m p l e , B m a y be a 
necessary consequence o f A , it m a y happen that A is not a necessary 
consequence o f B . T h u s , in order tha t the reverse inference from the 
truth o f K that A is true m a y be log ica l ly justified, it is necessa ry 
that each step in the chain of inferences should be uncondi t iona l ly 
convert ible. A s a mat ter o f fact, a v e r y la rge number o f theorems in 
e lementary geome t ry are uncondi t ional ly conver t ib le , so that in pract ice 
the difficulty in secur ing tha t the success ive s teps shall be conver t ib le 
is not so grea t as might be supposed. B u t care is a l w a y s necessary . 
F o r e x a m p l e , as H a n k e l s a y s 2 , a proposit ion m a y not be uncon
dit ional ly conver t ib le in the form in which it is gene ra l ly quoted . 
T h u s the proposit ion " T h e ver t ices o f all t r iangles h a v i n g a c o m m o n 
base and constant ver t ical ang le lie on a circle cannot be conver ted 
into the proposit ion tha t " A l l t r iangles wi th c o m m o n base and ver t ices 
l y i n g on a circle have a constant ver t ical a n g l e " ; for this is o n l y true 
if the further condi t ions are satisfied ( 1 ) that the circle passes th rough 
the ext remi t ies of the c o m m o n base and (2) tha t o n l y that part o f the 
circle is taken as the locus of the vert ices wh ich lies on one s ide o f the 
base. I f these condi t ions are added, the proposi t ion is uncondi t iona l ly 
convertible. O r again, as Zeu then remarks 3 , K m a y be obta ined b y 
a series o f inferences in which A or some other proposit ion in the 
series is only apparently used ; this would be the case e.g. when the 
method o f modern a lgebra is be ing e m p l o y e d and the express ions on 
each side of the sign o f equa l i ty h a v e been inadver ten t ly mult ipl ied 
b y some composi te magn i tude which is in real i ty equal to zero. 

A l t h o u g h the above e x t r a c t from P a p p u s does not m a k e it c lear 
that each s tep in the chain o f a rgumen t mus t be conver t ib le in the 
case taken, he a lmost implies this in the second part o f the definition 
of A n a l y s i s where, instead o f s p e a k i n g o f the consequences B , C . . . 

1 H a n k e l , Zur Geschichte der Mathematik in Aiterthum und Mittetalter, 1874 , p p . 1 3 7 — 1 5 0 ; 
D u h a m e l , Des'mlthodes dans les sciences deraisonnement, P a r t I., 3 e d . , P a r i s , 1 8 8 5 , p p . 3 9 — 6 8 ; 
Z e u t h e n , Geschichte der Mathemalik im Altertum und Mittetalter, 1896 , p p . 9 2 — 1 0 4 ; 
O f t e r d i n g e r , Beitrdge zur Geschichte der griechischen Mathematik, U l m , i 8 6 0 ; C a n t o r , 
Geschichte der Mathematik, i 3 , p p . 2 2 0 — 2 . 

2 H a n k e l , p . 139 . 3 Z e u t h e n , p . 103 . 



success ive ly fo l lowing from A , he sudden ly changes the express ion 
and s a y s that w e inquire what it is ( B ) from which A follows ( A be ing 
thus the consequence of B , instead o f the reverse), and then wha t 
(v iz . C ) is the an teceden t cause of B ; and in pract ice the Greeks 
secured wha t was wanted b y a l w a y s insist ing on the analysis be ing 
confirmed b y subsequent synthesis, that is, they laboriously worked 
b a c k w a r d s the whole w a y from K to A , reversing the order o f the 
analys is , wh ich process would undoub ted ly br ing to l ight a n y flaw 
which had crept into the a rgumen t through the accidental neglect o f 
the necessary precautions. 

Reductio ad absurdum a variety of analysis. 
In the process o f ana lys is s tar t ing from the hypothes i s that a 

proposi t ion A is true and pass ing through B , C . . . as successive con
sequences we m a y arrive at a proposi t ion K which , instead of be ing 
a d m i t t e d l y true, is ei ther admi t t ed ly false or the contradictory of the 
or iginal hypo thes i s A or o f some one or more o f the proposit ions B , C . . . 
in termedia te be tween A and K . N o w correct inference from a true 
proposi t ion cannot lead to a false proposi t ion ; and in this case there
fore w e m a y at once conclude , wi thout a n y inquiry whether the 
various s teps in the a rgumen t are conver t ib le or not, that the h y p o 
thesis A is false, for, if it were true, all the consequences correct ly 
inferred from it would be true and no incompat ib i l i ty could arise. 
T h i s me thod o f p rov ing tha t a g iven hypothes i s is false furnishes an 
indirect me thod o f p rov ing that a g iven hypothes i s A is true, s ince w e 
h a v e o n l y to t ake the contradictory o f A and to prove that it is false. 
T h i s is the method o f reductio ad absurdum, wh ich is therefore a var ie ty 
o f analys is . T h e cont rad ic tory o f A , or n o t - A , wil l genera l ly include 
more f han one case and, in order to p rove its falsity, each o f the cases 
must be separa te ly disposed of : e.g., if it is desired to prove that a 
certain part of a figure is equal to some other part, we t ake separa te ly 
the hypo these s ( i ) tha t it is greater, (2) that it is less, and prove 
that each o f these hypo theses leads to a conclus ion either admi t t ed ly 
false or con t rad ic to ry to the hypo thes i s i tself or to some one o f its 
consequences . 

A n a l y s i s a s a p p l i e d t o p r o b l e m s . 
It is in relation to prob lems that the ancient ana lys is has the 

grea tes t s ignif icance, because it was the one general method which 
the G r e e k s used for so lv ing all " the more abstruse p r o b l e m s " ( t o 
dcratpia-repa rwv •7rpof3\r)/j,dTa>v)1. 

W e have , let us suppose, to construct a figure sat isfying a certain 
set of condi t ions I f we are to proceed at all me thod i ca l l y and not 
b y mere guesswork , it is first necessary to " a n a l y s e " those condit ions. 
T o enab le this to be done we mus t g e t them c lear ly in our minds, 
wh ich is o n l y possible b y a s suming all the condi t ions to be ac tua l ly 
fulfilled, in other words , b y suppos ing the problem solved. T h e n we 
h a v e to transform those condit ions, b y all the means which pract ice in 
such cases has t augh t us to e m p l o y , into other condi t ions which are 
necessar i ly fulfilled if the or iginal condi t ions are, and to cont inue this 

1 P r o c l u s , p . 1 4 a , 1 6 , 1 7 . 



transformation until we at l eng th arr ive a t condi t ions wh ich w e 
are in a posit ion to sat isfy 1 . In other words , w e must arr ive a t 
some relation wh ich enab les us to construct a par t icular part o f 
the figure which, it is true, has been h y p o t h e t i c a l l y assumed and 
even drawn, but wh ich never theless rea l ly requires to be found in 
order that the prob lem m a y be solved. F r o m that m o m e n t the 
part icular par t o f the figure becomes one o f the data, and a fresh 
relation has to be found which enables a fresh par t o f the figure 
to be determined b y means of the original da t a and the new one 
together . W h e n this is done, the second new part o f the figure a lso 
be longs to the d a t a ; and w e proceed in this w a y until all the par ts 
of the required figure are found 3 . T h e first part o f the ana lys i s 
d o w n to the point o f d i scove ry o f a relation wh ich enables 
us to say that a certain new par t o f the figure not b e l o n g i n g 
to the original da ta is given, H a n k e l cal ls the transformation ; the 
second part, in which it is p roved that all the remain ing parts o f 
the figure are " g i v e n , " he cal ls the resolution. T h e n fol lows the 
synthesis, which also consists o f two parts, ( 1 ) the construction, in 
the order in which it has to be a c t u a l l y carried out, and in genera l 
fo l lowing the course o f the second par t o f the analys is , the resolution ; 
(2) the demonstration that the figure obta ined does satisfy a l l the g i v e n 
condit ions, wh ich fol lows the steps o f the first par t o f the analys is , 
the transformation, but in the reverse order. T h e second par t o f 
the analysis , the resolution, would be much facil i tated and shortened 
b y the ex i s t ence o f a sys temat i c col lec t ion o f Data such as Euc l id ' s 
book bear ing that title, consis t ing o f proposi t ions p r o v i n g that, if 
in a figure certain parts or relat ions are given, o ther par ts or relat ions 
are also given. A s regards the first par t of the analys is , the trans
formation, the usual rule appl ies tha t eve ry s tep in the chain mus t 
be uncondi t ional ly conve r t i b l e ; and a n y failure to observe this 
condit ion will be b rough t to l ight b y the subsequent synthesis . 
T h e second part, the resolution, can be d i rec t ly turned into the 
construction since tha t o n l y is given wh ich can be const ructed b y 
the means provided in the Elements. 

I t would be difficult to find a bet ter i l lustrat ion o f the above than 
the e x a m p l e chosen b y H a n k e l from P a p p u s 3 . 

Given a circle A B C and two points D , E external to it, to draw 
straight lines D B , E B from D , E to a point B on the circle such that, 
if D B , E B produced meet the circle again in C , A , A C shall be parallel 
to D E . 

Analysis . 
Suppose the problem solved and the t angen t at A d rawn , mee t ing 

ED produced in F. 
(Par t I. Transformation!) 
T h e n , since A C is paral lel to DE, the ang le a t C is equa l to the 

angle CDE. 
But , since FA is a tangent , the ang le a t C is equal to the ang le FAE. 
Therefore the ang le FAE is equa l to the ang le CDE, w h e n c e A, 

B, D, F are concyc l i c . 
1 Z e u t h e n , p . 9 3 . 3 H a n k e l , p . 1 4 1 . 3 P a p p u s , V I I . p p . 8 3 0 — J . 



There fo re the rec tang le AE, EB is equal to the rec tangle FE, 
ED. 

(Par t I I . Resolution.) 
B u t the rec tang le AE, EB is g iven , 

because it is equal to the square on the 
t angen t from E. 

Therefore the rec tang le FE, ED is 
g i v e n ; 
and, s ince ED is g iven , FE is g i v e n (in 
length) . [Data, 57.] 

B u t FE is g iven in posi t ion also, so 
tha t F is a lso g iven . [Data, 27.] 

N o w FA is the t angen t from a g iven point F to a circle ABC 
g iven in pos i t ion ; 
therefore FA is g iven in position and magni tude . [Data, 90.] 

A n d F is g iven ; therefore A is g iven . 
B u t E is a lso g iven ; therefore the s t ra ight line AE is g iven in 

posi t ion . [Data, 26.] 
A n d the circle ABC is g iven in posi t ion ; 

therefore the point B is a lso g iven . [Data, 25.] 
B u t the points D, E are also g i v e n ; 

therefore the s t ra ight l ines DB, BE are also g iven in position. 
S y n t h e s i s . 
(Par t I. Construction.) 
S u p p o s e the circle ABC and the points D, E g iven . 
T a k e a rec tangle conta ined b y ED and b y a certain straight 

line EF equal to the square on the t angen t to the circle from E. 
F r o m F d raw FA t ouch ing the circle in A ; jo in ABE and then 

DB, p roduc ing DB to mee t the circle a t C. Join AC. 
1 say then that AC is paral lel to DE. 
(Par t I I . Demonstration!) 
Since , b y hypothes is , the rec tangle FE, ED is equal to the square 

on the t angen t from E, wh ich aga in is equal to the rec tangle AE, EB, 
the rec tang le AE, EB is equal to the rec tangle FE, ED. 

Therefore A, B, D, F are concyc l i c , 
w h e n c e the a n g l e FAE is equal to the ang le BDE. 

B u t the ang le FAE is equal to the angle ACB in the al ternate 
s e g m e n t ; 
therefore the ang le A CB is equal to the ang le BDE. 

Therefore AC is paral lel to DEh 
In cases where a b~iopio-p.6<; is necessary, i.e. where a solution is 

o n l y possible under certain condit ions, the ana lys is will enable those 
condi t ions to be ascer ta ined. S o m e t i m e s the Siopio-fios is s tated and 
proved at the end o f the analys is , e.g. in A r c h i m e d e s , On the Sphere 
and Cylinder, II. 7 ; somet imes it is s tated in tha t p lace and the proof 
pos tponed till after the end o f the synthesis , e.g. in the solution o f 
the problem subs id iary to On the Sphere and Cylinder, II. 4, preserved 
in E u t o c i u s ' c o m m e n t a r y on that proposit ion. T h e analys is should 
a lso enab le us to de te rmine the number o f solutions o f which the 
problem is suscept ible . 



§ 7. T H E D E F I N I T I O N S . 

G e n e r a l . " R e a l " a n d " N o m i n a l " D e f i n i t i o n s . 
I t is necessary, says Ar i s to t l e , wheneve r a n y one treats o f a n y 

whole subject, to d iv ide the genus into its p r imary const i tuents , those 
which are indivisible in species r e s p e c t i v e l y : e.g. n u m b e r mus t be 
divided into triad and d y a d ; then an a t t empt must be m a d e in this 
w a y to obta in definitions, e.g. of a s t ra ight line, of a circle , and o f 
a r ight a n g l e 1 . 

T h e word for definition is opos. T h e or iginal m e a n i n g of this 
word seems to have been " boundary ," " landmark ." T h e n w e h a v e 
it in P l a t o and Ar i s to t l e in the sense of s tandard or de te rmin ing 
principle (" id quo al icuius rei natura const i tui tur ve l definitur," 
Index Aristotelicusy ; and c lose ly connec ted wi th this is the sense o f 
definition. Ar i s to t l e uses both '6po<s and opiap.o's for definition, the 
former occurr ing more f requent ly in the Topics, the lat ter in the 
Metaphysics. 

L e t us now first be clear as t o w h a t a definition does not do . 
T h e r e is noth ing in c o n n e x i o n wi th definitions w h i c h Ar i s t o t l e t akes 
more pains to emphas ise than tha t a definition asserts no th ing a s t o 
the existence or non-existence of the th ing defined. I t is an answer 
to the quest ion what a th ing is (TI e'ort), and does not say that it 
is (on lo-rt). T h e existence of the var ious th ings defined has to b e 
proved, e x c e p t in the case o f a few pr imary th ings in each science, 
the ex i s tence of which is indemons t rab le and mus t be assumed a m o n g 
the first principles o f each s c i e n c e ; e.g. points and lines in g e o m e t r y 
must be assumed to exis t , but the e x i s t e n c e o f eve ry th ing else mus t 
be proved. T h i s is s ta ted c lea r ly in the long passage quo ted a b o v e 
under Firs t Pr inciples 8 . I t is reasserted in such passages as the 
fol lowing. " T h e (answer to the quest ion) what is a man and the 

fact that a man exists are different th ings 4 . " " I t is c lear that , even 
accord ing to the view o f definitions now current, those w h o define 
th ings d o not prove tha t t hey ex i s t 8 . " " W e s a y that it is b y 
demonstration that w e mus t show that e v e r y t h i n g ex is t s , e x c e p t 
essence (el p.r) ovcria eir/). B u t the existence o f a th ing is neve r 
e s sence ; for the existent is not a genus . There fo re there must be 
demonstra t ion tha t a th ing exis t s . T h u s , what is meant by triangle 
the geomete r assumes, bnt tha t it ex i s t s he has to p rove 8 . " " A n t e r i o r 
knowledge of two sorts is necessary : for it is necessary to presuppose, 
wi th regard to some things , tha t they exist; in other cases it is 
necessary to understand what the th ing descr ibed is, and in other 
cases it is necessary to d o both. T h u s , w i th the fact that one of t w o 
contradictories must be true, w e must k n o w that it ex i s t s (is t rue ) ; 

1 Anal. post. II. 1 3 , 96 b 1 5 . 
8 C f . De aninia, I. 2 , 404 a 9 , w h e r e M b r e a t h i n g " is s p o k e n o f as t he Spot o f " l i f e , " a n d 

the m a n y pas sages in the Polities w h e r e the w o r d is used to d e n o t e tha t w h i c h g i v e s i ts 
special character t o t he s e v e r a l fo rms o f g o v e r n m e n t (v i r tue b e i n g t he dpot o f a r i s t o c r a c y , 
w e a l t h o f o l i g a r c h y , l i be r ty o f d e m o c r a c y , 1294 a 1 0 ) ; P l a t o , Republic, v u i . 5 5 1 c . 

8 Anal. post. 1. 1 0 , 76 a 31 s q q . 4 ibid. n . 7, 92 b 1 0 . 
6 ibid. 9 1 b 1 9 . 6 ibid. 92 b 1 1 s q q . 



o f the t r iangle w e mus t k n o w that it means such and such a th ing ; of 
the unit w e must k n o w both w ha t it means and that it ex i s t s 1 . " W h a t 
is here so much insisted on is the ve ry fact which Mi l l pointed out 
in his discussion o f earlier v iews o f Definit ions, where he says that 
the so-cal led real definitions or definitions o f things do not consti tute 
a different k ind o f definition from nominal definitions, or definitions 
o f names ; the former is s i m p l y the latter plus someth ing else, n a m e l y 
a cover t assert ion that the th ing defined ex i s t s . " T h i s cover t assertion 
is not a definition but a postula te . T h e definition is a mere identical 
proposi t ion which g ives information o n l y about the use o f language , 
and from which no conclus ion affecting mat ters of fact can poss ibly 
be drawn. T h e a c c o m p a n y i n g postulate , on the other hand, affirms 
a fact wh ich m a y lead to consequences o f eve ry degree of importance. 
It affirms the actual or possible ex i s t ence o f T h i n g s possessing the 
combina t ion o f at t r ibutes set forth in the definition : and this, if true, 
m a y be foundat ion sufficient on which to build a who le fabric of 
scientific t ruth 2 ." T h i s s ta tement real ly adds noth ing to Aris to t le ' s 
d o c t r i n e 3 : it has even the s l igh t d i sadvantage , due to the use of 
the word " pos tu la te " to descr ibe " the cover t assertion " in all cases, 
o f not definitely po in t ing out that there are cases where ex is tence 
has to b e proved as dist inct from those where it must be assumed. 
I t is true that the ex i s t ence of a definiend m a y have to be taken 
for g ran ted provis iona l ly until the t ime comes for proving i t ; but, 
so far as regards a n y case where ex i s t ence must be proved sooner 
or later, the provis ional assumpt ion wou ld be for Ar i s to t le , not a 
postulate, bu t a hypothesis. In modern t imes, too, Mil l ' s account o f 
the true dis t inct ion be tween real and nominal definitions had been 
fully ant ic ipa ted b y Sacche r i 4 , the editor o f Euclides ab omni naevo 
vindicates ( 1733) , famous in the his tory of non-Euc l idean geomet ry . 
In his Logica Demonstrativa (to which he also refers in his Euc l id ) 
Sacche r i l ays d o w n the clear dist inct ion be tween wha t he cal ls de-
finitiones quid nominis or nominales, and definitiones quid rei or reales, 
n a m e l y that the former are o n l y in tended to exp la in the mean ing 

1 Anal. posl. I. i , 71 a 1 1 s q q . 3 M i l l ' s System of Logic. B k . I. c h . v i i i . 
3 I t is t rue that it w a s in o p p o s i t i o n to " the i deas o f m o s t o f the Aristotelian logicians" 

( ra ther t h a n o f A r i s t o t l e h i m s e l f ) tha t M i l l l a id s u c h stress on h i s po in t o f v i e w . C f . h i s 
o b s e r v a t i o n ; " W e h a v e a l r e a d y m a d e , and sha l l often h a v e to repea t , the r e m a r k , tha t the 
p h i l o s o p h e r s w h o o v e r t h r e w R e a l i s m b y n o m e a n s g o t r id o f the c o n s e q u e n c e s o f R e a l i s m , 
but r e t a ined l o n g a f t e rwa rds , in the i r o w n p h i l o s o p h y , n u m e r o u s p ropos i t i ons w h i c h c o u l d 
o n l y h a v e a r a t i ona l m e a n i n g as par t o f a R e a l i s t i c s y s t e m . I t h a d b e e n h a n d e d d o w n from 
A r i s t o t l e , a n d p r o b a b l y f rom ea r l i e r t i m e s , a s an o b v i o u s t ru th , tha t t he s c i e n c e o f g e o m e t r y 
is d e d u c e d f rom def in i t ions . T h i s , so l o n g as a def in i t ion w a s cons ide red to be a p ropos i t ion 
' u n f o l d i n g the na tu re o f t he t h i n g , ' d i d w e l l e n o u g h . B u t H o b b e s f o l l o w e d a n d re jec ted 
u t t e r l y t he n o t i o n that a def in i t ion d e c l a r e s the na tu re o f the t h i n g , o r d o e s a n y t h i n g but 
s t a t e t he m e a n i n g o f a n a m e ; y e t h e c o n t i n u e d to affirm as b r o a d l y as a n y o f h is p redecesso r s 
t h a t t he dpxaL, principia, o r o r i g i n a l p r emis se s o f m a t h e m a t i c s , a n d e v e n o f a l l s c i ence , a re 
d e f i n i t i o n s ; p r o d u c i n g the s i n g u l a r p a r a d o x that s y s t e m s of scient if ic t ru th , n a y , a l l t ru ths 
w h a t e v e r at w h i c h w e a r r ive b y r e a s o n i n g , are d e d u c e d f rom the a rb i t r a ry c o n v e n t i o n s o f 
m a n k i n d c o n c e r n i n g t he s ign i f i ca t ion o f w o r d s . " A r i s t o t l e w a s g u i l t y o f n o such p a r a d o x ; 
o n t he c o n t r a r y , h e e x p o s e d it a s p l a i n l y as d i d M i l l . 

4 T h i s has b e e n fu l ly b r o u g h t o u t in t w o p a p e r s b y G . V a i l a t i , La teoria Aristotelica delta 
defnizione (Rivisla di Filosofia e scienze ajjfini, 1903) , a n d Di un' opera dimenticata del 
P. Gerolamo Saccheri ( " L o g i c a D e m o n s t r a t i v a , " 1 6 9 7 ) (in Rivista Filosofica, 1903) . 



that is to be a t tached to a g i v e n term, whereas the latter, bes ides 
declar ing the mean ing o f a word, affirm at the s a m e t ime the ex i s t ence 
o f the th ing defined or, in geome t ry , the poss ibi l i ty o f cons t ruc t ing it. 
T h e definitio quid nominis becomes a definitio quid rei " by means o f a 
postulate, or when w e c o m e to the quest ion whe the r the th ing exists and 
it is answered aff i rmat ively 1 . " Definitiones quid nominis are in them
selves qui te arbi trary, and neither require nor are c a p a b l e o f p roof ; 
t hey are mere ly provis ional and are o n l y in tended to b e turned as 
q u i c k l y as possible into definitiones quid rei, ei ther ( 1 ) b y means o f 
a postulate in which it is asserted or conceded tha t w h a t is defined 
ex is t s or can be constructed, e.g. in the case o f straight lines and 
circles, to which Euc l id ' s first three pos tu la tes refer, or (2) b y 
means o f a demonstra t ion reducing the construct ion o f the figure 
defined to the success ive ca r ry ing-ou t o f a certain number o f those 
e lementary construct ions, the poss ibi l i ty of wh ich is postulated. T h u s 
definitiones quid rei are in genera l ob ta ined as the result o f a series o f 
demonstrat ions. Saccher i g ives as an instance the construct ion o f a 
square in Euc l id I . 46. S u p p o s e that it is ob jec ted tha t E u c l i d had 
no right to define a square, as he does a t the b e g i n n i n g o f the B o o k , 
when it was not certain tha t such a figure e x i s t s in na tu r e ; the 
objection, he says , could o n l y have force if, before p rov ing and m a k i n g 
the construct ion, E u c l i d had assumed the aforesaid figure as g iven . 
T h a t E u c l i d is not g u i l t y o f this error is c lear from the fact tha t 
he never presupposes the ex i s t ence o f the square as defined unti l 
after 1. 46. 

Confusion be tween the nominal and the real definition as thus de 
scribed, i.e. the use o f the former in demonst ra t ion before it has been 
turned into the latter b y the necessary proof tha t the th ing defined 
exis ts , is accord ing to Saccher i one o f the most fruitful sources o f 
i l lusory demonstrat ion, and the d a n g e r is grea te r in proport ion to 
the " c o m p l e x i t y " o f the definition, i.e. the number and va r i e ty o f 
the attr ibutes be long ing to the th ing defined. F o r the grea te r is the 
possibi l i ty that there m a y b e a m o n g the a t t r ibutes some that are 
incompatible, i.e. the s imul taneous presence o f wh ich in a g i v e n figure 
can be proved, b y means o f other postula tes etc. forming par t o f the 
basis o f the science,, to be imposs ib le . 

T h e same thought is exp re s sed b y L e i b n i z also. " If," he says , 
" we g i v e a n y definition, and it is not clear from it tha t the idea, wh ich 
w e ascribe to the thing, is possible, w e cannot re ly upon the d e m o n 
strations which w e h a v e der ived from that definition, because , i f that 
idea b y chance involves a contradic t ion, it is possible tha t even con
tradictories m a y be true o f it a t one and the s a m e t ime, and thus our 
demonstra t ions will be useless. W h e n c e it is clear tha t definitions 
are not arbitrary. A n d this is a secret which is ha rd ly sufficiently 
known"." Le ibn iz ' favourite i l lustration w a s the " r e g u l a r po lyhedron 
with ten faces," the impossibi l i ty o f which is not obvious a t first s ight . 

1 " D e f i n i t i o quid nominis n a t a es t e v a d e r e def in i t io quid rei p e r postulaium v e l d u m 
ven i tu r a d q u a e s t i o n e m an est e t r e s p o n d e t u r a f f i r m a t i v e . ' 

1 Opuscules et fragments inldits de Leibniz, P a r i s , A l c a n , 1903 , p . 4 3 1 . Q u o t e d by V a i l a t i . 



I t need ha rd ly b e added that , s p e a k i n g genera l ly , Euc l id ' s defini
t ions, and his use o f them, ag ree wi th the doct r ine o f Ar i s to t l e 
tha t the definitions themse lves s a y no th ing as to the ex i s t ence of the 
th ings defined, bu t that the ex i s t ence o f each o f them must be 
p roved or (in the case o f the " p r inc ip les" ) assumed. In geomet ry , 
s a y s Ar i s to t l e , the ex i s t ence o f points and lines on ly must be as
sumed , the ex i s t ence o f the rest be ing proved. A c c o r d i n g l y Eucl id ' s 
first three postula tes dec lare the possibi l i ty o f cons t ruc t ing straight 
l ines and circles ( the o n l y " l i n e s " e x c e p t s traight l ines used in the 
Elements). O t h e r th ings are defined and afterwards constructed and 
proved to e x i s t : e.g. in B o o k I . , Def. 20, it is e x p l a i n e d wha t is meant 
b y an equi la tera l t r i a n g l e ; then ( I . 1) it is proposed to construct it, 
and, when constructed, it is p roved to agree wi th the definition. 
W h e n a square is defined ( I . Def. 22), the quest ion whether such a 
t h i n g rea l ly ex i s t s is left open until, in I . 46, it is proposed to construct 
it and, w h e n constructed, it is p roved to satisfy the definition 1 . 
S imi l a r ly wi th the r ight ang le ( I . Def. 10, and I . 1 1 ) and parallels 
( I . Def. 23, and I . 27—29) . T h e grea tes t care is taken to e x c l u d e 
mere presumpt ion and imagina t ion . T h e transit ion from the sub
j ec t ive definition o f n a m e s to the ob jec t ive definition o f th ings is 
m a d e , in g e o m e t r y , b y means o f constructions ( the first principles o f 
w h i c h are pos tu la ted) , as in other sciences it is made b y means of 
e x p e r i e n c e 2 . 

A r i s t o t l e ' s r e q u i r e m e n t s in a d e f i n i t i o n . 
W e now c o m e to the posi t ive character is t ics b y which , according 

to Ar i s to t l e , scientific definitions must be marked . 
First, the different at t r ibutes in a definition, when taken separately, 

cove r more than the notion defined, bu t the combina t ion o f them 
does n o t Ar i s t o t l e i l lustrates this b y the " triad," into which enter 
the severa l not ions o f number , odd and prime, and the last " in both 
its t w o senses (a) o f not be ing measured b y a n y (other) number (<&<? 
Iir) fierpeiaOai dptdp.a>) and (b) o f not be ing ob ta inable b y add ing 
numbers toge the r " (<&? p,r) o-vyxelo-Bai e'f dpidfi&v), a unit not being a 
number . O f these at t r ibutes s o m e are present in a l l other odd 
numbers as we l l , whi le the last [pr imeness in the second sense] 
b e l o n g s also to the d y a d , bu t in no th ing but the triad are they all 
present ' . " T h e fact can be equa l ly well i l lustrated from geomet ry . 
T h u s , e.g. into the definition of a square ( E u c l . I . , Def. 22) there enter 
the several not ions o f figure, four-sided, equilateral , and r ight-angled, 
each o f wh ich covers more than the notion into which all enter as 
a t t r ibutes 4 . 

Secondly, a definition mus t be expressed in te rms o f th ings which 
are prior to , and bet ter k n o w n than, the th ings defined' . T h i s is 

1 T r e n d e l e n b u r g , Ekmenta Logices Aristotileae, § 50. 
2 T r e n d e l e n b u r g , Erlduterungen zu den Elementen der aristotelischen Logik, 3 e d . p . 107 . 

O n c o n s t r u c t i o n a s p r o o f o f e x i s t e n c e in a n c i e n t g e o m e t r y cf. H . G . Z e u t h e n , Die geometrische 
Construction als *' Existenzbeweis" in der antiken Geometric (in Mathematische Annalen, 
4 7 . B a n d ) . 

• Anal. post. II. 1 3 , 9 6 a 3 3 — b 1. 
4 T r e n d e l e n b u r g , Erlduterungen, p . 108 . • Topics VI. 4 , 1 4 1 a 1 6 sqq . 



clear, s ince the object o f a definition is to g i v e us k n o w l e d g e o f the 
thing defined, and it is b y means of th ings prior and bet ter k n o w n 
that w e acquire fresh knowledge , as in the course o f demons t ra t ions . 
B u t the terms " prior " and " bet ter known " are, as usual suscept ib le 
o f two m e a n i n g s ; t hey m a y mean (1) absolutely or logically prior and 
better known, or ( 2 ) bet ter k n o w n relatively to us. In the abso lu te 
sense, or from the s tandpoint o f reason, a point is bet ter k n o w n than 
a line, a line than a plane, and a p lane than a solid, as also a unit is 
bet ter k n o w n than number (for the unit is prior to, and the first 
principle of, a n y number) . S imi la r ly , in the absolu te sense, a let ter is 
prior to a syl lable . B u t the case is somet imes different re la t ive ly to 
u s ; for e x a m p l e , a solid is more eas i ly realised b y the senses than a 
plane, a p lane than a line, and a line than a point . H e n c e , wh i l e it is 
more scientific to begin wi th the absolutely prior, it m a y , perhaps, be 
permissible, in case the learner is not capab le o f fo l lowing the scientific 
order, to exp la in th ings b y means o f what is more intel l igible to him. 
" A m o n g the definitions framed on this pr inciple are those o f the 
point, the line and the p l a n e ; all these e x p l a i n w h a t is prior b y 
means of wha t is posterior, for the point is descr ibed as the e x t r e m i t y 
o f a line, the line o f a plane, the plane o f a solid." Bu t , if it is asserted 
that such definitions b y means o f th ings which are more intel l igible 
re lat ively on ly to a par t icular individual are r ea l ly definit ions, it will 
follow that there m a y be m a n y definitions o f the s a m e th ing, one for 
each individual for w h o m a th ing is be ing defined, and even different 
definitions for one and the same individual a t different t imes, s ince a t 
first sensible objects are more intel l igible, whi le to a bet ter t rained 
mind they become less so. I t fol lows therefore that a th ing should 
be defined b y means o f the abso lu te ly prior and not the re la t ive ly 
prior, in order that there m a y be one sole and immutab l e definition. 
T h i s is further enforced b y reference to the requirement tha t a g o o d 
definition must s ta te the genus and the differentiae, for these are 
a m o n g the th ings which are, in the absolute sense, bet ter k n o w n than, 
and prior to, the species (T&V a7rA.c5? yvcopipuorepcov teal trpoTepaiv rov 
etSovi eo-TLv). F o r to des t roy the genus and the differentia is to 
des t roy the species, so tha t the former are prior t o the species ; t h e y 
are also better known, for, when the species is k n o w n , the g e n u s and 
the differentia must necessar i ly be k n o w n also, e.g. he w h o k n o w s 
" man " must also k n o w " a n i m a l " and " land-animal ," but it does no t 
follow, when the genus and differentia are k n o w n , tha t the species is 
known too, and hence the species is less k n o w n than they are 1 . I t 
m a y be frankly admit ted tha t the scientific definition wi l l require 
superior mental powers for its app rehens ion ; and the e x t e n t o f i ts 
use must be a mat ter o f discretion. S o far A r i s t o t l e ; and w e h a v e 
here t h e best possible exp lana t ion w h y E u c l i d supp lemented his 
definition o f a point b y the s ta tement in I . Def. 3 tha t the extremities of 
a line are points and his definition of a surface b y I . Def . 6 to the effect 
that the extremities of a surface are lines. T h e supp lemen ta ry e x p l a -

1 Topics VI. 4 , 1 4 1 b 2 5 — 3 4 . 



nat ions d o in fact enable us t o arr ive at a bet ter unders tanding of the 
formal definitions o f a point and a line respect ively, as is well e x 
plained b y S imson in his note on Def. I . S imson says , namely , that 
w e must consider a solid, that is, a magn i tude which has length, 
b readth and th ickness , in order to understand ar ight the definitions o f 
a point, a line and a surface. Consider , for instance, the boundary 
c o m m o n to t w o solids which are con t iguous or the boundary which 
d iv ides one solid into two cont iguous par ts ; this boundary is a surface. 
W e can prove tha t it has no th ickness b y t a k i n g a w a y either solid, 
when it remains the bounda ry of the other ; for, if it had thickness, the 
th ickness must ei ther be a part o f one solid or o f the other, in which 
case to t a k e a w a y one or other solid would t ake a w a y the thickness 
and therefore the boundary itself: wh ich is impossible. Therefore 
the bounda ry or the surface has no thickness . In e x a c t l y the same 
w a y , r ega rd ing a line as the boundary of two cont iguous surfaces, we 
p rove tha t the line has no breadth ; and, last ly, regarding a point as 
the c o m m o n bounda ry or e x t r e m i t y o f t w o lines, w e prove that a 
point has no length , breadth or thickness . 

Aristotle on unscientific definitions. 
Ar i s to t l e dis t inguishes three k inds o f definition wh ich are un

scientific because founded on wha t is not prior (fii) ex trporipav). T h e 
first is a definition o f a th ing b y means o f its opposi te , e.g. o f " g o o d " 
b y means o f " bad " ; this is w r o n g because opposi tes are na tura l ly 
evo lved together , and the k n o w l e d g e o f opposi tes is not u n c o m m o n l y 
regarded as one and the same, so that one of the two opposi tes 
canno t be bet ter k n o w n than the other. I t is true that, in some 
cases o f opposi tes , it w o u l d appear tha t no other sort of definition is 
poss ib le : e.g. it w o u l d seem impossible to define double apar t from the 
ha l f and, genera l ly , this would be the case w i th things which in their 
v e r y nature (icad' aiird) are relative terms ( t t / j o ? TI Xeyerai), s ince one 
cannot be k n o w n wi thout the other, so that in the notion o f either the 
other mus t be comprised as we l l 1 . T h e second k ind o f definition 
which is based on wha t is not prior is that in which there is a 
comple t e circle through the unconsc ious use in the definition itself o f 
the not ion to be defined t hough not o f the name 8 . T rende l enburg 
i l lustrates this b y two current definitions, ( 1 ) that o f magn i tude as 
that wh ich can be increased or diminished, which is bad because the 
posi t ive and nega t ive compara t ives " more " and " less " presuppose 
the not ion o f the posi t ive " great ," ( 2 ) the famous Euc l idean definition 
o f a s t ra ight l ine as that which " lies even ly wi th the points on i tself" 
(e'£ Icrov rofc i<p' eavTrjs o-ijiiet'oi? Kelrai), where " lies even ly " can only 
be unders tood wi th the aid of the ve ry notion of a s t ra ight l ine which is 
t o be defined 3 . T h e third k ind of vic ious definition from that which 
is not prior is the definition of one of t w o coordinate species b y means 
o f its coord ina te (dvTiSir/prjp.evov), e.g. a definition o f " odd " a s that 
which e x c e e d s the even b y a unit ( the second al ternat ive in Euc l . VII. 
Def. 7 ) ; for " odd " and " even " are coordinates , be ing differentiae o f 

1 Topics VI. 4 , 142 a 2.2—31. 3 ibid. 145 a 3 4 — b 6 . 
8 T r e n d e l e n b u r g , Erlduterungen, p . 1 1 5 . 



number 1 . T h i s third kind is s imilar to the first. T h u s , s a y s T r e n 
delenburg, it would b e w r o n g to define a square as " a rectangle 
with equal sides." 

A r i s t o t l e ' s t h i r d r e q u i r e m e n t . 
A third general observat ion o f Ar i s t o t l e which is spec ia l ly re levant 

to geometr ica l definitions is that " to k n o w what a th ing is ( T I icrriv) is 
the same as k n o w i n g why it is (Sid rl io-Tiv)2." " What is an ecl ipse ? 
A depr ivat ion o f l ight from the moon through the interposit ion o f the 
earth. Why does an ecl ipse t ake p l a c e ? O r why is the m o o n 
eclipsed ? Because the l ight fails t h rough the earth obs t ruct ing it. 
What is ha rmony ? A ratio o f numbers in h igh or low pitch. Why 

does the high-pi tched harmonise wi th the low-pi tched ? B e c a u s e 
the h igh and the low have a numerical ratio to one another 8 . " " W e 
seek the cause (TO SIOTI) when w e are a l ready in possession o f the 

fact (TO OTI). Some t imes t h e y both b e c o m e ev ident a t the same t ime, 
bu t at all events the cause cannot poss ib ly be k n o w n [as a cause] 
before the fact is k n o w n 4 . " " I t is impossible to k n o w what a t h ing is 
if w e d o not k n o w that i t i s 8 " T r e n d e l e n b u r g pa raph ra se s : " T h e 
definition o f the notion does not fulfil its purpose until it is m a d e 
genetic. I t is the p roduc ing cause which first reveals the essence o f 
the th ing T h e nominal definitions o f g e o m e t r y h a v e o n l y a 
provisional significance and are superseded as soon as t h e y are m a d e 
genet ic b y means o f construct ion." E .g . the gene t ic definition o f a 
para l le logram is evo lved from E u c l . I . 31 ( g i v i n g the construct ion for 
parallels) and I . 33 about the lines jo in ing cor responding ends o f t w o 
straight lines parallel and equal in length . W h e r e ex i s t ence is p roved 
b y construction, the cause and the fact appear together1. 

A g a i n , " i t is not enough that the def ining s ta tement should set 
forth the fact, as most definitions d o ; it should a lso conta in and 
present the c a u s e ; whereas in pract ice wha t is s tated in the definition 
is usual ly no more than a conclusion (o-vfiirepaafia). F o r e x a m p l e , 
wha t is quadrature ? T h e construction o f an equi lateral r igh t -ang led 
figure equal to an oblong. B u t such a definition expresses mere ly the 
conclusion. Wherea s , if y o u s a y that quadra ture is the d i scove ry o f a 
mean proport ional , then y o u s ta te the reason 7 . " T h i s is bet ter under
stood if w e compare the s ta tement e lsewhere that " t h e cause is the 
middle term, and this is wha t is sought in all cases 8 , " and the il lustra
tion o f this b y the case o f the proposi t ion tha t the a n g l e in a semi 
circle is a right angle . H e r e the midd le te rm which it is sough t t o 
establish b y means o f the figure is that the ang le in the semi-c i rc le is 
equal to the half of two right angles. W e h a v e then the s y l l o g i s m : 
W h a t e v e r is half o f t w o right ang les is a r ight a n g l e ; the ang le in a 
semi-circle is the ha l f of t w o right ang les ; therefore (conclusion) the 
angle in a semi-circle is a r ight angle". A s wi th the demonstra t ion, so 

1 Topics VI. 4 , 142 b 7 — 1 0 . ' Anal. post. II. », 9 0 a 3 1 . 
8 Anal. post. II. 2 , 90 a 1 5 — 2 1 . 4 ibid. II. 8, 93 a 1 7 . 
8 ibid. 93 a 20. 8 T r e n d e l e n b u r g , Erlduterungen, p. no . 
7 De anima II. 2 , 4 1 3 a 1 3 — 2 0 . • Anal. post. II. 2 , 90 a 6, 
8 ibid. 11. u , 94 a 28. 
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it should b e wi th the definition. A definition wh ich is to show the 
genesis o f the th ing defined should conta in the midd le term or c a u s e ; 
o therwise i t is a mere s ta tement o f a conclusion. Consider , for 
instance, the definition of " quadra ture " as " m a k i n g a square equal in 
area to a rec tang le wi th unequal sides." T h i s g ives no hint as to 
whe ther a solut ion o f the prob lem is possible or how it is solved : but, 
if y o u add that to find the mean proport ional be tween two g iven 
s t ra ight l ines g i v e s another s t ra ight l ine such that the square on it is 
equal to the rec tangle conta ined b y the first t w o straight lines, y o u 
s u p p l y the necessary midd le term or cause 1 . 

T e c h n i c a l terms not defined b y Euclid. 
I t wi l l b e observed that wha t is here defined, " q u a d r a t u r e " or 

" squar ing " (Terpaya>vio-p,6<;), is not a geometr ica l figure, or an attribute 
of such a figure or a part o f a figure, bu t a technical term used to 
descr ibe a certain problem. E u c l i d does not define such t h i n g s ; but 
the fact tha t A r i s t o t l e a l ludes to this part icular definition as wel l as to 
definitions of deflection (KexXdo-Ocu) and o f verging (vevuv) seems to 
show that earlier t e x t - b o o k s inc luded a m o n g definitions exp lana t ions 
of a number o f technical terms, and that Euc l id del ibera te ly omit ted 
these e x p l a n a t i o n s from his Elements as surplusage. L a t e r the 
t e n d e n c y w a s aga in in the oppos i te direction, as w e see from the much 
e x p a n d e d Defini t ions o f Heron , which , for e x a m p l e , ac tua l ly include 
a definition o f a deflected line (KtucXaapAm) ypap.p,r)y. E u c l i d uses the 
pass ive o f icXav occasionally*, but ev iden t ly considered it unnecessary 
to e x p l a i n such terms, wh ich had c o m e to bear a recognised meaning. 

T h e ment ion too b y Ar i s t o t l e o f a definition o f verging (vtveiv) 
sugges t s tha t the p rob lems indicated b y this term were not exc luded 
from e lemen ta ry t e x t - b o o k s before Euc l id . T h e t y p e o f problem 
(KCOO-W) w a s tha t o f p l ac ing a s t ra ight l ine across t w o lines, e.g. two 
s t ra ight l ines, or a s t ra ight line and a circle, so that it shall verge to a 
g iven poin t (i.e. pass th rough it if p roduced) and a t the same t ime the 
intercept on it m a d e b y the t w o g iven lines shall be o f g iven length. 

1 O t h e r p a s s a g e s i n A r i s t o t l e m a y b e q u o t e d t o t he l i k e e f f e c t : e . g . Anal. post. I. 1 , 
7 1 b 9 " W e c o n s i d e r t h a t w e k n o w a pa r t i cu la r t h i n g in the a b s o l u t e sense , a s d i s t inc t 
f rom the soph i s t i ca l a n d i n c i d e n t a l s ense , w h e n w e cons ide r tha t w e k n o w the c a u s e o n 
a c c o u n t o f w h i c h t h e t h i n g i s , in t he sense o f k n o w i n g that it is t he cause o f that t h i n g a n d 
t h a t i t c a n n o t b e o t h e r w i s e , " ibid. I. 1 3 , 7 9 a 2 " F o r he re t o k n o w the fact is the func t ion o f 
t h o s e w h o a re c o n c e r n e d w i t h sens ib l e t h i n g s , t o k n o w the cause is t he funct ion o f t he m a t h e 
m a t i c i a n ; i t i s h e w h o possesses t h e p roofs o f the causes , a n d often h e d o e s no t k n o w the 
f a c t . " I n v i e w o f s u c h p a s s a g e s it is diff icult t o see h o w P r o c l u s c a m e to w r i t e (p . 202 , n ) 
t h a t A r i s t o t l e w a s t h e o r ig ina to r ('ApioToreAour Kardpl-avTos) o f the i d e a o f A m p h i n o m u s a n d 
o t h e r s t h a t g e o m e t r y d o e s n o t i n v e s t i g a t e the c a use a n d the why (TO 81A ri). T o th is G e m i n u s 
r e p l i e d t h a t t h e i n v e s t i g a t i o n o f the c a use d o e s , o n t he con t r a ry , a p p e a r in g e o m e t r y . " F o r 
h o w c a n it b e m a i n t a i n e d t h a t it is n o t the bus ines s o f the g e o m e t e r t o i nqu i r e for w h a t reason , 
o n t he o n e h a n d , an infinite n u m b e r o f equ i l a t e r a l p o l y g o n s are i n sc r i bed in a c i r c l e , bu t , o n 
the o t h e r h a n d , i t i s n o t p o s s i b l e to insc r ibe in a sphere an infini te n u m b e r o f p o l y h e d r a l 
figures, e q u i l a t e r a l , e q u i a n g u l a r , a n d m a d e u p o f s imi la r p l a n e figures ? W h o s e bus iness i s it 
t o a s k th is q u e s t i o n a n d find t he a n s w e r t o it i f i t is not tha t o f t he g e o m e t e r ? N o w w h e n 
g e o m e t e r s r eason per impossibile t h e y a re c o n t e n t t o d i s c o v e r the p r o p e r t y , bu t w h e n t h e y 
a r g u e b y d i rec t proof , i f s u c h p r o o f be o n l y pa r t i a l (M iilpoxn), th i s d o e s no t suffice for 
s h o w i n g t h e c a u s e ; i f h o w e v e r i t i s g e n e r a l a n d a p p l i e s t o a l l l i k e ca ses , the w h y (T6 JI4 ri) 
i s a t o n c e a n d c o n c u r r e n t l y m a d e e v i d e n t . " 

1 H e r o n , D e f . 1 2 ( v o l ! IV. H e i b . p p . 2 2 - 2 4 ) . ' e - g - m »o a n d in Data 89 . 
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I n g e n e r a l , t h e u s e o f c o n i e s is r e q u i r e d for t h e t h e o r e t i c a l s o l u t i o n o f 
t h e s e p r o b l e m s , o r a m e c h a n i c a l c o n t r i v a n c e for t h e i r p r a c t i c a l 
s o l u t i o n 1 . Z e u t h e n , f o l l o w i n g O p p e r m a n n , g i v e s r e a s o n s for s u p p o s i n g , 
n o t o n l y t h a t m e c h a n i c a l c o n s t r u c t i o n s w e r e practically u s e d b y t h e 
o l d e r G r e e k g e o m e t e r s for s o l v i n g t h e s e p r o b l e m s , b u t t h a t t h e y w e r e 
theoretically r e c o g n i s e d a s a p e r m i s s i b l e m e a n s o f s o l u t i o n w h e n t h e 
s o l u t i o n c o u l d n o t b e e f fec ted b y m e a n s o f t h e s t r a i g h t l i n e a n d c i r c l e , 
a n d t h a t i t w a s o n l y in l a t e r t i m e s t h a t it w a s c o n s i d e r e d n e c e s s a r y t o 
u s e c o n i e s in every c a s e w h e r e t h a t w a s p o s s i b l e ' . H e i b e r g 3 s u g g e s t s 
t h a t t h e a l l u s i o n o f A r i s t o t l e t o pev<rei<s p e r h a p s c o n f i r m s t h i s s u p 
p o s i t i o n , a s A r i s t o t l e n o w h e r e s h o w s t h e s l i g h t e s t a c q u a i n t a n c e w i t h 
c o n i e s . I d o u b t w h e t h e r t h i s is a sa fe i n f e r e n c e , s i n c e t h e p r o b l e m s 
of t h i s t y p e i n c l u d e d in t h e e l e m e n t a r y t e x t - b o o k s m i g h t e a s i l y h a v e 
b e e n l i m i t e d t o t h o s e w h i c h c o u l d b e s o l v e d b y " p l a n e " m e t h o d s ( i .e . 
b y m e a n s o f t h e s t r a i g h t l i n e a n d c i r c l e ) . W e k n o w , e.g., f r o m P a p p u s 
t h a t A p o l l o n i u s w r o t e t w o B o o k s o n plane veva-ens*. B u t o n e t h i n g 
is c e r t a i n , n a m e l y t h a t E u c l i d d e l i b e r a t e l y e x c l u d e d t h i s c l a s s o f 
p r o b l e m , d o u b t l e s s a s n o t b e i n g e s s e n t i a l in a b o o k o f E l e m e n t s . 

D e f i n i t i o n s n o t a f t e r w a r d s u s e d . 

L a s t l y , E u c l i d h a s d e f i n i t i o n s of s o m e t e r m s w h i c h h e n e v e r a f t e r 
w a r d s u s e s , e .g . o b l o n g (eTep6/j.r)ice<;), r h o m b u s , r h o m b o i d . T h e " o b l o n g " 
o c c u r s in A r i s t o t l e ; a n d i t is c e r t a i n t h a t a l l t h e s e d e f i n i t i o n s a r e 
s u r v i v a l s f rom e a r l i e r b o o k s o f E l e m e n t s . 

• 
1 Cf. the chapter on vefoeu in The Works of Archimedes, pp. c—exxii. 
8 Zeuthen, Die Lehre von den Kegelschnitten im Altertumt ch. 12, p. 262. 
* Heiberg, Mathemalisches IU Aristoteles, p . 16. 
4 Pappus VII. pp. 670—2. 





BOOK I. 

D E F I N I T I O N S . 

1. A point is that which has no part. 
2. A l ine is breadthless length. 
3. The extremities of a line are points. 
4. A straight l ine is a line which lies evenly with the 

points on itself. 
5. A surface is that which has length and breadth only. 
6. The extremities of a surface are lines. 
7. A plane surface is a surface which lies evenly with 

the straight lines on itself. 
8. A plane angle is the inclination to one another of 

two lines in a plane which meet one another and do not lie in 
a straight line. 

9. And when the lines containing the angle are straight, 
the angle is called rectilineal. 

10. When a straight line set up on a straight line makes 
the adjacent angles equal to one another, each of the equal 
angles is right, and the straight line standing on the other is 
called a perpendicular to that on which it stands. 

11 . An obtuse angle is an angle greater than a right 
angle. 

12. A n acute angle is an angle less than a right angle. 
13. A boundary is that which is an extremity of any

thing. 
14. A figure is that which is contained by any boundary 

or boundaries. 
15. A circle is a plane figure contained by one line such 

that all the straight lines falling upon it from one point among 
those lying within the figure are equal to one another; 
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16. And the point is called the centre of the circle. 
17. A diameter of the circle is any straight line drawn 

through the centre and terminated in both directions by the 
circumference of the circle, and such a straight line also 
bisects the circle. 

18. A semicircle is the figure contained by the diameter 
and the circumference cut off by it. And the centre of the 
semicircle is the same as that of the circle. 

19. Rect i l ineal figures are those which are contained 
by straight lines, trilateral figures being those contained by 
three, quadrilateral those contained by four, and multi
lateral those contained by more than four straight lines. 

20. Of trilateral figures, an equilateral triangle is that 
which has its three sides equal, an i sosce les triangle that 
which has two of its sides alone equal, and a scalene 
triangle that which has its three sides unequal. 

21. Further, of trilateral figures, a right-angled tri
angle is that which has a right angle, an obtuse-angled 
triangle that which has an obtuse angle, and an acute-
angled triangle that which has its three angles acute. 

22. Of quadrilateral figures, a square is that which is 
both equilateral and right-angled ; an oblong that which is 
right-angled but not equilateral; a rhombus that which is 
equilateral but not right-angled ; and a rhomboid that which 
has its opposite sides and angles equal to one another but is 
neither equilateral nor right-angled. And let quadrilaterals 
other than these be called trapezia. 

23. Parallel straight lines are straight lines which, 
being in the same plane and being produced indefinitely in 
both directions, do not meet one another in either direction. 

P O S T U L A T E S . 

Let the following be postulated : 
1. T o draw a straight line from any point to any point. 
2. T o produce a finite straight line continuously in a 

straight line. 
3. T o describe a circle with any centre and distance. 
4. That all right angles are equal to one another. 
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5. That, if a straight line falling on two straight lines 
make the interior angles on the same side less than two right 
angles, the two straight lines, if produced indefinitely, meet 
on that side on which are the angles less than the two right 
angles. 

C O M M O N N O T I O N S . 

1. Things which are equal to the same thing are also 
equal to one another. 

2. If equals be added to equals, the wholes are equal. 
3. If equals be subtracted from equals, the remainders 

are equal. 
[7] 4. Things which coincide with one another are equal to 
one another. 
[8] 5. The whole is greater than the part. 

D E F I N I T I O N I . 

2,r/piwv itrnv, ov / t e p o s ovutv. 
A point is that which has no part. 
A n exactly parallel use of f*tpos ( « r n ) in the singular is found in Aristotle, 

Metaph. 1035 b 32 p.ipo% piv ovv eori xal rov efSovs, literally " T h e r e is a 
part even of the form " ; Boni tz t ransla tes as if t h e plural were used, " T h e i l e 
giebt es ," and the mean ing is simply " e v e n t h e form is divisible ( into par t s ) . " 
Accordingly it would b e qu i te justifiable t o t ransla te in this case " A poin t is 
that which is indivisible into parts." 

Mart ianus Capel la (5th c. A.D . ) a lone or a lmost a lone t rans la ted differently, 
" P u n c t u m est cuius pars nihil est ," " a poin t is tha t a par t of which is nothing." 
Notwi ths tanding tha t Max Simon (Euclid und die sechs planimetrischen Biicher, 
1901) has adop ted this t ranslat ion (on g rounds which I shall presently men t ion ) , 
I canno t th ink that it gives any sense. If a pa r t of a point- is nothing, Euc l id 
might as well have said t ha t a poin t is itself " n o t h i n g , " which of course h e 
does no t d o . 

P r e - E u c l i d e a n d e f i n i t i o n s . 
I t would appear tha t this was no t t h e definition given in earlier text

b o o k s ; for Aristotle (Topics v i . 4, 141 b 20), in speaking of "the de f in i t i ons" 
of point , l ine, a n d surface, says that they all define t h e pr ior by m e a n s of t h e 
posterior, a poin t as an extremity of a line, a line of a surface, a n d a surface 
of a solid. 

T h e first definition of a point of which we hear is t ha t given by t h e 
Pythagoreans (cf. Proc lus , p . 95, 21), who defined it as a " m o n a d hav ing 
pos i t ion" or "wi th posi t ion a d d e d " (/xovds irpoo-Xafiovtra. Oia-iy). I t is frequently 
used by Aristotle, ei ther in this exact form (cf. De anima 1. 4, 409 a 6) or its 
equivalent : e.g. in Metaph. 1016 b 24 h e says tha t tha t which is indivisible 
every way in respect of magn i tude a n d qud, magn i tude bu t has no t posi t ion is 
a monad, while tha t which is similarly indivisible a n d has posi t ion is a point. 

Pla to appears to have objec ted to this definition. Aris tot le says (Metaph. 



992 a 20) t ha t h e ob jec ted " t o this genus [ tha t of points} as being a geometrical 
fiction (ytaperpucov 807/io), a n d called a poin t the beginning of a l ine (&pxq 
ypaftfijjs), while again h e frequently spoke of ' ind iv is ib le l ines . ' " T o which 
Aris tot le replies tha t even " indivisible lines " mus t have extremities, so that 
the s a m e a rgumen t which proves the exis tence of lines can be used to prove 
tha t points exist. I t would appea r therefore that , when Aristotle objects to 
t h e definition of a poin t as the extremity of a l ine (irepo? ypappiji) as un
scientific (Topics v i . 4, 141 b 21), h e is a iming at P la to . He ibe rg conjectures 
(Mathematisches zu Aristoteles, p . 8) tha t it was d u e to Pla to ' s influence that 
t h e word for " p o i n t " generally used by Aristot le (<rri.yp.rj) was replaced by 
<rqptiov ( the regular t e r m used by Eucl id , Arch imedes a n d later writers), the 
lat ter t e rm ( = nota, a convent ional mark) probably being considered more 
sui table t h a n anyp.ij (a puncture) which might appear to claim greater reality 
for a point . 

Aristot le 's concep t ion of a po in t as tha t which is indivisible a n d has 
posi t ion is further i l lustrated by such observat ions as tha t a point is not a 
body (De caelo 11. 13, 296 a 17) a n d has n o weight (ibid. m . 1, 299 a 30); 
again, we can m a k e n o dis t inct ion be tween a poin t and the place (TOVOS) where 
it is (Physics iv. 1, 209 a n ) . H e finds t h e usual difficulty in account ing for 
t h e t ransi t ion from the indivisible, or infinitely small, to the finite or divisible 
magn i tude . A poin t be ing indivisible, n o accumula t ion of points , however far 
it may be carried, can give us any th ing divisible, whereas of course a line is a 
divisible magn i tude . H e n c e h e ho lds tha t poin ts canno t make u p anything 
con t inuous like a line, po in t c a n n o t b e con t inuous with point (oi yap icrnv 
i\6pxvov injpMov cnificlov rj cmypr) o-rvy/tijs, De gen. et corr. 1. 2, 317 a 10), a n d 
a l ine is no t made up of poin ts (ov trvyicttTcu « tmypjav, Physics iv. 8, 215 
b 19). A point , h e says, is l ike t h e now in t i m e : now is indivisible a n d is 
n o t a part of t ime, it is only t h e beg inn ing or end , or a division, of t ime, and 
similarly a po in t m a y b e a n extremity, beg inn ing or division of a line, bu t is 
no t part of it o r of m a g n i t u d e (cf. De caelo m . 1, 300 a 14, Physics iv. 1 1 , 
220 a 1 — 2 1 , v i . 1, 231 b 6 sqq. ) . I t is only by motion tha t a point can 
genera te a l ine (De anima 1. 4, 409 a 4) a n d thus b e the origin of magni tude . 

O t h e r a n c i e n t d e f i n i t i o n s . 
Accord ing to an-Nairizi (ed. Cur tze , p . 3) one " H e r u n d e s " (not so far 

identified) defined a po in t as " t h e indivisible beginning of all magni tudes ," 
a n d Pos idon ius as " a n extremity which has n o d imens ion , or an extremity of 
a l ine ." 

C r i t i c i s m s b y c o m m e n t a t o r s . 
Eucl id ' s definition itself is of course practically the same as t ha t which 

Ar is to t le ' s f requent al lusions show to have been then current , except tha t it 
omi ts t o say tha t t h e po in t mus t have posit ion. I s it t h e n sufficient, seeing 
tha t t he re a re o the r th ings which are wi thout par ts or indivisible, e.g. t h e now 
in t ime, a n d t h e unit in n u m b e r ? Proc lus answers (p. 93, 18) tha t the point 
is t h e only th ing in the subject-matter 0/geometry tha t is indivisible. Relatively 
therefore to the par t icular sc ience t h e definition is sufficient. Secondly, the 
definition h a s b e e n over a n d over again criticised because it is purely negative. 
P roc lu s ' answer to this is (p. 94, 10) tha t negat ive descr ipt ions are appropr ia te 
t o first pr inciples , a n d h e quo tes P a r m e n i d e s as having descr ibed his first a n d 
last cause by m e a n s of negat ions merely. Aristot le too admi t s tha t it may 
somet imes b e necessary for o n e framing a definition to use negat ions, e.g. in 
defining privat ive t e rms such as " b l i n d " ; a n d h e seems to accept as proper 
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the negative e lement in the definition of a point , s ince h e says (De anima i n . 6, 
430 b 20) tha t " t h e poin t a n d every division [e.g. in a length or in a per iod 
of t ime] , and that which is indivisible in this sense, is exhibi ted as privat ion 
(&r)\ovTai. <iis orepijo-is)." 

Simplicius (quoted by an-Nairlzl) says tha t " a poin t is the beg inn ing of 
magni tudes a n d that from which they g r o w ; it is a lso t h e only th ing which, 
having position, is not divisible." H e , like Aristotle, a d d s tha t it is by its 
mo/ion tha t a point can genera te a magn i tude : t he par t icular m a g n i t u d e can 
only b e "o f one d imens ion ," viz. a line, s ince t h e poin t does no t " s p r e a d 
itself" (dimit ta t ) . Simplicius further observes tha t Euc l id defined a po in t 
negatively because it was arrived at by de tach ing surface from body, l ine from 
surface, a n d finally point from line. " S i n c e t h e n b o d y has th ree d imens ions 
it follows that a point [arrived a t after successively e l iminat ing all t h ree 
d imensions] has none of the dimensions, a n d has n o par t . " T h i s of course 
reappears in m o d e r n treatises (cf. Rausenberger , Elementar-geometrie des 
Punktes, der Geraden und der Ebene, 1887, p . 7). 

An-NairizI adds an interest ing observat ion. " If any o n e seeks t o know 
the essence of a point , a th ing more s imple than a l ine, let h im, in the sensible 
world, th ink of the cen t re of the universe a n d the poles." Bu t there is 
noth ing new u n d e r the s u n : the same idea is men t ioned , in a n Aris totel ian 
treatise, in controver t ing those who imagine tha t t he poles have s o m e influence 
in t h e mot ion of t h e sphere , " w h e n t h e poles have n o m a g n i t u d e b u t a re 
extremities a n d p o i n t s " (De moiu animalium 3, 699 a 21). 

M o d e r n v i e w s . 

I n the new geometry represented by t h e excellent treatises which s tar t 
from new systems of postula tes or axioms, t h e resul t of t h e profound s tudy of 
the fundamenta l principles of geomet ry dur ing recen t years ( I n e e d only 
ment ion the n a m e s of Pasch , Veronese , E n r i q u e s a n d Hilber t ) , po in t s c o m e 
before l ines, bu t the vain effort t o define t h e m a priori is no t m a d e ; ins tead 
of this, t he nearest mater ia l th ings in n a t u r e are men t ioned as i l lustrat ions, 
with the remark tha t it is from t h e m tha t we can get t h e abs t rac t idea. Cf. 
t h e full s ta tement as regards the no t ion of a poin t in Webe r a n d Wells tein, 
Encyclopadie der elementaren Mathematik, n . , 1905, p . 9. " T h i s no t ion is 
evolved from the not ion of the real or supposed material po in t by t h e process 
of limits, i.e. by a n ac t of t h e m i n d which sets a t e rm to a series of presen
tat ions in itself unl imi ted . Suppose a grain of sand or a m o t e in a s u n b e a m , 
which cont inual ly becomes smaller a n d smaller . I n this way vanishes m o r e 
a n d more the possibility of de te rmin ing still smal ler a t o m s in t h e gra in of 
sand, and there is evolved, so we say, with growing certainty, t h e presen ta t ion 
of the point as a definite posi t ion in space which is o n e a n d is incapab le of 
further division. Bu t this view is u n t e n a b l e ; we have, it is t rue , s o m e idea 
how the grain of sand gets smaller a n d smaller, bu t only so long as it r ema ins 
jus t visible; after that we are completely in the dark, a n d we canno t see or 
imagine the further d iminut ion . T h a t th is p rocedure comes to an end is 
u n t h i n k a b l e ; tha t nevertheless there exists a te rm b e y o n d which it c a n n o t go, 
we mus t believe or postula te wi thout ever reaching i t . . . I t is a p u r e 
act of will, no t of t h e under s t and ing . " Max S imon observes similarly (Euclid, 
p. 25) " T h e not ion ' p o i n t ' be longs to the l imit-notions (Grenzbegriffe), t h e 
necessary conclusions of con t inued , a n d in themselves unl imited, series of 
presenta t ions ." H e adds , " T h e po in t is t h e limit of local isat ion; if th is is 
more a n d more energetically con t inued , it leads to the l imit-notion ' p o i n t , ' 
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be t t e r 'pos i t ion , ' which at the s a m e t ime involves a change of not ion. Con ten t 
of space vanishes, relative position r emains . ' P o i n t ' then, according to our 
in terpre ta t ion of Eucl id , is the ext remest limit of tha t which we can still th ink 
of (no t observe) as a spatial presenta t ion, a n d if we go further than that , no t 
only does extension cease b u t even relative place, a n d in this sense the ' p a r t ' 
is nothing." I confess I think that even the mean ing which Simon in tends to 
convey is be t t e r expressed by " i t has no p a r t " t han by " t h e par t is no th ing , " 
s ince to t ake a " p a r t " of a th ing in Eucl id ' s sense of the result of a simple 
division, cor responding to a n ar i thmet ica l fraction, would not b e to change 
t h e notion from tha t of the th ing divided to a n entirely different one . 

D E F I N I T I O N 2. 

Tpapprj 8c fiTjKos airAarcs. 
A l ine is breadthless length. 
T h i s definition may safely be a t t r ibu ted to the Pla tonic School, if no t to 

P la to himself. Aris tot le (Topics vi . 6, 143 b n ) speaks of it as open to 
object ion because it " divides the genus by negat ion," length being necessarily 
e i ther b read th less or possessed of b r e a d t h ; it would seem however tha t the 
object ion was only taken in order to score a poin t against the Platonists , since 
h e says (ibid. 143 b 29) t ha t t h e a r g u m e n t is " o f service only against those 
who asser t tha t t h e genus [sc. length] is one numerical ly, tha t is, those who 
a s s u m e ideas," e.g. the idea of length ( a v T o /HIJKOS) which they regard as a 
g e n u s : for if t h e genus , be ing one a n d self-existent, cou ld b e d ivided into 
two species, one of which asserts what t h e o the r denies , it would be self-
cont rad ic tory (Waitz). 

P roc lus (pp. 96, 21—97, 3) observes that , whereas the definition of a point 
is merely negative, the line in t roduces the first " d i m e n s i o n , " a n d so its 
definit ion is t o this extent positive, while it has also a negative e lement which 
denies to it t h e o the r " d i m e n s i o n s " (Siaorao-tw). T h e negat ion of bo th 
b r e a d t h a n d dep th is involved in t h e single expression " b r e a d t h l e s s " (airfares), 
since everything tha t is wi thout b read th is also dest i tu te of dep th , though the 
converse is of course not t rue . 

A l t e r n a t i v e d e f i n i t i o n s . 
T h e al ternat ive definition a l luded to by Proclus, piytSos i<f> iv O W T O T O V 

" m a g n i t u d e in one d imens ion " or , be t te r perhaps , " magn i tude ex tended one 
w a y " (since Siaorao-is as used with reference to line, surface and solid scarcely 
co r responds to our use of " d i m e n s i o n " when we speak of " o n e , " " t w o , " or 
" t h ree d imens ions " ) , is a t t r ibu ted by an-Nairlzi to " H e r o m i d e s , " who mus t 
p resumably be the same as " H e r u n d e s , " to whom he at t r ibutes a cer ta in 
definition of a point . I t appears however in subs tance in Aristotle, t h o u g h 
Aris tot le does no t use t h e adjective oWraToV, nor does he apparent ly use 
Siaorao-ts except of body as having three " d imens ions " or " having d imens ion 
(or extens ion) all ways (iravTri)," t he " d i m e n s i o n s " being in his view (1) u p 
a n d down, (2) before a n d beh ind , a n d (3) right a n d left, a n d " u p " being t h e 
pr inciple or beg inn ing of length, " r i g h t " of breadth, a n d " before " of depth 
(De caelo II. 2, 284 b 24). A line is, according to Aristotle, a magn i tude 
"divisible in one way o n l y " (fwvaxg oWpo-dV), in contras t to a magni tude 
divisible in two ways (St-xti SuupcTbV), or a surface, a n d a magn i tude divisible 
" in all or in t h ree w a y s " (iravrj KO.1 rpixv Siaiptro'v), or a body (Metaph. 
1016 b 2 5 — 2 7 ) ; or it is a magn i tude "continuous one way (or in one 
d i rec t ion) , " a s c o m p a r e d with magn i tudes con t inuous two ways or three ways, 



which curiously enough h e descr ibes as " b r e a d t h " a n d " d e p t h " respectively 
(ptyc&os Se TO ptv ecp* iv <TVV€\is /A^KOS, TO 8' cwi 8vo 7r\aTOS, TO 8* eVi Tpia fidBos, 
Metaph. 1020 a 11 ) , t hough h e immedia te ly adds tha t " l e n g t h " m e a n s a l ine, 
" b read th " a surface, a n d " d e p t h " a body. 

Proc lus gives ano the r al ternat ive definition as "flux of a point" (puo-ts 
trqpAiov), i.e. t he p a t h of a poin t when moved. T h i s idea is also a l luded t o in 
Aristotle (De anima I. 4, 409 a 4 above q u o t e d ) : " t hey say tha t a l ine by its 
mot ion p roduces a surface, a n d a point by its mot ion a l ine ." " T h i s 
definition," says Proclus (p. 97, 8—13), " i s a perfect one as showing t h e 
essence of t h e l i n e : he who called it t he flux of a poin t seems to define it 
from its genet ic cause, a n d it is no t every l ine tha t h e sets before us , bu t only 
t h e immater ia l l i n e ; for it is this tha t is p r o d u c e d by t h e point , which, t h o u g h 
itself indivisible, is the cause of the exis tence of things divisible." 

Proclus (p. 100, 5—19) a d d s t h e useful remark, which, h e says, was 
current in the school of Apol lonius , tha t we have t h e no t ion of a l ine when we 
ask for the length of a road or a wall measu red merely as l e n g t h ; for in t ha t 
case we mean someth ing irrespective of b read th , viz. d i s tance in o n e 
" d imens ion ." Fu r the r we can obta in sensible percept ion of a l ine if we look 
at the division between the light a n d t h e da rk when a shadow is t h rown on 
t h e ear th or the m o o n ; for clearly t h e division is wi thout b read th , bu t has 
length. 

S p e c i e s o f " l i n e s . " 

After defining the " l ine " Euc l id only men t ions one species of l ine, t h e 
straight l ine, a l though of course a n o t h e r species appears in t h e definition of a 
circle later. H e doubt less omi t t ed all classification of l ines as unnecessary for 
his purpose , whereas, for example , H e r o n follows u p his definition of a l ine by 
a division of lines in to (1) those which are " s t r a i g h t " a n d (2) t hose which a re 
not , a n d a further division of t h e lat ter in to (a) " circular c i rcumferences ," 
(b) " sp i ra l - shaped" (eAuco«8«s) l ines a n d (c) " c u r v e d " (napiTrvXcu) l ines general ly, 
a n d then explains the four terms. Aris tot le tells us (Metaph. 986 a 25) t ha t 
t h e Pythagoreans dis t inguished straight (ti6v) a n d curved (Ka^nvKov), a n d this 
dis t inct ion appears in P la to (cf. Republic x . 602 c) a n d in Aris tot le (cf. " t o a 
l ine be long t h e a t t r ibutes straight or curved ," Anal. post. 1. 4, 73 b 1 9 ; " a s in 
mathemat ics it is useful to know what is m e a n t by t h e t e rms straight a n d 
curved," De anima I. 1, 402 b 19). Bu t from the class of " c u r v e d " l ines 
P la to a n d Aris tot le separate off the n-epuptpi/s or " c i r c u l a r " as a d is t inct 
species often similarly cont ras ted with straight. Aris tot le seems to recognise 
b roken lines forming an angle as one l ine : t hus " a l ine, if it b e b e n t ( « K a / i -
pivr)), bu t yet cont inuous , is called o n e " (Metaph. 1016 a 2); " t h e s traight l ine 
is more one t h a n the b e n t l i n e " (ibid. 1016 a 12). Cf. H e r o n , Def. 12, " A 
broken line (K«KXOCTfiivr) ypa.pp.rj) so-called is a l ine which, when p roduced , 
does not meet itself." 

W h e n Proc lus says tha t bo th P l a to a n d Aris tot le d iv ided lines in to those 
which are "s t ra ight , " " c i r c u l a r " (irep«pfp)/s) or " a mixture of the two," add ing , 
as regards P la to , t ha t h e inc luded in t h e last of these classes " those which a re 
called helicoidal a m o n g plane (curves) a n d (curves) formed a b o u t solids, a n d 
such species of curved lines as arise from sect ions of s o l i d s " (p . 104, 1—5), 
he appears to b e not qui te exact. T h e reference as regards P l a to seems to b e 
to Parmenides 145 B : " A t tha t ra te it would seem tha t the o n e mus t have 
shape, ei ther straight or r o u n d (arpoyyvkov) or s o m e combina t ion of t h e t w o " ; 
bu t this scarcely a m o u n t s to a formal classification of l ines. As regards 

http://ypa.pp.rj


Aris tot le , P roc lus seems to have in m i n d t h e passage (De caelo I. 2, 268 b 17) 
where it is s ta ted tha t " a l l motion in space, which we call t ranslat ion (<popd), is 
( in) a s traight l ine, a circle, or a combina t ion of the t w o ; for the first two are 
t h e only s imple (motions)." 

F o r comple teness it is desirable to a d d t h e subs tance of Proc lus ' account 
of t h e classification of lines, for which h e quotes G e m i n u s as his authori ty . 

G e m i n u s ' first c l a s s i f i c a t i o n o f l i n e s . 
T h i s begins (p. i n , 1—9) with a division of l ines in to composite (<rvi>6(Tos) 

a n d incompos i t e (aa-vv6eroi). T h e only il lustration given of the composite 
class is t h e " b r o k e n l ine which forms an a n g l e " (17 KtKKao-pivri KOX ymvlav 
iroiowra); t h e subdivis ion of the incomposite class then follows (in the text as 
it s t ands t h e word " compos i te " is clearly an error for " incomposi te " ) . T h e 
subdivis ions of t h e incompos i t e class are repea ted in a later passage (pp. 176, 
2 7 — 1 7 7 , 23) with some addi t iona l details . T h e following diagram reproduces 
t h e effect of bo th versions as far as possible (all the i l lustrations ment ioned by 
Proc lus be ing shown in bracke ts ) . 

lines 

composite 
(broken line forming an angle) 

incomposite 

forming a figure 

or determinate 

(circle, ellipse, cissoid) 

not forming a figure 
or 

indeterminate 

and 
extending without limit 
iv Aretpov iKpa\\6fievai 

(straight line, parabola, hyperbola, conchoid) 
T h e addi t iona l details in the second version, which canno t easily b e shown 

in t h e d iagram, are as follows : 
(1) Of t h e l ines which ex tend without limit, some d o not form a figure at 

all (viz. t h e s traight l ine, t h e parabola a n d the h y p e r b o l a ) ; bu t some first 
" c o m e toge ther a n d form a figure" (i.e. have a loop), " a n d , for the rest, 
ex tend wi thout l i m i t " (p . 177, 8). 

A s t h e only o ther curve, bes ides the parabola a n d the hyperbola , which 
h a s been m e n t i o n e d as p roceed ing to infinity is t h e conchoid (of Nicomedes) , 
we can hardly avoid t h e conclus ion of T a n n e r y 1 tha t the curve which has a 
loop a n d t h e n p roceeds to infinity is a variety of the conchoid itself. As is 

1 Notes.pour Vhistoire des lignes et surfaces courbes dans FantiquiU in Bulletin des sciences 
mathtm. et astronom. 2 ser. v m . (1884), pp. 108—9 (Mimoircs scientifiques, I I . p. 13). 



well known, the ordinary concho id (which was used bo th for doubl ing t h e 
cube a n d for tr isecting the angle) is ob t a ined in this way. Suppose any 
n u m b e r of rays passing th rough a fixed poin t ( the pole) a n d in tersect ing a 
fixed straight l i n e ; and suppose tha t points a re t aken on t h e rays, b e y o n d t h e 
fixed straight line, such that the por t ions of the rays in te rcep ted be tween t h e 
fixed straight line and the point a re equal to a cons tan t distance (Sidcrnjiia), 
the locus of the points is a concho id which has the fixed straight l ine for 
asymptote . If the " d is tance " a is rneasured from t h e intersect ion of the ray 
with the given straight line, no t in the d i rec t ion away from t h e pole, bu t 
towards the pole, we obta in th ree o ther curves accord ing as a is less than , 
equal to, or greater t han b, t he d is tance of the pole from the fixed s t ra ight l ine, 
which is an asympto te in each case. T h e case in which a > b gives a curve 
which forms a loop a n d then proceeds to infinity in the way Proc lus describes. 
Now we know both from Eu toc ius (Comm. on Archimedes, ed. He ibe rg , i n . 
p . 98) and Proclus (p . 272, 3—7) tha t N i c o m e d e s wrote on conchoid.? (in 
the plural) , and P a p p u s (iv. p . 244, 18) says tha t bes ides t h e " f i r s t " (used as 
above s ta ted) there were " t h e second, t h e th i rd a n d t h e fourth which a re 
useful for o ther t heo rems . " 

(2) Proc lus next observes (p. 177 , 9) tha t , of t h e lines which e x t e n d 
without limit, some are "asymptotic" (OIO-UIMTTUTOI), n ame ly " t h o s e which 
never meet, however they are p r o d u c e d , " a n d s o m e a re "symptotic," name ly 
" t h o s e which will mee t s o m e t i m e " ; and , of t h e " a s y m p t o t i c " class, some 
are in one plane, a n d o thers not . Lastly, of the " a sympto t i c " l ines in o n e 
plane, some preserve always the same d i s tance from one ano the r , while o the r s 
continual ly " lessen the dis tance , l ike the hyperbo la with reference to t h e 
straight line, and the concho id with reference to t h e s t ra ight l ine ." 

G e m i n u s ' s e c o n d c l a s s i f i c a t i o n . 

Thi s (from Proclus, pp. i n , 9—20 a n d 112 , 16—18) c an b e shown in a 
diagram t h u s : 

Incomposite lines 
iusvvBfrot ypa/tfiat 

I 1 1 

simple, airXij mixed, n'*™) 
making a figure indeterminate 
(Txyt+a roiovaa dd/Horof 

(e.g. circle) (straight line) 

lines in planes lines on solids 
al iv roti crepeoU 

line meeting itself extending without limit 
r) iv ai'Tt] ffviiwtrrovaa it iv dveipov iK^aWofiivit 

(e.g. cissoid) 

lines formed by sections lines round solids 
at koto tAi r o o d s a! vtpl t o trepti 

(e.g. conic sections, spiric curves) (e.g. helix about a sphere or about a cone) 
I ' 1 

hotnoeomeric not homoeomenc 
(cylindrical helix) (all others) 

N o t e s o n c l a s s e s o f " l i n e s " a n d o n p a r t i c u l a r c u r v e s . 

W e will now a d d the most interest ing no tes found in Proc lus with 
reference to the above classifications or the par t icular curves men t ioned . 



1. H o m o e o m e r i c l i n e s . 
By this t e rm (opowpepeU) a re mean t l ines which are al ike in all parts , so 

tha t in any o n e such curve any part can be m a d e to coincide with any other 
part . P roc lus observes that these l ines are only three in n u m b e r , two being 
" s i m p l e " a n d in a p lane ( the straight l ine a n d the circle), a n d the third 
" mixed ," (subsist ing) " abou t a solid," namely the cylindrical helix. T h e 
lat ter curve was also called the cochlias or cochlion, a n d its homoeomeric 
proper ty was p roved by Apol lon ius in his work 7r«p! TOC Ko\\iov (Proclus, 
p . 105, 5). T h e fact tha t the re are only three homoeomeric l ines was proved 
by G e m i n u s , " w h o proved, as a pre l iminary proposi t ion, that , if from a point 
( d i r d TOU o-n/itiov, bu t on p . 251, 4 d<p" ivos vrjpuov) two straight l ines be drawn 
to a h o m o e o m e r i c line making equa l angles with it, t he straight lines are 
e q u a l " (pp . 1 1 2 , 1 — 1 1 3 , 3, cf. p . 251, 2—19). 

2. M i x e d l i n e s . 

I t might b e supposed , says Proc lus (p. 105, n ) , tha t the cylindrical helix, 
be ing homoeomeric, like the straight l ine a n d the circle, mus t like t h e m be 
simple. H e replies tha t it is no t s imple, bu t mixed, because it is genera ted by 
two unlike mot ions . T w o like mot ions , said Geminus , e.g. two mot ions a t the 
same speed in the d i rec t ions of two adjoining sides of a square, p roduce a 
simple l ine, namely a s traight l ine ( the d iagona l ) ; a n d again, if a straight line 
moves with its extremit ies u p o n the two sides of a right angle respectively, 
this s a m e mo t ion gives a simple curve (a circle) for the locus of the middle 
poin t of t h e s t ra ight l ine, a n d a mixed curve (an ellipse) for the locus of any 
o the r poin t on it (p. 106, 3—15) . 

G e m i n u s also expla ined tha t t h e t e rm " mixed," as appl ied to curves, and 
as app l ied to surfaces, respectively, is used in different senses. As appl ied to 
curves , " m i x i n g " ne i ther means s imple " p u t t i n g t o g e t h e r " M m t H ) nor 
" b l e n d i n g " (Kpao-19). T h u s t h e helix (or spiral) is a " m i x e d " line, bu t (1) it 
is no t " mixed " in the sense of " pu t t ing together ," a s it would be if, say, par t 
of it were straight a n d part circular, a n d (2) it is no t mixed in the sense of 
" b lend ing ," because, if it is cut in any way, it does no t present the appearance 
of any simple l ines (of which it might be supposed t o be c o m p o u n d e d , as it 
were). T h e " mixing " in t h e case of l ines is ra ther tha t in which the con
s t i tuents are des t royed so far as their own charac te r is concerned , a n d are 
replaced, as it were, by a chemical combina t ion ( « J T I V eV airrg <rwtcp8a.pfi.iva. TO. 

d « p a Kal <rvyKt\vpiva). O n the o ther h a n d " m i x e d " surfaces are mixed in 
t h e sense of a sort of " b lend ing " (KOTO. TIVO. Kpamv). F o r take a cone gene
ra ted by a straight l ine passing th rough a fixed poin t and passing always 
th rough the c i rcumference of a c i r c l e : if you cut this by a plane parallel to 
tha t of the circle, you obta in a circular section, a n d if you cut it by a plane 
th rough t h e vertex, you obta in a triangle, the " mixed surface of the cone 
being t hus cu t into simple l ines (pp . 1 1 7 , 22—118 , 23). 

3. S p i r i c c u r v e s . 

T h e s e curves, c l a ssed with conies as being sect ions of solids, were dis
covered by Perseus , a c c o r d i n g to an epigram of Perseus ' own q u o t e d by 
Proc lus (p. 112 , 1), which says tha t Pe r seus found " t h r e e lines upon (or, 
pe rhaps , in add i t i on to) five s e c t i o n s " (rpeis ypappds eiri wivrt ropaU). 
Proc lus throws some light on these in the following pas sages : 

" O f t h e spiric sect ions , one is in ter laced, resembl ing the horse-fetter 
("mrov iriSr/); ano the r is widened ou t in the m i d d l e a n d cont rac ts on each 
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side (of the middle) , a th i rd is e longa ted and is na r rower in the m i d d l e , 
broadening out on each side of i t " (p. 112 , 4—8). 

" T h i s is the case with the spiric surface; for it is conce ived as gene ra t ed 
by the revolution of a circle remain ing at right angles [ to a p lane ] and tu rn ing 
about a point which is not its cent re [ in o ther words, gene ra t ed by t h e revo
lution of a circle abou t a straight l ine in its p lane not pass ing th rough t h e 
centre] . H e n c e the spire takes three forms, for the cen t r e [of ro ta t ion] is 
ei ther on the c i rcumference, or within it, o r wi thout it. A n d if the cent re of 
rotation is on t h e circumference, we have the continuous spire (avvvxffi), if 
within, the interlaced (11xTwrX.1y11.ivr1), a n d if without, t he open (Siexrjs). A n d 
the spiric sect ions are th ree according to these three d i f fe rences" (p. 119 , 
8 - 1 7 ) . 

" When the hippopede, which is one of the spiric curves, forms an angle 
with itself, this angle also is con ta ined by mixed l i n e s " (p . 127, 1—3). 

" P e r s e u s showed for spirics what was their proper ty ( o - v t M r r a i i a ) ' ' 
(p. 356, 12). 

T h u s the spiric surface was what we call a tore, or (when o p e n ) an anchor-
ring. H e r o n (Def. 97) says it was called al ternat ively spire (aiciipa) or ring 
((tpwos); he calls the variety in which " t h e circle cuts itself," no t " in te r l aced , " 
bu t " crossing-itself " ({VaAXdi-Touo-a). 

T a n n e r y 1 has discussed these passages, as also d id Schiaparell i". I t is clear 
that Proclus ' remark tha t t h e difference in the th ree curves which h e men t ions 
cor responds to the difference be tween t h e th ree surfaces is a slip, d u e pe rhaps 
to too hurr ied t ranscribing from G e m i n u s : all t h ree arise from p lane sect ions 
of the open anchor-r ing. If r is the radius of t h e revolving circle, a t h e 
dis tance of its cen t re from the axis of rota t ion, d t h e d is tance of the p l ane 
section (supposed to b e parallel t o t h e axis) from t h e axis, t h e th ree curves 
descr ibed in the first extract cor respond to t h e following c a s e s : 

(1) d = a-r. I n this case the curve is t h e hippopede, of which the 
lemniscate of Bernoull i is a par t icular case, namely tha t in which a = 2r. 

T h e n a m e hippopede was doubt less a d o p t e d for this o n e of Perseus ' curves 
on the ground of its r e semblance to the hippopede of E u d o x u s , which seems to 
have been the curve of intersect ion of a sphere with a cylinder touch ing it 
internally. 

(2) a + r>d>a. H e r e the curve is an oval. 
(3) a>d>a-r. T h e curve is now narrowest in t h e midd le . 
Tanne ry explains t h e " t h r e e lines u p o n (in add i t ion to) five s e c t i o n s " 

thus . H e points ou t that with the open tore the re are two o the r sect ions 
corresponding to 

(4) d=a : t ransi t ion from (2) to (3). 
(5) a -r>d>o, in which case the sect ion consists of two symmetr ica l 

ovals. 
H e then shows that the sect ions of t h e closed or continuous tore, corre

sponding to a = r, give curves cor responding to (2), (3) a n d (4) only. In s t ead 
of (1) and (5) we have only a sect ion consist ing of two equa l circles touch ing 
one another . 

O n the o the r hand , the third spire ( the interlaced variety) gives th ree new 
forms, which m a k e a g roup of three in addi t ion to the first g r o u p of five sect ions. 

1 Pour thistoire des lignes et surfaces courbes dans fantiquite in Bulletin des sciences 
mathim. et astronom. v m . (1884), pp. 25—27 (Mtmoircs scientifiques, 11. pp. 24—28). 

2 Die homocentrischen Spharen des Eudoxus, des Kallippus und des Aristoteles (Abhand-
lungen zur Cesch. der Math. I. Heft, 1877, pp. 149—152). 
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T h e difficulty which I see in this in terpre ta t ion is the fact that , jus t after 
" th ree lines on five sect ions " are ment ioned , Proc lus descr ibes three curves 
which were evidently the mos t i m p o r t a n t ; bu t these three belong to three of 
the five sect ions of t h e o p e n tore , a n d are no t separa te from them. 

4. T h e c i s s o i d . 
T h i s curve is a s s u m e d to b e the s a m e as tha t by means of which, according 

t o Eu toc ius (Comm. on Archimedes, HI. p . 66 sqq.) , D i o d e s in his book *-cp« 
irupiiav (On burning-glasses) solved the prob lem of doubl ing the cube . I t is 
t h e locus of po in t s which h e found by t h e following construct ion. Le t A C, 
BD b e d iamete r s a t r ight angles in a circle with cen t re O. 

L e t E, F b e po in t s o n the quad ran t s BC, BA respectively such tha t t h e 
arcs BE, BE axe equa l . 

Draw EG, EH pe rpend icu la r to CA. D 
J o i n AE, a n d let P be its intersect ion 
with EH. 

T h e cissoid is t h e locus of all the 
po in t s P co r r e spond ing t o different posi
t ions of E on the q u a d r a n t BC a n d of F 
a t a n equa l d i s tance from B a long the arc 
BA. 

A is t h e po in t on t h e curve correspond
ing t o t h e posi t ion C for the poin t E, a n d 
B t h e po in t on t h e curve cor responding 
t o t h e posi t ion of E in which it co incides 
with B. 

I t is easy to see t ha t t h e curve ex tends 
in t h e d i rec t ion AB beyond B, and tha t 
CK d r a w n pe rpend icu la r to CA is an 
a sympto te . I t may b e regarded a lso as K 
having a b r a n c h AD symmetr ica l with 
AB, and , b e y o n d D, app roach ing KC p r o d u c e d as asympto te . 

If OA, OD a re coord ina te axes, t h e equat ion of t h e curve is obviously 

/ (a + x) = («-*)', 

where a L t h e radius of t h e circle. 
T h e r e is a cu sp a t A, a n d it agrees with th i s tha t Proc lus should say 

(p . 126, 24) tha t " cissoidal l ines converging t o one point like the leaves of 
ivy—for this is the origin of their name—form an angle ." H e makes t h e 
slight correc t ion (p . 128, 5) tha t it is no t two parts of a curve, bu t one curve, 
which in this case makes a n angle . 

B u t wha t is surprising is t ha t Proc lus seems t o have n o idea of the curve 
passing ou t s ide the circle a n d having an asympto te , for he several t imes 
speaks of if as a closed curve (forming a figure a n d including a n a r ea ) : cf. 
p. 152, 7, " t h e p l ane (area) cut off by the cissoidal line has o n e bound ing 
(line), b u t it h a s n o t in it a centre such tha t all (straight l ines drawn to the 
curve) from it a re equa l . " I t would appear as if Proc lus regarded the cissoid 
as formed by t h e four symmetr ica l cissoidal arcs shown in the figure. 

E v e n more pecul ia r is Proc lus ' view of the 

5. " S i n g l e - t u r n S p i r a l . " 
T h i s is reaily t h e spiral of Arch imedes t raced by a poin t start ing from 

the fixed extremity of a s traight l ine and moving uniformly along it, while 



simultaneously the straight line itself moves uniformly in a p l ane abou t its fixed 
extremity. I n Arch imedes the spiral has of course any n u m b e r of turns , t h e 
straight line making the same n u m b e r of comple te revolut ions . Yet Proclus , 
while giving the same accoun t of t h e genera t ion of t h e spiral (p. 180, 8—12), 
regards the single-turn spiral as actual ly stopping short a t t h e poin t r eached 
after one comple te revolut ion of t h e straight l i n e : " it is necessary to k n o w 
that ex tending without limit is no t a proper ty of all l i n e s ; for it ne i ther 
belongs to the circle nor t o the cissoid, n o r in genera l to l ines which form 
figures; nor even to those which d o no t form figures. F o r even t h e single-
tu rn spiral does no t ex tend without limit—-for it is constructed between two 
points—nor does any of t h e o ther lines so genera ted d o s o " (p . 187, 19-—25). 
I t is cur ious tha t P a p p u s (vm. p . m o sqq.) uses t h e same te rm /xovdo-Tpocpos 
tAif to deno te o n e turn, no t of t h e spiral, bu t of t h e cylindrical helix. 

• 

D E F I N I T I O N 3 . 

Vpapprjs 8c ircpara crr/tictd. 
The extremities of a line are points. 

I t being unscientific, as Aris tot le said, to define a poin t as t h e " ext remity 
of a l i n e " (jrc'pas ypa.p.p.r}s), thereby expla ining t h e pr ior by t h e poster ior , 
Euc l id defined a point differently; then , a s it was necessary to connec t a 
point with a line,, h e in t roduced this explanat ion after t h e defini t ions of b o t h 
had been given. T h i s compromise is n o d o u b t his own i d e a ; the s a m e 
thing occurs with reference to a surface a n d a l ine as its ext remity in Def. 6, 
a n d with reference to a solid a n d a surface as its extremity in x i . Def. 2. 

W e miss a s t a tement of the facts, equal ly requi r ing to b e known, t ha t a 
" division " (cWpco-it) of a l ine, n o less than its " beginning " or " e n d , " is a 
point (this is b rough t ou t by Ar i s to t l e : cf, Metaph. 1060 b 15), a n d tha t 
the intersection of two lines is also a point . I f these add i t iona l exp lana t ions 
had been given, Proc lus would have been spared the difficulty which h e finds 
in the fact that some of the l ines used in Euc l id (namelv infinite s traight l ines 
on the one hand , a n d circles on t h e o the r ) have n o " ex t r emi t i e s . " So a lso 
the ellipse, which Proc lus calls by t h e old n a m e dvpt.6% ( " s h i e l d " ) . I n t h e 
case of the circle a n d ellipse we can, h e observes (p . 103, 7), t ake a por t ion 
b o u n d e d by points , a n d t h e definition appl ies to tha t por t ion . H i s ra ther 
far-fetched dis t inct ion be tween two aspects of a circle or. ell ipse as a line a n d 
as a closed figure ( thus , while you are describing a circle, you have two extremi
ties a t any moment , bu t they d isappear when it is finished) is a n unnecessar i ly 
elaborate a t t emp t to establish the literal universali ty of the "de f in i t i on , " 
which is really n o more than an explana t ion that , if a l ine has extremit ies , 
those extremities are points . 

D E F I N I T I O N 4. 

Evtfeia ypappr] itmv, 17ns cf urov tok f<p' iavrrjs <r>)ifciois kcitou. 
A straight l ine is a line which lies evenly with the points on itself. 

T h e only definition of a s traight l ine au then t i ca t ed as p re -Euc l idean is 
that of Pla to , who defined it as " that of which the middle covers the ends" 
(relatively, tha t is, to an eye p laced a t e i ther e n d a n d looking a long t h e 
straight line). I t appears in the Parmenides 137 E : " s u a i g h t is whatever h a s 
its middle in front of (i.e. so placed as t o obs t ruc t t h e view of) b o t h its e n d s " 



(tvBv ye ov av TO peo-ov aptpoiv rdlv icr\droiv iwiirpoo-Sev rj). Aristotle quotes it in 
equiva len t t e rms (Topics v i . n , 148 b 27), ov TO picrov eirmpoaOet TOU rrepao-iv; 
a n d , as h e does no t m e n t i o n t h e n a m e of its au thor , bu t states it in combina
t ion with the defini t ion of a l ine as the ext remity of a surface, we may assume 
t h a t h e used it as be ing well known. Proc lus also quotes the definition as 
P la to ' s in a lmos t ident ical te rms, TO. peo-a TOW axpon imrrpoodtt (p. 109, 21). 
T h i s definit ion is ingenious , bu t implicitly appea l s to the sense of sight and 
involves the pos tu la te tha t the line of sight is straight. (Cf. the Aristotel ian 
Problems 31, 20, 959 a 39, where the ques t ion is why we can bet ter observe 
s t ra ightness in a row, say, of letters with o n e eye than with two.) As regards 
t h e s t ra ightness of " v i s u a l rays ," otitis, cf. Euc l id ' s own Optics, L)eff. t , 2, 
assumed as hypotheses, in which h e first speaks of the " straight lines " d rawn 
from the eye , avo id ing t h e word ouV«s, a n d t h e n says that the figure conta ined 
by the visual rays (ouVtn) is a cone with its vertex in the eye. 

A s Ar is to t le men t ions n o definition of a s traight l ine resembling Eucl id ' s , 
bu t gives on ly Plato 's definition a n d t h e o the r explaining it as the " extremity 
of a surface," the lat ter be ing evidently the cur ren t definition in contemporary 
tex tbooks , we may safely infer that Euc l id ' s definition was a new depar tu re of 
his own . 

P r o c l u s o n E u c l i d ' s d e f i n i t i o n . 

C o m i n g now to t h e interpreta t ion of Euc l id ' s definition, evOeia ypa.pp.rj 
€O-TLV, ^ T t s e £ lo-ov T o t ? t<j> eavrrj? o-r/tictois s e i T a i , we find any n u m b e r of slightly 
different versions, b u t n o n e tha t can b e desc r ibed as qui te sat isfactory; some 
authori t ies , e.g. Savile, have confessed tha t they could m a k e no th ing of it. I t 
is na tura l t o appea l t o Proc lus first; a n d we find tha t h e does in fact give an 
in terpre ta t ion which a t first sight seems plausible . H e says (p. 109, 8 sq.) tha t 
Euc l id " s h o w s by m e a n s of this tha t the straight line a lone [of all lines] 
occupies a d i s t ance (Karcxav Sido-Tr/pa.) equa l to that be tween the po in t s on it. 
For , as far as o n e of t h e po in t s is d is tan t from another , so great is the length 
(peyedos) of t h e s t ra ight l ine of which they are the ex t remi t i e s ; a n d this is the 
mean ing of lying e{ lo-ov to (or with) t h e poin ts on i t " [i( lo-ov be ing thus , 
apparen t ly , in te rpre ted as " a t " (or " over ") " an equal d is tance " ] . " But if 
you take two po in t s on the c i rcumference (of a circle) or any o the r line, the 
d i s t ance cu t off be tween t h e m a long t h e l ine is greater than the interval 
separa t ing t h e m . A n d this is the case with every line except the straight line. 
H e n c e t h e o rd inary remark , based on a c o m m o n notion, tha t those who 
journey in a s traight l ine only travel the necessary dis tance, while those who 
d o not go straight travel more t h a n the necessary dis tance ." (Cf. Aristotle, 
De caelo 1. 4, 271 a 13, " w e always call t h e dis tance of anyth ing the straight 
l i n e " drawn to it.) T h u s Proc lus would interpret somewhat in this way : " a 
s t ra ight l ine is tha t which represents extension equal with ( the dis tances 
separa t ing) the po in t s on it ." T h i s exp lana t ion seems to be a n a t t empt to 
graft on to Eucl id ' s definition t h e assumption (it is a \apfiav6pevov, no t a 
defini t ion) of A r c h i m e d e s (On the sphere and cylinder 1. ad init.) tha t " o f all 
the l ines which have the same extremities t h e straight l ine is least ." F o r this 
pu rpose e$ lo-ov h a s apparen t ly to be taken as mean ing " a t a n equal d i s tance ," 
a n d again " lying a t a n equa l d is tance " as equivalent to " ex tending over (or 
represen t ing) a n e q u a l d i s tance . " T h i s is difficult enough in itself, bu t is 
seen to b e a n imposs ib le in terpre ta t ion when appl ied to the similar definition 
of a p l ane by Euc l i d (Def. 7) a s a surface " w h i c h lies evenly with the straight 
l ines on itself." I n t ha t connex ion Proc lus tries to m a k e the same words i£ lo-ov 
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KCITCU mean " e x t e n d s over an equal area with." H e says namely (p. 1 1 7 , 2) 
tha t , " i f two straight l ines a re set o u t " on the plane, t he p lane surface 
" o c c u p i e s a space equal to tha t be tween the straight l ines." But two straight 
lines do not de te rmine by themselves any space a t a l l ; it would be necessary 
to have a closed figure with i ts boundar ies in the p lane before we could arrive 
at t he equivalent of the o t h e r a s sumpt ion of Arch imedes tha t " o f surfaces 
which have t h e same extremities, if those extremit ies are in a plane, t he p lane is 
the least [in a rea ] . " T h i s seems to be a n impossible sense for i$ lo-ov even on 
the assumpt ion that it means " a t a n equa l d i s t a n c e " in the present definition. 
T h e necessity therefore of in terpret ing i( lo-ov similarly in bo th definitions 
makes it impossible to regard it as referring to distance or length a t all. I t 
should be a d d e d that Simplicius gave the same explanat ions as Proc lus 
(an-NairlzT, p . 5). 

T h e l a n g u a g e a n d c o n s t r u c t i o n o f t h e d e f i n i t i o n . 

Let us now consider the ac tua l wording a n d g r ammar of the phrase TJTIS e£ 
urov TOK «p' iavrrjs o~qp.t(ms KCITCU. As regards t h e expression i£ lo-ov we n o t e 
that P la to and Aristot le (whose use of it seems typical) c o m m o n l y have it in 
the sense of " o n a footing of equa l i t y " : cf. 01 i{ lo-ov in Pla to ' s Laws 777 D , 
919 D ; Aristotle, Politics 1259 b 5 i{ lo-ov thai f3ov\trai TT)V tpvo-w, " t e n d to 

b e on an equali ty in na tu re , " Eth. Nic. v m . 12, 1161 a 8 ivravOa miVrcs c£ 
lo-ov, " there all are on a footing of equal i ty ." Slightly different a re the uses 
in Aristotle, Eth. Nic. X. 8, 1178 a 25 T<SV piv yap dvayitaiiav xpcui KOX e( urov 
iarm, " b o t h need the necessaries of life to the same extent, let us s a y " ; Topics ix . 
15, 174 a 32 c£ MTOU 7 r o i o i W a rrpi ipioTr/o-iv, " a sk ing t h e ques t ion indifferently" 

(i.e. wi thout showing any expecta t ion of o n e answer being given ra ther t h a n 
another) . T h e natural mean ing would therefore appear to be "even ly p l a c e d " 
(or ba lanced) , " in equal measure , " " indifferently" or "wi thou t bias " o n e way 
or the other. Next , is the dat ive rot? i<p' eavrfj's o-r/pdoK cons t ruc ted with it lo-ov 
or with KCITCU? I n the first case the phrase mus t m e a n " t h a t which lies evenly 
with (or in respect to) the points on it ," in t h e second apparen t ly " t h a t which, 
in (or by) the points on it, lies (or is p laced) evenly (or uniformly)." Max S imon 
takes the first cons t ruc t ion to give the sense " d i e G e r a d e liegt in gleicher 
Weise wie ihre P u n k t e . " If the last words m e a n " in t h e same way as (or in 
like manne r as) its poin ts ," I canno t see that they tell us anyth ing , a l though 
Simon at taches to the words t h e not ion of distance (Abs tand) like Proclus . 
T h e second const ruct ion he takes as giving " die Gerade liegt fur (durch) ihre 
Punk t e gleichmassig," " the straight l ine lies symmetr ical ly for (or th rough) its 
p o i n t s " ; or, if KCITCU is taken as the passive of rlH-npL, " d i e Gerade ist d u r c h 
ihre P u n k t e gleichmassig gegeben worden," " the straight l ine is symmetrical ly 
de te rmined by its poin ts ." H e a d d s tha t t he idea is here direction, a n d tha t 
bo th direction and distance (as between two different given points simply) 
would be to Eucl id , as later to Bolzano (Betrachtungen iiber einige Gegenstande 
der Elementargeometrie, 1804, q u o t e d by Schot ten, Inhalt und Methode des 
planimetrischen Unterrichts, 11. p . 16), pr imary i rreducible not ions . 

While the language is thus seen to b e hopelessly obscure , we can safely 
say that the sort of idea which Euc l id wished to express was tha t of a line 
which presents the same shape a t a n d relatively to all poin ts on it, without 
any irregular or unsymmetr ica l feature dis t inguishing o n e part or side of it 
from another . Any such irregularity could , as Saccheri po in t s ou t (Enge l a n d 
Stackel, Die Theorie der Parallellinien von Euklid bis Gauss, 1895, p . 109), b e 
at once m a d e percept ib le by keeping the ends fixed a n d tu rn ing the l ine a b o u t 



t h e m right r o u n d ; if any two posi t ions were dis t inguishable, e.g. one being to 
t h e left o r r ight relatively t o ano ther , " it would not lie in a uniform manne r 
be tween its po in t s . " 

A c o n j e c t u r e a s t o i t s o r i g i n a n d m e a n i n g . 
T h e ques t ion arises, wha t ' was t h e origin of Eucl id ' s definition, or, how 

was it suggested to him ? I t seems to m e that the basis of it was really 
P la to ' s definition of a straight l ine as " tha t l ine the midd le of which covers 
t h e e n d s . " Euc l id was a Pla tonis t , a n d what more natura l than tha t h e 
shou ld have a d o p t e d Pla to ' s definit ion in subs tance , while regarding it as 
essential to change the form of words in o rde r to m a k e it i ndependen t of any 
impl ied appea l to vision, which, a s a physical fact, could not properly find a 
p lace in a purely geometr ical definition ? I believe therefore that Eucl id 's 
definit ion is simply a n a t t emp t (albeit unsuccessful, from the na ture of the 
case) to express , in te rms to which a geomete r could not object as not being 
pa r t of geometr ica l subject-mat ter , the s a m e th ing as the Pla tonic definition. 

T h e t ru th is that Euc l id was a t t emp t ing t h e impossible . As Pfleiderer 
says (Scholia to Euc l id ) , " I t seems as t h o u g h the not ion of a straight line, 
owing t o its simplici ty, canno t b e explained by any regular definition which 
d o e s no t i n t roduce words a l ready con ta in ing in themselves , by implication, 
t h e no t ion to b e defined (such e.g. a re di rect ion, equali ty, uniformity or 
evenness of posit ion, unswerving course) , a n d as t h o u g h it were impossible, if 
a pe r son does no t a l ready know what the te rm straight he re means , to teach 
it to h im unless by pu t t ing before h im in some way a p ic ture or a drawing of 
i t ." T h i s is accordingly d o n e in such books as Veronese ' s Elementi di 
geometria (Pa r t I., 1904, p . 10): " A s t r e t ched string, e.g. a p lummet , a ray of 
light en te r ing by a small ho le in to a da rk room, are rectilineal objects . T h e 
image of t h e m gives us t h e abs t rac t idea of t h e l imited line which is called a 
rectilineal segment." 

O t h e r d e f i n i t i o n s . 

W e will conc lude this no te with some o the r famous definitions of a straight 
line. T h e following a re given by Proc lus (p. n o , 18—23). 

1. A line stretched to the utmost, lit axpov rtrapivr) ypapprj. T h i s appears 
in H e r o n also, with t h e words " towards the e n d s " (eVt TO. iripara) a d d e d . 
( H e r o n , Def. 4). 

2. Part of it cannot be in the assumed plane while part is in one higher up 
(iv iwTtwpoTtpa)). T h i s is a proposition in Euc l id (XI, 1). 

3. All its parts fit on all (other parts) alike, wavra ovn j s ra pipy iraaiv 
6/Wu>s i<papp6^€t. H e r o n has this too (Def. 4), but instead of " a l i k e " h e 
says vavToltas, " i n all ways ," which is be t ter as ind ica t ing that t h e app l ied par t 
m a y b e app l i ed o n e way or t h e reverse way, with t h e same result . 

4. That line which, when its ends remain fixed, itself remains fixed, rj TWV 
iripwrmv pcvovTiov nal avrr) pivovo-a. H e r o n ' s add i t ion to this , " when it is, as 
it were, turned round in the same plane " (otov iv T<p aur<3 iirurio\p trrpt<j>opivri), 
a n d his next variat ion, " a n d a b o u t the s a m e e n d s having always t h e same 
pos i t ion ," show tha t the definit ion of a s traight l ine as " t h a t which does 
no t c h a n g e its posi t ion when it is t u r n e d a b o u t its extremit ies (or any two 
po in t s in it) as poles " was n o original discovery of Leibniz , or Saccher i , or 
Krafft, or Gauss , bu t goes back at least to the beg inn ing of the Chr is t ian era. 
G a u s s ' f o r m of this definition w a s : " T h e line in which lie all poin ts that , 
du r ing t h e revolut ion of a body (a pa r t of space) abou t two fixed points , 
ma in ta in the i r posi t ion u n c h a n g e d is called a straight l ine." Schot ten 
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(1. p . 315) mainta ins tha t the no t ion of a s traight l ine a n d its p roper ty of 
being de te rmined by two points are unconscious ly a s sumed in this definit ion, 
which is therefore a logical "c i rc le . " 

5. That line which with one other of the same species cannot complete a 
figure, rj titTcV T17S o/umSovs i i ias arxfjpa /*») airor«XoCcra. T h i s is a n obvious 
vo-Ttpov-Trporeoov, s ince it a s sumes t h e not ion of a figure. 

Lastly Leibniz ' definition shou ld b e m e n t i o n e d : A straight line is one 
which divides a plane into two halves identical in all but position. A p a r t from 
the fact that this definition in t roduces the p lane , it does no t seem to have any 
advantages over t h e definition last bu t one referred to . 

Legendre uses the Arch imedean proper ty of a straight l ine as the shortest 
distance between two points. Van Swinden observes (Elemente der Geometric, 
1834, p. 4), tha t to t ake this as the definition involves assuming t he proposi t ion 
tha t any two sides of a tr iangle are greater t han the th i rd a n d proving tha t 
straight lines which have two points in c o m m o n co inc ide t h r o u g h o u t the i r 
length (cf. Legendre , Aliments de Giome'trie 1. 3, 8). 

T h e above definitions all i l lustrate the observat ion of U n g e r (Die Geometric 
des Euklid, 1833): "Straight is a s imple not ion, a n d h e n c e all definit ions of 
it must fa i l . . . .But if the proper idea of a s traight l ine has o n c e been grasped, 
it will b e recognised in all the various definit ions usually given of i t ; all 
t he definitions mus t therefore be regarded as explanations, a n d a m o n g t h e m 
that one is the best from which further inferences can immedia te ly b e d rawn 
as to the essence of t h e s traight l ine." 

D E F I N I T I O N 5 . 

EirtcpdVfia Si iortv, o pijKoq xal irXaros pivov l^et. 
A surface it that which has length and breadth only. 
T h e word iimpivna was used by Euc l id a n d later writers to d e n o t e surface 

in general , while they appropr ia ted the word rrirtSov for plane surface, t hus 
making brmtSor a species of the genus iirupdvaa. A solitary use of hri^xLvtia 
by Euc l id when a p l ane is m e a n t (x i . Def. 1 1 ) is p robab ly d u e to t h e fact t ha t 
the par t icular definition came from an earlier tex tbook. P roc lus (p. 1 1 6 , 17) 
remarks that the older phi losophers , inc luding P l a to a n d Aristot le , used t h e 
words iwupavtia a n d eVtVecW indifferently for any k i n d of surface, Ar is to t le 
does indeed use bo th words for a surface, with pe rhaps a t endency t o use 
cVupaVcta m o r e than «ri»reoW for a surface not p lane . Cf. Categories 6, 5 a 1 sq., 
where bo th words are used in one s e n t e n c e : " You can find a c o m m o n 
boundary at which t h e par t s fit together , a po in t in t h e case of a l ine, a n d a line 
in the case of a surface (ra-wpaVeia); for the par ts of the surface (imiriSov) d o fit 
together a t some c o m m o n bounda ry . Similarly also in the case of a b o d y you 
can find a c o m m o n boundary , a l ine or a surface ( c T r u p a r a a ) , a t which t h e 
parts of the body fit toge ther . " P la to however does no t use inupavtia a t all in 
the sense of surface, bu t only «rorecW for bo th surface and plane surface. 
T h e r e is reason therefore for d o u b t i n g t h e cor rec tness of the no t i ce in 
Diogenes Laer t ius , i n . 24, tha t P l a to " w a s t h e first ph i losopher t o n a m e , 
a m o n g extremities, the plane surface " («V«re8os c7rupaV«a). 

cSricpaVua of course means literally t h e feature of a b o d y which is apparent 
to the eye (ivupavrjv), namely the surface. 

Aristotle tells us (De sensu 3, 439 a 31) tha t t h e Py thagoreans cal led a 
surface xpouL, which seems to have m e a n t skin a s well a s colour. Aris tot le 
explains the te rm with reference t o colour (xp<Zp*) as a th ing inseparable from 
t h e extremity (irtpas) of a body. 
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A l t e r n a t i v e d e f i n i t i o n s . 

T h e definit ions of a surface co r respond to those of a line. As in Aristotle 
a l ine is a magn i tude " (ex tended) one way, or in one ' d i m e n s i o n ' " (e'<p' Iv), 
" c o n t i n u o u s one w a y " (cd>' tv cwc^U), or "d iv i s ib le in one w a y " (iioraxn 
cWperoV), so a surface is a magn i tude ex t ended or con t inuous two ways (or! 
Svo), or divisible in two ways (oixrj)- As in Euc l id a surface has " length and 
b r e a d t h " only, so in Aristot le " b r e a d t h " is character is t ic of the surface a n d is 
o n c e used as synonymous with it (Metaph. 1020 a 12), and again " l e n g t h s 
are m a d e u p of long a n d short , surfaces of broad and narrow, and solids (oyxoi) 
of d e e p a n d s h a l l o w " (Metaph. 1085 a 10). 

Aris tot le men t ions the c o m m o n remark tha t a line by its motion produces a 
surface (De anima I, 4, 409 a 4). H e also gives the a posteriori descript ion of 
a surface as the " e x t r e m i t y of a s o l i d " (Topics vi. 4, 141 b 22), a n d as " t h e 
sect ion (TO/jlt}) or division (oWpco-is) of a b o d y " (Metaph. 1060 b 14). 

Proc lus r emarks (p. 1 1 4 , 20) tha t we get a not ion of a surface when we 
measu re areas a n d mark thei r boundar ies in the sense of length a n d b r e a d t h ; 
a n d we further get a sort of percept ion of it by looking at shadows, since 
these have n o d e p t h (for they d o not pene t ra t e t h e ear th) bu t only have length 
a n d b read th . 

C l a s s i f i c a t i o n o f s u r f a c e s . 

H e r o n gives (Def. 74, p . 50, ed . H e i b e r g ) two al ternat ive divisions of 
surfaces in to two classes, co r responding to G e m i n u s ' al ternat ive divisions of 
l ines, viz. in to (1) incomposite a n d composite and (2) simple a n d mixed. 

(1) Incomposite surfaces are " t h o s e which, when produced , fall into (or 
coalesce with) t h e m s e l v e s " (ocrat «K/3aAAo/«i'ai aura! KO.0' iavriav iriirrovcriv), 
i.e. a re of con t inuous curvature , e.g. t h e sphere . 

Composite surfaces are " t h o s e which, when p roduced , cut one ano ther . " 
Of compos i t e surfaces, again, s o m e are (a) m a d e u p of non-homogeneous 
(e lements ) (e( avo/jLOLoy€v<av) such as cones , cyl inders a n d hemispheres , o thers 
(b) m a d e u p of h o m o g e n e o u s (e lements) , namely the rectilineal (or polyhedral) 
surfaces. 

(2) U n d e r the a l ternat ive division, simple surfaces are the p lane a n d the 
spher ical surfaces, but no o t h e r s ; t h e mixed class inc ludes all o the r surfaces 
whatever a n d is therefore infinite in variety. 

H e r o n specially ment ions as be longing to the mixed class (a) t he surface 
of cones , cyl inders a n d the like, which are a mixture of p lane a n d circular 
(illktou e( «7r6irt'8ou koI irtpicpepeias) a n d (b) spiric surfaces, which are " a mixture 
of two c i r cumfe rences " (by which h e mus t mean a mixture of two circular 
e lements , namely t h e genera t ing circle a n d its circular mot ion abou t a n axis in 
t h e s a m e p lane) . 

Proc lus a d d s t h e remark that , curiously enough, mixed surfaces may arise 
by the revolut ion ei ther of simple curves, e.g. in the case of the spire, or of 
mixed curves, e.g. the " r igh t -ang led c o n o i d " from a parabola , " a n o t h e r 
c o n o i d " from the hyperbola , the " o b l o n g " (^riiir/icts, in Arch imedes Trapa-
/taices) a n d " f la t" (ewnrXarv) sphero ids from an ellipse accord ing as it revolves 
a b o u t t h e major or minor axis respectively (pp. 119 , 6—120, 2). T h e homoeo
meric surfaces, namely those any par t of which will co inc ide with any o ther 
par t , a re two only ( the p lane a n d the spherical surface), no t th ree as in the case 
of l ines (p. 120, 7). 
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D E F I N I T I O N 6. 

'ETrupavfiat 8t Tripa.ro. ypappai. 
The extremities of a surface are lines. 
I t being unscientific, as Aris tot le says, to define a line as t h e extremity of 

a surface, Euc l id avoids the error of defining t h e pr ior by m e a n s of t h e 
posterior in this way, a n d gives a different definition no t o p e n t o this 
objection. T h e n , by way of compromise , a n d in o rde r to show the connex ion 
between a line a n d a surface, he a d d s t h e equivalent of t h e definition of a l ine 
previously cur ren t as an explanat ion. 

As in the cor responding Def. 3 above , h e omi ts to a d d what is m a d e 
clear by Aristot le {Metaph. 1060 b 15) t ha t a " d i v i s i o n " (cWp«o-«) o r 
" section " (roprj) of a solid or body is also a surface, or t ha t t h e c o m m o n 
boundary a t which two par ts of a solid fit toge ther (Categories 6, 5 a 2) 
may be a surface. 

Proclus discusses how t h e fact s ta ted in Def. 6 can b e said t o b e t rue of 
surfaces like that of the sphere " w h i c h is b o u n d e d (irfjrepacrrai), it is t rue , b u t 
not by l ines." H i s explanat ion (p. 116 , 8—14) is t h a t , " i f we take t h e surface 
(of a sphere) , so far as it is ex t ended two ways (Sixj? hiaararri), we shall find 
tha t it is b o u n d e d by lines as to length a n d b r e a d t h ; a n d if we cons ider t h e 
spherical surface as possessing a form of its own a n d invested with a fresh 
quality, we mus t regard it as having fitted e n d on to beg inn ing a n d m a d e 
the two ends (or extremities) one , being thus o n e potent ia l ly only, a n d n o t in 
actuali ty." 

D E F I N I T I O N 7. 

*E7rarcoo« iiTKpdvtid ioTW, tJTIS C£ t<rou rati i<j> iavrijs €u#ctais K c i r a t , 
A p lane surface is a surface which lies evenly with the straight lines on 

itself. 
T h e Greek follows exactly the definit ion of a straight l ine mutatis mutandis, 

i.e. with T<u5...ci56Van for TOIS.. .O-t;II«OI! . P roc lus r emarks that , in genera l , 
all t he definitions of a straight l ine can b e a d a p t e d to t h e p l ane surface by 
merely changing the genus. T h u s , for ins tance , a p lane surface is " a surface 
the middle of which covers the ends " (this be ing t h e a d a p t a t i o n of P la to ' s 
definition of a straight line). W h e t h e r P la to actually gave this a s the defini
t ion of a p lane surface or not , I believe tha t Euc l id ' s definit ion of a p lane 
surface as lying evenly with the straight Hues on itself was i n t e n d e d s imply to 
express the same idea wi thout any implied appea l to vision (just as in t h e 
cor responding case of the definition of a straight l ine) . 

As already no ted u n d e r Def. 4, P roc lus tries to read in to Euc l id ' s defini
tion the Arch imedean assumpt ion tha t " o f surfaces which have the s a m e 
extremities, if those extremit ies a re in a plane, t h e p l ane is t h e least ." But , 
as I have stated, his in terpre ta t ion of the words seems imposs ib le , a l t hough it 
is adop ted by Simplicius also (see an-Nairizi) . 

A n c i e n t a l t e r n a t i v e s . 
T h e other anc ien t definit ions r eco rded are as follows. 
1. The surface which is stretched to the utmost (eV axpov rtrapivrj): a 

definition which Proclus descr ibes as equivalent to Eucl id ' s defini t ion (on 
Proc lus ' own view of tha t definit ion). Cf. H e r o n , Def. 9, " (a surface) which 
is r ight (and) s t re tched o u t " (6p0i) ovo-a anoTtrapivrj), words which h e a d d s t o 
Eucl id ' s definition. 

http://Tripa.ro
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2. The least surface among all those which have the same extremities. 
Proc lus is h e r e (p . 1 1 7 , 9) obviously quo t ing the A r c h i m e d e a n assumption. 

3. A surface all the parts of which have the property of fitting on (each 
other) ( H e r o n , Def. 9). 

4. A surface such that a straight line fits on all parts of it (Proclus , 
p . 1 1 7 , 8), or such that the straight line fits on it all ways, i.e. however placed 
(P roc lus , p . 1 1 7 , 20). 

W i t h this shou ld b e c o m p a r e d : 
5. " (A plane surface is) such that, if a straight line pass through two 

points on it, the line coincides wholly with it at every spot, all ways," i.e. however 
p l aced (one way or t h e reverse, no mat te r how) , rj% ewtiSav Suo O-TJII«W auVjjrot 
tiOela, KOI oKrj o.vrjj K a r a 7ra»ra TOKOV iravToitas c(papjud£cTat ( H e r o n , Def. 9). 
T h i s appea r s , with t h e words Kara trdvTa roirov irairoiios omi t ted , in T h e o n of 
S m y r n a ( p . 1 1 2 , 5, ed. Hi l le r ) , so t ha t it goes back a t least as far as the 
1st c. A . D . I t is of course t h e s a m e as t h e definit ion c o m m o n l y a t t r ibu ted to 
R o b e r t S imson , a n d very widely a d o p t e d as a subs t i tu te for Eucl id 's . 

T h i s s a m e definit ion appea r s a lso in an-Nair iz i (ed. Curtze , p . 10) who, 
after quo t i ng Simpl ic ius ' exp lana t ion (on the s a m e lines as Proclus ' ) of the 
m e a n i n g of Euc l id ' s definit ion, goes on t o say tha t " o t h e r s defined the p lane 
surface as tha t in which i t is poss ible to draw a s t ra ight l ine from a n y poin t to 
a n y o ther . " 

D i f f i c u l t i e s i n o r d i n a r y d e f i n i t i o n s . 

Gauss observed in a let ter to Bessel tha t the definition of a p lane surface 
as a surface such that, if any two points in it be taken, the straight line joining 
them lies wholly in the surface (which, for short , we will call " S i m s o n ' s " 
definit ion) con ta ins m o r e than is necessary, in tha t a p lane can be ob ta ined by 
s imply project ing a s t ra ight l ine lying in it from a poin t outs ide the line but also 
lying on the p l a n e ; in fact t h e definition inc ludes a theorem, or postulate , as 
well. T h e s a m e is t rue of Euc l id ' s definition of a p lane as the surface which 
" lies evenly with (all) t h e s traight l ines on itself," because it is sufficient for a 
definit ion of a p lane if the surface " lies evenly " with those lines only which 
pass t h rough a fixed poin t on it a n d each of the several poin ts of a straight line 
a lso lying in it b u t no t pass ing th rough the point . Bu t from Eucl id ' s point 
of view it is immater ia l whe the r a definition con ta ins more t h a n the necessary 
m i n i m u m provided t ha t t h e existence of a th ing possessing all the a t t r ibutes 
con t a ined in the definition is afterwards proved. T h i s however is no t d o n e 
in regard to t h e p lane . N o proposi t ion abou t the na ture of a p lane as such 
appears before B o o k x i . , a l though its existence is p resupposed in all the 
geometr ica l B o o k s 1 .—iv. a n d v i . ; nor in Book x i . is there any a t t emp t t o 
prove , e.g. by cons t ruc t ion , t h e exis tence of a surface conforming to the 
definit ion. T h e explana t ion may b e that the existence of the p lane as defined 
was del iberate ly a s s u m e d from the beginning like that of poin ts a n d lines, the 
exis tence of which, accord ing to Aristotle, mus t b e a s sumed as principles 
unproved , while t h e exis tence of everything else mus t b e p r o v e d ; a n d it may 
well b e tha t Aris tot le would have inc luded p lane surfaces with points a n d 
l ines in this s t a t emen t h a d it no t been tha t he generally took his il lustrations 
from plane geomet ry (excluding solid). 

Bu t , whatever definition of a p l ane is taken , the evolution of its essential 
p roper t ies is extraordinar i ly difficult. Crelle, who wrote an e laborate article 
Zur Theorie der Ebene ( read in the Academie der Wissenschaften in 1834) of 
which a c c o u n t mus t be t aken in any full history of the subject , observes that , 



since the p lane is the field, as it were, of a lmost all t h e rest of geomet ry , while 
a proper concept ion of it is necessary t o enab le Euc l . 1. 1 to b e unde r s tood , 
it might have been expec ted tha t the theory of the p lane would have b e e n t h e 
subject of at least the same a m o u n t of a t t en t ion as, say, tha t of parallels. T h i s 
however was far from being the case, pe rhaps because the subject of paral lels 
(which, for the rest, p resuppose t h e no t ion of a p lane) is much easier t h a n tha t 
of the plane. T h e na tu re of the difficulties a s regards t h e p lane have a lso 
been po in ted out recently by M r F r a n k l a n d (The First Book of Euclid's 
Elements, Cambr idge , 1905): it would appea r tha t , whatever definition is 
taken, whether the simplest (as conta in ing the m i n i m u m necessary t o deter
mine a plane) or the m o r e complex, e.g. Simson 's , some pos tu la te has t o b e 
assumed in addi t ion before the fundamenta l propert ies , or the t ru th of the 
o ther definitions, can be establ ished. Crel le no tes t h e s a m e th ing as regards 
Simson's definition, conta in ing more t h a n is necessary. Suppose a p l ane in 
which lies the triangle ABC. Le t AD jo in the vertex A 
to any point D on BC, a n d BE t h e vertex B to a n y i 
point £ on CA. T h e n , accord ing to t h e definition, AD 
lies wholly in t h e p lane of the t r i a n g l e ; so does BE. ^ \ 
But, if bo th AD a n d BE a re t o lie wholly in the o n e ( j p o 
plane, AD, BE must intersect , say at F: if they d id not , 
there would be two planes in ques t ion, no t one . Bu t t h e fact that t h e l ines 
intersect a n d that , say, AD does no t pass a b o v e or below BE, is by n o 
means self-evident. 

Mr F rank land points ou t t h e similar difficulty as regards t h e s impler 
definition of a p lane as the surface genera ted by a s traight 
l ine passing always th rough a fixed po in t a n d always 
intersecting a fixed straight l ine. L e t OFF, OQQ 
drawn from O intersect t h e straight l ine X a t F, Q 
respectively. Le t F b e any th i rd poin t on X: t h e n it 
needs to b e proved tha t OR intersects FQ in some 
point, say R'. Wi thou t some postu la te , however, it is 
no t easy t o see how to prove this , or even to p rove tha t P'Qt in tersec ts X. 

C r e l l e ' s e s s a y . D e f i n i t i o n s b y F o u r i e r , D e a h n a , B e c k e r . 
Crelle takes as the s t anda rd of a good definit ion tha t it shall be, no t only as 

simple as possible, bu t a lso the best a d a p t e d for deduc ing , with t h e aid of t h e 
simplest possible principles, further proper t ies be longing to the th ing defined. 
H e was m u c h a t t rac ted by a very lucid definition, due , h e says, to Four ie r , 
according to which a plane is formed by the aggregate of all the straight lines 
which, passing through one point on a straight tine in space, are perpendicular 
to that straight line. ( T h i s is really n o m o r e t h a n a n adap ta t i on from Eucl id ' s 
proposit ion x i . 5, to t h e effect tha t , if one of four concur ren t s t ra ight l ines be 
a t right angles to each of the o the r three , those th ree a re in o n e p lane , which 
proposi t ion is also used in Aristotle, Meteorologica m . 3, 373 a 13.) B u t 
Crelle confesses that h e h a d no t been ab le to d e d u c e t h e necessary proper t ies 
from this a n d had had to subs t i tu te the definition, a l ready men t ioned , of a 
plane as the surface containing, throughout their whole length, all the straight 
lines passing through a fixed point and also intersecting a straight line in space; 
a n d he only claims to have proved, after a long series of proposi t ions , t ha t t h e 
" Fourier "- or " perpendicular "-surface a n d t h e plane of t h e o the r definition 
jus t given are identical , after which the proper t ies of t h e " Four ie r "-surface 
can be used along with those of the p lane . T h e advan tage of t h e Four ie r 
definition is that it leads easily, by m e a n s of t h e two proposi t ions t ha t 



t r iangles are equa l in all respects ( i ) when two sides a n d the inc luded angle 
are respectively equa l a n d (2) when all t h ree sides are respectively equal , to the 
proper ty expressed in S imson ' s definition. But Crel le uses to establish these 
two congruence- theorems a n u m b e r of proposi t ions abou t equal angles, supple
mentary angles , right angles, greater a n d less a n g l e s ; a n d it is difficult to 
ques t ion the soundness of Schot ten ' s criticism tha t these not ions in themselves 
really p r e s u p p o s e that of a p lane . T h e difficulty d u e to Fourier ' s use of 
the word " perpendicu la r , " if tha t were all, could no d o u b t b e got over. T h u s 
D e a h n a in a disser tat ion (Marburg , 1837) cons t ruc ted a plane as follows. 
P resuppos ing t h e not ions of a s traight l ine a n d a sphere , he observes that , if a 
sphe re revolve abou t a d iameter , all t he poin ts of its surface which move 
descr ibe c losed curves (circles). E a c h of these circles, dur ing the revolution, 
moves a long itself, a n d o n e of t h e m divides the surface of the sphere into two 
congruen t par ts . T h e aggregate then of the lines jo ining the cent re to the 
poin ts of th is circle forms the plane. Again, J . K . Becker (Die Elemente der 
Geometric, 1877) po in ted out tha t the revolut ion of a right angle abou t one 
side of it p roduces a conical surface which differs from all o ther conical 
surfaces genera ted by the revolut ion of o ther angles in the fact that the 
particular cone coincides with the cone vertically opposite to it: this characterist ic 
might therefore b e taken in order to get r id of the use of the right angle. 

W . B o l y a i a n d L o b a c h e w s k y . 
Very similar to D e a h n a ' s equivalent for Fourier ' s definition is the device 

of W. Bolyai a n d Lobachewsky (descr ibed by Frischauf, Elemente der 
absoluten Geometrie, 1876). T h e y worked u p o n a fundamenta l idea first 
suggested, apparent ly , by Leibniz . Briefly s tated, their way of evolving a 
plane a n d a straight line was as follows. Conce ive an infinite n u m b e r of 
pairs of concen t r i c spheres desc r ibed a b o u t two fixed points in space, 0, O, 
as cent res , a n d with equal radii , gradual ly inc reas ing : these pairs of equal 
spherical surfaces intersect respectively in homogeneous curves (circles), a n d 
t h e " Inbegriff" or aggregate of these curves of intersection forms a plane. 
If A b e a poin t on one of these circles (k say), suppose points M, M' to start 
s imul taneous ly from A a n d to move in opposi te direct ions at the same speed 
till they mee t a t B, s a y : B t h e n is " o p p o s i t e " to A, a n d A, B divide the 
c i rcumference in to two equal halves. If the poin ts A, B be held fast and the 
whole sys tem b e t u r n e d a b o u t t h e m unti l O takes the place of O', and O' of 
O, t h e circle k will occupy the same posit ion as before ( though tu rned a 
different way). T w o oppos i te points , P, Q say, of each of the other circles 
will r emain s ta t ionary dur ing t h e mot ion as well as A, B: t he " Inbegr i f f " or 
aggregate of all such po in t s which remain stat ionary forms a straight line. I t 
is next observed tha t t h e plane as defined can be genera ted by the revolut ion 
of t h e s t ra ight l ine a b o u t 00, a n d this suggests t h e following const ruct ion 
for a p lane . L e t a circle as o n e of t h e curves of intersection of t h e pairs of 
spherical surfaces be d ivided as before in to two equal halves a t A, B. Le t the 
a rc ADB b e similarly bisected at D, a n d let C b e t h e 
m i d d l e poin t of AB. T h i s de t e rmines a straight line CD 
which is t h e n defined as " p e r p e n d i c u l a r " to AB. T h e revo
lut ion of CD a b o u t AB genera tes a plane. T h e proper ty 
s ta ted in Simson 's definition is t hen proved by means of t h e 
congruence- theorems proved in Euc l . 1. 8 a n d 1. 4. T h e 
first is t aken as proved, practically by cons idera t ions of 
symmet ry a n d homogene i ty . If two spherical surfaces, not necessarily equal, 
with cen t res O, O intersect , A a n d its " o p p o s i t e " poin t B a re taken as 
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before on the curve of intersect ion (a circle) and , relatively to OC, t h e poin t 
A is t aken to b e conver t ib le with B or any o ther poin t on t h e h o m o g e n e o u s 
curve. T h e second ( that of Eucl . 1. 4) is es tabl ished by s imple appl ica t ion . 
Rausenberger objects to these proofs on the g r o u n d s tha t t h e first assumes 
tha t the two spherical surfaces intersect in one single curve, no t in several, 
a n d that t h e second compares angles: a compar i son which, h e says, is possible 
only in a plane, so tha t a plane is really p resupposed . P e r h a p s as regards 
t h e part icular compar ison of angles Rausenbe rge r is hyperc r i t i ca l ; bu t it is 
difficult t o regard the supposed proof of the theo rem of Euc l . 1. 8 as sufficiently 
r igorous (qui te apar t from the use of the uniform motion of po in t s for t h e 
purpose of bisecting lines). 

S imson 's property is proved from the two congruence- theorems thus . 
Suppose that AB is " perpendicular " (as defined by Bolyai) to two genera tors 
CM, CN of a plane, or suppose CM, CN respectively to m a k e with AB two 
angles congruent with one another . I t is enough to prove that , if P b e any 
point on the straight l ine MN, t hen CP, jus t as 
much as CM, CN respectively, makes with AB two 
angles congruent with one ano the r a n d is therefore 
a generator . W e prove successively t h e congruence 
of the following pairs of t r i ang les : 

ACM, BCM 

ACN, BCN 

AMN, BMN 

AMP, BMP 

A CP, BCP, 

whence the angles A CP, BCP a re congruen t . 

O t h e r v i e w s . 
Enr iques and Amald i (Elementi di geometria, Bologna, 1905), Veronese 

(in his Elementi) a n d Hi lber t all a s sume as a postulate t h e proper ty s ta ted in 
Simson's definition. But G. I ng rami (Elementi di geometria, Bologna, 1904) 
proves it in t h e course of a r emarkab le series of closely a rgued proposi t ion 
based upon a m u c h less comprehens ive postulate . H e evolves t h e theory of 
the p lane from tha t of a triangle, beginning with a triangle as a mere three-side 
(trilatero), i.e. a frame, as it were. H i s pos tu la te relates to t h e three-side a n d 
is to the effect tha t each " (recti l ineal) s e g m e n t " jo in ing a vertex to a po in t of 
the opposi te side meets every segment similarly jo in ing each of the o ther two 
vertices to the poin ts of the sides opposi te to t h e m respectively, and , con
versely, if a po in t b e t aken on a segment jo in ing a vertex to a point of the 
opposi te side, a n d if a straight l ine be drawn from ano the r vertex to the point 
on the segment so taken, it will if p r o d u c e d mee t the opposi te side. A 
triangle is then defined as t h e figure formed by the aggregate of all t he 
segments jo in ing the respective vertices of a three-side to poin ts on t h e 
opposi te sides. After a series of proposi t ions, Ing rami evolves a p lane as the 

figure formed by the " half straight-lines " which project from an internal point 
of the triangle the points of the perimeter, and then , after two m o r e theorems , 
proves that a p lane is de te rmined by any three of its poin ts which are no t in 
a straight line, a n d tha t a straight line which has two points in a plane has all 
its points in it. 

T h e a rgumen t by which Bolyai a n d Lobachewsky evolved t h e p lane is 
of course equivalent to the definition of a p lane as the locus of all points 
equidistant from two fixed points in space. 
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Leibniz in a let ter to G io rdano d e n n e d a p lane as that surface which 
divides space into two congruent parts. Adver t ing to Giordano ' s criticism that 
you could conceive of surfaces a n d lines which divided space or a p lane into 
two congruen t par ts wi thout being plane or straight respectively, Beez (Uber 
Euklidische und Nicht-Euklidische Geometric, 1888) po in ted out tha t what was 
wanted t o comple te the definition was t h e further condi t ion that the two 
congruen t spaces could be slid along each other wi thout the surfaces ceasing 
to coincide , a n d c la imed priority for his comple t ion of t h e definition in this 
way. Bu t the idea of all the parts of a p lane fitting exactly on all othet parts 
is ancient , appear ing, as we have seen, in H e r o n , Def. 9. 

D E F I N I T I O N S 8, 9. 

8. EiriVtSo? ok yatvta eoriv r) tv CVITTCSO) SVO ypappmv dmopevmv dWyjXmv 
teal LIT) eV cv&das Kupivwv irpos dWijXas rwv ypappuiv KAICIS. 

9. "Orav Si ai TTtpii\owrai TTJV ytaviav ypappal (vOciai UKTIV, eiiOvypappos 
KaActTGu r} ywviu. 

8. A p lane angle is the inclination to one another of two lines in a plane 
which meet one another and do not lie in a straight line. 

9. And when the lines containing the angle are straight, the angle is called 
recti l ineal . 

T h e phrase " no t in a straight line " is s t range, seeing tha t the definition 
purpor t s to apply t o angles formed by curves as well as straight lines. W e 
shou ld ra ther have expected continuous (awtxris) with one a n o t h e r ; a n d 
H e r o n takes this to be the meaning , s ince h e a t once adds a n explanat ion as 
t o what is m e a n t by lines no t be ing continuous (oi o-wtx&)- I t looks as though 
Euc l i d really i n t e n d e d to define a rectilineal angle, bu t on second thoughts , 
as a concess ion to t h e then c o m m o n recognit ion of curvil ineal angles, al tered 
" s t raight l ines " in to " lines " a n d separa ted the definition in to two. 

I th ink all our ev idence suggests tha t Euc l id ' s definition of a n angle as 
inclination (KAIOHS) was a new depar ture . T h e word does not occur in 
A r i s t o t l e ; a n d we shou ld ga ther from h im tha t the idea generally associated 
with an angle in his t ime was ra ther deflection or breaking of lines (nXdo-is): cf. 
his c o m m o n use of «KAdV0<u a n d o the r par ts of the verb KAOV, a n d also his 
reference to one bent line forming an angle (TJ/K KwappAvrp/ xal lxovo-av ymviav, 
Metaph. 1016 a 13) 

Proc lus has a long a n d e labora te no te on this definition, m u c h of which 
(pp . 121 , 12—126 , 6) is apparent ly t aken direct from a work by his master 
Syr ianus (6 rjpercpos Kadr/ytpw). T w o crit icisms conta ined in the no te need 
occasion n o difficulty. O n e of these asks how, if an angle be an inclination, 
o n e incl inat ion can p r o d u c e two angles. T h e o the r (p. 128, 2) is to t h e effect 
tha t t h e definition seems to exc lude a n angle formed by one a n d the same 
curve with itself, e.g. the comple te cissoid [at what we call the " cu sp "1 or the 
curve known as t h e hippopede (horse-fetter) [ shaped like a lemniscate] . But 
such a n " a n g l e " as th is belongs t o h igher geometry , which Euc l id may well 
b e excused for leaving out of a ccoun t in any case. 

O t h e r a n c i e n t d e f i n i t i o n s : A p o l l o n i u s , P l u t a r c h , C a r p u s . 
Proc lus ' n o t e records o the r definit ions of great interest . Apollonius 

def ined a n angle as a contracting of a surface or a solid at one point under a 
broken line or surface (crwa-yaiyij imipaveiai rj orcpcov Trpos ivl o-nptia iirb 
Ktukao-pivr) ypappfj r) eVuptWa), where again a n angle is supposed to be 
formed by one b roken line or surface. Still m o r e interest ing, perhaps , is the 
definition by " t hose w h o say tha t the first distance under the point (TO WDOTOV 
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Siiicri-r^xa viro TO crr//i.ctoi<) & Me angle. A m o n g these is P lu ta rch , who insists 
that Apol lonius meant the same t h i n g ; for, h e says, the re mus t h e some first 
d is tance unde r the break ing (or deflection) of the inc luding lines o r surfaces, 
though, the dis tance u n d e r t h e poin t being con t inuous , it is impossible t o 
obta in the actual first, s ince every d i s tance is divisible wi thout l i m i t " (cV 
aVtipov). T h e r e is s o m e vagueness in t h e use of t h e word " d i s t a n c e " (Sidcmj/ui); 
thus it was objected tha t " i f we anyhow separa te oft" t h e first" (distance be ing 
apparent ly the word unde r s tood ) " a n d draw a straight l ine through it, we get 
a triangle and not one angle ." I n spite of t h e object ion, I c a n n o t bu t see in 
the idea of P lu ta rch a n d the others the germ of a va luable concep t ion in 
infinitesimals, an a t t emp t ( though part ial and imperfect) to get a t the rate 
of divergence between the lines a t their po in t of meet ing as a measu re of the 
angle between them. 

A third view of an angle was tha t of C a r p u s of Ant ioch , who said " tha t 
the angle was a quantity (iroo-oV), namely a distance ( 8 i d c m j u a ) between t h e 
lines or surfaces conta in ing it. T h i s m e a n s t ha t it would be a d i s tance (or 
divergence) in one sense (t<p' \v oWruW), a l though the angle is no t on tha t 
account a straight line. F o r it is no t everything extended in one sense (TO lift tv 
Siao-TOToV) tha t is a l ine." T h i s very phrase " e x t e n d e d o n e w a y " being he ld 
to define a line, it is natura l tha t Ca rpus ' idea shou ld have been desc r ibed as 
the greatest possible paradox (iravrutv wapahoiorarov). T h e difficulty seems to 
have been caused by t h e want of a different technical t e rm to express a new 
i d e a ; for Carpus seems u n d o u b t e d l y to have b e e n ant ic ipat ing t h e m o r e 
modern idea of an angle as represent ing divergence ra ther t h a n d is tance , a n d to 
have mean t by tyl tv in one sense (rotationally) a s dis t inct from one way o r in 
one dimension (linearly). 

T o w h a t c a t e g o r y d o e s a n a n g l e b e l o n g ? 
T h e r e was much deba te a m o n g phi losophers as to the part icular category 

(according to the Aristotel ian s cheme) in which an angle shou ld be p l a c e d ; 
is it, namely, a quantum (TTOOOV), quale (irouiy) o r relation (irpot TI) ? 

1. T h o s e who pu t it in t h e category of quantity a rgued from the fact tha t 
a plane angle is d ivided by a line a n d a solid angle by a surface. Since, then , 
it is a surface which is d ivided by a line, a n d a solid which is d iv ided by 
a surface, they felt obliged to c o n c l u d e tha t a n angle is a surface or a solid, a n d 
therefore a magni tude . Bu t h o m o g e n e o u s finite magni tudes , e.g. p lane 
angles, must bear a ratio to o n e another , or one mus t b e capab le of be ing 
mult ipl ied unti l it exceeds the other . T h i s is, however, no t the case with a 
rectilineal angle a n d the horn-like ang le (MpaToeiSij 's), by which latter is m e a n t 
the " a n g l e " between a circle a n d a tangent to it, s ince (Euc l . i l l . 16) t h e 
latter " angle " is less than any rectil ineal angle whatever. T h e object ion, it 
will b e observed, a s sumes tha t t h e two sorts of angles are h o m o g e n e o u s . 
P lu ta rch and Carpus are classed a m o n g those who, in one way or other , p laced 
an angle a m o n g magnitudes; and , as above no ted , P lu ta rch c la imed Apol lon ius 
as a suppor ter of his view, a l though the word contraction (of a surface o r solid) 
used by the latter does no t in itself suggest magn i tude m u c h more than Eucl id ' s 
inclination. I t was this last cons idera t ion which doubt less led " Aganis , " t h e 
" f r i end" (socius) apparent ly of Simplicius, t o subs t i tu te for Apol lon ius ' 
wording " a quantity which has dimensions and the extremities of which arrive 
at one point" (an-Nairizi, p . 13). 

2. E u d e m u s t h e Per ipate t ic , who wrote a whole work on t h e angle, main
ta ined that it be longed to the category of quality. Aris tot le had given as his 
fourth variety of quality "f igure a n d the shape subsist ing in each thing, and , 



besides these , s t ra ightness , curvature , a n d t h e l i k e " (Categories 8 , i o a n ) . 
H e says tha t each individual th ing is spoken of as quale in respect of i t s form, 
a n d h e ins tances a tr iangle a n d a square , us ing t h e m again later on (ibid. 11 a 5 ) 
to show tha t it is no t all quali t ies which are suscept ible of more a n d less; again, 
in Physics 1. 5, 188 a 25 angle, straight, circular a re called k inds of figure. 
Aris to t le would n o d o u b t have regarded deflection (KtKXao-dai) as belonging to 
t h e s a m e category with s t ra ightness a n d curva ture (Kapnv\ar»p). A t all events , 
E u d e m u s took u p a n angle a s hav ing its origin in the breaking or deflection 
(kXxutk) of l ines : deflection, h e a rgued , was qual i ty if s t raightness was, a n d tha t 
which has its origin in quali ty is itself quali ty. Objectors t o this view argued 
thus . If a n angle b e a qual i ty (iroidnjs) l ike hea t or cold, how can it b e bisected, 
say ? I t c an in fact b e d i v i d e d ; a n d , if th ings of which divisibility is an 
essential a t t r ibu te a re variet ies of quantum a n d no t quali t ies, an angle canno t 
b e a quali ty. Fu r the r , t h e more a n d the less a re the appropr ia te a t t r ibutes of 
quali ty, no t the equa l a n d the u n e q u a l ; if therefore a n angle were a quality, 
we shou ld have t o say of angles , no t tha t o n e is greater a n d ano the r smaller, 
bu t t ha t o n e is more a n angle a n d ano the r less an angle, a n d tha t two angles 
a re no t unequa l bu t dissimilar (avopoioi). A s a mat te r of fact, we are told by 
Simplicius, 538, 21, on Arist. De caelo t ha t t hose who brought the angle unde r 
t h e ca tegory of quale d id call equa l angles similar angles , a n d Aristotle 
himself speaks of similar angles in this sense in De caelo 296 b 20, 311 b 34. 

3. Euc l id a n d all who cal led a n angle a n incl inat ion are he ld by Syrianus 
to h a v e classed it a s a relation (itoo% n). Ye t Euc l id certainly regarded angles 
as m a g n i t u d e s ; this is clear b o t h from the earliest proposi t ions deal ing 
specifically with angles , e.g. 1. 9, 13, a n d also ( though in ano the r way) from 
his descr ib ing a n angle in the very next definition a n d always as contained 
(irtpit\0LUvri) by the two l ines forming it (Simon, Euclid, p . 28). 

Proc lus (i.e. in this case Syrianus) a d d s tha t t h e t ru th lies between these 
th ree views. T h e angle pa r t akes in fact of all those categor ies : it needs the 
quantity involved in magn i tude , the reby becoming suscept ible of equality, 
inequal i ty a n d . the l i k e ; it n e e d s t h e quality given it by its form, a n d lastly 
t h e relation subsis t ing be tween t h e lines or p lanes b o u n d i n g it. 

A n c i e n t c l a s s i f i c a t i o n o f " a n g l e s . " 
A n e labora te classification of angles given by Proc lus (pp . 126, 7—127 , 16) 

may safely be a t t r ibu ted to Geminus . I n o rde r to show it by a diagram it 

Angles 

on surfaces in solids 
(iy ffrepeoit) 

on simple surfaces on mixed surfaces 
(e.g. cones, cylinders) 

on planes on spherical surfaces 

made by simple lines 
, , 1 

made by "mixed" lines by one of each 
e. g. the angle made by a (e.g. the angle formed by an 

curve, such as the cissoid ellipse and its axis or by 
and hippopede, with itself) an ellipse and a circle) 

line-line line-circumf. 

line-convex line-concave 
(e.g. angle of a e.g. horn-like 

semicircle) (urcparoetd^s) 

convex-convex concave-concave mixed, or 

(twTpoabtit) tunes) 
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will b e necessary t o m a k e a conven t ion a b o u t terms. Ang le s are to b e unde r 
s tood u n d e r each class, " l ine-circumference " m e a n s a n ang le c o n t a i n e d by a 
straight l ine a n d an a rc of a circle, " l ine-convex " a n ang le c o n t a i n e d by a 
straight l ine a n d a circular a rc with convexi ty outwards, a n d so on in every 
case. 

D e f i n i t i o n s o f a n g l e c l a s s i f i e d . 

As for the point , s t raight line, a n d p lane , so foi t h e angle, Scho t t en gives 
a valuable summary , classification a n d cri t icism of t h e different m o d e r n views 
u p to da t e (Inhalt und Methode des planimetrischen Unterrichts, I I . , 1893, 
pp. 94—183) ; a n d for later d e v e l o p m e n t s r ep resen ted b y Veronese reference 
may b e m a d e to t h e thi rd article (by Amald i ) in Questioni riguardanti le 
matematiche elementari, 1. (Bologna, 1912) . 

With one or two except ions , says Scho t t en , the def ini t ions of an a n g l e m a y 
b e classed in three groups represen t ing general ly t h e following v iews : 

1. T/ie angle is the difference 0/direction between two straight lines. (Wi th 
this g roup may be compared Eucl id ' s definition of an angle as a n incl inat ion.) 

2. The angle is the quantity or amount (or the measure) of the rotation 
necessary to bring one of its sides from its own position to thai of the other side 
ivithout its moving out of the plane containing both. 

3. The angle is the portion of a plane included between hoo straight tines in 
the plane which meet in a point (or two rays issuing from the point). 

I t is remarkable however that nearly all of the text-books which give 
definitions different from those in g roup 2 a d d to t h e m some th ing poin t ing t o 
a connexion between an angle a n d r o t a t i o n : a str iking indicat ion tha t t h e 
essential nature of an angle is closely connec ted with rotat ion, a n d that a g o o d 
definition must t ake account of tha t connexion . 

T h e definitions in the first g roup mus t be admi t t ed to b e tautologous , o r 
circular, inasmuch as they really presuppose some concept ion of an angle . 
Direction (as between tit>o given points) may n o d o u b t be regarded as a pr imary 
no t i on ; and it may be d e n n e d as " t h e immed ia t e relat ion of two points which 
the ray enables us to r ea l i se" (Schot ten) . But " a direction is no intensive 
magni tude , and therefore two direct ions canno t have any quant i ta t ive 
difference" (Biirklen). N o r is direct ion susceptible of differences such as 
those between qualities, e.g. colours. Direct ion is a singular e n t i t y : t he re 
canno t be different sorts or degrees of direct ion. If we speak of " a different 
direct ion," we use the word equivocally ; wha t we m e a n is simply " a n o t h e r " 
direction. T h e fact is tha t these definitions of a n angle as a difference of 
direction unconsciously appea l to someth ing outs ide the not ion of direct ion 
altogether, to some concept ion equivalent to tha t of the angle itself. 

R e c e n t I t a l i a n v i e w s . 

T h e second g roup of definitions are (says Amald i ) based on the idea of the 
rotation of a straight l ine or ray in a p lane abou t a p o i n t : an idea which, 
logically formulated, may lead to a convenient m e t h o d of in t roduc ing the 
angle. But it must b e m a d e i n d e p e n d e n t of metric concept ions , or of the 
concept ion of congruence, so as t o br ing out first t he not ion of an angle, a n d 
afterwards t he not ion of equal angles. 

T h e thi rd group of definitions satisfy the condi t ion of no t inc luding metr ic 
c o n c e p t i o n s ; bu t they d o not entirely cor respond to our intuit ive concep t ion 
of an angle, to which we a t t r ibu te the charac te r of an ent i ty in one d imens ion 
(as Veronese says) with respect to t h e ray a s e lement , or an ent i ty in two 
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dimens ions with reference to points as e lements , which may be called an angular 
sector. T h e defect is however easily r emedied by consider ing the angle as 
" t h e aggregate of t h e rays issuing from the vertex and comprised in the angular 
sector." 

Proceed ing t o cons ider the principal m e t h o d s of arriving at the logical 
formulat ion of t h e first superficial propert ies of the plane from which a 
definition of t h e angle may emerge, Amald i dis t inguishes two points of view 
( i ) the genetic, (2) t he actual. 

(1) F r o m t h e first po in t of view we cons ider t h e cluster of straight lines 
or rays ( the aggregate of all t h e straight l ines in a p lane passing through a 
point , or of all t h e rays with their extremit ies in tha t point ) as generated by 
the m o v e m e n t of a straight l ine or ray in the plane, abou t a point. T h i s leads 
to the postulation of a closed order, or circular disposition, of the straight lines 
or rays in a cluster . Nex t comes the connex ion subsist ing between t h e 
disposi t ion of any two clusters whatever in one , p lane , a n d so o a 

(2) S tar t ing from t h e poin t of view of the actual, we lay t h e foundation 
of t h e definition of an angle in the division of the plane into two parts (half-
p lanes) by the straight line. Next , two straight l ines (a, b) in the plane, inter
sect ing at a po in t O, d ivide t h e p lane in to four regions which are called 
angular sectors ( c o n v e x ) ; a n d finally the angle (ab) or (ba) may be defined as 
the aggregate of the rays issuing from O and belonging to the angular sector 
which has a and b for sides. 

Veronese ' s p rocedure (in his Elementi) is as follows. H e begins with the 
first propert ies of the p lane in t roduced by the following definition. 

T h e figure given by all the s traight l ines jo ining the points of a straight 
l ine r to a poin t P ou ts ide it a n d by 
the parallel to r t h rough P is cal led a r 
cluster of straight lines, a cluster of rays, ^ - ^ S 

or a plane, accord ing as we cons ider 
t h e element of the figure itself to be the 
straight line, t h e ray t e rmina ted a t P, p r 

or a point. 
[ I t will b e observed tha t th is m e t h o d of p roduc ing a p lane involves using 

t h e parallel to r. T h i s presents n o difficulty to Veronese because h e has 
previously defined parallels, wi thout reference to the plane, by m e a n s of reflex 
or opposite figures, with respect to a point O: " two straight lines are called 
parallel, if o n e of t h e m conta ins two points opposi te to (or the reflex of) two 
po in t s of t h e o the r with respect to the middle point of a c o m m o n transversal 
(of t h e two l ines) ." H e proves by means of a postulate that the parallel r 
does be long to t h e p lane Pr. I ng rami avoids the use of the parallel by 
defining a plane as " the figure formed by the half straight lines which project 
from a n in ternal po in t of a tr iangle (i.e. a point on a line jo ining any vertex of 
a three-side to a poin t of t h e opposi te side) the points of its per imeter ," a n d 
t h e n defining a cluster of rays as " the aggregate of t h e half straight lines in a 
p l ane s tar t ing from a given point of the p lane a n d passing through the points 
of t h e pe r imete r of a tr iangle conta in ing the p o i n t " ] 

Ve ronese goes o n to t h e definition of a n angle . " We call an angle a part 
of a cluster of rays, bounded by two rays (as the segment is a part of a straight 
line bounded by two points). 

"An angle of the cluster, the bounding rays, of which are opposite, is called a 
flat ang le . " 

T h e n , after a pos tu la te cor responding to postula tes which h e lays down for 
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a rectilineal segment a n d for a straight line, Veronese p roves tha t all flat angles 
are equal to one another . 

H e n c e h e conc ludes that " t h e cluster of rays is a h o m o g e n e o u s l inea r 
system in which the e lement is the ray ins tead of the point. T h e c lus ter 
being a homogeneous linear system, all the proposi t ions d e d u c e d from 
[Veronese's] Post . 1 for the straight l ine apply to it, e.g. t h a t relative t o 
t h e sum a n d difference of the segments : it is only necessary to subs t i tu te 
t h e ray for the point , a n d the angle for t h e segmen t . " 

D E F I N I T I O N S 10, 11, 12. 

10. "Oral' Se ddtia iir fv&tiav aradtura T a s i<pt£rjs yoWas uras dXAij'Xais 
7TOIJJ, 6p8r) cxarcpa luiv Iffwr y<ovimv tori, (cat r) «<pecrTr/(Cvta (V$ua icdt5«TOS (caXcirat, 
ftp' l)v €<p€CTT)JK€V. 

1 1 . "A/t/}X*ia yaiw'a itrriv rj puctuv opdrjs. 
12. "Qfcta 8« 1} iXdcrow 6p8i}<!. 
10. When a straight line set up on a straight line makes the adjacent angles 

equal to one another, each of the equal angles is right, and the straight tine 
standing on the other is called a perpendicu la r to that on which it stands. 

11 . An ob tuse angle is an angle greater than a right angle. 
12. An acu te angle is an angle less than a right angle. 

«<pefr/9 is the regular te rm for adjacent angles, mean ing literally " (next) in 
order ." I d o not find the te rm used in Aristot le of angles, but h e explains its 
meaning in such passages as Physics vi . 1, 231 b 8 : " t h o s e things a r e (next) 
in order which have noth ing of the same kind (a-vyytves) between t h e m . " 

(cdSeros, perpendicular, means literally let fall: t he full expression is perpen
dicular straight line, as we see from the enunc ia t ion of Eucl . 1. 1 1 , a n d t h e 
not ion is that of a straight line let fall upon the surface of the earth, a plumb-
line. Proclus (p. 283, 9) tells us that in anc ien t t imes t h e perpendicu la r was 
called gnomon-wise ((card yvdpova), because the g n o m o n (an upright stick) was 
set u p at right angles to the horizon. 

T h e th ree k inds of angles are a m o n g the things which accord ing to the 
Platonic Socrates (Republic vi. 510 c ) the geomete r a s sumes a n d argues from, 
declining to give any account of them because they are obvious. Aris tot le 
discusses the priority of the right angle in compar ison with the acu te (Metaph. 
1084 b 7): in one way the right angle is prior, i.e. in being defined (on 
o5pto-Tat) and by its notion (T<3 Xdyu), in ano the r way the acu te is prior, i.e. as 
being a part, and because the right angle is divided into acu te a n g l e s ; t h e 
acute angle is prior as matter, t he right angle in respect of form; cf. also 
Metaph. 1035 b 6, " t h e not ion of the r ight angle is no t divided in to 



tha t of a n a c u t e angle , b u t the r e v e r s e ; for, when d e n n i n g an acute angle, 
you m a k e use of t h e r ight ang le . " Proclus (p. 133, 15) observes tha t it is by 
t h e perpendicular t h a t we measure the heights of figures, a n d that it is by 
reference to t h e right angle tha t we dist inguish t h e o the r rectilineal angles, 
which are o therwise undis t inguished the o n e from t h e other . 

T h e Aris tote l ian Problems (16, 4, 913 b 36) con ta in an expression perhaps 
worth quot ing. T h e quest ion discussed is why things which fall on the 
g round and r e b o u n d m a k e " s i m i l a r " angles with the surface on both sides of 
t h e poin t of i m p a c t ; a n d it is observed tha t " t h e right angle is the limit 
(opos) of the oppos i t e angles ," where however " opposi te " seems to mean , no t 
" supp lementa ry " (or acu te a n d obtuse) , bu t the equa l angles m a d e with the 
surface on oppos i t e sides of the perpendicular . 

Proclus , after his manner , remarks t ha t t he s ta tement that an angle less 
t h a n a right ang le is acu te is not t rue wi thout qualification, for (1) t he horn-like 
angle (be tween t h e circumference of a circle a n d a tangent) is less than a 
right angle, s ince it is less tnan a n acute angle , bu t is not an acu te angle, while 
(2) t he " a n g l e of a semic i r c l e" (be tween t h e arc a n d a d iamete r ) is also less 
t h a n a right angle , bu t is not an a c u t e angle . 

T h e existence of t h e right angle is of course proved in I. 1 1 . 

D E F I N I T I O N 13. 

"Opos tcrrtV, o TIKJS fori ircpas. 
A b o u n d a r y is that which is an extremity of anything. 
Aristot le also uses the words Spot a n d irtpa? as synonymous . Cf. De gen. 

animal, n . 6, 745 a 6, 9, where in t h e expression " limit of magn i tude " first 
o n e a n d then the o ther word is used . 

P roc lus (p . 136, 8) r emarks t h a t t he word boundary is appropr ia te to the 
origin of geometry, which began from the measuremen t of areas of g round 
a n d involved the mark ing of boundar ies . 

D E F I N I T I O N 14. 
7 

~%yrjp(x €<TTI TO \m6 Ttvos rj nvwi ' optuv irtpit)(6pfVOi: 

A figure is that which is contained by any boundary or boundaries. 
Pla to in the Meno observes tha t roundness (o-TpoyyvXarrps) or the round is a 

" f igure , " a n d tha t the straight a n d many o the r things a re so t o o ; he then 
inquires what the re is c o m m o n to all of them, in virtue of which we apply the 
te rm " f i g u r e " t o them. H i s answer is (76 A ) : " w i t h reference to every 
figure I say tha t that in which the solid terminates (TOCTO, «'S 5 TO oreptoi' 
rrtpaivd) is a figure, or, to pu t it briefly, a figure is an extremity of a solid." 
T h e first observat ion is similar to Aristot le 's in the Physics 1. 5 , 188 a 25, 
where angle, straight, and circular a re men t ioned as genera of figure. I n the 
Categories 8, 10 a 1 1 , " f i g u r e " is p laced with straightness and curvedness in 
t h e category of quality. H e r e however " f i g u r e " appears to m e a n shape 
(M'>p0^) r a ther than " figure" in our sense. Coming nearer to " f igu re" in our 
sense, Aris tot le a d m i t s that figure is "a sort 0/ m a g n i t u d e " (De anima i n . 1, 
425 a 18), a n d h e dis t inguishes plane figures of two kinds, in language not 
unl ike Eucl id 's , as contained by straight a n d circular lines respect ively: "every 
p lane figure is e i ther rectil ineal or formed by circular lines (nipi<f>tpaypappov), 
a n d t h e recti l ineal figure is con t a ined by several lines, the circular by one 
l i n e " (De caelo n . 4, 286 b 13). H e is careful to explain that a p lane is not a 



figure, nor a figure a p lane , b u t t ha t a p l ane figure const i tu tes o n e not ion a n d 
is a spates of t h e genus figure (Anal. post. 11. 3, 90 b 37). Aristot le does no t 
a t t empt to define figure in general , in fact h e says it would be useless : " F r o m 
this it is clear tha t t he re is one definition of soul in the same way as there is 
one definition of figure; for in the o n e case t h e r e is n o figure except t h e 
triangle, quadri la teral , a n d so on, nor is the re a n y soul o the r t h a n those above 
ment ioned . A definition might b e cons t ruc t ed which shou ld apply t o all 
figures bu t no t specially to any par t icular figure, a n d similarly with t h e 
species of soul referred to . [But such a genera l definition would serve no 
purpose . ] H e n c e it is absu rd here as e lsewhere to seek a genera l definition 
which will no t be properly a definition of any th ing in exis tence a n d will not 
be appl icable t o the part icular i r reducible species before us , to t h e neglect of 
the definition which is so a p p l i c a b l e " (De anima i t . 3, 414 b 20—28). 

Compar ing Eucl id ' s definition with t h e above , we observe that by intro
ducing boundary (Spot) h e a t once excludes t h e straight which Aris to t le classed 
as figure; h e doubt less exc luded angle a l so , a s we may judge by (1) H e r o n ' s 
s ta tement that " n e i t h e r one nor two straight l ines can comple t e a figure," 
(2) t he al ternat ive defini t ion of a straight l ine as " t h a t which c a n n o t with 
ano the r l ine of the same species form a figure," (3) G e m i n u s ' d is t inct ion 
between the line which forms a figure (o-xripn-Toiroiovo-a) a n d t h e l ine which 
extends indefinitely (fir' aircipov iKf3aWopivri), which lat ter t e rm inc ludes a 
hyperbola a n d a parabola . In s t ead of call ing figure an extremity as 
P la to d id in the expression " e x t r e m i t y (or limit) of a solid," E u c l i d 
descr ibes a figure a s that which has a b o u n d a r y or boundar ies . A n d lastly, 
in spite of Aristotle 's object ion, he does a t t e m p t a general definit ion to 
cover all k inds of figure, solid a n d plane. I t appears certain therefore tha t 
Eucl id ' s definition is entirely his own. 

Ano the r view of a figure, recall ing that of P l a t o in Meno 76 A , is a t t r ibu ted 
by Proc lus (p. 143, 8) to Posidonius. T h e lat ter regarded t h e figure a s the 
confining extremity or limit (wipas <rvyK\tiov), " separa t ing t h e not ion of figure 
from quantity (or magn i tude) a n d making it t he cause of definition, limitation, 
a n d inclusion (row uipicrdat u u irmpdadax KOI TT)S T r t p i o x ^ s ) . . . Pos idon ius t hus 
seems to have in view only t h e bounda ry p laced r o u n d from outside, Euc l id 
the whole content , so that Euc l id will speak of the circle a s a figure in 
respect of its whole p lane (surface) a n d of its inclus ion (from) without, whereas 
Pos idonius (makes it a figure) in respect of its c i r cumference . . .Pos idon ius 
wished to explain the not ion of figure as itself limiting and confining magn i tude . " 

Proclus observes that a logical a n d refining critic might object to Euc l id ' s 
definition as defining t h e genus from t h e species, s ince tha t which is enc losed 
by one bounda ry a n d tha t which is enclosed by several a re bo th species of 
figure. T h e best answer to this seems to be suppl ied by t h e passage of 
Aristotle 's De anima quo t ed above . 

D E F I N I T I O N S 1 5 , 1 6 . 

15. KVKAOS larl <r\rjpa iwCwttov irrb puis ypa.pp.rjs mpiexpptvov [rj KaAc t r a t 
mpufriptta}, irpos rjv dcp' ivm o~r)p€iov riav t i r o s TOV a^rjpxiTOS Ktipivmv 7rao-at ai 
irpoo-iriTTTOUcrai dOdat [TTOOS Trjv Toi kvkKov irtpupipeiav] i c r a i dXA.);Aots e'uriv. 

16. Kcvrpov Si rot) kvkXov TO trrjptiov KaXcirai . 
15. A circle is a plane figure contained by one line such that all the straight 

lines falling upon it from one point among those lying within the figure are equal 
to one another ; 

16. And the point is called the cen t re of the circle. 

http://ypa.pp.rjs


T h e words rj KaXctra t mpupipva, " which is called t h e circumference," a n d 
trpcK rr)v tov kvkXov rrtpupiptiav, " t o t h e c i rcumference of t h e circle," are 
bracke t ed by H e i b e r g because , a l though the MSS. have them, they are 
omi t t ed in o the r anc ien t sources , viz. Proclus , T a u r u s , Sextus Empi r icus and 
Boethius , a n d H e r o n also omi ts t h e second gloss. T h e recently discovered 
papyrus Hercu lanens i s N o . 1061 a lso quotes the definition without the words 
in ques t ion , confirming He ibe rg ' s reject ion of t h e m (see H e i b e r g in Hermes 
x x x v i n . , 1903, p . 47). T h e words were doubt less a d d e d in view of the 
occur rence of the word " c i r c u m f e r e n c e " in Deff. 17, 18 immedia te ly 
following, wi thout any explanat ion. Bu t n o explanat ion was needed . T h o u g h 
t h e word vipupiotia. does no t occur in Pla to , Aristotle uses it several t imes 
(1 ) in t h e genera l sense of contour wi thout any special mathemat ica l signification, 
(2) mathemat ica l ly , with reference to the ra inbow a n d t h e circumference, as 
well a s a n a rc , of a circle. H e n c e Euc l id was perfectly justified in employing 
t h e word in Deff. 17, 18 a n d elsewhere, b u t leaving it undefined as being a 
word universally unders tood a n d no t involving in itself any mathemat ica l 
concept ion . I t may b e a d d e d tha t an-Nair izi had not the bracke ted words 
in h is t e x t ; for h e c o m m e n t s on a n d tries to explain Eucl id ' s omission t o 
define t h e ci rcumference. 

T h e definit ion itself con ta ined noth ing new in subs tance . P la to (Parme-
nides 137 E ) says : " Round is, I t ake it, tha t t h e ex t remes of which are every 
way equal ly d is tan t from t h e midd l e " (<npoyyv\ov yi rrov fori rovro, m av TO 
io-xaTa vavTaXQ <*'no TO" P*°~ov lo-ov ct7re'xj)). I n Aris tot le we find the following 
exp res s ions : " the circular (rrtpKpepoypappov) p lane figure D o u n d e d by one 
l i n e " (De caelo 11. 4, 286 b 1 3 — 1 6 ) ; " t h e p lane equa l (i.e. ex tending equally 
all ways) from the m i d d l e " (tirart&ov TO « TOV pio-ov lo-ov), meaning a 
circle (Rhetoric III. 6, 1407 b 2 7 ) ; h e also contras ts with the circle " a n y 
o the r figure which has not the lines from t h e middle equal , as for example an 
egg-shaped figure" (De caelo 11. 4, 287 a 19). T h e word " c e n t r e " (xevrpov) 
was also regularly u s e d : cf. P roc lus ' quo ta t ion from the " o r a c l e s " (Ao'yia), 
" t he cen t re from which all (l ines ex tend ing) as far as the rim are equal ." 

T h e definition as it s t ands has n o genetic character . I t says no th ing as to 
t h e exis tence or non-exis tence of t h e th ing defined or as to the m e t h o d of 
cons t ruc t ing it. I t simply explains what is meant by t h e word " circle," and 
is a provisional definition which c a n n o t be used until t h e existence of circles 
is p r o v e d or a s sumed . Generally, in such a case, exis tence is proved by 
ac tua l c o n s t r u c t i o n ; bu t here t h e possibil i ty of cons t ruc t ing the circle as 
defined, a n d consequen t ly its existence, a re postulated (Pos tu la te 3). A genetic 
definition might s ta te tha t a circle is t h e figure descr ibed when a straight line, 
always r ema in ing in o n e p lane , moves a b o u t one extremity as a fixed point 
unt i l it r e tu rns to its first posi t ion (so H e r o n , Def. 27;. 

Simplicius indeed , who points ou t t ha t the dis tance be tween the feet of a 
pair of compasses is a straight line from t h e cent re to t h e circumference, will 
have it tha t Euc l id i n t e n d e d by this definition t o show how to construct a 
circle by t h e revolut ion of a straight l ine abou t one e n d as c e n t r e ; and an-
Nair izi po in t s to th i s as the explanat ion (1) of Eucl id ' s definition of a circle 
as a plane figure, mean ing t h e whole surface b o u n d e d by t h e circumference, 
a n d no t t h e c i rcumference itself, a n d (2) of his omission to ment ion the 
" c i r c u m f e r e n c e , " s ince with this cons t ruc t ion t h e circumference is not drawn 
separately a s a line. But it is no t necessary t o suppose tha t Euc l id himself 
d id m o r e than follow the t radi t ional v i ew; for the same concep t ion of the 
circle as a plane figure appears , as we have seen, in Aristotle. While , however, 
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Eucl id is generally careful to say the "circumference of a circle " when h e m e a n s 
the circumference, or a n arc, only, the re are cases where " c i r c l e " m e a n s 
"c i r cumference of a circle," e.g. in i n . 1 0 : " A circle does no t cu t a circle 
in more points t han two." 

H e r o n , Proclus a n d Simplicius are all careful to po in t ou t tha t t h e cen t re 
is not the only poin t which is equidis tant from all po in t s of t h e c i rcumference. 
T h e cent re is the only point in the plane of the circle ( " ly ing within the figure," 
as Eucl id says) of which this is t r u e ; any point no t in the s a m e p l ane which 
is equidis tant from all po in t s of the c i rcumference is a pole. If you set u p a 
" g n o m o n " (an upright stick) at the cen t re of a circle (i.e. a l ine t h rough t h e 
cent re perpendicu la r to the p lane of t h e circle), its u p p e r extremity is a pole 
(Proclus , p . 153, 3); t he perpendicu la r is t h e locus of all such poles . 

D E F I N I T I O N 17. 

Aid/ierpqg &t TOV KVK\OV CCTTIV tvOtia Tts 8tct TOV K«VTOOV r]ypcv7j KOX ntparov* 
pivr) i<ft' (KtxTfpa TO. pipr) irrb njs TOV KVKXOV irep«p«p«'a9, 17T19 KOX Si)(a Ttpvei rbv 
KVK\OV. 

A d iameter of the circle is any straight line drawn through the centre and 
terminated in both directions by the circumference of the circle, and such a straight 
line also bisects the circle. 

T h e last words, literally " which (straight l ine) also bisects the circle," 
are omit ted by Simson a n d t h e edi tors w h o followed h im. Bu t they are 
necessary even though they d o no t " be long to t h e de f in i t i on" bu t only 
express a proper ty of the d iamete r as defined. For , wi thout th is explanat ion , 
Eucl id would no t have been justified in descr ib ing as a semi-c\rc\& a por t ion 
of a circle b o u n d e d by a d iamete r a n d the c i rcumference cut off by it. 

Simplicius observes that the diameter is so called because it passes through 
the whole surface of a circle as if measuring it, a n d also because it divides the 
circle into two equal par ts . H e might however have a d d e d that , in general , it 
is a line passing th rough a figure where it is widest, as well as dividing it 
equa l ly : thus in Aristot le TO K a r a Zidperpov Ktiptva, " t h i n g s diametr ical ly 
si tuated " in space, a re a t their max imum dis tance apart . Diameter was t h e 
regular word in Euc l id a n d elsewhere for the d iamete r of a square, a n d also 
of a paral le logram; diagonal (SiayeoVios) was a later te rm, defined by H e r o n 
(Def. 07] as t h e straight l ine drawn from an angle t o a n angle . 

Proclus (p. 157, 10) says tha t Tha le s was t h e first to prove tha t a circle is 
bisected by its d i ame te r ; bu t we are no t told how h e proved it. Proc lus gives 
as the reason of the proper ty " t h e undevia t ing course of the straight l ine 
through the c e n t r e " (a s imple appeal to symmetry) , b u t a d d s that , if it is 
desired to prove it mathematical ly , it is only necessary to imagine t h e d iamete r 
drawn and one part of the circle appl ied to the o t h e r ; it is then clear tha t 
they must coincide, for, if they d id not, a n d o n e fell ins ide or ou ts ide the 
other, the straight lines from the cen t re to the c i rcumference would no t all b e 
e q u a l : which is absurd . 

Saccheri 's proof is worth quot ing . I t d e p e n d s on th ree " L e m m a s " 
immediate ly preceding, (1) tha t two straight l ines c a n n o t enclose a space , 
(2) that two straight lines canno t have one a n d the same segment c o m m o n , 
(3) that , if two straight lines mee t a t a point , they d o not touch, bu t cu t one 
another , a t it. 

" Le t MDHNKM b e a circle, A its cent re , MN a d iameter . Suppose 



t h e por t ion MNKM of t h e circle tu rned a b o u t t h e fixed points M, N, so 
tha t it u l t imately c o m e s near to or coincides with the remaining por t ion 
MNHDM. 

" T h e n (i) t h e whole d iamete r MAN, with all 
its points , clearly remains in t h e same posi t ion, 
s ince otherwise two straight l ines would enclose a 
space (contrary t o the first L e m m a ) . 

" (ii) Clearly n o po in t K of the c i rcumference M 

NKM falls within or ou t s ide t h e surface enc losed 
by t h e d i amete r MAN a n d t h e o ther par t , NHDM, 
of the c i rcumference, s ince otherwise, cont rary to 
the n a t u r e of t h e circle, a rad ius as AK would be 
less o r greater t h a n ano the r radius as AH. 

" (iii) A n y radius MA can clearly be rectilineally p roduced only a long a 
single o the r rad ius AN, s ince otherwise (contrary to the second L e m m a ) two 
lines a s sumed straight , e.g. MAN, MAH, would have one a n d the same 
c o m m o n segment . 

" (iv) All d iamete r s of the circle obviously cut one ano the r in t h e cen t re 
( L e m m a 3 preceding) , a n d they bisect one ano the r there , by t h e general 
proper t ies of t h e circle. 

" F r o m all th is it is manifest tha t t h e d iamete r MAN d ivides its circle 
a n d the c i rcumference of it jus t exactly in to two equa l parts , a n d t h e same 
may b e generally asser ted for every d iamete r whatsoever of the s a m e c i r c l e ; 
which was to b e p roved . " 

Simson observes tha t t h e proper ty is easily d e d u c e d from i l l . 31 a n d 24 ; 
for it follows from i n . 31 tha t the two par t s of the circle a re " s imi l a r 
s e g m e n t s " of a circle ( segments con ta in ing equal angles, III, Def. 11 ) , and 
from i n . 24 tha t they are equa l to o n e ano the r . 

D e f i n i t i o n 18. 

'HfUKVKklOV Si i<TTl TO TT€pir)(6ptVOV "'XVP0- v v ° T f T ' ? S Siapirpov KOI T1J5 
diroXapfSavofiimffi vtr av r r j s i r cpupcpc tas . nivrpov Si TOV rjpiKVKkiov TO avrd, o 
KCU TOU KVKkoV CCTTtV. 

A semicircle is the figure contained by the diameter and the circumference cut 
off by it. And the centre of the semicircle is the same as that of the circle. 

T h e last words, " A n d the cen t re of the semicircle is the same as that 
of t h e circle ," a re a d d e d from Proc lus to t h e definition as it appears in t h e 
MSS . Sca rburgh remarks t ha t a semicircle has n o centre , properly speaking, 
a n d th inks tha t the words are no t Eucl id 's , bu t only a no te by Proc lus . I a m 
however inc l ined t o th ink tha t they a re genuine, if only because of the very 
futility of a n observa t ion a d d e d by Proc lus . H e explains , namely, that the 
semicircle is the only p lane figure tha t has its cen t re on its pe r imete r (!) , " s o 
t ha t you may c o n c l u d e tha t t h e cen t re has three posi t ions, since it may be 
within t h e figure, as in t h e case of a circle, or on the per imeter , as with the 
semicircle, or ou ts ide , a s with some conic l ines ( the single-branch hyperbola 
p r e s u m a b l y ) " ! 

Proc lus a n d Simplicius poin t ou t that , in the order a d o p t e d by Euc l id for 
these definitions of figures, t h e first figure taken is tha t b o u n d e d by one line 
( the circle), t hen follows tha t b o u n d e d by two l ines ( the semicircle), then the 
tr iangle, b o u n d e d by three l ines, a n d so on. Proclus , as usual , dist inguishes 
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different k inds of figures b o u n d e d by two l ines (pp . 159, 14—160, 9). T h u s 
they may b e formed 

(1) by circumference and circumference, e.g. (a) t hose forming angles , as 
a lune (TO /UT/POCISCC) a n d the figure inc luded by two arcs with convexit ies 
outward, a n d (b) t he angle-less (ayiaviov), as t h e figure inc luded be tween two 
concentr ic circles ( the coronal); 

(2) by circumference a n d straight l ine, e.g. t h e semicircle or s egmen t s of 
circles (duo8« is a n a m e given to those less t h a n a semic i rc le) ; 

(3) by " m i x e d " l ine a n d " m i x e d " line, e.g. two ellipses cu t t ing o n e 
a n o t h e r ; 

(4) by " m i x e d " line a n d circumference, e.g. in tersect ing ellipse a n d 
circle ; 

(5) by " mixed " l ine a n d straight line, e.g. half an ellipse. 
Following Def. 18 in the MSS. is a definition of a segment of a circle which 

was obviously in terpola ted from HI. Def. 6. Proclus , Mar t i anus Capel la a n d 
Boethius do not give it in this place, a n d it is therefore properly omi t t ed . 

D E F I N I T I O N S 19, 20, 21. 

19. S x ^ c t T a tvBvypappd e c m ra xnrb cvdcioiv ircptexopcva, TpiVAcupa pev 
Tct vjro rpi&v, TtrpdirXtvpa 8c rot iiro Ttircrdpbtv, iroAvVAeupa 8e TOL inrb irkti6v<av r) 
Ttao-dpwv tv&€iwv rrtpie\dp€V€t. 

20. Ttov 8c TpurkcvpuH' (T)(y\pjdTiiiV iaoTrktvpov p\v Tpiytovdv cart TO TOLS Tpeis 
uras fXov T^cupds, icrocrKcAes 8e TO Tas 8VO p6va.% uras e\ov irAcvpds, o-KaXrp>bv 8c 
TO TCIS Tpcis dvitrovs l\ov irAcupds. 

21. "ETI 8C Tuiv Tpnrkfvpntv <ryTip<dTtav opdoywvtov pev rpiyiavov ccrrt TO CXOV 
6p6y)v ymviav, dpftkvymviov 8c TO CXOV dpfiktlav •yaivtav, 6£vytaviov 8c TO Tas T p c i s 
d^ctas i\ov ytuvlas. 

19. Recti l ineal figures are those which are contained by straight lines, 
trilateral figures being those contained by three, quadr i la te ra l those contained by 

four, and multi lateral those contained by more than four straight lines. 
20. Of trilateral figures, an equi lateral t r iangle is that which has its three 

sides equal, an isosceles triangle that ivhich has two of its sides alone equal, and 
a scalene triangle that which has its three sides unequal. 

21. Further, of trilateral figures, a r ight-angled t r iangle is that which has 
a right angle, an obtuse-angled triangle that which has an obtuse angle, and an 
acute-angled triangle that which has its three angles acute. 

19. 
T h e latter par t of this definit ion, d is t inguishing three-sided, four-sided a n d 

many-sided figures, is p robab ly d u e to Eucl id himself, s ince the words 
rpCrrXtvpov, rtTpavktvpov a n d iroAuVAcvpoi' d o not a p p e a r in P la to or Aris tot le 
(only in one passage of the Mechanics a n d of t h e Problems respectively does 
even TcrpdirAcvpov, quadrilateral, occur) . By his use of TCTpaTrAcvpov, 
quadri lateral , Euc l id seems practically to have pu t an e n d to any ambigu i ty 
in the use by ma themat i c i ans of t h e word Tcrpu'y<uvo>', literally " four -ang led 
(figure)," and to have got it restr icted to t h e square. Cf. n o t e on Def. 22. 

20. 
Isosceles (IO-OO-KCAIJ'S, with equal legs) is used by P la to as well as Aris tot le . 

Scalene (O-KOAT/VO'S, with t h e variant o-KaAi/rr/'s) is used by Aris to t le of a t r iangle 
with no two sides e q u a l : cf. also T i m . Locr . 98 B . P l a to , Enthyphro 12 D, 



appl ies the t e rm " scalene " to an odd n u m b e r in contras t to " isosceles " used 
of a n even number . P roc lus (p. 168, 24) s eems to connec t it with <7Ka'£<i>, to 
limp; o thers m a k e it akin to o-xoXidt, crooked, aslant. Apol lonius uses the 
s a m e word " scalene " of an oblique circular cone . 

Tr iangles a re classified, first with reference to their sides, a n d then with 
reference t o thei r angles . Proc lus poin ts ou t tha t seven dist inct species of 
tr iangles e m e r g e : (1) t he equilateral tr iangle, (2) three species of isosceles 
tr iangles, t h e right-angled, t he obtuse-angled a n d the acute-angled, (3) t h e 
s a m e th ree variet ies of scalene t r iangles. 

P roc lus gives a n o d d reason for the dual classification according t o sides 
a n d angles , namely that Euc l id was mindful of t h e fact that it is no t every 
triangle tha t is trilateral also. H e explains this s ta tement by reference 
(p . 165, 22) to a figure which some called barb-like (dmooeicnjs) while 
Z e n o d o r u s called it hollow-angled ((coiXoyaivios). Proclus ment ions it again 
in his n o t e on 1. 22 (p. 328, 21 sqq.) a s one of t h e paradoxes of geometry, 
observing tha t it is seen in the figure of tha t proposi t ion. T h i s " triangle " is 
merely a quadrilateral with a re-entrant a n g l e ; and the idea that 
it has only th ree angles is d u e to the non-recogni t ion of the 
fourth angle (which is greater t han two right angles) as being an 
angle a t all. Since Proc lus speaks of t h e four-sided triangle as 
" o n e of the paradoxes in geomet ry ," it is perhaps no t safe to 
a s s u m e tha t t he misconcep t ion under ly ing the expression existed 
in the m i n d of Proc lus a l o n e ; bu t there does not seem to be any evidence 
tha t Z e n o d o r u s called t h e figure in quest ion a triangle (cf. Pappus , ed. 
Hu l t s ch , pp . 1154, 1206). 

D E F I N I T I O N 22. 

TWF 8c TcrpaTrXevputv trxtpxtTw Tfrpdyiovov piv itmv, o uroVXcvpdv TC €*OTI 
KGU op&oyioviov, €T€pd/xr;K€? 8c, o opBoyiavLov /icV, owe tGroTrXcvpov 8c, popftos 8c, o 
icrdirXcvpov piv, OVK opdoywviov 8c, pop.j3oci8c? 8c TO TOS airtvarriov n-Xcvpdt TC (cot 
ywvtas terns aXX^Xats %xov> o OVTC laoirKevpov c o r t f OVTC opOoytavtov TO 8c Trapd 
T a v r a TCTpdVXcvpa T p a i r c £ t a KOXCIO&IJ. 

Of quadrilateral figures, a square is that which is both equilateral and right-
angled; an ob long that which is right-angled but not equilateral; a r h o m b u s 
that which is equilateral but not right-angled; and a r h o m b o i d that which has 
its opposite sides and angles equal to one another but is neither equilateral nor 
right-angled. And let quadrilaterals other than these be called trapezia. 

T C T p d y t o f O f was a l ready a square with the Pythagoreans (cf. Aristotle, 
Metaph. 986 a 26), and it is so most c o m m o n l y in Ar i s to t l e ; but in De anima 
11. 3, 414 b 31 it seems to be a quadri lateral , a n d in Metaph. 1054 b 2, 
" e q u a l a n d equiangular TcTpa ' y t ovo , " it canno t be anything else bu t quadri
lateral if " e q u i a n g u l a r " is to have any sense. T h o u g h , by int roducing 
TCTpaVXcvpoi/ for any quadri la teral , Euc l id enab led ambigui ty to be avoided, 
the re s eem to b e t races of t h e older vague use of Ttrpdymov in much later 
writers. T h u s H e r o n (Def. 100) speaks of a c u b e as " c o n t a i n e d by six equi
lateral a n d equiangular T C T p d y c w a " a n d Proc lus (p. 166, 10) adds to his 
remark abou t t h e " four-s ided t r i a n g l e " that " y o u might have TtTpdywva with 
more than the four s ides ," where T C T p d y u c a can hardly mean squares. 

crcpd / ir jKcs, oblong (with sides of different length), is also a Pythagorean term. 
T h e word right-angled (opdoywviov) as here appl ied to quadri laterals 

mus t m e a n rectangular (i.e., practically, having all its angles right a n g l e s ) ; 
for, a l t hough it is t empt ing to take the word in the same sense for a 
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square as for a triangle (i.e. " having one r ight angle ") , th is will no t d o in the 
case of the oblong, which, unless it were s ta ted tha t three of its angles a re 
right angles, would not be sufficiently d e n n e d . 

If it be objected, as it was by T o d h u n t e r for example , tha t t h e definition 
of a square assumes more than is necessary, s ince it is sufficient that , be ing 
equilateral, it should have one r ight angle, the answer is tha t , as in o the r cases, 
the superfluity does not mat te r from Eucl id ' s po in t of v i e w ; on the contrary , 
the more of the essential a t t r ibutes of a th ing tha t could b e inc luded in its 
definition the bet ter , provided tha t the exis tence of t h e th ing defined a n d its 
possession of all those a t t r ibutes is proved before t h e definition is. actual ly 
u s e d ; a n d Eucl id does this in the case of t h e square by cons t ruc t ion in 1. 46, 
making n o use of the definition before that proposi t ion. 

T h e word rlwmbus (pop^oi) is apparen t ly der ived from peV/Sw, to turn 
round and round, a n d mean t a m o n g o ther th ings a spinning-top. A rch imedes 
uses the te rm solid rhombus to d e n o t e a solid figure m a d e u p of two r ight 
cones with a c o m m o n circular base a n d vertices t u rned in oppos i te d i rec t ions . 
We can of course easily imagine this solid genera ted by spinning; a n d , if the 
cones were equal , the sect ion th rough the c o m m o n axis would b e a plane 
rhombus , which would also be the apparent form of t h e sp inn ing solid to the 
eye. T h e difficulty in the way of suppos ing the p lane figure to have been 
named after the solid figure is that in A r c h i m e d e s the cones forming t h e solid 
are not necessarily equal . I t is however possible t ha t the solid to which t h e 
n a m e was originally given was m a d e u p of two equal cones , t ha t the p l ane 
r h o m b u s then received its n a m e from tha t solid, a n d tha t A r c h i m e d e s , in 
taking u p the old n a m e again, ex t ended its signification (cf. J . H . T . Miiller, 
Beitrdge zur Terminologie der griechischen Mathematiker, i860, p . 20). 
Proclus, while h e speaks of a r h o m b u s as be ing like a shaken , i.e. deformed, 
square, a n d of a r h o m b o i d as an ob long tha t has been moved, tries to explain 
the r h o m b u s by reference to the a p p e a r a n c e of a spinning squa re (rtrpdytovov 
popfiovptvov). 

I t is t rue that the definition of a r h o m b o i d says m o r e than is necessary in 
descr ibing it as having its opposi te sides and angles equa l to o n e ano ther . 
T h e answer to the object ion is t h e s a m e as the answer to the similar objec t ion 
to the definition of a square . 

Euc l id makes n o use in the Elements of t h e oblong, t h e rhombus a n d 
the rhomboid. T h e explana t ion of his inclusion of defini t ions of t h e s e 
figures is n o d o u b t tha t they were t aken from earlier t ex t -books . F r o m 
t h e words "let quadri la terals o the r t h a n t he se be called t r a p e z i a " we m a y 
perhaps infer tha t trapezium was a new n a m e or a new appl ica t ion of a n o ld 
name . 

As Euc l id has no t yet defined parallel l ines a n d does no t anywhere 
define a parallelogram, h e is n o t in a posi t ion t o m a k e the m o r e e labora te 
classification of quadr i la tera ls a t t r ibu ted by P roc lus to Pos idon ius a n d 
appear ing also in H e r o n ' s Definit ions. I t may b e shown by t h e following 
diagram, dis t inguishing seven species of quadr i la te ra l s . 

Quadrilaterals 
1 — 1 1 

parallelograms non-parallelograms 
rectangular non-rectangular two sides parallel no sides parallel 

(trapezium) (trapezoid) 
r — ' 1 1 ' 1 1 1 1 

square oblong rhombus rhomboid isosceles trapezium scalene trapezium 



I t will b e observed tha t , while Euc l i d in t h e above definition classes as 
trapezia all quadr i la tera ls o the r t h a n squares , oblongs , rhombi , a n d rhomboids , 
t h e word is in this classification res t r ic ted to quadri la terals having two sides 
(only) parallel, a n d trapezoid is used to d e n o t e the rest. Euc l id appears to 
have u sed trapezium in t h e res t r ic ted sense of a quadri la teral with two sides 
parallel in his book, ircpi huupkaimv (on divisions of figures). Arch imedes 
uses it in the s a m e sense, bu t in o n e place descr ibes it more precisely as a 
t rapez ium with its two sides parallel. 

D E F I N I T I O N 2 3 . 

IIapdAAij\oi tutiv ciOttai, amvcs iv T<j> airy imrriSia ovcrai »tai CKjSaAAo/xci'GU 
cis airctpov ccp* Cfcdrcpa rd pipy) irri prjSirtpa (rvpiriinovtn.v aAAiyAais. 

Paral le l straight lines are straight lines which, being in the same plane and 
being produced indefinitely in both directions, do not meet one another in either 
direction. 

UapdXkrikos (a longside one ano the r ) wri t ten in one word does not appear 
in P l a t o ; bu t with Aris tot le it was a l ready a familiar term. 

ci's oLirupov c a n n o t be t rans la ted " to infinity " because these words might 
seem to suggest a region or place infinitely distant , whereas cis aweipov, which 
seems to be used indifferently with cir' dVcipoi', is adverbial , mean ing "wi thou t 
l imit ," i.e. " indef ini te ly ." T h u s the expression is used of a magn i tude being 
"infini tely divisible," or of a series of t e rms ex tending without limit. 

/// both directions, i<p' cxaTcpa r d pipri, literally " t o w a r d s bo th the p a r t s " 
where " p a r t s " mus t be used in t h e sense of " r e g i o n s " (cf T h u c . 11. 9 6 ) . 

I t is clear tha t with Aris tot le the general no t ion of parallels was that of 
s t ra ight l ines which do not meet, as in Euc l i d : thus Aristot le discusses the 
ques t ion whe the r to t h ink tha t parallels d o mee t should be called a 
geometr ica l or an ungeometr ica l er ror (Anal. post. 1. 12, 77 b 22), a n d (more 
in teres t ing still in relat ion to Euc l i d ) h e observes that there is no th ing 
surpris ing in different hypo theses leading to the same error, as one might 
c o n c l u d e tha t parallels mee t by s tar t ing from the assumpt ion , e i ther (a) that 
t h e inter ior (angle) is greater t h a n the exterior, or (b) tha t the angles of a 
t r iangle m a k e u p more than two right angles (Anal, prior. II. 17, 66 a 11) . 

A n o t h e r definition is a t t r ibu ted by Proc lus to Pos idonius , who said that 
"parallel lines are those which, (being) in one plane, neither converge nor diverge, 
but have all the perpendiculars equal which are drawn from the points of one 
line to the other, while such (straight lines) a s m a k e t h e perpendiculars less a n d 
less cont inual ly d o converge to o n e a n o t h e r ; for the perpendicular is enough 
to define (bpUjuv Swarm) t he he igh ts of areas a n d the dis tances be tween lines. 
F o r th is reason, when the perpendicu la rs are equal , the d is tances between the 
straight l ines are equa l , bu t when they b e c o m e greater a n d less, the interval is 
lessened, a n d t h e straight l ines converge to one ano the r in the direct ion in 
which the less perpendicu la rs a r e " (Proclus , p . 176, 6—17) . 

Pos idon ius ' definition, with the explanat ion as to dis tances between straight 
l ines, the i r convergence a n d divergence, a m o u n t s t o the definition quo ted by 
Simplicius (an-Nairizi, p . 25, ed. Cur tze) which descr ibed straight lines as 
parallel if, when they are produced indefinitely both ways, the distance between 
them, or the perpendicular drawn from either of them to the other, is always 
equal and not different. T o t h e objec t ion that it shou ld be proved tha t the 
d i s tance be tween two parallel l ines is t h e perpendicu la r to them Simplicius 



replies tha t t h e definition will d o equal ly well if all m e n t i o n of t h e perpen
dicular be omi t t ed a n d it be merely s ta ted tha t t h e distance r emains equa l , 
a l though " for proving t he mat te r in ques t ion it is necessary to say tha t o n e 
straight line is perpendicu la r to b o t h " (an-Nairizi, ed . Bes thorn -He ibe rg , p . 9). 
H e then quotes the definition of " the ph i losopher A g a n i s " : " Parallel 
straight lines are straight lines, situated in the same plane, the distance between 
which, if they are produced indefinitely in both directions at the same time, is 
everywhere the same." (Th i s definit ion forms t h e basis of the a t t e m p t of 
" A g a n i s " to prove the Pos tu la te of Parallels.) O n t h e definition Simplicius 
remarks tha t t h e words " s i tua ted in t h e s a m e p l a n e " are pe rhaps unnecessary , 
since, if t h e d is tance between the l ines is everywhere the same, a n d o n e does 
not incl ine a t all towards t h e other , they mus t for t ha t reason be in t h e same 
plane. H e a d d s that the " d i s t a n c e " referred t o in t h e definition is t h e 
shortest line which joins things disjoined. T h u s , be tween po in t a n d poin t , 
the d is tance is the straight line jo in ing t h e m ; be tween a poin t a n d a s traight 
line or between a point a n d a p lane it is t h e perpendicu la r d rawn from the po in t 
to the line or p l a n e ; " a s regards t h e d i s tance be tween two lines, t ha t d i s tance 
is, if the lines are parallel, one a n d t h e same, equa l t o itself a t all places o n 
the lines, it is the shortest d i s tance and , a t all p laces o n t h e l ines, pe rpendicu la r 
to b o t h " (ibid. p . 10). 

T h e same idea occurs in a quo ta t ion by Proc lus (p. 177, 11 ) from 
Geminus . As par t of a classification of lines which d o no t mee t h e o b s e r v e s : 
" Of lines which d e not meet , some are in o n e p l ane with one ano ther , o thers 
not . Of those which mee t a n d are in one p lane , some are always the same 
distance from one another, o thers lessen the d i s tance cont inual ly , a s the hyper
bola (approaches) the straight line, a n d t h e concho id the s t ra ight line (i.e. t h e 
a sympto te in each case). For these, while the d is tance is be ing cont inual ly 
lessened, are continual ly (in the posi t ion of) no t meet ing , though they converge 
to one a n o t h e r ; they never converge entirely, a n d this is the mos t paradoxical 
theorem in geometry, s ince it shows tha t t h e convergence of s o m e lines is non-
convergent . But of lines which are always an equal d i s t ance apar t , those 
which are straight a n d never m a k e t h e (dis tance) be tween t h e m smaller, a n d 
which are in one plane, are parallel ." 

T h u s t h e equidistance-theory of parallels (to which we shall r e tu rn ) is very 
fully represented in ant iqui ty . I seem also to see t races in Greek writers of a 
concept ion equivalent to the vicious direction-theory which has been a d o p t e d 
in so many m o d e r n text-books. Aris tot le has an interest ing, t hough obscure , 
allusion in Anal, prior. 11. 16, 65 a 4 to apeti t io princtpii c o m m i t t e d by " t h o s e 
who th ink tha t they draw pa ra l l e l s " (or " e s t a b l i s h t h e theory of paral lels ," 
which is a possible t ranslat ion of TOS rrapa\\ij\ovs ypdipav): ". for they un
consciously a s sume such th ings as it is no t possible to d e m o n s t r a t e if parallels 
d o not exist." I t is clear from this tha t the re was a vicious circle in the then 
cur rent theory of pa ra l l e l s ; someth ing which d e p e n d e d for its t ru th on the 
propert ies of parallels was a s sumed in the ac tua l proof of those proper t ies , 
e.g. tha t the th ree angles of a t r iangle m a k e u p two right angles . T h i s is no t 
the case in Eucl id , a n d t h e passage m a k e s it c lear tha t it was Eucl id himself 
who got rid of the petitio principii in earlier text-books by formulat ing a n d 
premising before 1. 29 t he famous Pos tu la t e 5, which mus t ever be regarded 
as a m o n g the mos t epoch-making ach ievement s in t h e d o m a i n of geomet ry . 
But o n e of the commen ta to r s o n Aristotle, Ph i loponus , has a n o t e o n t h e 
above passage purpor t ing to give the specific charac te r of t h e petitio principii 
al luded t o ; a n d it is he re tha t a direction-theory of parallels may b e h in t ed at , 
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whether Ph i loponus is or is no t r ight in supposing that this was what Aristotle 
h a d in mind . P h i l o p o n u s says : " T h e same thing is d o n e by those who draw 
parallels, namely begging t h e original ques t i on ; for they will have it tha t it is 
possible t o draw parallel s traight l ines from t h e mer idian circle, and they 
a s s u m e a point , so to say, falling on the p lane of tha t circle a n d thus they 
d raw the straight lines. A n d what was sought is the reby a s s u m e d ; for he 
who does no t a d m i t t h e genesis of the parallels will not admi t the point 
referred to e i ther ." W h a t is m e a n t is, I th ink, somewhat as follows. Given 
a s traight l ine a n d a point t h rough which a parallel to it is to be drawn, we 
are to suppose t h e given straight l ine p laced in t h e p lane of the meridian. 
T h e n we are to ld to draw th rough the given point ano the r straight line in the 
p l ane of the mer id ian (strictly speaking it should be drawn in a p lane parallel 
to the p lane of t h e mer id ian , b u t the idea is that , compared with the size of 
t h e mer id ian circle, t h e d i s t ance be tween t h e poin t a n d the straight line is 
neg l ig ib le ) ; a n d this, as I read Ph i loponus , is supposed to b e equivalent to 
a s suming a very dis tant point in the mer id ian plane a n d joining the given 
po in t to it. But obviously n o ruler would s t re tch to such a point , and the 
objec tor would say that we canno t really direct a straight line to the assumed 
d i s tan t po in t excep t by drawing it, wi thout more ado , parallel to the given 
straight l ine. A n d here in is the pttitio principii. I a m confirmed in seeing 
in P h i l o p o n u s an al lusion t o a direction-theoty by a remark of Schot ten on a 
similar reference to the mer id ian p lane supposed to b e used by advocates of 
tha t theory. Scho t t en is arguing tha t di rect ion is no t in itself a concept ion 
such tha t you can pred ica te one d i rect ion of tiuo different lines. " If any one 
shou ld reply that never theless m a n y lines can be conceived which all have the 
direction from north to south" h e replies tha t this represents only a nominal , 
n o t a real, ident i ty of direct ion. 

C o m i n g now to m o d e r n t imes, we may classify unde r three groups 
practically all t h e different definit ions tha t have been given of parallels 
(Schot ten , op. cit. 11. p . 188 sqq.) . 

(1) Parallel straight lines have no point common, u n d e r which general 
concep t ion the following varieties of s t a t emen t may be included : 

(a) they do not cut one another, 
(Ji) they meet at infinity, or 
(c) they have a common point at infinity. 
(2) Parallel straight lines have the same, or like, direction or directions, 

u n d e r which class of definitions mus t b e inc luded all those which in t roduce 
t ransversals a n d say tha t the parallels make equal angles with a transversal. 

(3) Parallel straight lines have the distance between them constant; 
with which g r o u p we may connec t t h e a t t emp t to explain a parallel as the 

geometrical locus of all points which are equidistant from a straight line. 
But t h e th ree po in t s of view have a good deal in c o m m o n ; some of them 

lead easily t o t h e o thers . T h u s the idea of the lines having n o poin t c o m m o n 
led to t h e no t ion of their having a c o m m o n poin t a t infinity, th rough the 
influence of m o d e r n geomet ry seeking to embrace different cases unde r one 
c o n c e p t i o n ; a n d then again the idea of the lines having a c o m m o n point at 
infinity migh t suggest their having the same direct ion. T h e " n o n - s e c a n t " 
idea would a lso natural ly lead t o tha t of equid is tance (3), since our 
observa t ion shows tha t it is th ings which c o m e nearer to one ano ther that 
t e n d t o meet , a n d hence , if l ines a re no t to meet , the obvious th ing is to see 
t ha t they shall no t c o m e nearer , i.e. shall r emain the same dis tance apart . 



i . D E F . 23] N O T E O N D E F I N I T I O N 23 

W e will now take the three g roups in order . 
(1) T h e first observat ion of Scho t ten is tha t the varieties of this g roup 

which regard parallels as (a) mee t ing at infinity or (b) having a c o m m o n 
point a t infinity (first men t ioned apparen t ly by Kepler , 1604, as a " f a c o n d e 
p a r l e r " a n d then used by Desargues , 1639) a re a t least unsu i tab le definit ions 
for e lementary text-books. H o w d o we know that t h e l ines cut o r m e e t a t 
infinity ? W e are no t ent i t led to a s sume e i ther tha t they d o or t ha t they d o 
not, because " inf in i ty" is outs ide our field of observat ion a n d we canno t verify 
either. As Gauss says (letter to Schumacher ) , " F in i te man c a n n o t claim to 
be able to regard the infinite as someth ing to be grasped by m e a n s of ord inary 
me thods of observat ion." Steiner, in speaking of the rays passing th rough a 
point a n d successive points of a s traight l ine, observes tha t as t h e po in t of 
intersection gets further away the ray moves cont inual ly in o n e a n d the same 
direction ( " n a c h einer u n d derse lben R i c h t u n g h i n " ) ; only in one posi t ion, 
that in which it is parallel to the straight l ine, " t h e r e is no real cutting" 
between the ray a n d the straight l i n e ; what we have to say is tha t t h e ray is 
"directed tmvards the infinitely distant point on the straight line." I t is t rue 
that higher geometry has to a s s u m e tha t the lines d o mee t a t infinity: whe the r 
such lines exist in na ture or no t does not ma t te r ( just as we deal with "s t ra igh t 
lines " a l though there is n o such th ing as a straight line). B u t if two lines d o 
not cut at any finite dis tance, may not the s a m e th ing b e t rue a t infinity a lso ? 
Are lines conceivable which would not cut even at infinity bu t always remain 
at the same dis tance from one ano the r even there ? T a k e the case of a l ine 
of railway. Must the two rails mee t a t infinity so that a t ra in could no t s t and 
on them there (whether we could see it or no t m a k e s n o difference)? I t 
seems best therefore to leave to higher geomet ry the concep t ion of infinitely 
dis tant points on a line and of two straight lines meet ing at infinity, l ike 
imaginary points of intersection, and , for the purposes of e lementary geometry , 
to rely on the plain dis t inct ion be tween " p a r a l l e l " a n d " c u t t i n g " which 
average h u m a n intell igence can readily grasp. T h i s is t h e m e t h o d a d o p t e d 
by Eucl id in his definition, which of course belongs to the g roup (1) of 
definitions regarding parallels as non-secant . 

I t is significant, I th ink, tha t such authori t ies as I ng rami {Elementi di 
geometria, 1904) a n d Enr iques a n d Amaldi (Elementi di geometria, 1905), 
after all the discussion of principles tha t has taken place of late years, give 
definitions of parallels equivalent to Eucl id ' s : " those straight l ines in a p l ane 
which have no t any point in c o m m o n are called paral lels ." H i lbe r t a d o p t s 
the same point of view. Veronese , it is t rue, takes a different l ine. I n his 
great work Fondamenti di geometria, 1891, he h a d taken a ray to b e parallel to 
ano the r when a point a t infinity o n the second is s i tuated on t h e first; bu t h e 
appears to have c o m e to the conclusion that this definition was unsu i tab le for 
his Elementi. H e avoids however giving the Euc l i dean definition of parallels 
as "s t ra ight lines in a p lane which, though p r o d u c e d indefinitely, never mee t , " 
because " no one has ever seen two straight lines of this sor t ," a n d because 
the postulate generally used in connexion with this definition is n o t ev iden t in 
the way that , in the field of our exper ience, it is ev ident tha t only one straight 
l ine can pass th rough two points . H e n c e h e gives a different definition, for 
which h e claims the advantage tha t it is i n d e p e n d e n t of the p lane . I t is 
based on a definition of figures " opposi te to o n e ano the r with respect to a 
p o i n t " (or reflex figures). " T w o figures are opposi te to one ano the r with 
respect to a poin t O, e.g. the figures ABC... a n d A'B'C if to every poin t 
of the one there cor responds one sole point of the other , a n d if the segments 
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OA, OB, OC, ... jo in ing the po in t s of one figure to O a re respectively equal 
a n d opposi te to t h e segments OA', OB", OC, ... jo ining to 0 the corresponding 
points of the s e c o n d " : then , a transversal of two straight l ines being any 
segment having as its extremit ies one point of o n e line and one point of the 
other , " two straight lines are called parallel if one of them contains two points 
opposite to two points of the other with respect to the middle point of a common 
transversal." I t is t rue , as Veronese says, t ha t t h e parallels so defined a n d the 
parallels of Euc l i d are in subs tance the s a m e ; bu t it can hardly be said that 
t h e definit ion gives as good an idea of the essential na tu re of parallels as does 
Euc l id ' s . Ve ronese has to prove, of course , tha t his parallels have no point in 
c o m m o n , a n d his " P o s t u l a t e of Pa ra l l e l s " can hardly be called m o r e evident 
t han E u c l i d ' s : " If two straight l ines are parallel, they a re figures opposi te to 
one ano the r with respect to t h e midd l e poin ts of all their t ransversal segments ." 

(2) T h e direction-theory. 
T h e fallacy of th is theory has nowhere been more completely exposed 

than by C. L. D o d g s o n (Euclid and his modern Rivals, 1879). According to 
Kil l ing (Einfuhrung in die Grundlagen der Geometric, 1. p . 5) it would appear 
to have or ig inated with no less a person than Leibniz . In the text-books 
which employ this m e t h o d the no t ion of direction appear s to be regarded as a 
pr imary, no t a derivative not ion, s ince n o definition is given. Bu t we ought 
a t least to know how the same direct ion or l ike di rect ions can be recognised 
when two different straight l ines a re in quest ion. But n o answer to this 
ques t ion is for thcoming. T h e fact is tha t the whole idea as appl ied to non-
co inc ident s traight lines is der ived from knowledge of the propert ies of 
parallels; it is a case of explaining a th ing by itself. T h e idea of parallels 
being in the same d i rec t ion pe rhaps arose from the concept ion of an angle as 
a difference of d i rec t ion ( the hollowness of which has already been e x p o s e d ) ; 
sameness of direct ion for parallels follows from the s a m e "dif ference of 
d i r e c t i o n " which both exhibi t relatively to a th i rd line. But this is not 
enough. As Gauss said (Werke, iv. p . 365), " I f it [ identi ty of d i rect ion] is 
recognised by the equali ty of the angles formed with one th i rd straight line, 
we d o no t yet know without a n an t eceden t proof whether this s ame equality 
will also be found in the angles formed with a fourth s t raight line " (and any 
n u m b e r of o ther t r ansversa l s ) ; and in o rde r to m a k e this theory of parallels 
valid, so far from get t ing r id of axioms such as Eucl id ' s , you would have to 
a s sume as a n axiom what is m u c h less axiomat ic , namely tha t " straight lines 
which m a k e equal co r respond ing angles with a certain transversal d o so with 
any t r ansve r sa l " (Dodgson , p . 101). 

(3) I n m o d e r n t imes the concep t ion of parallels as equidistant s traight 
lines was practical ly a d o p t e d by Clavius ( the edi tor of Eucl id , bo rn at 
Bamberg , 1537) a n d (according to Saccheri) by Borelli (Euclides restitutus, 
1658) a l though they d o no t seem to have defined parallels in this way. 
Saccheri po in t s ou t tha t , before such a definition can b e used , it has to 
be proved tha t " t h e geometr ica l locus of poin ts equid is tan t from a straight 
l ine is a straight l ine ." T o d o h im just ice , Clavius saw this a n d tried to 
prove i t : h e m a k e s ou t t ha t the locus is a s traight l ine accord ing to t h e 
definition of Euc l id , because " i t lies evenly with respect to all the points 
on i t " ; b u t t he re is a confusion here , because such " e v e n n e s s " as the locus 
has is with respect to t h e straight l ine from which its po in t s are equidistant , 
a n d there is no th ing to show tha t it possesses this proper ty with respect 
t o itself. I n fact the t h e o r e m canno t b e p roved without a postulate . 



P O S T U L A T E I . 

Let the following be postulated: to draw a straight line from any point to 
any point. 

From any point to any point. I n genera l s t a t emen t s of this k i n d 
the Greeks did not say, as we do , "any po in t , " "any t r i a n g l e " etc. , bu t 
"every point ," "every t r i a n g l e " a n d the like. T h u s the words are he re 
literally " f r o m every point to every poin t . " Similarly the first words of 
Pos tu la te 3 a re " w i t h every cent re a n d d i s tance , " a n d the enuncia t ion , e.g., of 
i. 18 is " In every t r iangle the greater side sub t ends the greater angle ." 

I t will be r emembered that , according to Aristot le , the geomete r mus t in 
general assume what a th ing is, or its definition, bu t mus t p rove that it is, 
i.e. the existence of the thing cor responding to the definition : only in the case 
of the two most primary things, poin ts a n d lines, does h e assume, wi thout 
proof, bo th the definition a n d the existence of the th ing defined. Euc l id has 
indeed no separate assumpt ion affirming the existence of points such as we find 
nowadays in text-books like those of Veronese , Ingrami , Enr iques , " t h e r e exist 
dist inct p o i n t s " or " t h e r e exist an infinite n u m b e r of po in ts . " But , as re
gards the only lines deal t with in the Elements, straight l ines a n d circles, 
existence is asser ted in Pos tu la tes i a n d 3 respectively. Pos tu la te 1 however 
does much more than (1) pos tula te the exis tence of straight l ines. I t is 
(2) an answer to a possible objector who should say that you cannot , with the 
imperfect ins t ruments a t your disposal , draw a mathemat ica l straight l ine a t all, 
and consequent ly (in the words of Aristotle, Anal. post. 1. 10, 76 b 41) tha t 
the geometer uses false hypotheses , s ince he calls a l ine a foot long when it is 
not or straight when it is no t straight. I t would seem (if Ghera rd ' s t ranslat ion 
is right) that an-Nairizi saw tha t one purpose of the Postu la te was to refute 
this criticism : " the utility of the first th ree postula tes is (to ensure) tha t the 
weakness of our equ ipmen t shall no t prevent (scientific) d e m o n s t r a t i o n " 
(ed. Curtze, p . 30). T h e fact is, as Aris tot le says, tha t the geometer ' s d e m o n 
stration is no t concerned with the par t icular imperfect straight l ine which he 
has drawn, bu t with the ideal straight l ine of which it is the imperfect 
representat ion. Simplicius too indicates tha t the object of the Pos tu la te is 
ra ther to enable the drawing of a mathemat ica l s traight l ine t o b e imagined 
than to assert tha t it can actually be realised in p r a c t i c e : " he would be a 
rash person who, taking things as they actually are, shou ld pos tu la te t h e 
drawing of a straight l ine from Aries to Libra ." 

T h e r e is still someth ing more that mus t b e inferred from t h e Pos tu la te 
combined with the definition of a s traight l ine, namely (3) tha t the s traight 
l ine joining two points is unique: in o the r words that , if two straight lines 
("recti l ineal segments ," as Veronese would call t h e m ) have the same extremities, 
they must coincide throughout their length. T h e . omiss ion of Euc l id to s tate 
this in so many words, t hough he assumes it in 1. 4, is no d o u b t answerable for 
the interpolat ion in the text of the equivalent assumpt ion that two straight 
lines cannot enclose a space, which has cons tant ly appea red in MSS. a n d edi t ions 
of Eucl id, ei ther among Axioms or Postula tes . T h a t Pos tu la te 1 i nc luded it, 
by conscious implication, is even clear from Proclus ' words in his n o t e on 1. 4 
(p. 239, 16) : " the re fo re two straight lines d o no t enclose a space, a n d it was 
with knowledge of this fact tha t t h e writer of the E l e m e n t s said in t h e first of 
his Postulates , to draw a straight line from any point to any point, implying 
that it is one straight l ine which would always join the two points , no t two." 
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Proc lus a t t emp t s in the same n o t e (p. 239) to prove tha t two straight lines 
canno t enc lose a space , using as his basis t h e definition of the d iamete r of a 
circle a n d t h e theo rem, s ta ted in it, tha t any d iamete r divides t h e circle into 
two equa l par ts . 

Suppose , h e says, ACB, ADB to b e two straight l ines enclosing a space. 
P r o d u c e t h e m (beyond B) indefinitely. Wi th cen t re B 
a n d d i s t ance AB descr ibe a circle, cu t t ing t h e l ines so 
p r o d u c e d in F, E respectively. 

T h e n , s ince ACBF, ADBE a re b o t h d iamete r s 
cu t t ing off semi-circles, t h e arcs AE, A EE a re e q u a l : 
which is impossible . There fore etc. 

I t will b e observed , however, t ha t t h e straight l ines 
p r o d u c e d a re a s s u m e d t o mee t the circle given in two 
different po in t s E, F, whereas , for any th ing we know, 
E, F migh t coinc ide a n d t h e straight l ines have three c o m m o n points . T h e 
proof is therefore delusive. 

Saccher i gives a different proof. F r o m Eucl id ' s definition of a straight 
l ine as t ha t which lies evenly with its po in t s h e infers that , when 
such a l ine is t u r n e d a b o u t its two extremit ies , which remain fixed, X 
all t h e poin ts on it mus t r ema in t h roughou t in the s a m e posi t ion, a n d / \ 
c a n n o t t ake u p different posi t ions as t h e revolut ion proceeds . " I n B+ \c 
this view of t h e s t ra ight l ine t h e t ru th of t h e assert ion tha t two J I 
s t ra ight l ines d o no t enc lose a space is obviously involved. I n feet, T 7 ° 
if two l ines a r e given which enclose a space, a n d of which the two V 
poin t s A a n d X a re t h e c o m m o n extremit ies , it is easily shown tha t A 

nei ther , or else only one , of t h e two lines is s t ra ight ." 
I t is however be t te r t o a s s u m e as a postulate t h e fact, inseparably 

c o n n e c t e d with t h e idea of a s t ra ight line, tha t there exists only one straight 
line containing two given points, or, if two straight lines have two points in 
common, they coincide throughout. 

P O S T U L A T E 2. 

K a t TXITT(paaiiivr/v ivdtiav K a r a To C T w c ^ i s e V tiOtlas C'K/JOACIV. 
To produce a finite straight line continuously in a straight line. 
I t rans la te ircTrfpao-fwir/i' by finite, because t ha t is the received equivalent , 

a n d because a n y al ternat ive word such as limited, terminated, if appl ied t o a 
s traight l ine, would equal ly fail to express what m o d e r n I ta l ian geomete rs apt ly 
call a rectilineal segment, tha t is, a straight l ine having two extremit ies . 

J u s t a s Pos t . 1 asser t ing t h e possibility of drawing a straight l ine from any 
o n e po in t to ano the r mus t b e he ld to declare a t t h e same t ime tha t the 
s t ra ight l ine so d r a w n is un ique , so Post . 2 main ta in ing the possibility of 
p roduc ing a finite s t ra ight l ine (a " recti l ineal s e g m e n t " ) cont inuous ly in a 
s traight l ine mus t also b e he ld to assert t ha t t h e straight l ine can only b e 
p r o d u c e d in one way a t e i ther end , o r t ha t the p roduced pa r t in e i ther 
d i rec t ion is unique; in o the r words , tha t two straight lines cannot have a 
common segment. T h i s la t ter a s sumpt ion is no t expressly appea led t o by 
Euc l i d unt i l x i . 1 . Bu t it is n e e d e d at t h e very beginning of B o o k 1. Proclus 
(p . 2 1 4 , 1 8 ) says t ha t Z e n o of Sidon, a n Ep icurean , main ta ined tha t the very 
first p ropos i t ion 1. 1 requires it t o b e a d m i t t e d tha t " two straight l ines canno t 
h a v e t h e s a m e segmen t s " j otherwise AC, BC migh t mee t before they arrive 
a t C a n d have t h e rest of their l eng th c o m m o n , in which case t h e actual 
t r iangle formed by t h e m a n d AB would no t b e equilateral . T h e assumpt ion 
tha t two s t ra ight l ines c a n n o t have a c o m m o n segment is certainly necessary 
in 1. 4 , where o n e s ide of o n e t r iangle is p laced on tha t side of t h e o the r 



t r iangle which is equal to it, a n d it is inferred tha t t h e two coincide t h roughou t 
their length : this would by no m e a n s follow if two straight lines could have a 
c o m m o n segment . Proc lus (p. 215, 24), while observing tha t Post . 2 clearly 
indicates tha t the p roduced por t ion mus t b e one, a t t e m p t s t o p rove it, b u t 
unsuccessfully. Bo th h e a n d Simplicius practically 
use the same a rgument . Suppose , says Proclus , 
tha t t h e straight lines AC, AD have AB as a 
c o m m o n segment . Wi th cent re B a n d radius BA 
descr ibe a circle (Post . 3) meet ing AC, AD in 
C, D.- T h e n , s ince ABC is a straight l ine t h rough 
the cent re , AEC is a semi-circle. Similarly, ABD 
being a straight l ine th rough the centre , AED is a 
semi-circle. Therefore AEC is equa l t o AED: 
which is impossible. 

Proc lus observes that Zeno would object to this proof as really d e p e n d i n g 
on the assumpt ion tha t " t w o ci rcumferences (of circles) canno t have o n e 
por t ion c o m m o n " ; for this, h e would say, is a s sumed in t h e c o m m o n proof 
by superposit ion of the fact tha t a circle is b isected by a d iameter , s ince tha t 
proof takes it for g ran ted that , if one pa r t of the c i rcumference cu t off by t h e 
diameter , when appl ied to the other , does not coinc ide with it, it mus t neces
sarily fall e i ther entirely outs ide or entirely inside it, whereas the re is no th ing 
to prevent their coinciding, no t al together , b u t in par t o n l y ; and , unt i l you 
really prove the bisect ion of a circle by its d iameter , t h e above proof is no t 
valid. Pos idonius is represented as having der ided Z e n o for no t seeing tha t 
the proof of the bisection of a circle by its d iamete r goes on just as well if t h e 
circumferences fail to coinc ide in part only. Bu t t h e t rue object ion to t h e 
proof above given is that t h e proof of the bisect ion of a circle by any d iamete r 
itself a ssumes tha t two straight l ines canno t have a c o m m o n s e g m e n t ; for, if 
we wish to draw the d iamete r of a circle which has its extremity a t a given poin t 
of the c i rcumference we have to join the lat ter po in t to the cen t re (Post . 1) a n d 
then to produce t he straight l ine so drawn till it meets the circle again (Pos t . 2), 
a n d it is necessary for the proof that the p r o d u c e d par t shall b e unique. 

Saccheri adop ted the proper order when h e gave, first the proposi t ion tha t 
two straight lines canno t have a c o m m o n segment , a n d after tha t t h e 
proposi t ion tha t any d iameter of a circle bisects the circle a n d its c i rcumference. 

Saccheri 's proof of the former is very interest ing as showing t h e thorough
ness of his method , if no t a t t h e end entirely convincing. I t is in five stages 
which I shall indicate shortly, giving t h e full a rgumen t of t h e first only. 

Suppose , if possible, tha t AX is a c o m m o n segment of bo th the straight 
lines AXB, AXC, in one plane, p r o d u c e d b e y o n d 
X. T h e n descr ibe abou t X as cent re , with radius 
XB or XC, the arc BMC, a n d draw th rough X to 
any point on it the straight line XM. 

(i) I mainta in that , with t h e a s sumpt ion 
made , the line A X M is also a straight line which 
is drawn from the point A to the point X and pro
duced beyond X. 

For, if this l ine were not straight, we could draw 
ano ther straight line AM which for its par t would 
be straight. T h i s straight l ine will e i ther (a) cu t o n e 
of the two straight l ines XB, XC in a cer ta in po in t 
K or (b) enclose one of them, for ins tance XB, in 
t h e area b o u n d e d by AX, XMand APLM. 



B O O K I [ i . P O S T . 2 

But t h e first a l ternat ive (a) obviously contradic ts the foregoing l emma [ that 
two straight l ines c a n n o t enclose a space] , since in tha t case the two lines 
AXK, A TK, which by hypothes is are straight, would enclose a space . 

T h e second possibil i ty (b) is a t o n c e seen to involve a similar absurdi ty . 
F o r t h e s traight l ine XB mus t , when p r o d u c e d b e y o n d B, ul t imately mee t 
APLM in a poin t L. Consequen t ly t h e two lines AXBL, APL, which by 
hypothes i s are straight, would again enc lose a space. If however we were to 
a s sume tha t t h e s traight l ine XB p r o d u c e d beyond B will ul t imately meet 
e i ther t h e s traight l ine XM or t he s traight l ine XA in ano the r point , we should 
in the s a m e way arrive at a cont radic t ion . 

F r o m this it obviously follows that , on the assumpt ion made , t h e line 
AXM is itself the s traight l ine which was drawn from t h e point A to the point 
M; a n d tha t is what was main ta ined . 

T h e remain ing stages are in subs t ance these. 

(ii) If the straight line A X B , regarded as rigid, revolves about A X as axis, 
it cannot assume two more positions in the same plane, so that, for example, in 
one position X B should coincide with X C , and in the other with X M . 

[ T h i s is p roved by cons idera t ions of symmetry . AXB c anno t be al together 
" similar o r equa l to " AXC, if viewed from t h e same side (left or right) of 
b o t h : o therwise they would coincide , which by hypothesis they d o not. But 
the re is no th ing to p reven t AXB viewed from one side (say the left) being 
" s i m i l a r or equa l t o " AXC viewed from the o the r side (i.e. t h e r ight) , so that 
AXB can, wi thout any change , b e b rough t into the posi t ion AXC. 

AXB c a n n o t however t ake the posi t ion of the o the r straight line AXM as 
well. I f t hey were like on o n e side, they would co inc ide ; if they were like on 
oppos i te sides, AXM, AXC would b e like on the s a m e s ide and therefore 
coincide.] 

(iii) T h e o ther posi t ions of AXB du r ing t h e revolut ion mus t be above or 
below the original p lane . 

(iv) I t is next ma in t a ined tha t there is a point D on the arc B C such that, if 
X D is drawn, A X D is not only a straight line but is such that viewedfrom the left 
side it is exactly "similar or equal" to what it is when vieioed from the right side. 

[First, it is p roved tha t poin ts M, F can b e found on the arc , corresponding 
in t h e s a m e way as B, C do , bu t nearer together , a n d of course AXM, AXF 
a re bo th s t ra ight l ines. 

Secondly, similar co r respond ing po in t s can b e found still nearer together, 
a n d so on continual ly, unt i l e i ther (a) we c o m e to one point D such that AXD 
is exactly like itself when the right and left sides are compared, or (b) there are 
two u l t imate poin ts of th is sort M, F, so that both AXM, AXF have this 
property. 

Thirdly, (b) is ru led ou t by reference t o t h e definition of a straight line. 
H e n c e (a) only is t rue , a n d there is only one point D such as descr ibed . ] 

(v) Last ly , Saccher i conc ludes tha t the s traight l ine AXD so de te rmined 
" is alone a s t ra ight l ine, a n d t h e immediate p ro longat ion from A b e y o n d X to 
D," relying aga in on the definition of a straight l ine as " lying evenly." 

S imson d e d u c e d t h e proposi t ion tha t two straight lines cannot have a 
common segment as a corollary from 1. 1 1 ; bu t his a r g u m e n t is a comple te 
petitio principii, as shown by T o d h u n t e r in his n o t e on tha t proposi t ion. 

P roc lus (p . 217, 10) r ecords an anc i en t proof a lso based on the proposi t ion 
1. 1 1 . Z e n o , h e says, p r o p o u n d e d th i s proof a n d then criticised it. 



Suppose tha t two straight lines A C, AD have a c o m m o n segment AB, a n d 
let BE b e drawn at r ight angles to A C. 

T h e n the angle EBC is right. E 
If then the angle EBD is also right, t he two ' 

angles will be e q u a l : which is impossible. 
If the angle EBD is no t right, draw BE at r ight 

angles to AD; therefore t h e angle FBA is right. 
But the angle EBA is right. 
Therefore the angles EBA, FBA a re e q u a l : 

which is impossible. 
Zeno objec ted to this, says Proc lus , because it a s s u m e d t h e later pro

posit ion 1. 11 for its proof. Pos idonius said t ha t there was n o trace of such 
a proof to be found in the text-books of E l e m e n t s , a n d that it was only invented 
by Zeno for t h e purpose of s landering con tempora ry geometers . Pos idon ius 
maintains further that even this proof has some th ing to be said for it. T h e r e 
must be some straight line at right angles t o each of the two straight lines A C, 
AD ( the very definition of r ight angles a s sumes th i s ) : "suppose then it happens 
to be the straight line we have set up." H e r e then we have a n anc ien t ins tance 
of a defence of hypothetical construction, bu t in such apologet ic t e rms ( " it is 
possible to say something even for this p r o o f " ) tha t we may conc lude tha t in 
general it would not have been accep ted by geometers of tha t t ime as a 
legitimate means of proving a proposi t ion. 

T o d h u n t e r p roposed to d e d u c e tha t t?vo straight lines cannot have a 
common segment from 1. 13. But this will no t serve either, s ince, as before 
ment ioned , t he assumpt ion is really required for 1. 4. 

I t is best to m a k e it a postulate . 

P O S T U L A T E 3 . 

Km iravrl Ktvrpta KOX Siar/nyuaTi KVKXOV ypdcpco-c^ai. 
To describe a circle with any centre and distance. 
In this case Eucl id ' s text has the passive of the v e r b : " a circle can b e 

drawn " ; Proclus however has the act ive (ypu'u/ai) as Euc l id has in the first 
two Postula tes . 

Distance, o W r r y / i a T i . T h i s word, mean ing " d is tance " qui te generally (cf. 
Arist. Metaph. 1055 a 9 " i t is be tween extremit ies that d is tance is greates t ," 
ibid. 1056 a 36 " things which have someth ing between t hem, tha t is, a certain 
dis tance ") , and also " d i s tance " in the sense of " d imens ion " (as in " space 
has three d imensions , length, b read th a n d dep th , " Arist. Physics iv. 1, 209 a 4), 
was the regular word used for descr ib ing a circle with a certain radius, t he 
idea being that each point of the ci rcumference was a t tha t distance from the 
cent re (cf. Arist Meteorologica III. 5, 376 b 8 : " i f a circle b e d rawn . . .w i th 
dis tance M i l " ) . T h e Greeks h a d no word cor responding to radius: if they 
had to express it, they said "(s t ra ight l ines) d rawn from t h e c e n t r e " (a! IK TOV 
KtVTpOV, Eucl . i n . Def. 1 a n d Prop . 26; Meteorologica 11. 5, 362 b 1 has t h e full 
phrase 01 Ik TOV Ktvrpov ayoptvai ypappaC). 

Mr Frank land observes tha t it would b e remarkab le if, unl ike Pos tu la tes 1 
a n d 2, this Pos tu la te impl ied merely what it says, tha t a circle can b e drawn 
with any cent re a n d dis tance. W e may regard it, if we please, as he lp ing to t h e 
comple te del ineat ion of the Space which Eucl id ' s geomet ry is to invest igate 
formally. T h e Postu la te has the effect of removing any restriction u p o n t h e 
size of the circle. I t may (1) b e indefinitely small , a n d this implies tha t space 
is continuous, no t discrete , with a n i r reducible m i n i m u m dis tance be tween 



cont iguous po in t s in it. (2) T h e circle may b e indefinitely large, which 
implies t h e fundamenta l hypothes is of infinitude of space. T h i s last assumed 
character is t ic of space is essential to t h e proof of I. 16, a theo rem not 
universally valid in a space which is u n b o u n d e d in extent bu t finite in size. I t 
would however b e unsafe t o suppose tha t Euc l id foresaw t h e use to which his 
Pos tu la te might t h u s b e put , or formulated it with such a n intent ion. 

P O S T U L A T E 4. 

Kai iracras rd? 6p9a% yww'as icras dAAi/Aais ttvai. 
That all right angles are equal to one another. 
While this Pos tu la te asser ts t h e essential t ru th tha t a right angle is a 

determinate magnitude so tha t it really serves as an invariable s t anda rd by 
which o ther ( acu te a n d ob tuse) angles may b e measured, m u c h more than 
th i s is impl ied, as will easily be seen from t h e following considerat ion. If the 
s t a t emen t is t o b e proved, it can only b e proved by the m e t h o d of applying one 
pair of r ight angles to ano the r a n d so arguing their equality. Bu t this me thod 
would no t be valid unless on the assumpt ion of the invariability of figures, 
which would therefore have to b e asser ted as an an teceden t postulate . Eucl id 
preferred to assert as a pos tu la te , direct ly, t he fact tha t all right angles are 
e q u a l ; a n d h e n c e his postula te mus t b e taken as equivalent to the principle of 
invariability of figures o r its equivalent , t he homogeneity of space. 

Accord ing to Proclus , G e m i n u s he ld tha t this Pos tu la te should no t be 
classed as a pos tu la te bu t a s a n axiom, s ince it does not , like t h e first three 
Pos tu la tes , assert t h e possibility of some construction bu t expresses an essential 
proper ty of right angles. P roc lus further observes (p. 188, 8) tha t it is not a 
pos tu la te in Aristot le 's sense either. ( In this I th ink he is wrong, as explained 
above. ) P roc lus himself, while regarding t h e assumpt ion as axiomatic ( " t h e 
equal i ty of r ight angles suggests itself even by vir tue of our c o m m o n not ions") , 
is p repared with a proof, if such is asked for. 

L e t ABC, DEF b e two right 
angles . 

If they are no t equal , one of t h e m 
mus t b e the greater , say ABC. 

T h e n , if we apply DE to AB, EF 
will fall within ABC, as BG. 

P r o d u c e CB t o H. T h e n , s ince 
ABC is a right angle, so is ABH, a n d t h e two angles a re equal (a right angle 
be ing by definition equal t o its ad jacent angle) . 

Therefore the angle ABH is greater t h a n t h e angle ABG. 
Produc ing GB t o K, we have similarly t h e two angles ABK, ABG both 

r ight a n d equa l to o n e a n o t h e r ; whence t h e angle ABH is less than t h e angle 
ABG. 

B u t it is a l so g r e a t e r : which is impossible . 
There fo re e tc . 
A defect in th i s proof is t h e assumpt ion tha t CB, GB can each be 

p r o d u c e d only in o n e way, a n d tha t BK falls ou ts ide t h e angle ABH. 
Saccher i ' s proof is m o r e careful in tha t h e premises a thi rd l emma in 

addi t ion to those asser t ing (1) t ha t two straight l ines 
canno t enclose a space a n d (2) t ha t two straight l ines 
canno t have a c o m m o n segment . T h e th i rd l e m m a i s : 
If two straight lines A B , C X D meet one another at an 
intermediate point X, they do not t o u c h at that point, but 
cu t o n e another . 



M 

Suppose now tha t DA s tanding on BA C m a k e s the two angles DAB, 
DA C equal, so tha t each is a right angle by t h e definition. 

Similarly, let LH form with the straight l ine FHM t h e r ight angles LHF, 
LHM. 

Let DA, HL be e q u a l ; a n d sup
pose t h e whole of the second figure 
so laid u p o n the first tha t t h e point 
H falls on A, a n d L on D. 

T h e n t h e straight l ine FHM will 
(by the th i rd l emma) not touch t he 
straight l ine BC a t A ; it will e i ther 

(a) co inc ide exactly with BC, or 
(p) cut it so that o n e of its extremit ies , as F, will fall above [BC] a n d t h e 

other , M, below it. 
I f the a l ternat ive (a) is t rue , we have a l ready proved t h e exact equal i ty of 

all rectilineal right angles. 
U n d e r al ternat ive (/>) we prove that the ang le LHF, be ing equal to t h e 

angle DAF, is less than t h e angle DAB or DAC, a n d a fortiori less than the 
angle DAM ox LHM: which is contrary to the hypothesis . 

[ H e n c e (a) is the only possible al ternat ive, so tha t all r ight angles are 
equal .] 

Saccheri a d d s t ha t it makes n o difference if the . angle DAF d iverges 
infinitely little from the angle DAB. T h i s would equally lead to a conclus ion 
contradic t ing the hypothesis . 

I t will b e observed tha t Saccher i speaks of " t h e exact equal i ty of all 
rectilineal right angles ." H e may have h a d in m i n d t h e r emark of P a p p u s , 
quoted by Proclus (p. 189 , 1 1 ) , tha t the converse of 
this postulate , namely tha t an angle which is equal 
to a right angle is also right, is no t necessarily t rue , 
unless the former angle is rectilineal. Suppose two 
equal straight lines BA, BC zi r ight angles to one 
another , and semi-circles descr ibed on BA, BC 
respectively as AEB, BDC in the figure. T h e n , 
s ince the semi-circles are equal , they co inc ide .if 
appl ied to one another . H e n c e t h e " a n g l e s " 
EBA, DBC are equal . A d d to each t h e " angle " 
ABD; and it follows tha t the lunular angle EBD is equa l to t h e r ight angle 
ABC. (Similarly, if BA, BC be incl ined at a n acu te or ob tu se angle , ins tead 
of a t a right angle, we find a lunular angle equa l to an acu te or ob tuse angle . ) 
T h i s is one of the curiosities which Greek c o m m e n t a t o r s de l ighted in. 

Veronese , Ingrami , a n d E n r i q u e s a n d A m a l d i d e d u c e the fact tha t all 
right angles are equal from the equivalent fact tha t all flat angles are equal, 
which is ei ther itself a s sumed as a pos tu la te or immedia te ly d e d u c e d from s o m e 
o ther postulate . 

H i lbe r t takes qui te a different l ine. H e considers t ha t Euc l i d d id wrong 
in placing Post . 4 a m o n g " a x i o m s . " H e himself, after h is G r o u p III. of 
Axioms conta in ing six relat ing to congruence , proves several t heo rems a b o u t 
the congruence of tr iangles a n d angles, a n d t h e n d e d u c e s o u r Pos tu la te . 

As to the raison d'etre and the p lace of Post . 4 one th ing is qu i te cer ta in . 
I t was essential from Eucl id ' s po in t of view tha t it shou ld c o m e before Post . 5 , 
since t h e condi t ion in the lat ter tha t a cer ta in pair of angles a re toge ther less 
than two right angles would b e useless unless it were first m a d e clear that 
right angles are angles of de te rmina te a n d invariable magn i tude . 



P O S T U L A T E 5. 

Kal iav cis Sup cvOtias tvOfia efiirtirTowra r a s CVTO? K a i iirl T O a v r a /A*/"? 
5vo o^f i iv iXdaaovas Troty, cjc^aAAo/icpas r a s Svo evtfcias iir aireipov <TVfiviTTT€iv, 

a fiep-q ctcriv a i TWV SVO opOtov iKd<r<rovts. 
That, if a straight line falling on two straight lines make the interior angles 

on the same side less than two right angles, the two straight lines, if produced 
indefinitely, meet on that side on which are the angles less than the two right 
angles. 

Although Aris tot le gives a clear idea of what h e unders tood by a postulate, 
h e does not give any ins tances from geomet ry ; still less has h e any allusion 
recall ing the par t icular pos tu la tes found in Eucl id . W e naturally infer that 
the formulat ion of these postula tes was Euc l id ' s own work. T h e r e is a more 
positive indicat ion of the originality of Pos tu la te 5, since in the passage (Anal, 
prior. 11. 1 6 , 65 a 4) quo ted above in t h e n o t e on the definition of parallels he 
a l ludes to some petitio frincipii involved in the theory of parallels "current in 
his t ime. T h i s reproach was r emoved by Eucl id when he laid down this 
epoch-making Postu la te . W h e n we cons ider the count less successive a t t empts 
m a d e th rough m o r e than twenty centur ies to prove t h e Postula te , many of 
t h e m by geomete rs of ability, we canno t bu t admi r e the genius of the man 
who conc luded tha t such a hypothesis , which h e found necessary to the 
validity of his whole system of geometry , was really indemons t rab le . 

F r o m the very beginning, as we know from Proclus, the Postu la te was 
a t t acked as such, a n d a t t emp t s were m a d e to prove it as a theorem or to get 
rid of it by a d o p t i n g some o the r definit ion of para l le ls ; while in modern t imes 
the l i terature of t h e subject is eno rmous . R iccard i (Saggio di una bibliografia 
Euclidea, Pa r t iv., Bologna, 1890) h a s twenty quar to pages of titles of mono
graphs relat ing to Post . 5 be tween t h e da tes 1607 a n d 1887 . Max Simon 
(Ueber die Entwicklung der Elementar-geometrie im XIX. Jahrhundert, \ 906) 
no te s tha t h e has seen th ree new a t t empts , as late as 1 8 9 1 (a century after 
Gauss laid the foundat ion of non-Euc l idean geometry) , to prove the theory of 
parallels independen t ly of t h e Postula te . Max Simon himself (pp . 5 3 — 6 1 ) 
gives a large n u m b e r of references to books or articles on the subject and 
refers to the copious information, as to con ten t s as well as names , con
t a ined in Schot ten ' s In/ialt und Methode des planimetrischen Unterrichts, 11. 
pp . 1 8 3 — 3 3 2 . 

T h i s no te will inc lude some account of or allusion to a few of the most 
no tewor thy a t t e mp t s to prove the Postu la te . Only those of ancient t imes, as 
be ing less general ly accessible, will b e descr ibed at any l e n g t h ; shor ter 
references mus t suffice in the case of the m o d e r n geometers who have m a d e 
t h e most impor t an t con t r ibu t ions to the discussion of the Pos tu la te a n d have 
thereby, in part icular , con t r ibu t ed most towards the foundat ion of the non-
Euc l idean geometr ies , and here I shall m a k e use principally of the valuable 
Article 8, Sulla teoria delle parallele e sulle geometric non-euclidee (by R o b e r t o 
Bonola ) , in Questioni riguardanti le matematiche elementari, I. p p . 2 4 7 — 3 6 3 . 

P roc lus (p . 1 9 1 , 21 sqq. ) s ta tes very clearly the na tu re of the first objec
t ions t aken to t h e Pos tu la te . 

" T h i s ough t even to b e s t ruck ou t of the Pos tu la tes a l t o g e t h e r ; for it is a 
t heo rem involving many difficulties, which P to lemy, in a certain book, set 
himself to solve, a n d it requi res for t h e demons t r a t i on of it a n u m b e r 
of definit ions as well as theorems . A n d t h e converse of it is actually 
p roved by Euc l i d himself a s a t heo rem. I t may b e tha t some would b e 



deceived a n d would th ink it p roper to p lace even the a s sumpt ion in ques t ion 
among the postulates as affording, in t h e lessening of t h e two right angles , 
g round for an ins tan taneous belief t ha t the s t ra ight l ines converge a n d meet . 
T o such as these G e m i n u s correctly repl ied tha t we have lea rned from t h e 
very p ioneers of this science not to have any regard t o m e r e plausible imagin
ings when it is a quest ion of the reasonings to b e inc luded in our geometr ica l 
doctr ine. F o r Aristot le says that it is as justifiable to ask scientific proofs of 
a rhetorician as to accept mere plausibili t ies from a g e o m e t e r ; a n d S immias is 
m a d e by Pla to to say tha t h e recognises as q u a c k s those who fashion for 
themselves proofs from probabil i t ies. So in this case t h e fact tha t , when t h e 
right angles are lessened, the straight lines converge is t rue a n d necessa ry ; 
bu t the s ta tement that , since they converge more a n d more as they are pro
duced , they will somet ime meet is plausible bu t no t necessary, in t h e absence 
of some a rgument showing that this is t rue in t h e case of straight l ines. F o r 
t h e fact tha t some lines exist which approach indefinitely, bu t yet r emain 
non-secant (OOTJ/MTTWTOI), a l though it seems improbab le a n d paradoxical , is 
nevertheless t rue a n d fully ascer ta ined with regard t o o the r species of l ines. 
May not then the same th ing be possible in the case of straight lines which 
happens in the case of the l ines referred to ? I n d e e d , unt i l t h e s t a t emen t in 
the Postu la te is c l inched by proof, the facts shown in t h e case of o the r l ines 
may direct our imaginat ion the opposi te way. A n d , t h o u g h the controversial 
a rguments against t h e meet ing of the s traight l ines shou ld con ta in m u c h tha t 
is surprising, is there no t all the m o r e reason why we shou ld expel from our 
body of doct r ine this merely plausible and un rea soned (hypothes is ) ? 

" I t is then clear from this tha t we mus t seek a proof of the presen t 
theorem, and tha t it is alien to the special charac te r of postula tes . Bu t how 
it should be proved, a n d by what sort of a rgumen t s the objec t ions t aken to 
it should be removed, we mus t explain a t t h e point where t h e writer of t h e 
E lemen t s is actual ly abou t to recall it a n d use it a s obvious . I t will b e 
necessary at tha t s tage t o show that its obvious charac te r does no t a p p e a r 
independent ly of proof, bu t is tu rned by proof in to mat te r of knowledge . " 

Before passing to the a t t emp t s of P to l emy a n d Proc lus to p rove t h e 
Postulate , I should no te here that Simplicius says (in an-Nairizi , ed . Bes thorn-
Heiberg , p . 1 1 9 , ed. Curtze, p . 6 5 ) tha t this Pos tu la t e is by n o means manifest , 
bu t requires proof, a n d accordingly " A b t h i n i a t h u s " a n d Diodorus had 
already proved it by means of many different proposi t ions , while P to lemy also 
had explained a n d proved it, using for t h e pu rpose Eucl . I. 1 3 , 1 5 a n d 1 6 (or 
1 8 ) . T h e Diodorus he re men t ioned may b e t h e a u t h o r of t h e Analemma on 
which P a p p u s wrote a c o m m e n t a r y . I t is difficult even to frame a con jec tu re 
as to who " A b t h i n i a t h u s " is. I n one place in t h e Arab ic text the n a m e 
appears to be writ ten " An th i sa thus " ( H . Suter in Zeitschrift fur Math, und 
Physik, x x x v m . , hist. litt. A b t h . p . 1 9 4 ) . I t has occu r r ed to m e whe the r h e 
might b e Pe i thon , a friend of Se renus of Ant inoe ia (Ant inoupol i s ) who was 
long known as Serenus of Antissa. Se renus says (£>e sectione cylindri, ed . 
Heiberg , p . 9 6 ) : " P e i t h o n the geometer , explaining parallels in a work of his, 
was not satisfied with what Euc l id said, b u t showed thei r na tu re m o r e cleverly 
by an e x a m p l e ; for he says tha t parallel s traight l ines a re such a t h ing as we 
see on walls or on the g round in the shadows of pillars which are m a d e when 
ei ther a torch or a l a m p is bu rn ing b e h i n d them. A n d , a l though this has only 
been mat te r of mer r imen t t o every one , I a t least mus t n o t d e r i d e it, for t h e 
respect I have for the au thor , who is my friend." If P e i t h o n was k n o w n as 
" of Antinoeia " or " of Antissa ," t h e two forms of t h e myster ious n a m e migh t 
perhaps be an a t t empt a t an equ iva len t ; bu t th i s is n o m o r e t h a n a guess . 



Simplicius a d d s in full a n d word for word the a t t empt of his " friend " or 
his " mas te r Aganis " to prove t h e Pos tu la te . 

P roc lus re tu rns to t h e subject (p. 3 6 5 , 5 ) in his n o t e on Eucl . I. 29. H e 
says t ha t before his t ime a certain n u m b e r of geometers had classed as a 
t h e o r e m this Euc l i dean pos tu la te a n d though t it ma t te r for proof, and he then 
proceeds to give a n accoun t of P to lemy ' s a rgumen t . 

Noteworthy attempts to prove the Postulate. 

Pto lemy. 

W e learn from Proc lus (p . 3 6 5 , 7 — n ) tha t P to lemy wrote a book on the 
proposi t ion tha t " s traight l ines drawn from angles less than two right angles 
mee t if p r o d u c e d , " a n d tha t h e used in his " p r o o f " many of the theorems in 
Euc l id p reced ing I. 29 . Proc lus excuses himself from reproducing the early 
par t of P to lemy ' s a rgumen t , only men t ion ing as o n e of the proposi t ions 
p roved in it t h e t h e o r e m of Euc l . 1, 28 that , if two straight lines meet ing a 
transversal m a k e t h e two interior angles on t h e same side equal to two right 
angles , t h e straight l ines d o not meet , however far p roduced . 

I . F r o m Proc lus ' n o t e on 1. 28 (p. 3 6 2 , 1 4 sq.) we know tha t P to lemy 
proved this somewha t as follows. 

Suppose tha t t he re a re two straight l ines AB, • CD, a n d that EFGH, 
meet ing t hem, m a k e s t h e angles BFG, FGD equa l to two right angles. 
I say tha t AB, CD a re parallel , tha t is, they 
a re non-secant . 

For , if possible , let FB, GD mee t a t K.' 
Now, s ince t h e angles BFG, FGD a re 

equa l to two right angles , while the four 
angles AFG, BFG, FGD, FGC a re toge ther 
equa l t o four r ight angles , 

t h e angles AFG, FGC a re equal t o two 
right angles . 

"If therefore F B , G D , when the interior angles are equal to two right 
angles, meet at K , the straight lines FA, G C will also meet if produced; for t h e 
angles AFG, CGFaxe a lso equa l to two right angles . 

" T h e r e f o r e the straight l ines will e i ther mee t in both di rect ions or in 
ne i ther d i rec t ion, if t h e two pairs of interior angles are bo th equal to two right 
angles . 

" Let , t hen , FA, GC m e e t a t L. 
" T h e r e f o r e the straight l ines LABK, LCDK enclose a s p a c e : which is 

imposs ib le . 
" T h e r e f o r e it is no t possible for two straight l ines to mee t when the 

inter ior angles a re equa l t o two right angles. Therefore they are parallel ." 
[ T h e a r g u m e n t in t h e words italicised would b e clearer if it" had been 

shown tha t t he two inter ior angles on one side of EH a re severally equal to the 
two inter ior ang les on t h e other , namely BFG t o CGF a n d FGD to AFG; 
whence , a s suming FB, GD to mee t in K, we can take the tr iangle KFG and 
p lace it (e.g. by rota t ing it in t h e p l ane abou t O t h e midd l e poin t of FG) so 
tha t FG falls where GF is in t h e figure a n d GD falls on FA, in which case 
FB mus t also fall o n GC; hence , s ince FB, GD mee t a t K, GC a n d FA 
m u s t mee t a t a co r re spond ing poin t L. Or, as M r F r a n k l a n d does , we may 
subs t i tu te for FG a s t ra ight l ine MN t h rough O t h e midd l e poin t of FG 
drawn perpendicu la r t o o n e of t h e paral lels , say AB. T h e n , s ince t h e two 
tr iangles OMF, ONG have two angles equa l respectively, namely FOM to 



GON(i. 1 5 ) a n d OFM to OGN, a n d one s ide OF equa l t o o n e side OG, t h e 
triangles are congruent , the angle ONG is a r ight angle , a n d MN is perpen
dicular to bo th AB a n d CD. T h e n , by t h e same m e t h o d of appl ica t ion, 
MA, NC a re shown to form with MN a t r iangle MALCN c o n g r u e n t with 
the triangle NDKBM, a n d MA, NC mee t a t a po in t L co r respond ing to K. 
T h u s the two straight lines would mee t a t t h e two po in t s K, L. T h i s is wha t 
happens u n d e r t h e R i e m a n n hypothesis , where t h e ax iom tha t two s t ra ight 
lines canno t enclose a space does not hold , bu t all s t raight l ines mee t ing in 
one poin t have ano the r poin t c o m m o n also, a n d e.g. in t h e par t icular figure 
jus t used K, L a re poin ts c o m m o n to all pe rpendicu la rs to MN. I f we 
suppose that K, L a re no t dis t inct poin ts , bu t one po in t , t he ax iom tha t two 
straight l ines canno t enclose a space is not con t rad ic ted . ] 

I I . P to lemy now tries to prove 1. 29 wi thout using o u r Pos tu la t e , a n d 
then deduces the Pos tu la te from it (Proclus , p p . 3 6 5 , 1 4 — 3 6 7 , 27 ) . 

T h e a rgumen t to p rove 1. 29 is a s follows. 
T h e straight l ine which cu t s t h e parallels mus t m a k e t h e s u m of t h e 

interior angles on the same s ide equal to , grea ter 
than, or less than , two r ight angles . £ 

" L e t AB, CD be parallel, a n d let FG m e e t 
t hem. I say ( 1 ) tha t FG does n o t m a k e t h e 
interior angles on the same side grea te r t h a n two Q 
right angles. 

" For , if the angles AFG, CGF a re greater t h a n two right angles , t h e 
remaining angles BFG, DGF a re less t h a n two right angles . 

" Bu t t h e s a m e two angles a re also greater t h a n two right a n g l e s ; for A F , 
C O are no more parallel than F B , G D , so that, if the straight line falling on 
A F , C G makes the interior angles greater than two right angles, the straight line 

falling on F B , G D will also make the interior angles' greater than two right 
angles. 

" Bu t t h e same angles a re also less than two right a n g l e s ; for t h e four 
angles AFG, CGF, BFG, DGF a re equal t o four r ight angles : 
which is impossible. 

- 'Similarly (2 ) we can show tha t t h e s traight l ine falling on t h e parallels 
does not m a k e the inter ior angles o n the s a m e s ide less t h a n two right angles . 

" Bu t ( 3 ) , if it m a k e s t h e m nei ther grea ter nor less t h a n two right angles , 
it can only m a k e the interior angles on t h e s a m e s ide equal t o two r ight 
angles ." 

I I I . P to lemy d e d u c e s P o s t 5 t h u s : 
Suppose tha t t h e straight l ines m a k i n g angles with a t ransversal less t h a n 

two right angles d o no t mee t on the s ide o n which those angles a re . 
T h e n , a fortiori, they will no t mee t on t h e o the r s ide o n which a re t h e 

angles greater t han two right angles . 
H e n c e A e straight lines will no t mee t in e i ther d i r e c t i o n ; they a re there

fore parallel. 
But, if so, the angles m a d e by t h e m with the t ransversal a re equa l t o two 

right angles, by the preced ing proposi t ion (= 1. 29 ) . 
Therefore the s a m e angles will b e bo th equa l t o a n d less t h a n two r ight 

a n g l e s : 
which is impossible . 

H e n c e t h e straight l ines will meet . 

L 
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I V . P to l emy lastly enforces his conclus ion tha t t h e straight lines will 
mee t on tlie side on which are the angles less than two right angles by recurring 
t o t h e a fortiori s t ep in the foregoing proof. 

Le t t h e angles AFG, CGF in t h e accompany ing figure be together less 
than two right angles. 

There fore t h e angles BFG, DGF are greater 
t han two right angles . 

W e have p roved tha t the straight l ines are no t 
non-secant . 

If they meet , they mus t mee t e i ther towards 
A, C, or towards B, D. 

( 1 ) Suppose they mee t towards B, D, a t K. 
T h e n , since the angles AFG, CGF axe less than 

two right angles , a n d the angles AFG, GFB a re 
equa l to two right angles, take away the c o m m o n angle AFG, and 

t h e angle CGF is less than the angle BFG; 

tha t is, t he exterior angle of the t r iangle KFG is less than the interior and 
oppos i te angle BFG: 
which is impossible . 

There fore AB, CD d o not mee t towards B, D. 
( 2 ) Bu t they do meet , a n d therefore they mus t mee t in one direct ion or 

the o t h e r : 
therefore they mee t towards A, B, tha t is, on the side where are t h e 

angles less than two right angles . 
T h e flaw in P to lemy ' s a r g u m e n t is of course in the par t of his proof of 

1. 29 which I have italicised. A s Proc lus says, h e is no t ent i t led to assume 
that , if AB, CD a re parallel , whatever is t rue of the interior angles on one 
s ide of FG (i.e. tha t they are toge ther equal to, greater than, or less than, two 
right angles) is necessarily t rue at the same t ime of the interior angles on the 
o the r side. P to lemy justifies th is by saying that FA, GC a re no more parallel 
in one di rec t ion than FB, GD a re in the o t h e r : which is equivalent to the 
as sumpt ion tha t through any point only one parallel can be drawn to a given 
straight line. T h a t is, h e assumes a n equivalent of the very Postu la te he is 
endeavour ing to prove. 

Proclus. 

Before pass ing t o his own a t t emp t at a proof, P roc lus (p. 368, 26 sqq. ) 
examines an ingenious a rgumen t (recalling somewhat the famous one abou t 
Achil les a n d t h e tortoise) which appea red to show tha t it was impossible for 
the l ines desc r ibed in the Pos tu la te to meet . 

L e t AB, CD m a k e with AC t h e angles BAC, A CD together less than 
two right angles. 

Bisect AC a t E a n d a long AB, CD 
respectively measure AF, CG so tha t each 
is equal to AE. E 

Bisect FG a t K a n d m a r k off FK, 
GL each equal to FH; a n d so on . 

T h e n AF, CG will no t mee t a t any 
poin t on FG; for, if tha t were the case, two s ides of a tr iangle would be 
toge ther equal t o the t h i r d : which is impossible . 



Similarly, AB, CD will no t mee t a t a n y poin t on KL; a n d " p r o c e e d i n g 
like this indefinitely, joining the non-coinc ident poin ts , bisect ing the l ines so 
drawn, a n d cut t ing off from the straight lines por t ions equal to the half of 
these, they say they thereby prove that t h e s traight l ines AB. CD will no t 
meet anywhere . " 

I t is no t surpris ing tha t Proc lus does not succeed in exposing the fal lacj 
here ( the fact be ing tha t the process will indeed be endless , a n d yet the straight 
lines will intersect within a finite d is tance) . But P roc lus ' crit icism con ta ins 
nevertheless someth ing of value. H e says that the a r g u m e n t will prove too 
m u c h , s ince we have only to jo in AG in order to see tha t straight l ines making 
some angles which a re together less than two right angles d o in fact meet , 
namely A G, CG. "The re fo re it is not possible to assert, wi thout some definite 
l imitat ion, that the straight lines p roduced from angles less than two right 
angles d o not meet . O n the contrary, it is manifest tha t some s traight l ines, 
when produced from angles less than two right angles, d o meet , a l though t h e 
a rgument seems to require it to be proved tha t this proper ty be longs t o all 
such straight lines. For one might say that , t he lessening of the two right 
angles being subject to no l imitat ion, with such and such an amount of 
lessening the straight lines remain non-secant, but with an amount of lessening 
in excess of this they meet (p. 3 7 1 , 2 — 1 0 ) . " 

[ H e r e then we have t h e germ of such an idea as t ha t worked ou t by 
Lobachewsky, namely that the straight lines issuing from a poin t in a p l ane 
can be divided with reference to a straight l ine lying in t ha t p lane in to two 
classes, " s e c a n t " and "non-secan t , " a n d tha t we m a y define as parallel t he 
two straight lines which divide the secant from the non-secant class.] 

Proclus goes on (p. 3 7 1 , 10) to base his own a rgumen t u p o n " a n axiom 
such as Aristotle too used in arguing tha t the universe is finite. For , if from 
one point two straight lines forming an angle be produced indefinitely, the distance 
(Siao-roo-is, Arist. Siaarrj/m) between the said straight lines produced indefinitely 
will exceed any finite magnitude. Aristot le at all events showed that , if t h e 
straight lines drawn from the cen t re to the c i rcumference are infinite, the 
interval between them is infinite. For , if it is finite, it is impossible to 
increase the dis tance, so that the s traight lines ( the radii) a re no t infinite. 
H e n c e the straight lines, when p r o d u c e d indefinitely, will be a t a d i s tance from 
one ano ther greater than any a s sumed finite m a g n i t u d e . " 

T h i s is a fair representa t ion of Aristotle 's a r g u m e n t in De caelo 1. 5 , 2 7 1 
b 28, a l though of course it is no t a proof of what Proc lus a s sumes as a n 
axiom. 

T h i s being premised, Proclus p roceeds (p. 3 7 1 , 2 4 ) : 

I . " I say that , if any straight line cuts one of two parallels, it will cut 
the other also. 

" F o r let AB, CD be parallel, a n d let EFG cu t AB; I say tha t it will cu t 
CD also. 

" For , s ince BF, FG a re two straight lines from 
one point F, they have, when p r o d u c e d indefinitely, 
a d is tance greater t han any magni tude , so that it will 
also be greater t h a n t h e interval be tween the parallels. 
Whenever therefore they are a t a d i s tance from o n e 
ano the r greater t h a n t h e d is tance be tween t h e parallels, 

C 

E 

D 

FG will cu t CD. 
" Therefore e tc . " 



I I . " H a v i n g proved this, we shall prove, as a deduc t ion from it, the 
t h e o r e m in ques t ion . 

" F o r let AB, CD be two straight lines, a n d let EF falling on t h e m make 
the angles BEF, DFE less than two right angles. 

" I say tha t t he straight lines will mee t on tha t 
s ide on which are the angles less t h a n two right 
angles . 

" For , s ince the angles BEF, DFE a re less 
than two right angles , let the angle HEB b e equal 
to the excess of two right angles (over them) , a n d let HE be p roduced to K. 

" Since then EF falls on KH, CD a n d makes the two interior angles 
HEF, DFE equal to two right angles , 

t h e s traight l ines HK, CD a re parallel . 
" A n d AB cu t s KH; therefore it will also cu t CD, by what was before 

shown. 
" Therefore AB, CD will mee t on tha t s ide on which are the angles less 

than two r ight angles . 
" H e n c e t h e theo rem is p roved . " 
Clavius crit icised this proof on the g round tha t t he axiom from which 

it s tarts , t aken from Aristotle, itself requires proof. H e points out that, just 
a s you c a n n o t a s s u m e tha t two lines which cont inual ly app roach one another 
will m e e t (witness the hyperbola a n d its asymptote) , so you cannot assume 
tha t two lines which cont inual ly diverge will ul t imately be so far apart that a 
perpendicu la r from a po in t on one let fall on the o ther will be greater than 
a n y ass igned d i s t a n c e ; a n d h e refers to the conchoid of Nicomedes , which 
cont inual ly app roaches its asymptote , a n d therefore continual ly gets farther 
away from the t angen t a t the v e r t e x ; yet the perpendicular from any point on 
the curve to tha t t angent will always be less than the d is tance between the 
t angen t a n d t h e asympto te . Saccher i suppor t s the object ion. 

P roc lus ' first proposi t ion is open to t h e object ion tha t it assumes that two 
" pa ra l l e l s " (in t h e Euc l idean sense) or, as we may say, two straight l inss 
which have a c o m m o n perpendicular , a re (not necessarily equidis tant , bu t ) 
so re la ted that , when they are p r o d u c e d indefinitely, t he perpendicular from a 
po in t of o n e u p o n t h e o the r r emains finite. 

T h i s last a s sumpt ion is incorrect on the hyperbol ic h y p o t h e s i s ; t he 
" a x i o m " t aken from Aristot le does no t ho ld on the elliptic hypothesis . 

Nasiraddln a t -Tus i . 
T h e Pers ian-born edi tor of Eucl id , whose da te is 1 2 0 1 — 1 2 7 4 , has three 

l e m m a s leading u p t o t h e final proposi t ion. T h e i r con ten t is substantial ly as 
follows, the first l e m m a being apparent ly a s sumed as evident . 

I . (a) I f AB, CD be two straight l ines such tha t successive perpen
diculars , as EF, GH, KL, from points on AB to CD always m a k e with AB 
u n e q u a l angles , which are always acu te on the side towards B a n d always 
ob tu se on t h e s ide towards A, t hen the lines AB, 
CD, so long as they d o not cut, approach cont inual ly 
nearer in the direct ion of t h e acu te angles a n d diverge 
cont inual ly in the direct ion of the ob tuse angles, a n d 
t h e perpendicu la rs d imin ish towards B, D, and in
crease towards A, C. g J. H F ~ 

(b) Conversely , if t he perpendicu lars so drawn 
cont inual ly b e c o m e shorter in t h e di rect ion of B, D, a n d longer in the 
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direction of A, C, the straight lines AB, CD approach cont inual ly nearer in 
the direction of B, D a n d diverge cont inual ly in the o ther d i r e c t i o n ; also 
each perpendicular will m a k e with AB two angles one of which is acu te a n d 
the other is obtuse , a n d all t h e acu te angles will lie in the direct ion towards 
B, D, and the ob tuse angles in the opposi te direct ion. 

[Saccheri poin ts out tha t even the first par t (a) requires proof. As 
regards the converse (b) he asks, why should not the successive acu te angles 
made by the perpendiculars with AB, while remaining acute , b e c o m e greater 
and greater as the perpendiculars become smaller unt i l we arrive at last a t a 
perpendicular which is a c o m m o n perpendicular to both l ines? If tha t happens , 
all the author ' s efforts a re in vain. A n d , if you are to a s sume the t ru th of the 
s ta tement in the l emma without proof, would it not , as Wallis said, b e as 
easy to assume as axiomatic the s ta tement in Post . 5 without m o r e ado? ] 

I I . Sf AC, B I ) be drawn from the extremities of A B at right angles to it 
and on the same side, and if A C , B D be made equal to one another and C D be 

joined, each of the angles A C D , B D C will be right, and 
C D will be equal to A B . 

T h e first par t of this l emma is proved by reductio ad 
absurdum from the preceding lemma. If, e.g., t he angle 
A CD is no t right, it mus t ei ther b e acu te or ob tuse . 

Suppose it is a c u t e ; then, by l e m m a 1, AC is greater 
than BD, which is contrary to the hypothes is . A n d so on. 

T h e angles ACD, BDC being proved to b e right angles, it is easy to 
prove that AB, CD are equal . 

[ I t is of course assumed in this " p r o o f " that , if the angle ACD is acute , 
the angle BDC is obtuse , a n d vice versa.] 

I I I . / ; / any triangle the three angles are together equal to two right angles. 
Thi s is proved for a right-angled tr iangle by means of t h e foregoing lemma, 

the four angles of the quadri lateral ABCD of that l e m m a being all right angles . 
T h e proposit ion is then t rue for any t r iangle, s ince any tr iangle can be divided 
into two right-angled triangles 

IV . H e r e we have the final " p r o o f " of Post . 5. T h r e e cases a re 
distinguished, bu t it is enough to show t h e case where o n e of the interior 
angles is right and t h e other acu te . 

Suppose AB, CD to be two straight lines m e t by FCE m a k i n g the angle 
ECD a right angle a n d the angle CEB 
an acute angle. 

TaKe any point G on EB, a n d draw 
GH perpendicular to EC. 

Since the angle CEG is acute , t h e 
perpendicular GH will fall on the side-of 
£ towards D, a n d will e i ther coinc ide 
with CD or no t coincide with it. I n the 
former case the proposi t ion is proved. 

I f GH does no t coincide with CD 
but falls on the side of it towards F, CD, being within the tr iangle formed by 
the perpendicular and by CE, EG, mus t cut EG. [An axiom is here used, 
namely that , if CD b e p roduced far enough , it mus t pass outside t h e tr iangle 
and therefore cut some side, which must be EB, s ince it c a n n o t be t h e 
perpendicular (1. 27) , or CE.] 

Lastly, let GH fatt on t h e side of CD towards E. 



Along HC set off HK, KL etc. , each equa l to EH, unti l we get the first 
po in t of division, a s M, b e y o n d C. 

Along GB set off GN, NO etc. , each equa l to EG, until EP is the same 
mul t ip le of EG t ha t EM is of EH. 

T h e n we can prove tha t the perpendiculars from N, 0, P on EC fall on 
t h e poin ts K, L, M respectively. 

F o r take t h e first perpendicular , tha t from N, and call it NS. 
Draw EQ a t right angles to EH ax\& equal to GH, a n d set off SK a long 

S -A /a lso equal t o GH. J o in QG, GR. 
T h e n ( second l e m m a ) the angles EQG, QGHare right, and QG = EH 
Similarly t h e angles SPG, RGH&re right, a n d RG — SH. 
T h u s RGQ is o n e straight line, a n d the vertically opposi te angles NGR, 

EGQ a re equa l . T h e angles NRG, EQG a re bo th right, a n d NG = GE, by 
cons t ruc t ion . 

There fo re (1. 26) RG = GQ, 
whence SH = HE = KH, a n d S coincides with K. 

W e may proceed similarly with the o ther perpendiculars . 
T h u s PM is perpendicular to EE. H e n c e CD, be ing parallel to MP and 

within t h e tr iangle PME, mus t cut EP, if p roduced far enough . 
John W a l l i s . 
As is well known, t h e a rgumen t of Wallis ( 1 6 1 6 — 1 7 0 3 ) assumed as a 

postula te that , given a figure, another figure is possible which is similar to the 
given one and of any size whatever. I n fact Wallis a ssumed this for triangles 
only. H e first proved ( 1 ) that , if a finite straight line is placed on an infinite 
s traight l ine, a n d is then moved in its own direct ion as far as we please, 
it will always lie on the same infinite straight line, ( 2 ) that , if an angle be 
m o v e d so tha t one leg always slides a long an infinite straight line, the angle 
will r emain the same, or equal , (3 ) that , if two straight lines, cut by a third, 
m a k e t h e interior angles on t h e same side less than two right angles, each 
of the exterior angles is greater t h a n the opposi te 
interior angle (proved by means of I. 1 3 ) . « D 3 

(4) If AB, CD make , with A C, t he interior 
angles less than two right angles, suppose AC 
(with AB rigidly a t t ached to it) to move along p T g 7T~£ 
AF to the posi t ion ay, such tha t a coincides 
with C. If AB t hen takes the posi t ion a/3, a/8 lies entirely outside C D (proved 
by m e a n s of (3 ) above) . 

( 5 ) Wi th t h e same hypotheses , the straight line a/?, or AB , during its 
motion, and before a reaches C, must cu t the straight line C D . 

(6) H e r e is enunc ia ted the pos tu la te s ta ted above. 
(7-) Pos tu la te s is now proved thus . 
L e t AB, CD be t h e straight l ines which make , with the infinite straight 

l ine A CF meet ing them, the interior angles 
BA C, DC A toge ther less than two right angles. p \ \ 

Suppose AC (with AB rigidly a t t ached to 1 \ 
i t) to move a long ACF unt i l AB takes t h e A i D \ B 
posi t ion of afi cu t t ing CD in IT. 

T h e n , aCir be ing a tr iangle, we can, by 
t h e above postula te , suppose a t r iangle drawn p- tj—£R£-
on t h e base CA similar to t h e tr iangle aCV. 

Le t it b e A CP. 
[Wallis here in terposes a defence of the hypothet ica l cons t ruc t ion . ] 



T h u s CP a n d AP mee t a t P; and , as by the definition of similar figures 
the angles of the tr iangles PCA, wCa are respectively equal , t he angle PCA 
being equal to t h e angle w C a a n d the angle PAC to the angle ir*C or BAC, 
it follows tha t CP, AP lie on CD, AB p roduced respectively. 

H e n c e AB, CD mee t o n the s ide on which a re t h e angles less t h a n two 
right angles. 

[ T h e whole gist of this proof lies in the a s sumed pos tu la te as to the 
existence of similar figures; and , as Saccheri points out , this is equivalent to 
uncondi t ional ly assuming t h e "hypo thes i s of the right angle , " a n d consequen t ly 
Eucl id ' s Pos tu la te 5.] 

Gerolamo Saccheri. 
T h e book Euclides ab omni tiaevo vindicatus ( 1 7 3 3 ) by GeTolamo Saccher i 

( 1 6 6 7 — 1 7 3 3 ) , a Jesui t , a n d professor a t the Universi ty of Pavia, is now 
accessible ( 1 ) edi ted in G e r m a n by Enge l a n d Stackel , Die Theorie der 
Parallellinien von Euklid bis auf Gauss, 1 8 9 5 , pp . 4 1 — 1 3 6 , a n d (2 ) in a n 
Italian version, abr idged bu t anno ta t ed , L'Euclide emendato del P. Gerolamo 
Saccheri, by G. Boccardini (Hoep l i , Milan, 1 9 0 4 ) . I t is of m u c h greater 
impor tance than all t he earlier a t t empt s to prove Post . 5 because Saccher i 
was the first to con templa te t h e possibility of hypotheses o the r t h a n tha t of 
Euclid, and to work ou t a n u m b e r of consequences of those hypotheses . 
H e was therefore a t rue precursor of L e g e n d i e a n d of Lobachewsky , as 
Beltrami called h im ( 1 8 8 9 ) , and , it might b e a d d e d , of R i e m a n n also. For, 
as Veronese observes (Fondamenti di geomelria, p . 570 ) , Saccher i ob ta ined 
a gl impse of the theory of parallels in all its generali ty, while Legendre , 
Lobachewsky a n d G. Bolyai exc luded a priori, wi thout knowing it, t he " hypo
thesis of the ob tuse angle ," or the R i e m a n n hypothesis . Saccheri , however, 
was the victim of the preconceived no t ion of his t ime tha t t he sole possible 
geometry was the Eucl idean , a n d he presents the cur ious spectacle of a m a n 
laboriously erect ing a s t ructure u p o n new foundat ions for the very purpose of 
demolishing it af terwards; he sought for cont radic t ions in the hear t of t h e 
systems which h e const ructed, in order to prove thereby the falsity of his 
hypotheses . 

For the pa rpose of formulating his hypotheses h e takes a p lane quadr i 
lateral ABDC, two opposi te sides of which, AC, BD, 
are equal a n d perpendicular to a th i rd AB. T h e n the c 0 

angles a t C a n d D a re easily p roved to b e equal . O n 
the Euc l idean hypothesis they are b o t h right a n g l e s ; 
but apar t from this hypothesis they might be bo th 
obtuse or bo th acute . T o the th ree possibilities, whicfc 
Saccheri dist inguishes by the n a m e s ( 1 ) the hypothesis 0/ A 8 
the right angle, (2) the hypothesis of the obtuse angle a n d 
(3) the hypothesis of the acute angle respectively, the re cor responds a cer ta in 
group of t h e o r e m s ; a n d Saccheri 's po in t of view is tha t t he Pos tu la te will 
be completely proved if the consequences which follow from the last two 
hypotheses comprise results inconsis tent with o n e another . 

A m o n g the mos t impor tan t of his proposi t ions a r e the fol lowing: 
( 1 ) If the hypothesis of the right angle, or of the obtuse angle, or of the acute 

angle is proved true in a single case, it is true in every other case. (P rops , v., 
VI., VII .) 

(2) According as the hypothesis of the right angle, the obtuse angle, or the 
acute angle is true, the sum of the three angles of a triangle is equal to, greater 
than, or less than two right angles. (P rop , ix . ) 



(3 ) From the existence of a single triangle in which the sum of the angles is 
equal to, greater than, or less than two right angles the truth of the hypothesis 
of the right angle, obtuse angle, or acute angle respectively follows. (Prop, xv . ) 

T h e s e propos i t ions involve t h e fol lowing: If in a single triangle the sum 
of the angles is equal to, greater than, or less than two right angles, then any 
triangle has the sum of its angles equal to, greater than, or less than two right 
angles respectively, which was p roved abou t a century later by Legendre for 
the two cases only where the sura is equal to or less than two right angles. 

T h e proofs are no t free from imperfections, as when, in the proofs of 
P r o p . x i i . a n d t h e par t of P rop . x m . relat ing to the hypothesis of the obtuse 
angle, Saccher i uses Euc l . 1. 1 8 d e p e n d i n g on 1. 1 6 , a proposi t ion which is 
only valid on t h e a s sumpt ion tha t straight lines are infinite in length; for this 
a s sumpt ion itself does not ho ld u n d e r the hypothesis of the obtuse angle 
( the R i e m a n n hypothes is ) . 

T h e hypothes i s of t h e a c u t e ang le takes Saccheri much longer to dispose 
of, a n d this par t of the book is less sat isfactory; bu t it conta ins the following 
propos i t ions afterwards es tabl ished anew by Lobachewsky and Bolyai, viz.: 

(4 ) Two straight lines in a plane (even on the hypothesis of the acute 
angle) either have a common perpendicular, or must, if produced in one and the 
same direction, either intersect once at a finite distance or at least continually 
approach one another. (Prop , x x m . ) 

(5 ) In a cluster of rays issuing from a point there exist always (on the 
hypothes is of t h e acu te angle) two determinate straight lines which separate the 
straight lines which intersect a fixed straight line from those which do not 
intersect it, ending with and including the straight line which has a common 
perpendicular with the fixed straight line. (P rops , x x x . , x x x i . , x x x n . ) 

Lambert . 
A disser tat ion by G. S. Kliigel, Conatuumpraecipuorum theoriamparallelarum 

demonstrandirecensio ( 1 7 6 3 ) , con ta ined an examinat ion of some thirty " d e m o n 
s t r a t ions" of Post , s a n d is remarkable for its conclusion expressing, apparent ly 
for t h e first t ime, doubt as to its demonstrability a n d observing that the 
cer ta inty which we have in us of the t ruth of the Euc l idean hypothesis is 
no t t h e result of a series of r igorous deduc t ions but ra ther of experimental 
observat ions . I t also h a d the greater merit tha t it called the a t tent ion of 
J o h a n n He in r i ch L a m b e r t ( 1 7 2 8 — 1 7 7 7 ) to the theory of parallels. H i s 
Theory of Parallels was writ ten in 1 7 6 6 a n d publ i shed after his dea th by 
G. Bernoul l i a n d C. F . H i n d e n b u r g ; it is reproduced by Engel a n d Stackel 
(op. cit. pp . 1 5 2 — 2 0 8 ) . 

T h e thi rd par t of Lamber t ' s t ract is devoted to the discussion of the same 
th ree hypotheses as Saccheri 's , t h e hypothes is of the right angle being for 
L a m b e r t t h e first, tha t of the obtuse angle t he second, a n d that of the acute 
angle t he third, h y p o t h e s i s ; and , with reference to a quadri la teral with three 
right angles from which L a m b e r t s tarts ( tha t is, one of the halves into which 
t h e m e d i a n divides Saccheri 's quadri la teral) , t he th ree hypotheses are the 
a s sumpt ions tha t t h e fourth angle is a right angle, a n ob tuse angle, o r a n 
acu te angle respectively. 

L a m b e r t goes m u c h further than Saccheri in t h e deduc t ion of new 
propos i t ions from t h e second a n d third hypotheses . T h e most remarkable is 
t h e following. 

The area of a plane triangle, under the second and th i rd hypotheses, is 
proportional to the difference between the sum vf the three angles and two right 
angles. 



T h u s the numerica l expression for t h e area of a t r iangle is, u n d e r t h e 
third hypothesis 

A = / J ( i r - A - B - C ) ( 1 ) , 
and unde r the second hypothes is 

& = 6(A + B+ C - i r ) ( 2 ) , 
where k is a positive constant . 

A remarkab le observat ion is a p p e n d e d (§ 8 2 ) : " I n connex ion with this it 
seems to be remarkab le tha t the second hypothes is ho lds if spherical ins tead of 
plane triangles a re t aken , because in the former also t h e sum of t h e angles is 
greater than two right angles, a n d the excess is propor t ional to the area of t h e 
triangle. 

" I t appears still more remarkable tha t what I here assert of spherical 
triangles can b e proved independen t ly of t h e difficulty of paral lels ." 

Th i s discovery that the second hypothesis is realised on t h e surface of a 
sphere is impor tan t in view of the deve lopment , later, of t h e R i e m a n n 
hypothesis ( 1 8 5 4 ) . 

Still more remarkable is t h e following p rophe t i c s e n t e n c e : " / am almost 
inclined to draw the conclusion that the th i rd hypothesis arises with an imaginary 
spherical surface" (cf. Lobachewsky 's Giomitrie imaginaire, 1 8 3 7 ) . 

N o d o u b t L a m b e r t was confirmed in this by t h e fact that , in the formula 
(2) above, which, for k = r*, represents t h e area of a spherical tr iangle, if 
r j - i is subst i tu ted for r, a n d r* = k, we obta in the formula ( 1 ) . 

Legendre. 
N o account of our presen t subject would b e comple te wi thout a full 

reference to what is of p e r m a n e n t value in the investigations of Adr i en Mar ie 
Legendre ( 1 7 5 2 — 1 8 3 3 ) relating to t h e theory of parallels, which ex t ended over 
the space of a generat ion. H i s different a t t empt s to prove the Euc l idean 
hypothesis appeared in the successive edi t ions of his Elements de GSomefrie 
from the first ( 1 7 9 4 ) to the twelfth ( 1 8 2 3 ) , which last may b e said to conta in 
his last word on the subject . Later , in 1 8 3 3 , he publ ished, in the Mhnoires 
de I'Academic Royale des Sciences, XII . p . 367 sqq., a collection of his different 
proofs unde r the title Reflexions sur dijferentes maniires de demontrer la theorie 
des paralleles. H i s exposit ion brought ou t clearly, as Saccheri had done , a n d 
kept steadily in view, the essential connexion be tween the theory of parallels 
and the sum of the angles of a triangle. In t h e first edi t ion of t h e Elements 
the proposit ion tha t the sum of the angles of a triangle is equal to two right 
angles was proved analytically on t h e basis of the a s sumpt ion tha t t h e cho ice 
of a unit of length does not affect the correctness of the proposi t ion to b e 
proved, which is of course equivalent to Wallis ' a s sumpt ion of the existence of 
similar figures. A similar analytical proof is given in the no te s to t h e twelfth 
edit ion. I n his second edi t ion Legendre p roved Pos tu la t e 5 by m e a n s of t h e 
assumption that , given three points not in a straight line, there exists a circle 
passing through all three. I n the th i rd edi t ion ( 1 8 0 0 ) h e gave t h e proposi t ion 
that the sum of the angles of a triangle is not greater than two right angles; 
this proof, which was geometr ical , was replaced later by ano ther , t h e best 
known, depend ing on a cons t ruc t ion like t ha t of Euc l id 1. 1 6 , the c o n t i n u e d 
applicat ion of which enables any n u m b e r of successive tr iangles to be evolved 
in which, while the sum of t h e angles in each remains always equa l t o t h e 
sum of the angles of the original t r iangle, one of the angles increases a n d t h e 
sum of t h e o ther two d iminishes continual ly. Bu t L e g e n d r e found t h e proof 
of the equally necessary proposi t ion that the s u m of the angles of a t r iangle is 



not less t h a n two right angles t o presen t great difficulties. H e first observed 
that , a s in t h e case of spherical t r iangles (in which t h e sum of the angles is 
grea ter t h a n two right angles) t h e excess of t h e sum of the angles over two 
right angles is propor t iona l to the area of t h e triangle, so in t h e case of 
recti l ineal tr iangles, if the sum of t h e angles is less t h a n two right angles by a 
:er tain deficit, t h e deficit will be propor t iona l to the area of the triangle. 
H e n c e if, s tar t ing from a given tr iangle, we could const ruct ano ther triangle 
in which t h e original tr iangle is con ta ined at least m t imes, t h e deficit of this 
new t r iangle will b e equa l t o a t least m t imes tha t of the original triangle, so 
t ha t t h e s u m of t h e angles of the greater tr iangle will d iminish progressively 
as m increases, unt i l it b e c o m e s zero or nega t i ve : which is absurd . T h e 
whole difficulty was t h u s r educed t o tha t of the cons t ruc t ion of a tr iangle 
con ta in ing t h e given tr iangle a t least t w i c e ; bu t t h e solution of even this 
s imple p rob lem requires it to b e a s sumed (or proved) tha t through a given 

point within a given angle less than two-thirds of a right angle we can always 
draw a straight line which shall meet both sides of the angle. T h i s is however 
really equivalent to Euc l id ' s Pos tu la te . T h e proof in the course of which the 
necessi ty for t h e a s sumpt ion appeared is as follows. 

I t is r equ i red to p rove tha t the s u m of the angles of a tr iangle canno t b e 
less t h a n two right angles . 

Suppose A is t h e least of t h e th ree angles of a triangle ABC. Apply t o 
t h e oppos i te s ide BC a. t r iangle DBC, equa l t o 
t h e t r iangle ACB, a n d such tha t t h e angle S. 
DBC is equa l t o t h e angle ACB, a n d the angle / N . 
DCB t o the angle ABC; a n d draw any straight oj_ —^JB 
line through D cutting AB, AC produced in 
E,F. 

If now t h e sum of t h e angles of t h e tr iangle p 
ABC is less than two right angles, be ing equal 
t o zR-h say, the sum of the angles of t h e tr iangle DBC, equal to the 
t r iangle ABC, is also 2R-I. 

Since t h e s u m of the th ree angles of t h e remain ing triangles DEB, FDC 
respectively c a n n o t a t all events b e greater than two right angles [for I^egendre's 
proofs of this see below], t h e sum of the twelve angles of the four triangles in 
t h e figure cannot be greater t h a n 

4R + (2R - 8 ) + (2R - 8 ) , i.e. 8 ^ - 2 8 . 

N o w t h e s u m of t h e th ree angles a t each of t h e poin ts B, C, D is 2R. 
Subt rac t ing these n ine angles, we have t h e result tha t the th ree angles of 

t h e t r iangle AEF cannot be greater t han 2R — 28. 
H e n c e , if t h e s u m of the angles of the triangle ABC is less than two right 

angles by 8, the s u m of the angles of t h e larger tr iangle AEF is less than two 
right angles by at least 28. 

W e can con t inue t h e const ruct ion, mak ing a still larger tr iangle from AEF, 
a n d so on. 

But , however small 8 is, we can arrive a t a mult iple 2 n 8 which shall exceed 
any given angle a n d therefore 2R itself; so tha t t h e sum of the th ree angles 
of a t r iangle sufficiently large would b e zero or even less than zero : which is 
absurd . 

There fo re etc. 
T h e difficulty caused by the necessity of making the above-ment ioned 

a s sumpt ion m a d e L e g e n d r e a b a n d o n , in his n in th edit ion, the m e t h o d of t h e 



edit ions from the thi rd to the eighth a n d re turn to Euc l id ' s m e t h o d pure a n d 
simple. 

But again, in the twelfth, h e re tu rned to t h e plan of cons t ruc t ing a n y 
number of successive triangles such tha t the sum of t h e th ree angles in all of 
them remains equal t o the s u m of t h e th ree angles of the original tr iangle, 
but two of the angles of the new tr iangles b e c o m e smaller a n d smaller, while 
the thi rd becomes larger a n d l a rger ; a n d this t ime he c la ims to p rove in o n e 
proposit ion tha t the sum of the th ree angles of t h e original t r iangle is equal to 
two right angles by cont inuing t h e const ruct ion of new tr iangles indefinitely 
a n d compress ing the two smaller angles of the u l t imate tr iangle in to nothing, 
while the th i rd angle is m a d e to b e c o m e a flat angle at t h e same t ime. T h e 
construct ion a n d a t t empted proof are as follows. 

Le t ABC be the given t r i ang le ; let AB be t h e greatest s ide a n d BC t h e 
l eas t ; therefore C is the greatest angle a n d A the least. 

F rom A draw AD to the middle poin t of BC, and p r o d u c e AD to C, 
making AC equal to AB. 

Produce AB to B', making AB equal t o twice AD. 
T h e triangle AB'C is then such tha t the sum of its th ree angles is equal 

to the sum of the th ree angles of the tr iangle ABC. 

For take AK a long AB equal to AD, a n d join C'K. 
T h e n the tr iangles ABD, A C'K have two sides a n d the inc luded angles 

respectively equal , a n d are therefore equa l in all r e s p e c t s ; a n d C'K is equal to 
BD or DC. 

Next, in the tr iangles B'C'K, ACD, t he angles B'KC, ADC a re equal , 
being respectively supplementary to t h e equa l angles AKC, ADB; a n d the 
two sides abou t t h e equal angles are respectively e q u a l ; 

therefore the tr iangles B'C'K, A CD a re equa l in all respects . 
T h u s the angle ACB is the sum of two angles respectively equa l to the 

angles B, C of the original tr iangle ; a n d t h e angle A in t h e original t r iangle 
is the sum of two angles respectively equal to the angles a t A a n d B' in t h e 
triangle AB'C. 

I t follows that the sum of the th ree angles of t h e new tr iangle AB'C is 
equal to the sum of t h e angles of the tr iangle ABC. 

Moreover, the side AC, be ing equal t o AB, a n d therefore greater t han 
AC, is greater t han BC which is equal t o AC. 

H e n c e the angle CAB is less t h a n t h e angle ABC; so tha t t h e ang le 
CAB is less than \A, where A deno te s t h e angle CAB of t h e original 
triangle. 

[ I t will b e observed tha t t h e tr iangle AB C is really t h e same tr iangle as 
the triangle ABB ob ta ined by the const ruct ion of Eucl . 1. 1 6 , bu t differently 
placed so tha t the longest side lies a long AB.] 

By taking the middle poin t D1 of t h e side BC a n d repeat ing t h e s a m e 
construct ion, we obta in a t r iangle AB'C" such tha t ( 1 ) t h e sum of its t h ree 
angles is equal t o t h e sum of the th ree angles of ABC, (2 ) t h e s u m of t h e 
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2R, t h e said sum mus t be greater t han the sum of the angles BCA, BCD, 
DCE, which s u m is equal to 2R. 

Subt rac t ing t h e equal angles on bo th sides, we have the result tha t 

t h e ang le ABC is greater t han t h e angle BCD. 

But t h e two sides AB, BC of t h e triangle ABC are respectively equal to 
t h e two sides DC, CB of t h e t r iangle BCD. 

Therefore the base AC is greater t han the base BD (Eucl . 1. 24) . 
Next , m a k e the tr iangle FEG (by the same const ruct ion) equal in all 

respects to the triangle BAC or DCE; a n d we prove in the same way that 
CE (or AC) is greater t h a n DF. 

A n d , a t t h e same t ime, BD is equal to DF, because the angles BCD, 
DEF a re equa l . 

Con t inu ing t h e const ruct ion of further triangles, however small the 
difference be tween AC a n d BD is, we shall ul t imately reach some mult iple 

two angles CAB", AB'C" is equal t o the angle CAB in the preceding 
triangle, a n d is therefore less than \A, a n d (3 ) t h e angle CAB' is less than 
half the angle CAB', a n d therefore less than \A\. 

Cont inu ing in this way, we shall ob ta in a tr iangle Abe such that the sum of 

two angles , those a t A a n d b, is less than -*j A, a n d t h e angle at c is greater 

t h a n t h e cor responding angle in the preced ing tr iangle. 
If, Legendre argues , the const ruct ion b e con t inued indefinitely so that 

A becomes smaller t h a n any assigned angle, the point c ult imately lies on 

Ah, a n d the sum of t h e th ree angles of the tr iangle (which is equal to the sum 
of the three angles of the original tr iangle) becomes identical with the angle 
a t c, which is t hen a flat angle, a n d therefore equa l to two right angles. 

T h i s proof was however shown to b e u n s o u n d (in respect of the final 
inference) by J . P . W. Stein in Gergonne ' s Annates de Mathimatiques xv. , 
1 8 2 4 , p p . 7 7 — 7 9 . 

W e will now rep roduce shortly the subs tance of the theorems of Legendre 
which are of t h e mos t pe rmanen t value as no t depend ing on a part icular 
hypothes is as regards parallels. 

I . The sum of the three angles of a triangle cannot be greater than two 
right angles. 

T h i s Legendre proved in two ways. 
( 1 ) First proof (in the thi rd edi t ion of the Aliments). 
L e t ABC b e the given tr iangle, a n d A CJ a straight line. 
M a k e CE equal to AC, t he angle DCE equal to the angle BAC, and DC 

equal to AB. J o in DE. 
T h e n the tr iangle DCE is equal to the tr iangle BAC in all respects. 
If t hen t h e sum of the th ree angles of the triangle ABC is greater than 



of this difference, represented in the figure by (say) the difference be tween 
the straight line AJ a n d the composi te l ine BDFHK, which will b e greater 
than any assigned length, a n d greater therefore than t h e sum of AB a n d JK. 

H e n c e , on the assumpt ion that the sum of the angles of the tr iangle ABC 
is greater t han 2R, t he broken line ABDFHKJ may b e less than the straight 
line AJ: which is impossible. 

Therefore etc. 
(2) Proof substituted later. 
If possible, let 2R + a be t h e sum of the th ree angles of the tr iangle ABC, 

of which A is no t greater t han ei ther of the 
others . 

Bisect BC at H, and p roduce AH to D, 
making HD equal to AH; join BD. 

T h e n the triangles AHC, DHB are equal in 
all respects (1. 4 ) ; and the angles CAH, ACHsxe, 
respectively equal to the angles BDH, DBH 

I t follows that the sum of the angles of the 
triangle ABD is equal to the sum of the angles of the original tr iangle, i.e. 
to 2R + a. 

A n d one of the angles DAB, ADB is e i ther equal to or less t h a n half t h e 
angle . CA B. 

Cont inu ing the same cons t ruc t ion with the tr iangle ADB, we find a th i rd 
triangle in which the sum of t h e angles is still 2R + a, while o n e of t h e m is 
equal to or less than ( l CAB)j^. 

Proceed ing in this way, we arrive a t a t r iangle in which the sum of the 
angles is 2R + a, and one of t h e m is not greater t h a n ( u CAB)/2". 

And , if n is sufficiently large, this will b e less than a ; in which case we 
should have a triangle in which two angles are together greater t han two right 
ang l e s : which is absurd . 

Therefore a is equa l to or less than zero. 
( I t will be no ted tha t in bo th these proofs, as in Euc l . 1. 16," it is t aken for 

gran ted that a straight line is infinite in length a n d does not re turn in to itself, 
which is no t t rue u n d e r the R i e m a n n hypothesis . ) 

I I . O n the assumpt ion tha t t h e sum of the angles of a t r iangle is less 
than two right angles, if a triangle is made up of two others, the " deficit" of the 
former is equal to the sum of the " deficits " of the others. 

In fact, if t h e sums of the angles of t h e c o m p o n e n t tr iangles are 2R - a, 
2R-f$ respectively, the sum of the angles of t h e whole t r iangle is 

( 2 ^ - o ) + ( 2 ^ - | 8 ) - 2 ^ = 2 ^ - ( o + ^ ) . 

I I I . If the sum of the three angles of a triangle is equa l to two right 
angles, the same is true of all triangles obtained by subdividing it by straight 
lines drawn from a vertex to meet the opposite side. 

Since the sum of the angles of the t r iangle ABC is equa l to 2R, if t h e 
sum of the angles of the triangle ABD were 2R - a, it 
would follow that the sum of the angles of the t r iangle 
ADC mus t be 2R + a, which is absu rd (by I. above) . 

IV. If in a triangle the sum of the three angles is 
equal to two right angles, a quadrilateral can always be 
constructed with four right angles and four equal sides 
exceeding in length any assigned rectilineal segment. 

Let ABC b e a triangle in which the sum of t h e angles is equa l to two 



right angles . W e can a s sume ABC to b e an isosceles right-angled triangle 
because we can r e d u c e t h e case to this by making subdivisions of ABC by 
straight l ines t h rough vertices (as in P rop . Ill, above) . 

T a k i n g two equa l tr iangles of this k ind a n d placing their hypotenuses 
together , we ob ta in a quadr i la tera l with four right angles and four equal 
sides. 

Pu t t i ng four of these quadr i la tera ls together, we obta in a new quadri lateral 
of t h e same k ind but with its sides doub le of those of the first quadri lateral . 

After « such opera t ions we have a quadri la teral with four right angles and 
four equa l sides, each be ing equa l to 2" t imes t h e s ide AB. 

T h e diagonal of this quadri lateral divides it in to two equal isosceles right-
ang led tr iangles in each of which the sum of t h e angles is equal to two right 
angles . 

Consequent ly , from t h e exis tence ot one t r iangle in which t h e sum of the 
th ree angles is equa l to two right angles it follows tha t there exists a n isosceles 
r ight-angled t r iangle with sides grea ter t han any assigned rectilineal segment 
a n d such tha t the sum of its t h ree angles is also equal to two right angles. 

V . If the sum of the three angles of one triangle is equal to hoo right 
angles, the sum of the three angles of any o ther triangle is also equal to two 
right angles. 

I t is enough to p rove this for a right-angled tr iangle, since any triangle can 
b e divided into two right-angled tr iangles. 

L e t ABC be a n y right-angled tr iangle. 
If t hen t h e s u m of the angles of any one 

t r iangle is equa l to two right angles, we can 
cons t ruc t (by the preced ing Prop . ) an isosceles 
right-angled tr iangle with the same proper ty a n d 
with its pe rpendicu la r sides, greater t han those of 
ABC. 

L e t A'B'C b e such a triangle, a n d let it be 
appl ied t o ABC, as in the figure. 

Apply ing t h e n P r o p . m . above, we d e d u c e 
first tha t t h e s u m of t h e th ree angles of the 
t r iangle ABC is equa l to two right angles, a n d 
next , for the s a m e reason, tha t the sum of the three angles of the original 
tr iangle ABC is equa l t o two r ight angles . 

V I . If in any one triangle the sum of the three angles is less than two 
right angles, the sum of the three angles of any o the r triangle is also less than 
two right angles. 

T h i s follows from t h e p reced ing theorem. 
( I t will b e observed tha t the last two theorems are included a m o n g those 

of Saccheri , which conta in however in addi t ion the cor responding theorem 
touch ing t h e case where the sum of the angles is greater t han two right 
angles.) 

W e c o m e now to the bear ing of these proposi t ions upon Euc l id ' s Pos tu la te 
5 ; a n d t h e next t h e o r e m is 

V I I . If the sum of the three angles of a triangle is equal to two right 
angles, through any point in a plane there can only be drawn one parallel to a 
given straight line. 



For the proof of th is we require t h e following 
LEMMA. 7 7 is always possible, through a point P , to draw a straight line 

which shall make, with a given straight line (r), an angle less than any assigned 
angle. 

Let Q be the foot of t h e perpendicu la r from P u p o n r. 
Let a segment QK be t aken on r, 

on ei ther side of Q, such tha t QR is 
equal to PQ. 

Jo in PR, a n d m a r k off the segment 
RR' equal to PR; join PR'. 

If u represents the angle QPR or 
the angle QRP, each of t h e equa l 
angles RPR', RR'P is no t greater 
t han 01/2. 

Cont inu ing the cons t ruc t ion , we obta in , after t h e requis i te n u m b e r of 
operat ions, a tr iangle PRU-Y Rn in which each of t h e equal angles is equa l t o 
o r less than u>J2n. 

H e n c e we shall arrive at a s traight l ine PRn which, s tar t ing from P a n d 
meet ing r, makes with r an angle as small a s we please. 

T o re turn now to the Propos i t ion . D r a w from P t h e s traight l ine s 
perpendicular to PQ. 

T h e n any straight line drawn from P which mee t s r in R will form equa l 
angles with r a n d s, s ince, by hypothesis , t h e sum of t h e angles of t h e t r iangle 
PQR is equal to two right angles. 

A n d since, by the L e m m a , it is always possible t o draw th rough P s t ra ight 
lines which form with r angles as small as we please, it follows tha t all t h e 
straight lines th rough P, except s, will mee t r. H e n c e s is t h e only parallel 
to r tha t can b e drawn th rough P. 

T h e history of the a t t empt s to prove Pos tu la te 5 or some th ing equivalent 
has now been brought down to t h e par t ing of the ways. T h e further 
deve lopments on lines i n d e p e n d e n t of t h e Pos tu la te , beg inn ing with 
Schweikart ( 1 7 8 0 — 1 8 5 7 ) , T a u r i n u s ( 1 7 9 4 — 1 8 7 4 ) , Gauss ( 1 7 7 7 — 1 8 5 5 ) , 
Lobachewsky ( 1 7 9 3 — 1 8 5 6 ) , J . Bolyai ( 1 8 0 2 — 1 8 6 0 ) , R i e m a n n ( 1 8 2 6 — 1866) , 
be long to the history of non-Euc l idean geometry , which is ou t s ide t h e scope 
of this work. I may refer t h e reader to t h e full art icle Sulla teoria delle 
parallele e suite geometric non-euclidee by R. Bonola in Questioni riguardanti 
le matematiche elementari, I. , of which I have m a d e cons iderable use in t h e 
above, to the same au thor ' s La geometria non-euclidea, Bologna, 1 9 0 6 , to t h e 
first vo lume of Kill ing's Einfuhrung in die Grundlagen der Geometric, 
Paderborn , 1 8 9 3 , to P . Mans ion ' s Premiers principes de mitagiomitrie, a n d 
P . Barbarin 's La gdome'trie non-Euclidienne, Par i s , 1 9 0 2 , to t h e historical 
summary in Veronese ' s Fondamenti di geometria, 1 8 9 1 , p . 565 sqq. , a n d (for 
original sources) to Enge l a n d Stackel , Die Theorie der Parallellinien von 
Euklid bis auf Gauss, 1 8 9 5 , and Urkunden zur Geschichte der nicht-Euklidischen 
Geometric, 1. (Lobachewsky) , 1 8 9 9 , a n d ii. (Wolfgang u n d J o h a n n Bolyai). 
I will only a d d that it was Gauss who first expressed a convict ion tha t t h e 
Pos tu la te could never b e p r o v e d ; h e i nd i ca t ed this in reviews in t h e Gbttin-
gische gelehrte Anzeigen, 20 Apr . 1 8 1 6 a n d 28 Oc t . 1 8 2 2 , a n d affirmed it in a 
letter to Bessel of 27 January , 1 8 2 9 . T h e actual indemons t rab i l i ty of the Pos
tulate was proved by Bel t rami ( 1 8 6 8 ) a n d by Hoi ie l (Note sur rimpossibUite" de 
dimontrerpar une construction plane leprincipe de la thiorie des paralleles dit Pos-
tu/atumd'EitclideinBaXtaglini's Giornale dimatemaliche,\ni., 1 8 7 0 , p p . 8 4 — 8 9 ) . 



Alternatives for Postulate 5. 
I t may b e convenien t to collect here a few of the more noteworthy 

subs t i tu tes which have from t ime to t ime been formally suggested or tacitly 
a s sumed . 

( 1 ) Through a given point only one parallel can be drawn to a given 
straight line or, Two straight lines which intersect one another cannot both be 
parallel to one and the same straight line. 

T h i s is c o m m o n l y known as " Playfair 's Axiom," bu t it was of course no t 
a new discovery. I t is dist inctly s ta ted in Proc lus ' no te to Eucl . I . 3 1 . 

(id) If a straight line intersect one of two parallels, it will intersect the 
other also (Proclus) . 

( 1 ^ ) Straight lines parallel to the same straight line are parallel to one 
another. 

T h e forms (1 a) a n d (1 b) a re exactly equivalent to ( 1 ) . 
(2 ) There exist straight lines everywhere equidistant from one another 

(Pos idon ius a n d G e m i n u s ) ; with which may b e compared Proc lus ' tacit 
a s sumpt ion tha t Parallels remain, throughout their length, at a finite distance 

from one another. 
(3) There exists a triangle in which the sum of the three angles is equal to 

two right angles (Legendre ) . 
(4) Given any figure, there exists a figure similar to it of any size we please 

(Wallis, Carnot , Lap lace ) . 
Saccheri poin ts ou t tha t it is no t necessary to a s sume so much , and tha t it 

is enough to pos tu la te that there exist two unequal triangles with equal angles. 
( 5 ) Through any point within an angle less than two-thirds of a right angle 

a straight line can always be drawn which meets both sides of the angle 
(Legendre ) . 

W i t h this may b e c o m p a r e d t h e similar axiom of Lorenz (Grundriss der 
reinen und angewandten Mathematik, 1 7 9 1 ) : Every straight line through a 
point within an angle must meet one of the sides of the angle. 

(6 ) Given any three points not in a straight line, there exists a circle passing 
through them (Legendre , W. Bolyai) . 

( 7 ) " If I could prove that a rectilineal triangle is possible the content of 
which is greater than any given area, I am in a position to prove perfectly 
rigorously the whole of geometry" (Gauss , in a letter to W. Bolyai, 1 7 9 9 ) . 

Cf. t h e proposi t ion of Legendre n u m b e r e d iv. above, a n d the axiom of 
Worp i tzky : There exists no triangle in which ei>ery angle is as small as we 
please. 

(8) If in a quadrilateral three angles are right angles, the fourth angle is 
a right angle also (Clairaut , 1 7 4 1 ) . 

(9) If two straight lines are parallel, they are figures opposite to (or the 
reflex of) one another with respect to the middle points of all their transversal 
segments (Veronese , Elementi, 1904 ) . 

Or, Two parallel straight lines intercept, on every transversal which passes 
through the middle point of a segment included between them, another segment 
the middle point of which is the middle point of the first ( Ingrami , Elementi, 
1 9 0 4 ) . 

Ve ronese a n d I n g r a m i d e d u c e immedia te ly Playfair's Axiom. 
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A X I O M S O R COMMON NOTIONS. 

I n a paper Sur I'authenticite des axiomes d'Euclide in t h e Bulletin des sciences 
math, et astron. 1884 , p . 1 6 2 sq. (Memoires scientifiques, I t . , pp . 4 8 — 6 3 ) , Pau l 
T a n n e r y ma in ta ined tha t the Common Notions ( inc luding t h e first th ree) were 
not in Eucl id ' s work but were in te rpola ted later. T h e following are his m a i n 
a rguments . ( 1 ) If Euc l id had set abou t dis t inguishing be tween i n d e m o n 
strable principles (a) c o m m o n to all demons t ra t ive sciences a n d (b) pecul iar 
to geometry, he would, says Tanne ry , certainly not have p laced the c o m m o n 
principles second and the special principles ( the Pos tu la tes) first. (2 ) If the 
Common Notions a re Eucl id 's , this des ignat ion of t h e m mus t b e his t o o ; for h e 
must have used some n a m e to dist inguish t h e m from the Postula tes a n d , if h e 
had used ano ther name , such as Axioms, it is impossible to imagine why tha t 
n a m e was changed afterwards for a less sui table one . T h e word iwota 
(notion), says Tannery , never signified a no t ion in the sense of a proposition, 
but a notion of some object; nor is it found in any technical sense in P la to 
and Aristotle. (3) Tanne ry ' s own view was tha t the formulat ion of the 
Common Notions da tes from the t ime of Apol lonius , a n d tha t it was inspired 
by his work relating to the E lemen t s (we know from Proc lus that Apol lon ius 
tried to prove the Common Notions). T h i s idea, T a n n e r y thought , was 
confirmed by a " fortunate co inc idence " furnished by the occur rence of the 
word JWota (notion) in a quota t ion by Proclus (p. 100, 6 ) : " w e shall agree 
with Apol lonius when h e says tha t we have a notion (iwoiav) of a l ine when 
we order the lengths, only, of roads or walls to be measured . " 

I n reply to a rgumen t ( 1 ) tha t it is an unna tu ra l o rder to p lace the purely 
geometrical Postula tes first, a n d the Common Notions, which are no t pecul iar 
to geometry, last, it may be po in ted ou t tha t it would surely have been a still 
more awkward a r rangement to give the Definit ions first a n d then to separa te 
from them, by the interposit ion of the Common Notions, t h e Pos tu la tes , which 
are so closely connec ted with the Definit ions in tha t they p roceed t o pos tu la te 
the existence of certain of the things defined, namely straight lines a n d circles. 

(2) T h o u g h it is t rue t ha t avow, in P la to a n d Aris tot le is general ly a 
not ion of an object, no t of a fact or proposi t ion, the re are ins tances in Aris tot le 
where it does mean a no t ion of a f ac t : thus in t h e Eth. Nic. ix . 1 1 , 1 1 7 1 a 32 
h e speaks of " t h e not ion (or consciousness) that friends sympathise" (7 ivvoia 
TOO o-vvaKytiv TOVS tpiXovs) a n d again, b 1 4 , of " t h e notion (or consc iousness) 
that they are pleased a t his good for tune." I t is t rue tha t P la to a n d Aris tot le 
d o no t use the word in a technical s e n s e ; bu t ne i ther was there apparen t ly in 
Aristotle 's t ime any fixed technical te rm for what we call " ax ioms," s ince h e 
speaks of t h e m variously as " t h e so-called axioms in ma themat i c s , " " the so-
called c o m m o n ax ioms," " t h e c o m m o n ( t h i n g s ) " (to. xoica) , a n d even " t h e 
c o m m o n opinions " (KOIVOX S6(ai). I see therefore n o reason why Euc l id shou ld 
not himself have given a technical sense to " C o m m o n No t ions , " which is a t 
least a dist inct improvement u p o n " c o m m o n opin ions . " 

(3) T h e use of iwoia in Proc lus ' quo ta t ion from Apol lonius seems to m e 
to be an unfortunate , ra ther than a fortunate, co inc idence from Tanne ry ' s po in t 
of view, for it is there used precisely in the old sense of the no t ion of an 
object (in that case a l ine). 

N o d o u b t it is difficult to feel certain tha t Euc l id d id himself use the t e rm 
Common Notions, seeing tha t P r o c l u s ' c o m m e n t a r y generally speaks of Axioms. 
But even Proclus (p. 1 9 4 , 8) , after explaining the mean ing of t h e word 
" axiom," first as used by the Stoics, a n d secondly as used by " Aris tot le a n d 



the geomete r s , " goes ' on to s a y : " F o r in their view ( that of Aristot le a n d the 
geometers ) axiom a n d common notion a re the same th ing." Th i s , as it seems 
to me, may be a sort of apology for using the word " axiom " exclusively in 
what has gone before, as if Proc lus had suddenly be thought himself that h e 
had descr ibed bo th Aristot le a n d the geometers as using the one term 
" ax iom," whereas he should have said that Aristotle spoke of " axioms," while 
" t h e g e o m e t e r s " (in fact Euc l id ) , though meaning the same thing, called them 
Common Notions. I t may be for a like reason that in ano ther passage (p. 76, 
1 6 ) , after quo t ing Aristotle 's view of an " a x i o m , " as dist inct from a postulate 
a n d a hypothesis , he p r o c e e d s : " For it is no t by vir tue of a common notion 
that , wi thout be ing taught , we preconceive the circle to b e such a n d such a 
figure." If this view of t h e two passages jus t quo ted is correct , it would 
s t reng then ra ther than weaken the case for the genuineness of Common Notions 
as the Euc l i dean te rm. 

Again, it is c lear from Aristotle 's al lusions to the " c o m m o n axioms in 
ma thema t i c s " that m o r e than one ax iom of this k ind had a place in the text
books of his d a y ; a n d as he cons tant ly quo tes the part icular axiom that , if 
equals be taken from equals, the remainders are equal, which is Eucl id ' s Common 
Notion 3, it would seem tha t a t least the first three Common Notions were 
a d o p t e d by Euc l id from earlier text-books. I t is, besides, scarcely credible 
that , if the Common Notions which Apol lon ius tr ied to prove had not been 
in t roduced earlier (e.g. by Eucl id) , they would then have been in terpola ted as 
ax ioms a n d not a s proposi t ions to be proved. T h e line taken by Apollonius 
is m u c h bet ter expla ined on t h e assumpt ion that he was directly a t tacking 
axioms which h e found a l ready a d m i t t e d in to the Elements. 

Proclus , who recognised the five Common Notions given in the text, warns 
us, no t only against the error of unnecessari ly mult iplying the axioms, but 
against t h e cont rary error of reduc ing their n u m b e r unduly (p. 1 9 6 , 1 5 ) , " a s 
H e r o n does in enunc ia t ing three on ly ; for it is also an axiom that the whole is 
greater than the part, a n d indeed the geomete r employs this in many places for 
his demons t r a t ions , a n d again tha t things which coincide are equal." 

T h u s H e r o n recognised the first th ree of the Common Notions; a n d this 
fact, together with Aristot le 's al lusions to " c o m m o n a x i o m s " (in the plural) , 
a n d in par t icular to our Common Notion 3, may satisfy us that a t least the first 
th ree Common Notions were con ta ined in t h e Elements as they left Eucl id 's 
h a n d s . 

C O M M O N N O T I O N I . 

T a T u auTtai u r a Ka i aAAiyAois io~r\v axa. 
Things which are equal to the same thing are also equal to one another. 
Aris tot le t h roughou t emphas i ses t h e fact tha t ax ioms are self-evident t ru ths , 

which it is impossible to demons t r a t e . If, h e says, any one shou ld a t t emp t to 
p rove t hem, it could only b e th rough ignorance. Aristotle therefore would 
u n d o u b t e d l y have agreed in Proc lus ' s tr ictures on Apollonius for a t t empt ing 
to p rove t h e axioms. Proc lus gives (p . 1 9 4 , 25) , as a specimen 
of these a t t e m p t e d proofs by Apollonius, tha t of the first of the 
Common Notions. " Le t A be equal to B, a n d the latter to C ; 
I say tha t A is also equal to C. For , s ince A is equal to B, it 
occupies the same space with i t ; a n d since B is equal to C, it 
occup ies t h e same space with it. 

There fo re A a lso occupies t h e same space with C." 
Proc lus rightly r emarks (p. 1 9 4 , 22) tha t " t h e middle term is no more 



intelligible (bet ter known, yvtapipjirrtpov) t h a n the conclusion, if it is no t 
actually more d i sputab le . " Again (p. 1 9 5 , 6) , the proof a s sumes two th ings , 
( 1 ) tha t things which " o c c u p y the same s p a c e " (TOKOS) a re equal to one 
another , a n d (2) tha t th ings which occupy the same space with o n e a n d the 
same thing occupy the same space with o n e a n o t h e r ; which is to explain t h e 
obvious by someth ing m u c h more obscure , for space is an ent i ty m o r e 
unknown to us than the things which exist in space. 

Aristotle would also have objected to the proof t ha t it is partial a n d not 
general (<cofld\ov), s ince it refers only to things which can be supposed to 
occupy a space (or take u p room) , whereas t h e axiom is, as P roc lus says 
(p. 1 9 6 , 1 ) , t rue of number s , speeds, a n d per iods of t ime as well, t hough of 
course each science uses axioms in relation to its own subject-mat ter only. 

C O M M O N N O T I O N S 2, 3 . 

2. K a i iav urois ura wpoo~Tf6fj, Ta oka iarlv i<ra. 
3. K a t cay diro lartav io~a dtpaipifrjj, Ta KaraXctiro/icya iariv t<ra. 
2. Jf equals be added to equals, the wholes are equal. 
3. If equals be subtracted from equals, the remainders are equal. 
T h e s e two C o m m o n Not ions a re recognised by H e r o n a n d Proc lus as 

genuine. T h e latter is the axiom which is so favourite an illustration, with 
Aristotle. 

Following them in the mss. and edi t ions there c a m e four o thers of the 
same type as 1 — 3 . T h r e e of these are given by H e i b e r g in b r a c k e t s ; the 
fourth he omits altogether. 

T h e three a r e : 
(a) If equals be added to unequals, the wholes are unequal. 
(b) Things which are double of the same thing are equal to one another. 

(c) Things which are halves of the same thing are equal to one another. 

T h e fourth, which was placed between (a) and (b), w a s : 

(d) If equals be subtracted from unequals, the remainders are unequal. 
Proclus, in observing that ax ioms ought no t to b e mult ipl ied, indicates 

that all should be rejected which follow from the five admi t t ed by h im a n d 
appear ing in the text above (p. 1 5 5 ) . H e ment ions t h e second of those jus t 
quo ted (b) as one of those to be excluded, s ince it follows from Common 
Notion 1. Proc lus does not ment ion (a), (c) or (d); a n - N a i r u ! gives (a), (d), (b) 
and (c), in tha t order , as Eucl id 's , add ing a no te of Simplicius that " t h r e e 
axioms (sentent iae acceptae) only are extant in the anc ien t manuscr ip t s , bu t 
the n u m b e r was increased in the more recent ." 

(a) s tands self-condemned because " u n e q u a l " tells us no th ing . I t is easy 
to see what is wanted if we refer to 1. 1 7 , where t h e s a m e angle is a d d e d to a 
greater a n d a less, and it is inferred that the first s u m is greater t han the second. 
So far however as the wording of (a) is concerned , the add i t ion of equal t o 
greater a n d less might b e supposed to p roduce less a n d greater respectively. If 
therefore such an axiom were given at all, it shou ld b e d iv ided in to two. 
He iberg conjectures tha t this axiom may have been t aken from the c o m m e n t a r y 
of Pappus , who had t h e axiom a b o u t equals a d d e d to unequa i s quo ted below 
(e); if so, it can only b e an unskilful adap ta t ion of some remark of P a p p u s , for 
his axiom (e) has some point , whereas (a) is useless. 

As regards (b), I agree with T a n n e r y in seeing no sufficient reason why, if 



we reject it (as we certainly mus t ) , t he words in I. 47 " But things which are 
doub le of equa ls a re equal to one a n o t h e r " should be c o n d e m n e d as an 
interpolat ion. If they were interpolated, we should have expected to find the 
s a m e in terpola t ion in 1. 42 , where the axiom is tacitly assumed. I th ink 
it qui te possible that Euc l id may have inserted such words in one case and 
left t h e m out in ano ther , wi thout necessarily implying ei ther that he was 
quo t ing a formal Common Notion of his own or that he had not included 
a m o n g his C o m m o n Not ions the part icular fact s ta ted as obvious. 

T h e cor responding axiom (c) abou t the halves of equals can hardly be 
genu ine if (b) is not , a n d Proc lus does not ment ion it. Tanne ry acutely 
observes however that , when Heiberg , in 1. 37 , 38, brackets words stat ing that 
" t h e halves of equa l things are equa l to one a n o t h e r " on the g round that 
axiom (c) was in te rpo la ted (a l though before T h e o n ' s t ime), a n d explains that 
Euc l id used Common Notion 3 in mak ing his inference, h e is clearly mistaken. 
For , while axiom (b) is a n obvious inference from Common Notion 2, axiom (c) 
is no t an inference from Common Notion 3. T a n n e r y says, in a note , tha t (c) 
would have to be es tabl i shed by reduclio ad absurdum with the he lp of axiom 
(b), tha t is to say, of Common Notion 2. But, as the hypothesis in the reductio 
ad absurdum would be tha t one of the halves is greater t h a n the other , a n d it 
would therefore be necessary to prove tha t the one whole is greater t han the 
other , while ax iom (b) or Common Notion 2 only refers to equals, a little 
a r g u m e n t would be necessary in add i t ion to the reference to Common Notion 2. 
I t h ink Euc l id would not have gone th rough this process in order to prove (c), 
but would have a s s u m e d it as equally obvious with (b). 

Proc lus (pp. 1 9 7 , 6 — 1 9 8 , 5) definitely rejects two o ther axioms of the 
above k ind given by Pappus , observing that , as they follow from the genuine 
axioms, they a re rightly omi t t ed in mos t copies, a l though P a p p u s said that 
they were " on record " w k h the o thers (awaroypa<£ecr0cu): 

(e) If unequals be added to equals, the difference between the wholes is equal 
to the difference between the added parts ; a n d 

(/) If equals be added to unequals, the difference between the wholes is equal 
to the difference between the original unequals. 

Proclus a n d Simplicius (in an-Nairizi) give proofs of bo th . T h e proof of 
the former, as given by Simplicius, is as follows : 

Le t AB, CD be equa l magni tudes ; a n d let EB, FD be £ 
a d d e d to them respectively, EB being greater than FD. Q 

I say tha t AE exceeds CF by the same difference as that by 
which BE exceeds DF. 

C u t off from BE t he magn i tude BG equal to DF. 
T h e n , s ince AE exceeds AG by GE, a n d AG is equal to CF 

a n d BG to DF, 
AE exceeds CF by the same difference as tha t by which BE 

exceeds DF. 

C O M M O N N O T I O N 4 . 

K a t T a e<papfi6£ovra cV' aXAr/Xa ttra aWr/Aois cortV. 
Things which coincide with one another are equal to one another. 
T h e word etpapfio&iv, as a geometr ical term, has a different meaning 

accord ing as it is used in t h e act ive or in t h e passive. I n the passive, 
i<pappj6£eo-6ai, it m e a n s " t o b e applied t o " wi thout any implicat ion that the 
app l ied figure will exactly fit, or coinc ide with, the figure to which it is appl ied ; 
o n the o ther h a n d the active tyappofav is used intransitively and means " to 



fit exactly," " t o co inc ide with." I n Euc l i d a n d A r c h i m e d e s itpapfioXtw is 
cons t ruc ted with « r i a n d t h e accusat ive, in P a p p u s with the dat ive. 

O n Common Notion 4 T a n n e r y observes tha t it is incontes tably geometr ica l 
in character , a n d shou ld therefore have been exc luded from t h e Common 
Notions; again, it is difficult to see why it is no t accompan ied by its converse , 
at all events for straight l ines (and, it might b e added , angles also), which 
Euc l id makes use of in I, 4 . A s it is, says T a n n e r y , we have here a definition 
of geometr ical equali ty more or less sufficient, b u t no t a real axiom. 

I t is t rue tha t P roc lus seems to recognise this Common Notion a n d t h e next 
as proper axioms in the passage (p . 1 9 6 , 1 5 — 2 1 ) where h e says t ha t we shou ld 
no t cut down the axioms to the min imum, as H e r o n does in giving only th ree 
a x i o m s ; bu t the s ta tement seems to rest, no t upon author i ty , bu t u p o n an 
assumpt ion that Euc l id would s tate explicitly a t the beginning all ax ioms 
subsequent ly used a n d not reducible to o thers unques t ionab ly inc luded. N o w 
in 1. 4 this Common Notion is not q u o t e d ; it is s imply inferred tha t " t h e base 
BC will coincide with EF, and will be equal to i t ." T h e posi t ion is therefore 
the same as it is in regard to the s t a t emen t in the s a m e proposi t ion that , "if... 
the base BC does not coincide with EF, two straight lines will enclose a space: 
which is i m p o s s i b l e " ; and , if we d o no t admi t tha t Euc l id h a d t h e ax iom tha t 
" two straight lines canno t enclose a space ," ne i ther n e e d we infer t ha t h e h a d 
Common Notion 4 . I a m therefore incl ined to th ink tha t t h e lat ter is m o r e 
likely than not to be an in terpola t ion. 

I t seems clear tha t t h e C o m m o n Not ion , as he re formulated, is i n t e n d e d 
to assert tha t superposi t ion is a legi t imate way of proving t h e equal i ty of two 
figures which have t h e necessary par ts respectively equal , or, in o the r words , 
to serve as a n axiom of congruence. 

T h e phraseology of t h e proposi t ions , e.g. 1. 4 a n d 1. 8, in which Eucl id 
employs the m e t h o d indicated, leaves n o r o o m for d o u b t tha t h e regarded o n e 
figure as actually moved and placed upon t he other. T h u s in 1. 4 h e says, 
" T h e triangle ABC being appl ied («^ap/*oio/i«Vou) t o the t r iangle DEF, a n d 
the point A being placed (riSc/ieVov) u p o n t h e po in t D, a n d t h e straight l ine 
AB on DE, t he point B will also coincide with E because AB is equa l to 
DE"; a n d in 1. 8, " If the sides BA, AC d o no t co inc ide with ED, DF, bu t 

fall beside them ( take a different posit ion, irapa\.\d£ov<riv), t hen " e tc . At the 
same t ime, it is clear that Euc l id disl iked t h e m e t h o d a n d avoided it wherever 
he could, e.g. in 1. 26, where h e proves t h e equal i ty of two tr iangles which have 
two angles respectively equal t o two angles a n d o n e side of the o n e equa l t o 
the cor responding side of t h e other . I t looks as though he found t h e m e t h o d 
h a n d e d down by t radi t ion (we can hardly suppose that , if T h a l e s p roved tha t 
the d iameter of a circle divides it i n to two equal parts , h e would d o so by any 
other m e t h o d t h a n tha t of superposi t ion) , a n d followed it, in -the few cases 
where h e does so, only because h e h a d not been ab le t o see his way t o a 
satisfactory subst i tute . Bu t seeing how m u c h of t h e Elements d e p e n d s o n 1. 4, 
directly or indirectly, t h e m e t h o d can hardly b e regarded as being, in Euc l id , 
of only subord ina te i m p o r t a n c e ; o n t h e contrary, it is fundamenta l . Nor , a s 
a mat ter of fact, d o we find in t h e anc ien t geometers any expression of d o u b t 
as to the legitimacy of the me thod . Arch imedes uses it to prove tha t any 
spheroidal figure cut by a p lane th rough t h e cen t re is d iv ided in to two equa l 
par ts in respect of bo th its surface a n d its v o l u m e ; h e also pos tu la tes in 
Equilibrium of Planes I, tha t " when equa l a n d similar p lane figures co inc ide 
if appl ied to one another , their cent res of gravity coincide also." 

Kil l ing (Einfiihrung in die Grundlagen der Geometric, 11. p p . 4 , 5 ) 



cont ras t s t h e a t t i tude of t h e Greek geometers with that of t h e phi losophers , 
who, h e says, appea r to have agreed in banishing mot ion from geometry 
al together . I n suppor t of this h e refers to the view frequently expressed by 
Aristot le tha t ma themat ics has to d o with immovable objects (diavr /Ta) , a n d that 
only where a s t ronomy is admi t t ed as part of ma themat i ca l science is mot ion 
men t ioned as a subject for mathemat ics . Cf. Metaph. 989 b 32 " F o r mathe
mat ical objects are a m o n g things which exist apar t from motion, except such 
as relate t o a s t r o n o m y " ; Metaph. 1 0 6 4 a 30 " P h y s i c s deals with things 
which have in themselves the pr inciple of m o t i o n ; ma themat ics is a theoret ical 
science a n d one conce rned with th ings which a re stationary (pxvovra) bu t no t 
s e p a r a b l e " (sc. from m a t t e r ) ; in Physics 11. 2, 1 9 3 b 34 he speaks of the 
subjects of mathemat ics a s " in though t separable from mot ion ." 

Bu t I d o u b t whe the r in Aristotle 's use of t h e words " immovable ," " with
out m o t i o n " etc . as appl ied to the subjects of mathemat ics the re is any 
impl icat ion such as Kil l ing supposes . W e arrive a t mathemat ica l concepts 
by abs t rac t ion from mater ia l o b j e c t s ; a n d jus t as we, in thought , e l iminate 
t h e mat ter , so accord ing t o Aristot le we e l imina te t h e a t t r ibutes of mat te r as 
such, e.g. quali tat ive change a n d motion. I t does no t appear to me that t he 
use of " immovab le " in t h e passages referred to m e a n s more than this. I do 
no t th ink tha t Aristot le would have regarded it as illegitimate to move a 
geometr ica l figure from o n e posi t ion to a n o t h e r ; a n d I infer th is from a 
passage in De caelo I1L 1 where h e is criticising " those who make u p every 
b o d y tha t has a n origin by pu t t ing together planes, a n d resolve it again into 
planes." T h e reference mus t b e to the Timaeus ( 54 B sqq.) where Pla to 
evolves t h e four e lements in this way. H e begins with a right-angled triangle 
in which the hypo tenuse is doub le of the smaller s i d e ; six of these pu t together 
in t h e proper way p roduce one equilateral tr iangle. Mak ing solid angles with 
(a) th ree , (b) four, a n d (c) five of these equilateral triangles respectively, a n d 
tak ing the requisi te n u m b e r of these solid angles, namely four of (a), six of (b) 
a n d twelve of (c) respectively, a n d pu t t ing them toge ther so as to form regular 
solids, h e obta ins ( a ) a t e t rahedron , (/J) a n oc tahedron , (y) an icosahedron 
respectively. F o r t h e fourth e lement (ear th) , four isosceles right-angled triangles 
a re first p u t together so as to form a square , a n d t h e n six of these squares are 
pu t together to form a cube . Now, says Aristot le (299 b 23), " i t is absurd that 
p lanes shou ld only admi t of be ing pu t together so as to touch in a line; for just 
as a line a n d a line a re pu t together in bo th ways, lengthwise and breadthwise, 
so mus t a p lane a n d a p lane . A line can b e c o m b i n e d with a line in the sense 
of be ing a l ine superposed, a n d not added"; t he inference being that a plane can 
b e superposed on a plane. Now this is precisely the sort of mot ion in quest ion 
h e r e ; a n d Aristotle, so far from deny ing its permissibility, seems to b lame 
P l a to for no t using it. Cf. also Physics v. 4, 228 b 25 , where Aristot le speaks 
of " t h e spiral or o the r magn i tude in which any par t will not coincide with 
any o the r par t , " a n where superposi t ion is obviously con templa ted . 

Motion without deformation. 

I t is well known that H e l m h o l t z main ta ined tha t geometry requires us to 
a s s u m e the ac tua l existence of rigid bodies a n d thei r free mobili ty in space, 
whence h e inferred that geomet ry is d e p e n d e n t on mechan ics . 

Veronese exposed the fallacy in this (Fondamenti digeometria, p p . xxxv— 
xxxvi, 2 3 9 — 2 4 0 note , 6 1 5 — 7 ) , his a r g u m e n t be ing as follows. S ince geometry 
is c o n c e r n e d with e m p t y space, which i s immovable , it would be at least s trange 
if it was necessary to have recourse to t h e real mot ion of bodies for a definition, 



and for the proof of the proper t ies , of immovable space. W e mus t dis t inguish 
the intuitive pr inciple of mot ion in itself from that of mo t ion without deforma
tion. Every point of a figure which moves is transferred to ano the r po in t in 
space. " Wi thou t deformat ion " m e a n s that the mutua l relat ions be tween t h e 
points of the figure d o not change, bu t the relations be tween them a n d o the r 
figures d o change (for if they d id not, the figure cou ld no t move) . N o w 
consider what we m e a n by saying that , when the figure A has moved from 
the position At to the posit ion A2, t h e relations between t h e poin ts of A in 
the posi t ion A2 a re unal tered from what they were in t h e posi t ion A%, a re t h e 
same in fact as if A had not moved bu t remained at At. W e can only say 
that, judging of the figure (or the body with its physical quali t ies e l iminated) 
by the impressions it produces in us dur ing its m o v e m e n t , the impress ions 
p roduced in us in the two different posi t ions (which a r e in t ime dist inct) 
are equal. I n fact, we are making use of the not ion of equality between two 
distinct figures. T h u s , if we say tha t two bodies a re equa l when they 
can be superposed by means of movement without deformation, we are com
mitt ing a petitio principii. T h e not ion of t h e equali ty of spaces is really pr ior 
to that of rigid bodies or of motion without deformation. H e l m h o l t z suppor t ed 
his view by reference to t h e process of m e a s u r e m e n t in which the measu re 
must be, at least approximately, a rigid body, bu t the existence of a rigid b o d y 
as a s tandard to measure by, and the ques t ion how we discover two equa l 
spaces to be equal, are mat te rs of n o concern to t h e geometer . T h e m e t h o d 
of superposit ion, depend ing on mot ion wi thout deformation, is only of use a s 
a practical t e s t ; it has no th ing to d o with the theory of geometry . 

C o m p a r e an acute observat ion of Schopenhaue r (Die Welt als Wille, 2 ed. 
1 8 4 4 , 11. p . 130) which was a criticism in advance of He lmho l t z ' t h e o r y : " I 
am surprised that , instead of the e leventh axiom [ the Paral le l -Postulate] , the 
eighth is no t ra ther a t t a c k e d : ' Figures which coincide (sich d e c k e n ) are 
equal to one another . ' Fo r coincidence (das S ichdecken) is e i ther mere 
tautology, or something entirely empirical , which belongs, no t to pu re intui t ion 
(Anschauung) , bu t to external sensuous exper ience. I t p resupposes in fact 
the mobility of figures; but that which is movable in space is ma t te r a n d 
nothing else. T h u s this appeal to co inc idence means leaving pu re space, the 
sole e lement of geometry, in order to pass over to t h e material a n d empir ical ." 

Mr Ber t rand Russel l observes (Encyclopaedia Britannica, Supp l . Vol . 4, 
1902 , Art . " Geometry, non-Euc l idean ") that the apparen t use of mot ion he re 
is decep t ive ; what in geometry is called a mot ion is merely t h e t ransference 
of our a t ten t ion from one figure to another . Actual superposi t ion, which is 
nominally employed by Eucl id , is no t r equ i r ed ; all tha t is requi red is t h e 
transference of our a t tent ion from t h e original figure to a new one defined by 
the posit ion of some of its e lements a n d by certain propert ies which it shares 
with the original figure. 

If the me thod of superposi t ion is given u p as a m e a n s of defining theoret i
cally the equali ty of two figures, some o the r definition of equali ty is necessary. 
But such a definition can be evolved out of empirical or practical observat ion 
of the result of superposing two mater ial representa t ions of figures. T h i s is 
done by Veronese (Elementi di geometria, 1 9 0 4 ) a n d Ing rami (Elementi di 
geometria, 1904) . Ingrami says, namely (p. 6 6 ) : 

" If a sheet of paper be folded double , a n d a tr iangle be d rawn Upon it 
and then cut out, we obta in two tr iangles superposed which we in pract ice call 
equal. If points A, B, C, D ... be m a r k e d on o n e of t h e tr iangles, then , 
when we place this tr iangle u p o n the o the r (so as to coincide with it), we see 



t h a t each of t h e par t icular poin ts taken on t h e first is superposed on one 
par t icular point of t h e second in such a way that the segments AB, AC, AD, 
BC, BD, CD, ... a r e respectively superposed on as many segments in the 
second tr iangle a n d are therefore equal to t h e m respectively. In this way we 
justify t h e following 

" Definition of equality. 

" Any two figures whatever will b e called equal when to the points of one 
the poin ts of t h e o the r can be m a d e to cor respond univocally [i.e. every one 
poin t in one to one distinct point in t h e o the r a n d vice versa] in such a way 
tha t t he segments which join the poin ts , two a n d two, in one figure a re 
respectively equa l t o t h e segments which join , two a n d two, the cor responding 
po in t s in the o the r . " 

Ing rami has of course previously pos tu l a t ed as known the signification of 
the phrase equal (rectilineal) segments, of which we get a practical not ion when 
we can place o n e u p o n t h e o the r or can p lace a thi rd movable segment 
successively on both . 

N e w sys tems of Congruence-Postulates . 

I n t h e fourth Ar t ic le of Questioni riguardanti le matematiche elementari, I . , 
p p . 9 3 — 1 2 2 , a review is given of th ree different sys tems : ( i ) that of Pasch in 
Vorlesungen liber neuere Geometric, 1 8 8 2 , p . 1 0 1 sqq. , (2) that of Veronese 
accord ing t o t h e Fondamenti di geometria, 1 8 9 1 , a n d the Elementi t aken 
together , (3) tha t of H i lbe r t (see Grundlagen der Geometric, 1903 , pp . 7 — 1 5 ) . 

T h e s e sys tems differ in the part icular concep t ions t aken by the th ree 
au thor s as pr imary . ( 1 ) Pasch considers as pr imary the notion of congruence 
or equality be tween any figures which are made up of a finite number of points 
only. T h e defini t ions of congruen t segments a n d of congruen t angles have to 
b e deduced in t h e way shown on pp. 1 0 2 — 1 0 3 of the Article referred to , after 
which Eucl . 1. 4 follows immediate ly , a n d Euc l . 1. 26 ( 1 ) a n d 1. 8 by a m e t h o d 
recall ing tha t in Euc l . 1. 7, 8. 

(2 ) Ve ronese takes as pr imary t h e concep t ion of congruence be tween 
segments ( rect i l ineal) . T h e transi t ion to congruen t angles, and thence t o 
triangles is m a d e by m e a n s of t h e following pos tu l a t e : 

" L e t AB, AC a n d AB, A'C b e two pairs of straight lines intersect ing 
at A, A', a n d let the re be de t e rmined u p o n t h e m the congruent segments 
AB, A'B a n d t h e congruen t segments AC, A'C; 
then , if BC, BC a re congruen t , the two pairs of straight lines a re con
gruen t . " 

(%) H i l b e r t t akes a s pr imary the no t ions of congruence be tween both 
segments and angles. 

I t is obse rved in t h e Article referred t o tha t , from the theoret ical s tand
point , Veronese ' s system is an advance u p o n tha t of Pasch , s ince the idea of 
congruence be tween segments is more s imple t h a n tha t of congruence be tween 
any figures; but , didact ical ly, t h e d e v e l o p m e n t of the theory is more compli
ca t ed when we star t from Veronese ' s system than when we start from that of 
Pasch . 

T h e sys tem of H i lbe r t offers advan tages over bo th the others from the 
po in t of view of t h e teach ing of geometry , a n d I shall therefore give a short 
a ccoun t of his sys tem only, following the Artiole above quo ted . 
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Hilbert's system. 

T h e following are substant ial ly the Postula tes laid down . 
( 1 ) If one segment is congruent with another, the second is also congruent 

with the first. 
(2) If an angle is congruent with another angle, the second angle is also 

congruent with the first. 
(3) Two segments congruent with a third are congruent with one another. 
(4) Two angles congruent with a third are congruent with one another. 

(5) Any segment A B is congruent with itself, independently of its sense. 
T h i s we may express symbolically t hus : 

AB = AB 3 BA. 

(6) Any angle (ab) is congruent with itself, independently of its sense. 
Thi s we may express symbolically t h u s : 

(ab) = (ab) = (ba). 

(7 ) On any straight line r', starting from any one of its points A', and on 
each side of it respectively, there exists one and only one segment congruent with a 
segment A B belonging to the straight line r. 

(8) Given a ray a, issuing from a point O, in any plane which contains it 
and on each of the two sides of it, there exists one and only one ray b issuing 
from O such that the angle (ab) is congruent with a given angle (a 'b ' ) . 

(9) If A B , B C are two consecutive segments of the same straight line r 
(segments, that is, having an extremity and no other point common), and A 'B ' , 
B ' C two consecutive segments on another straight line r', and if A B = A 'B ' , 
B C 2 B ' C , then 

AC=AC. 

( 1 0 ) If (ab), (be) are two consecutive angles in the same plane w (angles, 
that is, having the vertex and one side common), and (a 'b ') , (b 'c ') two consecu
tive angles in another plane ir', and if (ab) = (a 'b ') , (be) = (b 'c ' ) , then 

(ac) = (a'c). 

( 1 1 ) If two triangles have two sides and the included angles respectively 
congruent, they have also their third sides congruent as well as the angles 
opposite to the congruent sides respectively. 

As a mat te r of fact, Hi lber t ' s pos tu la te cor responding to ( 1 1 ) does no t 
assert the equality of the th i rd sides in each, bu t only t h e equal i ty of the two 
remaining angles in one tr iangle to the two remain ing angles in t h e o the r 
respectively. H e proves the equali ty of the th i rd sides ( thereby comple t ing 
the theorem of Eucl . I. 4) by reductio 
ad absurdum thus . Le t ABC, A'B' C 
be the two triangles which have t h e 
sides AB, AC respectively congruen t 
with the sides A'B', A'C a n d t h e 
inc luded angle at A congruent with ff- <L j - Q , 
the included angle a t A'. 

T h e n , by Hi lber t ' s own postula te , t h e angles ABC, A'B'C a re congruen t , 
as also the angles ACB, A'C'B'. 

If BC is no t congruent with B'C, let D be t aken on B'C such tha t BC, 
BD are congruent , a n d join AD. 



straight l ines forming the angles, so tha t A'B' is congruent with AB, C'B' 
with CB, a n d DB' with DB. 

T h e tr iangles ABC, A'B'C axe congruent , by ( n ) a b o v e ; and AC is 
congruen t with A'C, and the angle CAB with the angle CA'B'. 

T h u s , AD, A'D be ing congruent , by (9) , t h e tr iangles CAD, CA'D are 
also congruent , by ( n ) ; 
whence CD is cong ruen t with CD, a n d the angle ADC with the angle 
A'DC. 

Lastly, by ( 1 1 ) , t h e tr iangles CDB, CDS' a re congruent , and the angles 
CBD, CBD a re t hus congruent . 

Hi lber t ' s next proposi t ion is tha t 
Given that the angle (h, k) in the plane a is congruent with the angle (h', k') 

in the plane a, and that \ is a half-ray in the plane a starting from the vertex 
of the angle (h, k) and lying within that angle, there always exists a half-ray V 
in the second plane a, starting from the vertex of the angle (h', k') and lying 
within that angle, such that 

(h, 1) = (h\ V), and (k, 1) B (k', 1'). 

I f O, O a re t h e vertices, we choose points A, B on h, k, a n d points A', B 
o n K, k respectively, such tha t OA, OA' are congruent a n d also OB, O'B. 

T h e tr iangles OAB, CA'B' a re t h e n c o n g r u e n t ; and , if / meets AB in C, 
we can de t e rmine C on A'B such tha t A'C is congruen t with AC. 

T h e n / d rawn from 0 t h rough C is t h e half-ray required. 

T h e n the two t r iangles ABC, A'B'D have two sides a n d the included 
angles congruen t respec t ive ly ; therefore, by the same postula te , the angles 
BAC, B'A'D a re congruent . 

But the angles BAC, B'A'C a re c o n g r u e n t ; therefore, by (4) above, the 
angles B'A'C, B'A'D a re c o n g r u e n t : which is impossible , since it contradicts 
(8 ) above. 

H e n c e BC, B'C c anno t bu t b e congruent . 
Euc l . 1. 4 is t h u s p r o v e d ; but it seems to be as well to inc lude all of that 

t heo rem in the pos tu la te , as is d o n e in ( 1 1 ) above, since the two parts of it are 
equally suggested by empirical observat ion of the result of one superposit ion. 

A proof similar to tha t jus t given immedia te ly establishes Eucl . 1. 26 ( 1 ) , 
and Hi lber t next proves tha t 

If two angles A B C , A ' B ' C are congruent with one another, their supple
mentary angles C B D , C ' B ' D ' are also congruent with one another. 

W e choose A, D on one of t h e straight l ines forming the first angle, and 
A', D on o n e of those forming the second angle , a n d again C, C on the other 



T h e congruence of the angles (h, /), (k\ I) follows from ( n ) directly, a n d 
tha t of (k, I) and (k't I) follows in the s a m e way after we have inferred by 
means of (9) that , AB, AC be ing respectively congruen t with A'B, A'C, t h e 
difference BC is cong ruen t with the difference BC. 

I t is by m e a n s of t h e two proposi t ions jus t given tha t H i lbe r t proves t ha t 
All right angles are congruent with one another. 

Let the angle BAD be congruent with its ad jacen t angle CAD, a n d 
likewise the angle B'A'D' congruen t with its ad jacent angle CA'D' All four 
angles are then right angles. 

1 
1 

I 
l 

1 J' 

B' / V C 

If the angle BA'D is no t congruen t with the angle BAD, let the angle 
with AB for one side a n d congruen t with t h e angle B'A'D b e the angle 
BAD', so that AD' falls e i ther within the angle BAD or within the angle 
DA C. Suppose the former. 

By the last proposi t ion bu t one (about adjacent angles) , the angles 
BAD, BAD' be ing congruent , the angles CA'D, CAD" a re congruen t . 

H e n c e , by the hypothes is a n d postula te (4) above, t h e angles BAD', 
CAD' a re also congruent . 

And , s ince the angles BAD, CAD are congruent , we can find within t h e 
angle CAD a half-ray CAD" such tha t the angles BAD', CAD" a re 
congruent , a n d likewise t h e angles DAD', DAD" (by the last p ropos i t ion) . 

But the angles BAD', CAD" were congruen t (see a b o v e ) ; a n d it 
follows, by (4) , tha t t h e angles CAD', CAD" a re c o n g r u e n t : which is 
impossible, s ince it cont radic ts pos tu la te (8) . 

Therefore etc. 
Euc l id 1. 5 follows directly by apply ing t h e pos tu la te ( 1 1 ) above to ABC, 

A CB as dis t inct triangles. 
Postula tes (9) , ( 1 0 ) above give in subs tance t h e proposi t ion tha t " t h e 

sums or differences of segments , o r of 
angles, respectively equal , a re equa l . " 

Lastly, Hi lber t proves Euc l . 1. 8 by 
means of the theo rem of Euc l . 1. 5 a n d 
the proposi t ion just s ta ted as app l ied to 
angles. 

ABC, A'BC being t h e given tr iangles 
with three sides respectively congruen t , 
we suppose a n angle CBA" to b e deter
mined, on t h e side of BC opposi te to A, 
congruent with the angle A'BC, a n d we m a k e BA" equal to A'B. 

T h e proof is obvious, being equivalent to the a l ternat ive proof often given 
in our text-books for Eucl . 1. 8. 



C O M M O N N O T I O N 5. 

K a i TO o\ov rov /xipovs /ictfoV [ fo r ty ] . 

The whole is greater than the part. 

Proc lus inc ludes this " axiom " on t h e same g round as the preceding one. 
I t h ink however the re is force in t h e object ion which T a n n e r y takes to it, 
namely t h a t it replaces a different expression in Eucl . I . 6, where it is s tated 
tha t " t h e tr iangle DBC will b e equa l to t h e triangle ACB, the less to the 
greater: which is absurd." T h e ax iom appears to b e an abst ract ion or 
general isat ion subs t i tu ted for a n i m m e d i a t e inference from a geometrical 
figure, bu t it t akes t h e form of a sort of definition of whole and part . T h e 
probabil i t ies seem to b e against i ts be ing genuine, no twi ths tanding Proc lus ' 
approval of it. 

Clavius a d d e d the axiom tha t the whole is the equal to the sum of its parts. 

O T H E R A X I O M S I N T R O D U C E D A F T E R E U C L I D ' S T I M E . 

[9] Two straight lines do not enclose (or contain) a space. 
Proc lus (p. 196, 21) m e n t i o n s this in i l lus t ra t ion of t h e u n d u e mult ipl icat ion 

of ax ioms, a n d h e poin t s out , as a n objec t ion to it, tha t it be longs t o the 
subject ma t te r of geomet ry , whereas ax ioms a re of a genera l character , and 
not pecul iar t o any o n e sc ience . T h e real ob jec t ion to the axiom is tha t it is 
unnecessa ry , s ince i h e fact which it s tates is i nc luded in the mean ing of 
Pos tu l a t e 1. I t was no d o u b t t a k e n from t h e passage in 1. 4, "if. . t h e base 
BC does no t co inc ide with t h e base EF, two straight lines will enclose a space: 
which is impossible"; a n d we mus t cer ta inly regard it as an interpolat ion, 
no tw i th s t and ing that two of t h e best m s s . have it after Pos tu l a t e 5, a n d one 
gives it as Common Notion 9. 

P a p p u s a d d e d some others which Proc lus objects to (p. 198 , 5) because 
they are e i ther an t ic ipa ted in t h e definitions or follow from them. 

(g) All the parts of a plane, or of a straight line, coincide with one another. 
(h) A point divides a line, a line a surface, and a surface a solid; on which 

Proc lus r emarks tha t everything is divided by t h e same things as those by 
which it is bounded. 

An-Nair izi (ed. Bes tho rn -He ibe rg , p . 3 1 , ed. Curtze , p . 38) in his version 
of th is axiom, which h e also a t t r ibu tes to P a p p u s , omits t he reference t o 
solids, b u t men t ions p lanes as a par t icular case of surfaces, 

" ( a ) A surface cuts a surface in a line; 
(p) If two surfaces which cut one another are plane, they cut one another 

in a straight line ; 
(y) A line cuts a line in a point (this last we n e e d in the first proposi t ion) ." 

(k) Magnitudes are susceptible of the infinite (or unlimited) both by way of 
addition and by way of successive diminution, but in both cases potentially only 
( T O airttpov fv rots p.tyi6talv iariv K a t rjj irpoaOio-ti K a t rjj iiriKaBaipioru., S w a / i c t 
Sf CKUTCpOv). 

An-Nairizl 's version of th i s refers t o straight l ines a n d plane surfaces o n l y : 
"as regards the straight line and the plane surface, in consequence of their 
evenness, it is possible to produce them indefinitely. 

T h i s " a x i o m " of P a p p u s , as quo ted by Proclus , seems to b e taken directly 
from t h e discussion of TO awupov in Aristotle, Physics i l l . 5 — 8 , even to the 
wording , for, while Aris tot le uses t h e t e rm division (Staipeo-ts) mos t frequently 
as t h e ant i thesis of addition (o-woWts), h e occasionally speaks of subtraction 
( d t p a t p c o - t s ) a n d diminution (xaBaCpco-is). H a n k e l (Zur Geschichte der Mathe-
matik im Alterthum und Mittelalter, 1 8 7 4 , pp . 1 1 9 — 1 2 0 ) gave a n admirab le 
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summary of Aristotle 's views o n this s u b j e c t ; a n d they are s ta ted in grea ter 
detail in Gorland, Aristoteks und die Mathematik, Marbu rg , 1 8 9 9 , pp . 1 5 7 — 
1 8 3 . T h e infinite or un l imi ted (awttpov) only exists potent ial ly (8wa/xei) , no t 
in actuali ty (Ivtpytia). T h e infinite is so in vir tue of its endlessly changing 
into someth ing else, like day or the Olympic G a m e s (Phys. i l l . 6, 206 a 1 5 — 2 5 ) . 
T h e infinite is manifested in different forms in t ime, in M a n , a n d in t h e 
division of magn i tudes . For , in general , t he infinite consists in some th ing new 
being cont inual ly taken , tha t someth ing be ing itself always finite bu t always 
different. Therefore the infinite mus t no t b e regarded as a par t icular t h ing 
( T O S C T I ) , as man , house , bu t as being always in course of becoming or decay, 
and , t hough finite a t any moment , always different from m o m e n t to m o m e n t . 
B u t the re is the dist inct ion between the forms above referred to that , whereas 
in the case of magni tudes what is once taken remains , in t h e case of t ime a n d 
M a n it passes or is des t royed bu t the succession is u n b r o k e n . T h e case of 
addi t ion is in a sense t h e same as tha t of d iv i s ion ; in the finite magn i tude the 
former takes place in the converse way to t h e l a t t e r ; for, as we see t h e finite 
magn i tude divided ad infinitum, so we shall find tha t add i t i on gives a s u m 
tending to a definite limit. I m e a n that , in the case of a finite magn i tude , 
you may take a definite fraction of it and a d d to it (cont inual ly) in the s a m e 
r a t i o ; if now the successive a d d e d te rms d o not inc lude o n e a n d the s a m e 
magni tude whatever it is [i.e. if the successive t e rms d iminish in geometr ica l 
progression] , you will no t c o m e to t h e end of the finite magn i tude , bu t , if t h e 
ratio is increased so that each t e rm does inc lude one a n d t h e s a m e m a g n i t u d e 
whatever it is, you will c o m e to the e n d of t h e finite magn i tude , for every 
finite magn i tude is exhaus ted by cont inual ly taking from it any definite 
fraction whatever. T h u s in n o o the r sense does the infinite exist, bu t only 
in the sense jus t men t ioned , tha t is, potential ly a n d by way of d iminu t ion 
(206 a 2 5 — b 1 3 ) . A n d in this sense you may have potent ia l ly infinite 
addi t ion , the process being, as we say, in a manne r , the s a m e as with division 
ad infinitum: for in t h e case of add i t ion you will always b e ab l e t o find some
thing outs ide t h e total for the t ime being, bu t t h e total will never exceed every 
definite (or assigned) -nagni tude in t h e way that , in t h e d i rec t ion of division, 
the result will pass every definite magn i tude , t ha t is, by b e c o m i n g smal ler 
t han it. T h e infinite therefore canno t exist even potent ial ly in t h e sense of 
exceeding every finite magn i tude as the result of successive add i t ion (206 b 
1 6 — 2 2 ) . I t follows tha t the correct view of t h e infinite is t h e oppos i te of 
tha t commonly h e l d : it is no t that which has no th ing ou t s ide it, b u t t ha t 
which always has someth ing outs ide it (206 b 3 3 — 2 0 7 a 1 ) . 

Contras t ing the case of n u m b e r a n d magni tude , Aris tot le poin ts ou t tha t 
( 1 ) in n u m b e r there is a limit in the d i rec t ion of smallness , namely unity, b u t 
n o n e in the o the r d i r e c t i o n : a n u m b e r may exceed any ass igned n u m b e r 
however g r e a t ; bu t (2) with magn i tude the cont ra ry is the c a s e : you can find 
a magn i tude smaller t han any ass igned magni tude , bu t in t h e o the r d i rec t ion 
there is n o such th ing as an infinite m a g n i t u d e (207 b r—-5) . T h e la t ter 
assert ion h e justified by the following a rgumen t . H o w e v e r large a th ing can 
be potentially, it can be as large actually. B u t t h e r e is n o m a g n i t u d e 
percept ible t o sense that is infinite. There fo re excess over every ass igned 
magni tude is a n impossibi l i ty ; otherwise the re would b e some th ing larger 
than t h e universe (oioavds) (207 b 1 7 — 2 1 ) . 

Aristotle is aware that it is essentially of physical magn i tudes tha t h e is 
speaking. H e had observed in an earlier passage (Phys. ill. 5, 204 a 3 4 ) t ha t 
it is pe rhaps a more general inquiry tha t would b e necessary to d e t e r m i n e 



whether t h e infinite is. possible in mathemat ic s , a n d in the domain of though t 
a n d of th ings which have no m a g n i t u d e ; b u t h e excuses himself from enter ing 
u p o n this inquiry on the g r o u n d tha t his subject is physics and sensible 
objects . H e re turns however to the bear ing of his conclus ions on mathemat ics 
in i n . 7, 207 b 27 : " m y a rgumen t does no t even r o b mathemat ic ians of their 
s tudy, a l though it den ies t h e exis tence of the infinite in the sense of actual 
exis tence as someth ing increased to such an extent that it cannot be gone 
th rough (dSitfrnrrov); for, as it is, they d o not even need the infinite or use 
it, b u t only require tha t t h e finite (straight l ine) shall be as long as they please; 
a n d a n o t h e r m a g n i t u d e of any size whatever can be cut in the same ratio as 
the greatest magn i tude . H e n c e it will m a k e n o difference t o them for the 
purpose of demons t r a t ion . " 

l a s t l y , if it shou ld b e urged tha t t h e infinite exists in thought, Aristotle 
replies that this does no t involve its exis tence in fact. A th ing is no t greater 
t han a cer ta in size because it is conceived to b e so, b u t because it is; and 
magn i tude is no t infinite in vir tue of increase in though t (208 a 1 6 — 2 2 ) . 

H a n k e l a n d G o r l a n d d o no t quo t e t h e passage abou t a n infinite series of 
magn i tudes (206 b 3 — 1 3 ) inc luded in t h e above p a r a p h r a s e ; bu t I have 
though t that ma themat i c i ans would be in teres ted in the dist inct expression of 
Aristot le 's view that t h e exis tence of an infinite series t h e te rms of which are 
magnitudes is impossible unless it is convergent , a n d (with reference to 
R i e m a n n ' s deve lopments ) in the s t a t emen t tha t it does no t mat ter to geometry 
if t h e s t ra ight l ine is no t infinite in l eng th , p rov ided that it is as long as we 
please. 

Aristot le 's denia l of even the potent ia l existence of a sum of magni tudes 
which shall exceed every definite magn i tude was, as h e himself implies, in 
conflict with the l e m m a or assumpt ion used by E u d o x u s (as we infer from 
Arch imedes ) to prove t h e theo rem a b o u t the vo lume of a pyramid. T h e 
l e m m a is thus s ta ted by A r c h i m e d e s (Quadrature of a parabola, p reface) : 
" T h e excess by which the greater of two unequa l areas exceeds the less can, 
if it b e cont inual ly a d d e d to itself, be m a d e to exceed any assigned finite 
a rea ." W e can therefore well u n d e r s t a n d why, a century later, Arch imedes 
felt it necessary t o justify his own use of t h e l e m m a as h e does in the same 
p re face : " T h e earlier geometers too have used this l e m m a : for it is by its 
he lp tha t they have proved tha t circles have to one ano the r the dupl ica te 
rat io of their d iamete rs , tha t spheres have to one ano the r the triplicate rat io 
of their d iameters , a n d so on. A n d , in t h e result, each of the said theorems 
has b e e n accep t ed n o less t h a n those proved wi thout the aid of this l emma." 

Principle of continuity. 

T h e use of actual cons t ruc t ion as a m e t h o d of proving the existence ot 
figures having cer ta in proper t ies is one of the characterist ics of t h e Elements. 
N o w cons t ruc t ions are effected by m e a n s of straight lines a n d circles drawn 
in a c c o r d a n c e with Pos tu la tes 1 — 3 ; t h e essence of them is tha t such straight 
l ines a n d circles de t e rmine by their in tersect ions o ther points in addi t ion t o 
those given, a n d these poin ts again are used to de te rmine new lines, and so on. 
T h i s be ing so, the existence of such po in t s of intersection mus t b e pos tu la ted 
or p roved in t h e same way as tha t of t h e lines which de te rmine them. Ye t 
there is n o pos tu la te of th ' s charac te r expressed in Euc l id except Post . 5. 
T h i s pos tu la te asserts t ha t two straight lines mee t if they satisfy a certain 
condi t ion . T h e condi t ion is of t h e na tu re of a &opto>u>f (discrimination, or 
condi t ion of possibili ty) in a p r o b l e m ; and , if the existence of the poin t of 
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intersection were not granted, the solut ions of1 p rob lems in which t h e poin ts of 
intersect ion of straight lines are used would not in general furnish the requ i red 
proofs of the existence of the figures to be cons t ruc ted . 

But, equally with the intersect ions of straight l ines, the in tersect ions of 
circle with straight line, a n d of circle with circle, a re used in cons t ruc t ions . 
H e n c e , in addi t ion to Pos tu la te 5, we require pos tu la tes asser t ing the ac tua l 
existence of poin ts of intersect ion of circle with straight l ine a n d of circle 
with circle. I n the very first proposi t ion the vertex of the required equilateral 
tr iangle is de te rmined as one of t h e intersect ions of two circles, a n d we n e e d 
therefore to b e assured that the circles will intersect . Euc l id seems to a s s u m e 
it as obvious, a l though it is no t s o ; a n d h e makes a similar a s sumpt ion in 
1. 22. I t is t rue that in the lat ter case Euc l id a d d s to the enunc ia t ion tha t 
two of the given straight lines mus t b e together greater t h a n t h e t h i r d ; b u t 
there is no th ing to show that , if this condi t ion is satisfied, the cons t ruc t ion is 
always possible. I n 1. 1 2 , in o rder to be sure tha t t h e circle with a given 
cent re will intersect a given straight l ine, Euc l id makes the circle pass th rough 
a point on the side of the line opposi te to tha t where t h e cen t re is. I t appear s 
therefore as if, in this case, h e based his inference in some way u p o n t h e 
definition of a circle combined with the fact that the poin t within it cal led 
the cent re is on one side of the straight l ine and one poin t of t h e c i rcumference 
on the other, and , in the case of two intersect ing circles, u p o n similar con
siderat ions. But no t even in Book in . , where there are several propos i t ions 
abou t the relative posit ions of two circles, d o we find any discussion of the 
condi t ions unde r which two circles have two, one , o r n o point c o m m o n . 

T h e deficiency can only b e m a d e good by the Principle of Continuity. 
Killing (Einfiihrung in die Grundlagen der Geometrie, 11. p . 43 ) gives t h e 

following forms as sufficient for most purposes . 
(a) Suppose a line belongs entirely to a figure which is d iv ided in to two 

p a r t s ; then, if the line has at least o n e po in t c o m m o n with each par t , it mus t 
also meet the boundary be tween the p a r t s ; or 

(i) If a point moves in a figure which is d iv ided in to two par ts , a n d if it 
belongs at the beginning of t h e mot ion to one par t a n d at t h e e n d of the 
motion to the o ther part , it mus t dur ing the mot ion arrive at the boundary 
between the two parts . 

I n the Questioni riguardanti le matematiche elementari, I . , Art . 5, p p . 1 2 3 — 1 4 3 , 
the principle of cont inui ty is d iscussed with special reference to the Pos tu la t e 
of Dedek ind , a n d it is shown, first, how t h e Pos tu la te may be led u p to and , 
secondly, how it may be appl ied for the purposes of e l emen ta ry geometry . 

Suppose that in a segment AB of a s traight l ine a poin t C d e t e rmines 
two segments AC, CB. If we cons ider t h e point C a s be longing to only o n e 
of the two segments A C, CB, we have a division of the s egmen t AB in to two 
parts with the following proper t ies . 

1. Every poin t of the segment AB be longs to one of the two par ts . 
2. T h e point A be longs to o n e of the two par ts (which we will call t h e 

first) a n d the point B to the o t h e r ; the poin t C may be long indifferently to 
one or the other of the two parts accord ing as we choose to premise . 

3. Every point of the first par t p recedes every poin t of the second in t h e 
order AB of the segment . 

( F o r generality we may also suppose t h e case in which the po in t C falls a t 
A or at B. Cons ider ing C, in these cases respectively, as be longing to t h e 
first or second part , we still have a division in to par ts which have t h e 
propert ies above enunc ia ted , one par t be ing then a single po in t A o r B.) 



Now, cons ider ing carefully t h e inverse of the above proposi t ion, we see 
tha t it agrees with t h e idea which we have of the cont inui ty of the straight 
l ine. C o n seq u en t l y we a re i nduced to admi t as a postulate t he following. 

If a segment of a straight line A B is divided into two parts so that 
( 1 ) every point of the segment AB belongs to one of the parts, 
(2 ) the extremity A belongs to the first part and B to the second, and 
(3 ) any point whatever of the first part precedes any point whatever of the 

second part, in the order A B of the segment, 
there exists a point C of the segment A B (which may belong either to one 
part or to the other) such that every point of A B that precedes C belongs to the 
first part, and every point of A B that follows C belongs to the second part in 
the division originally assumed. 

( I f o n e of t h e two par ts consists of the single point A or B, the point C 
is the said ext remity A or B of the segment . ) 

T h i s is the Pos tu la t e of Dedek ind , which was enunc ia ted by D e d e k i n d 
himself in t h e following slightly different form (Stetigkeit und irrationale Zahlen, 
1 8 7 2 , new edi t ion 1 9 0 5 , p . 1 1 ) . 

" Ifall points of a straight line fall into two classes such that every point of 
the first class lies to the left of every point of the second class, there exists one and 
only one point which produces this division of all the points into two classes, this 
division of the straight line into two parts." 

T h e above enunc ia t ion may be said t o co r respond to the intuit ive not ion 
which we have that , if in a s e g m e n t of a s traight l ine two points start from 
t h e e n d s a n d desc r ibe the segment in opposi te senses, they mee t in a point . 
T h e po in t of mee t ing might b e regarded as be longing t o bo th parts , bu t for 
t h e presen t pu rpose we mus t regard it as be longing to one only and subt rac ted 
from t h e o the r part . 

Application of Dedekind's postulate to angles. 
I f we cons ider a n angle less than two right angles b o u n d e d by two rays 

a, b, a n d d raw t h e straight l ine connec t ing A, a po in t on a, with B, a point 
on b, we see tha t all poin ts on t h e finite segment AB cor respond univocally to 
all t h e rays of the angle , t h e poin t co r respond ing to any ray being the point 
in which the ray cu ts the segment AB; a n d if a ray be supposed to move 
a b o u t t h e vertex of the angle from t h e posi t ion a to the posit ion b, the 
co r respond ing po in t s of t h e segment AB a re seen to follow in the same 
o rde r as t h e co r respond ing rays of t h e angle (ab). 

Consequen t ly , if t h e angle (ab) is d iv ided in to two parts so that 
( 1 ) each ray of t h e ang le (ab) be longs to one of the two parts , 
(2) the ou t s ide ray a be longs to t h e first par t and the ray b to the second, 
(3 ) any ray whatever of t h e first par t p recedes any ray whatever of the 

second part , 
t h e co r r e spond ing po in t s of t h e segment AB de t e rmine two par ts of the 
segments such tha t 

( 1 ) every poin t of t h e segment AB be longs to one of the two parts, 
(2 ) t h e extremity A be longs to the first par t a n d B to t h e second, 
( 3 ) any po in t whatever of t h e first par t p recedes any poin t whatever of 

t h e second. 
Bu t in tha t case the re exists a poin t C of AB (which may belong to one 

or t h e o the r of t h e two par ts ) such tha t every po in t of AB tha t precedes C 
be longs t o t h e first par t a n d every point of AB tha t follows C belongs to the 
s e c o n d part . 



T h u s exactly the s a m e th ing ho lds of c, t h e ray co r r e spond ing to C, with 
reference to the division of t h e angle (ab) i n to two par ts . 

I t is no t difficult t o ex tend this to a n ang le (ab) which is e i ther flat o r 
greater than two right a n g l e s ; th is is d o n e (Vital i , op. cit. p p . 1 2 6 — 1 2 7 ) by 
supposing the angle to b e d iv ided into two, (ad), (db), each less t h a n two 
right angles, a n d cons ider ing the th ree cases in which 

( 1 ) t he ray d is such tha t all t he rays tha t p r ecede it be long to the first 
par t a n d those which follow it to the second par t , 

(2) t he ray d is followed by some rays of t h e first par t , 
(3) t he ray d is p r eceded by some rays of t h e s e c o n d par t . 

Application to circular arcs. 

If we consider a n arc AB of a circle with cen t re O, t h e po in t s of t h e a rc 
correspond univocally, a n d in the same order , t o t h e rays from t h e po in t O 
passing through those poin ts respectively, a n d t h e s a m e a r g u m e n t by which 
we passed from a segment of a straight l ine to an angle can b e used t o m a k e 
the transition from a n angle to a n arc. 

Intersections of a straight line with a circle. 

I t is possible t o use the Pos tu la t e of D e d e k i n d t o prove t h a t 

If a straight line has one point inside and one point outside a circle, it has 
two points common with the circle. 

For this purpose it is necessary to a s sume ( 1 ) the proposi t ion with reference 
to the perpendicular a n d obl iques d rawn from a given po in t to a given s t ra ight 
line, namely tha t of all straight l ines d rawn from a given poin t to a given 
straight l ine the perpendicular is the shortest , a n d of t h e rest ( the obl iques) 
that is the longer which has t h e longer project ion u p o n t h e straight l ine, whi le 
those are equal t h e project ions of which are equal , so tha t for a n y given 
length of projection there a re two equa l obl iques a n d two only, one o n e a c h 
side of the perpendicular , a n d (2 ) the proposi t ion tha t any s ide of a t r iangle 
is less than the sum of the o the r two. 

Cons ider the circle (C) with cen t re O, a n d a straight l ine (r) with o n e 
point A inside a n d one poin t B ou ts ide t h e 

By the definition of t h e circle, if R is 
the radius, 

OA<R, OB>R. 
Draw OP perpendicular to the straight 

l ine r. 
T h e n OP < OA, so tha t OP is always 

less than R, a n d P is therefore within t h e 
circle C. 

Now let us fix our a t tent ion on the finite segment AB of t h e s t ra ight 
l ine r. I t can be divided in to two par ts , ( 1 ) tha t conta in ing all t h e po in t s H 
for which OH<R (i.e. poin ts inside C), a n d (2) tha t con ta in ing al l t h e 
points K for which OK S R (points ou ts ide C or on t h e c i rcumference of C). 

T h u s , r emember ing that , of two obl iques from a given poin t t o a given 
straight line, tha t is greater t he project ion of which is greater , we c a n assert 
tha t all t he points of t h e segment PB which precede a poin t ins ide C a re 
inside C, a n d those which follmu a po in t on t h e c i rcumference of C o r ou t s ide 
C are outs ide C. 

H e n c e , by the Pos tu la t e of D e d e k i n d , t he re exists o n t h e segment PB a 



poin t M such that all t he points which precede it belong to the first par t and 
those which follow it to the second part . 

I say tha t M is c o m m o n to t h e straight l ine r a n d the circle C, or 
OM=R. 

F o r suppose, e.g., tha t OM<R. 
T h e r e will t h e n exist a segment (or length) <r less than the difference 

be tween R a n d OM. 
Cons ide r the poin t M1, one of those which follow M, such that MM' is 

equa l to o\ 
T h e n , because any side of a tr iangle is less than the sum of the other two, 

OM' < OM+ MM'. 
But OM + MM' = OM + o-<R, 

whence OM' < R, 
which is absurd . 

A similar absurdi ty would follow if we suppose that OM > R. 
Therefore OM mus t b e equa l t o R. 
I t is immedia te ly obvious that , cor responding to the point Mox\ t he segment 

PB which is c o m m o n to r a n d C, the re is ano the r point on r which has the 
same proper ty , namely tha t which is symmetr ical to M with respect to P. 

A n d t h e proposi t ion is proved. 
Intersections of t w o circles. 
W e can likewise use the Pos tu la te of D e d e k i n d to prove that 
If in a given plane a circle C has one point X inside and one point Y outside 

another circle C, the two circles intersect in two points. 
W e m u s t first p rove the following 

Lemma. 
If O, O' a re the centres of two circles C, C, a n d R, R' their radii 

respectively, t he straight l ine OO' meets t he circle C in two points A, B, one 
of which is ins ide C a n d the o the r ou ts ide it. 

N o w o n e of these po in t s mus t fall ( 1 ) on the prolongat ion of O 0 
b e y o n d O or (2) o n 00 itself or (3) on the 
prolongat ion of 00 b e y o n d 0. 

( 1 ) First , suppose A to lie on 00 pro
duced . 
T h e n AO = AO + 00 = R + 00 (o). 
But , in the tr iangle 00 Y, 

0Y< 0Y+ 00, 
and , s ince 0Y>R', OY=R, 

R'<R+ 00. 
I t follows from (a) tha t AO > R'; and A 

therefore lies outside C. 
(2 ) Secondly, suppose A to lie on 

O0. 
T h e n 00 = OA + AO = R + AO...(B). 
F r o m t h e tr iangle OO'Xvre have B : 

00 < OX+ 0X, 
and , s ince OX=R, 0X<R', it follows 
tha t 

O0<R + R, 
whence , by (/}), AO' < R', so tha t A lies inside C 
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(3) Thirdly , suppose A to lie on 00 p roduced . 
T h e n R = OA = OO + OA (y). 

And, in the triangle OOX, 
0X<0O +OX, y / 

tha t is R<O0+0X, B(_ 
whence, by (y), 

00 + O'A <O0+ 0X, 
or O'A < OX, 
a n d A lies inside C. 

I t is to be observed that one of the two points A, B is in t h e posi t ion of 
case ( 1 ) a n d the other in the posi t ion of e i ther case (2) or case ( 3 ) : whence 
we mus t conclude that one of the two points A, B is inside a n d the o ther 
outside t he circle C. 

Proof of theorem. 
T h e circle C is divided by t h e points A, B in to two semicircles. Cons ide r 

one of them, a n d suppose it to be 
descr ibed by a poin t moving from A 
to B. 

T a k e two separate points P, Q 
on it and , to fix our ideas , suppose 
tha t P p recedes Q. 

Compar ing the tr iangles 00P, 
00 Q, we observe that one side 0 0 
is common, OP is equal to OQ, a n d 
the angle POO is less than the angle 
QO0. 

Therefore 0P<0Q. 
Now, consider ing the semicircle APQB as d iv ided in to two par ts , so that 

the points of the first part a re inside the circle C, a n d those of t h e second 
part on the circumference of C or outs ide it, we have t h e condi t ions necessary 
for the applicabili ty of t h e Pos tu la te of D e d e k i n d (which is t rue for arcs of 
circles as for straight l i n e s ) ; whence there exists a point M separating the two 
parts. 

I say that 0M=R. 
For, if not , suppose 0M < R'. 
If then o- signifies the difference between R' a n d OM, suppose a poin t M', 

which follows M, taken on the semicircle such tha t the c h o r d MM' is no t 
greater t han o- (for a way of do ing this see below). 

T h e n , in t h e triangle 0MM', 
OM' < 0M+ MM' < 0M+ a-, 

a n d therefore 0M' < R1. 
I t follows tha t M', a po in t on t h e arc MB, is ins ide t h e circle C : 

which is absurd . 
Similarly it may b e proved tha t OM is no t greater t h a n R. 
H e n c e 0M=R. 
[ T o find a poin t M' such that t h e chord MM' is no t greater t h a n <r, we 

may proceed thus . 
Draw from M a straight l ine MP d is t inct from OM, a n d cu t off MP on it 

equal to 0-/2. 



Jo in OP, a n d draw ano the r radius OQ such that the angle POQ is equal 
t o t h e angle MOP. Q 

T h e intersect ion, M', of OQ with t h e 
circle satisfies the requ i red condi t ion . 

F o r MM' mee t s OP a t r ight angles 
in S. 

Therefore , in t h e r ight-angled t r iangle 
MSP, MS is no t grea ter t h a n MP (it is 
less, unless MP co incides with MS, when 
it is equal ) . 

There fo re MS is no t greater t han 0-/2, so that MM' is no t greater t han <r.] 



B O O K I. P R O P O S I T I O N S . 

P R O P O S I T I O N I . 

On a given finite straight line to construct an equilateral 
triangle. 

Let AB be the given finite straight line. 
Thus it is required to con-

s struct an equilateral triangle on 
the straight line AB. 

With centre A and distance 
AB let the circle BCD be 
described; [Post . 3] 

10 again, with centre B and dis
tance BA let the circle ACE 
be described ; [Post . 3] 

and from the point C, in which the circles cut one another, to 
the points A, B let the straight lines CA, CB be joined. 

[Pos t . 1 ] 

15 Now, since the point A is the centre of the circle CDB, 
AC\s equal to AB. [Def. 1 5 ] 

Again, since the point B is the centre of the circle CAE, 
BC is equal to BA. [Def. 1 5 ] 

But CA was also proved equal to AB; 
20 therefore each of the straight lines CA, CB is equal to AB. 

And things which are equal to the same thing are also 
equal to one another; [C. N. 1 ] 

therefore CA is also equal to CB. 
Therefore the three straight lines CA, AB, BC are 

25 equal to one another. 



242 B O O K I 

Therefore the triangle ABC is equilateral; and it has 
been constructed on the given finite straight line AB. 

(Being) what it was required to do. 

I. On a given finite straight line. The Greek usage differs from ours in that the 
definite article is employed in such a phrase as this where we have the indefinite. M rfjt 
iodtlffi)i tvdtias r€wepatrn4vijtt "on the given finite straight line," i.e. the finite straight line 
which we choose to take. 

- 3 . Let A B be the given finite straight line. To be strictly literal we should have to 
translate in the reverse order "let the given finite straight line be the (straight line) AB"; 
but this order is inconvenient in other cases where there is more than one datum, e.g. in the 
setting-out of I. 7, "let the given point be A , and the given straight line BC," the awkward
ness arising from the omission of the verb in the second clause. Hence I have, for clearness' 
sake, adopted the other order throughout the book. 

8. let the circle B C D be described. Two things are here to be noted, ( 1 ) the elegant 
and practically universal use of the perfect passive imperative in constructions, yeypdtf>9u 
meaning of course "let it have been described " or "suppose it described," (7) the impossi
bility of expressing shortly in a translation the force of the words in their original order. 
M>KXOS yeyp&<t>8u> i BTA means literally "let a circle have been described, the (circle, namely, 
which I denote by) BCD." Similarly we have lower down " let straight lines, (namely) the 
(straight lines) CA, CB, be joined," iirtftixSuaav eiOtiai ol TA, TB. There seems to be 
no practicable alternative, in English, but to translate as I have done in the text. 

1 3 . from the point P.. . . Euclid is careful to adhere to the phraseology of Postulate 1 
except that he speaks of "joining" (lTt{ti>x8wa») instead of " drawing {ypdQtiv). He 
does not allow himself to use the shortened expression " let the straight line PC be joined " 
(without mention of the points F, C) until I. 5. 

to. each of the straight lines C A , C B , inarlpa rwr TA, TB and 14. the three 
straight lines C A , A B , B C , al rpelt al I'A, AB, B r . I have, here and in all similar 
expressions, inserted the words "straight lines" which are not in the Greek. The possession 
of the inflected definite article enables the Greek to omit the words, but this is not possible 
in English, and it would scarcely be English to write "each of CA, CB" or "the three CA, 
AB, BC" 

I t is a c o m m o n p l a c e tha t Euc l id has n o right t o assume, wi thout pre
mising s o m e postulate , t ha t t h e two circles will mee t in a point C. T o 
supply what is wanted we mus t invoke the Pr inciple of Cont inu i ty (see note 
thereon above , p. 235 ) . I t is sufficient for the purpose of this proposi t ion and 
of 1. 2 2, where there is a similar tacit assumpt ion , to use the form of postula te 
suggested by Kil l ing. " If a line [in this case e.g. the c i rcumference A CE] 
belongs entirely to a figure [in this case a p lane ] which is divided into two parts 
[namely the par t enc losed within t h e circumference of the circle BCD and 
t h e pa r t ou ts ide t ha t c ircle] , and if the line has at least one point common with 
each part, it must also meet the boundary between the parts [i.e. the circum
ference ACE mus t mee t t h e c i rcumference BCD]." 

Zeno 's r emark tha t the prob lem is no t solved unless it is t aken for granted 
tha t two straight lines c a n n o t have a c o m m o n segment has already been 
m e n t i o n e d (note on Post . 2, p . 196) . T h u s , if AC, BC mee t a t / " b e f o r e 
reach ing C, a n d have t h e par t EC c o m m o n , the tr iangle obta ined , namely 
FAB, will no t b e equilateral , bu t FA, FB will each be less than AB. But 
Pos t . 2 has a l ready laid it down tha t two straight lines canno t have a c o m m o n 
segment . 

Proc lus devotes cons iderable space to this par t of Zeno 's criticism, bu t 
satisfies himself with the bare men t ion of t h e o the r part , to the effect that it. 
is also necessary to a s sume tha t two circumferences (with different centres) 
c a n n o t have a c o m m o n p a r t T h a t is, for any th ing we know, there may be 
any n u m b e r of poin ts C c o m m o n to the two circumferences ACE, BCD. I t 
is no t until lit. 10 that it is proved tha t two circles canno t intersect in more 



points than two, so tha t we are no t ent i t led to a s s u m e it he re . T h e mos t we 
can say is that it is enough for the purpose of this proposi t ion if one equi la teral 
triangle can b e found with the given b a s e ; tha t the cons t ruc t ion only gives 
two such triangles has t o be left over to b e proved subsequent ly . A n d indeed 
we have not long to w a i t ; for I. 7 clearly shows tha t o n e i ther side of t h e 
base AB only one equilateral tr iangle can be descr ibed. T h u s I. 7 gives u s 
the number of solutions of which the present p rob lem is suscept ible , a n d it 
supplies the same want in 1. 22 where a tr iangle has to b e desc r ibed wi th 
three sides of given l e n g t h ; that is, I, 7 furnishes us, in bo th cases, with o n e 
of the essential par ts of a comple te Stopur/ud?, which inc ludes no t only t h e 
determinat ion of the condi t ions of possibility b u t also the n u m b e r of solut ions 
(7roo-ox<Js ryx°>P"> Proclus , p . 202, 5 ) . T h i s view of 1. 7 as supplying a n 
equivalent for i n . 10 absolutely needed in I. 1 a n d I. 22 shou ld serve to correct 
the idea so c o m m o n a m o n g writers of text-books tha t I. 7 is merely of use as a 
l emma to Eucl id 's proof of 1. 8, a n d therefore may be left ou t if a n a l te rna t ive 
proof of that proposi t ion is adopted . 

Agreeably to his not ion that it is from 1. 1 that we mus t satisfy ourselves 
that isosceles and scalene triangles actually exist, as well as equi lateral tr iangles, 
Proclus shows how to draw, first a par t icular isosceles triangle, a n d t h e n a 
scalene triangle, by means of the figure of t h e proposi t ion . T o m a k e a n 
isosceles triangle h e p roduces AB in b o t h di rect ions to mee t t h e respect ive 
circles in D, E, a n d then descr ibes 
circles with A, B as centres a n d AE, F 
BD as radii respectively. T h e result is 
an isosceles tr iangle with each of two 
sides doub le of the thi rd side. T o m a k e 
an isosceles triangle in which t h e equal 
sides a re not so related to the thi rd s ide 
but have any given length would requi re 
the use of I. 3 ; a n d there is no object in 
treating the quest ion at all in advance of 
1. 22 . A n easier way of satisfying our
selves of t h e existence of some isosceles 
triangles would surely be to conceive any 
two radii of a circle d rawn a n d their 
extremities jo ined. 

T h e r e is more point in Proc lus ' cons t ruc t ion of a scalene t r iangle. Suppose 
AC to be a radius of one of the two 
circles, a n d D a point on AC lying in 
that port ion of the circle with cent re A 
which is outs ide the circle with cen t re B. 
T h e n , joining BD, as in the figure, we 
have a triangle which obviously has all its 
sides unequal , tha t is, a scalene tr iangle. 

T h e above two const ruct ions appear in 
an-Nair lzfs commenta ry u n d e r the n a m e 
of H e r o n ; Proc lus does not m e n t i o n his 
source. 

I n addi t ion to the above const ruct ion 
for a scalene tr iangle (p roduc ing a t r iangle in which t h e " g i v e n " s ide is 
greater than one a n d less than the o the r of t h e two remaining sides), H e r o n 
has two others showing t h e o ther two possible cases, in which t h e " given " 
side is ( 1 ) less than , (2 ) greater than , e i ther of the o ther two sides. 



P R O P O S I T I O N 2 . 

To place at a given point (as an extremity) a straight line 
equal to a given straight line. 

Let A be the given point, and BC the given straight line. 
Thus it is required to place at the point A (as an extremity) 

; a straight line equal to the given 
straight line BC. 

From the point A to the point B 
let the straight line AB be joined ; 

[ P o s t 1 ] 

and on it let the equilateral triangle 
. DAB be constructed. [1. 1 ] 

Let the straight lines AE, BE be 
produced in a straight line with DA, 
DB; [Pos t . 2 ] 
with centre B and distance BC let the 
circle CGH be described ; [Post . 3] 

and again, with centre D and distance DG let the circle GKL 
be described. [Post . 3] 

Then, since the point B is the centre of the circle CGH, 
BC is equal to BG. 

Again, since the point D is the centre of the circle GKL, 
DL is equal to DG. 

And in these DA is equal to DB; 
therefore the remainder AL is equal to the remainder 

BG. [CM 3] 

But BC was also proved equal to BG; 
therefore each of the straight lines AL, BC is equal 

to BG. 
And things which are equal to the same thing are also 

equal to one another; [CM. 1 ] 
therefore AL is also equal to BC. 

Therefore at the given point A the straight line AL is 
placed equal to the given straight line BC. 

(Being) what it was required to do. 
I. (as an extremity). I have inserted these words because "to place a straight line 

at a given point" (irpos rip SoOtrrt trrifieiif)) is not quite clear enough, at least in English. 
I I . Let the straight lines A E , B F be produced.... It will be observed that in this 

first application of Postulate 1, and again in I. 5, Euclid speaks of the continuation of the 
straight line as that which is produced in such cases, tKpefJXJpQwaai' and TpofffKptp^X^ffBufftw 
meaning little more than drawing straight lines " in a straight line with " the given straight 
lines. The first place in which Euclid uses phraseology exactly corresponding to ours when 



speaking of a straight line being produced is in I. 16 : " let one side of it, BC, be produced 
to D " (ir|>o<reirp>/3X?<r»w afa-oO /da rXevpa ii BR irl to A). 

the remainder A L ...the remainder B G . The Greek expressions are X<xiri) 4 
AA and Xourp r j BH, and the literal translation would be "AL (or BG) remaining" 
but the shade of meaning conveyed by the position of the definite article can hardly be 
expressed in English. 

T h i s proposi t ion gives Proc lus an oppor tun i ty , such as t h e G r e e k 
commen ta to r s revelled in, of d is t inguishing a mul t i tude of cases. After 
explaining tha t those theorems a n d p rob lems a re said t o have cases which 
have the same force, though admi t t ing of a n u m b e r of different figures, a n d 
preserve the s a m e m e t h o d of demons t r a t ion while admi t t i ng variat ions of 
posit ion, a n d that cases reveal themselves in t h e construction, h e p roceeds t o 
dist inguish t h e cases in this p rob lem arising from the different posi t ions 
which the given poin t may occupy relatively to the given straight l ine. I t m a y 
b e (he says) ei ther ( i ) ou ts ide t h e line or (2) on the line, a n d , if ( 1 ) , it may b e 
ei ther (a) on t h e line p r o d u c e d or (i) s i tuated obl iquely with regard to i t ; if 
(2), it may be ei ther (a) o n e of t h e extremities of t h e line or (i) a n in te rmed ia te 
point on i t I t will b e seen tha t P roc lus ' anxiety t o subdiv ide leads h im to 
give a " c a s e , " (2 ) (a), which is useless, s ince in tha t " c a s e " we a re given 
what we are required to find, a n d t h e r e is really n o p rob lem to solve. A s 
Savile says, " qui quaer i t a d B p u n c t u m p o n e r e r ec t am aequa lem tq By rectae , 
quaeri t q u o d d a t u m est, q u o d n e m o faceret nisi forte insaniat ." 

Proclus gives t h e cons t ruc t ion for (2) (i) following Euc l id ' s way of taking 
G as t h e point in .which the circle with cen t re B in tersects DB produced, a n d 
then proceeds to " cases," of which there a re still more , which result from t h e 
different ways of drawing t h e equi lateral t r iangle a n d of p roduc ing its s ides. 

T h i s last class of " c a s e s " h e subdiv ides in to th ree accord ing as AB is 
( 1 ) equa l to , (2 ) greater t han or (3) less t h a n BC. H e r e again " case " ( 1 ) serves 
no purpose, since, if AB is equal to BC, t h e p rob lem is a l ready solved. Bu t 
Proc lus ' figures for the o the r two cases are worth giving, because in o n e of 
them the poin t G is on BD p r o d u c e d b e y o n d D, a n d in t h e o the r it lies o n 
BD itself a n d there is n o need to p r o d u c e any side of the equi lateral tr iangle. 

A glance at these figures will show that , if they were used in t h e proposi t ion, 
each of t h e m would require a slight modificat ion in the wording ( 1 ) of t h e 
construct ion, since BD is in one case p r o d u c e d beyond D ins tead of B a n d 
in the other case not p roduced at all, (2) of the proof, s ince BG, ins tead of 
being t h e difference between DG a n d DB, is in one case the sum of DG a n d 
DB a n d in the o ther the difference be tween DB a n d DG. 
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M o d e r n edi tors generally seem to classify the cases according t o the 
possible var iat ions in t h e cons t ruc t ion ra ther t h a n accord ing to differences in 
t h e data . T h u s Lardner , Po t t s , a n d T o d h u n t e r dis t inguish eight cases d u e 
to the th ree possible a l ternat ives , ( i ) tha t t h e given poin t may b e jo ined to 
e i ther end of t h e given straight line, (2) tha t the equilateral tr iangle may then 
b e descr ibed on e i ther side of the jo in ing l ine, a n d (3) tha t the side of the 
equilateral t r iangle which is p r o d u c e d may be p roduced in ei ther direction. 
(Bu t it shou ld have been observed that , where AB is greater t han BC, t he 
th i rd al ternat ive is be tween p roduc ing DB a n d no t producing it at all.) Po t t s 
a d d s that , when t h e given poin t lies e i ther on the line or on the line produced , 
t h e dis t inct ion which arises from jo in ing the two ends of the line with the 
given poin t n o longer exists, a n d there a re only four cases of the prob lem 
( I th ink h e shou ld ra ther have said solutions). 

T o dis t inguish a n u m b e r of cases in this way was foreign to the really 
classical m a n n e r . T h u s , as we shall see, Eucl id ' s m e t h o d is to give one case 
only, for cho ice t h e mos t difficult, leaving the reader to supply the rest for 
himself. W h e r e there was a real dis t inct ion be tween cases, sufficient to 
necessi ta te a substant ia l difference in t h e proof, t he pract ice was to give 
separa te enunciations a n d proofs a l togethei , as we may see, e.g., from the 
Conies a n d t h e De sectione rationis of Apol lonius . 

P roc lus a l ludes , in conclusion, to t h e error of those who proposed to solve 
1. 2 by descr ib ing a circle with the given poin t as cent re a n d with a dis tance 
equal to BC, which, as h e says, is a petitio principii. D e Morgan puts the 
ma t t e r very clearly (Supplementary Remarks on the first six Books- of Euclid's 
Elements in t h e Companion to the Almanac, 1 8 4 9 , P- *>)• W e should " ins is t , " 
h e says, " h e r e u p o n the restr ict ions imposed by the first three postulates , 
which d o no t allow a circle to b e drawn with a compass-carr ied d i s t a n c e ; 
suppose the compasses to close of themselves t h e m o m e n t they cease to touch 
t h e paper. T h e s e two proposi t ions [1. 2, 3] extend the power of construct ion 
t o what it would have been if all t he usual power of the compasses had been 
a s s u m e d ; they are myster ious to all who do not see tha t pos tula te iii does 
not ask for every use of the compasses." 

• 

P R O P O S I T I O N 3 . 

Given two unequal straight lines, to cut off from the 
greater a straight line equal to the 
less. c 

Let AB, C be the two given un
equal straight lines, and let AB be 
the greater of them. 

Thus it is required to cut off from 
AB the greater a straight line equal 
to C the less. 

At the point A let AD be placed 
equal to the straight line C; [1. 2] 
and with centre A and distance AD let the circle DEF be 
described. [ P o s t 3] 



Now, since the point A is the centre of the circle DEF, 
AE is equal to AD. [Def. is] 

But C is also equal to AD. 
Therefore each of the straight lines AE, C is equal to 

AD ; so that AE'xs also equal to C. [C.N. i] 
Therefore, given the two straight lines AB, C, from AB 

the greater AE has been cut off equal to C the less. 
(Being) what it was required to do. 

Proclus contr ives to m a k e a n u m b e r of " c a s e s " out of this proposi t ion 
also, a n d gives as many as eight figures. But he only p roduces this variety by 
practically incorporat ing the const ruct ion of the preced ing proposi t ion, ins tead 
of assuming it as we are enti t led to d o . If P r o p . 2 is assumed, the re is really 
only one " case " of the present proposi t ion, for P o t t s d is t inct ion be tween two 
cases according to the part icular extremity of the straight l ine from which t h e 
given length has to b e cu t off scarcely seems to b e wor th making. 

P R O P O S I T I O N 4 . 

If two triangles have the two sides equal to two sides 
respectively, and have the angles contained by the equal straight 
lines equal, they will also have the base equal to the base, the 
triangle will be equal to the triangle, and the remaining angles 

5 will be equal to the remaining angles respectively, namely those 
which the equal sides subtend. 

Let ABC, DEF be two triangles having the two sides 
AB, AC equal to the two sides DE, DF respectively, namely 
AB to DE and AC to DF, and the angle BAC equal to the 

10 angle EDF. 
I say that the base BC is also equal to the base EF, the 

triangle ABC will be equal to the triangle DEF, and the 
remaining angles will be equal to the remaining angles 
respectively, namely those which the equal sides subtend, that 

15 is, the angle ABC to the angle DEF, and the angle ACB 
to the angle DFE. 

For, if the triangle ABC be * P 
applied to the triangle DEF, / \ / \ 

and if the point A be placed / \ / \ 
20 on the point D / \ / \ 

and the straight line AB B c E 
on DE, 

then the point B will also coincide with E, because AB is 
equal to DE. 
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2 5 Again, AB coinciding with DE, 
the straight line A C will also coincide with DF, because the 
angle BAC is equal to the angle EDF; 

hence the point C will also coincide with the point F, 
because AC is again equal to DF. 

3 0 But B also coincided with E; 
hence the base BC will coincide with the base EF. 

[For if, when B coincides with E and C with F, the base 
BC does not coincide with the base EF, two straight lines 
will enclose a space : which is impossible. 

3 5 Therefore the base BC will coincide with 

Thus the whole triangle ABC will coincide with the 
whole triangle DEF, 

and will be equal to it. 
40 And the remaining angles will also coincide with the 

remaining angles and will be equal to them, 
the angle ABC to the angle DEF, 
and the angle ACB to the angle DFE. 

Therefore etc. 

1—3. It is a fact that Euclid's enunciations not infrequently leave something to be 
desired in point of clearness and precision. Here he speaks of the triangles having "the 
angle equal to the angle, namely the angle contained by the equal straight lines " ( T V yuviav 
rjj yuviq. l/rrjv txv T^lv ^ro TG>" lauv c&deiwv wtpitx°lJJtvrlv)i only one of the two angles being 
described in the latter expression (in the accusative), and a similar expression in the dative 
being left to be understood of the other angle. It is curious too that, after mentioning two 
" sides" he speaks of the angles contained by the equal "straight tines," not "sides." It 
may be that he wished to adhere scrupulously, at the outset, to the phraseology of the 
definitions, where the angle is the inclination to one another of two lines or straight lines. 
Similarly in the enunciation of 1. 5 he speaks of producing the equal " straight lines " as if to 
keep strictly to the wording of Postulate 2. 

2. respectively. I agree with Mr H. M. Taylor (Euclid, p. ix) that it is best to 
abandon the traditional translation of "each to each," which would naturally seem to imply 
that all the four magnitudes are equal rather than (as the Greek ixaripa txaHpa does) that 
one is equal to one and the other to the other. 

3. the base. Here we have the word base used f6r the first time in the Elements. 
Proclus explains it (p. 236, 12—15) as meaning (1), when no side of a triangle has been 
mentioned before, the side " which is on a level with the sight" (ttjv rpbt tq tytt KcifUvTfv), 
and (2), when two sides have already been mentioned, the third side. Proclus thus avoids 
the mistake made by some modem editors who explain the term exclusively with reference to 
the case where two sides have been mentioned before. That this is an error is proved (1) by 
the occurrence of .the term in the enunciations of I. 37 etc. about triangles on the same base 
and equal bases, (2) by the application of the same term to the bases of parallelograms in 
1. 35 etc. The truth is that the use of the term must have been suggested by the practice of 
drawing the particular side horizontally, as it were, and the rest of the figure above it. The 
base of a figure was therefore spoken of, primarily, in the same sense as the base of anything 

45 (Being) what it was required to prove. 



else, e.g. of a pedestal or column ; but -vhen, as in I. 5, two triangles were compared 
occupying other than the normal positions which gave rise to the name, and when two side; 
had been previously mentioned, the base was, as Proclus says, necessarily the third side. 

6. subtend. itvoreLvew {nr6, " to stretch under," with accusative. 
9. the angle B A C . The full Greek expression would be 17 inrb TUV BA, AR xt/Mxaiibni 

yuvta, " the angle contained by the (straight lines) BA, AC." But it was a common practice 
of Greek geometers, e.g. of Archimedes and Apollonius (and Euclid too in Books X.—XIII.), to 
use the abbreviation oi BAT for oi BA, AL', "the (straight lines) BA, AC." Thus, on 
Ttptcx°M*v being dropped, the expression would become first i) irrb run BAR ywrta, then 
n faro BAR yuvla, and finally 7) faro BAR, without ywvla, as we regularly find it in Euclid. 

17. if the triangle be applied to. . . , 13. coincide. The difference between the 
technical use of the passive itpappbietrSai " to be applied (to)," and of the active 4<pa.piit>fap 
"to coincide (with) has been noticed above (note on Common Notion 4, pp. 224—5). 

3a. [For if, when B coincides...36. coincide with E F ] . Heiberg (Paralipomena zu 
Euklid in Hermes, XXXVIII., 1903, p. 56) has pointed out, as a conclusive reason for regarding 
these words as an early interpolation, that the text of an-Nairizi (Codex Leidensis 399, 1, ed. 
Besthorn-Heiberg, p. 55) does not give the words in this place but after the conclusion Q.E.D., 
which shows that they constitute a scholium only. They were doubtless added by some 
commentator who thought it necessary to explain the immediate inference that, since B 
coincides with E and C with F, the straight line BC coincides with the straight line EF, 
an inference which really follows from the definition of a straight line and Post. 1; and no 
doubt the Postulate that "Two straight lines cannot enclose a space" (afterwards placed 
among the Common Notions) was interpolated at the same time. 

44. Therefore etc. Where (as here) Euclid's conclusion merely repeats the enunciation 
word for word, I shall avoid the repetition and write "Therefore etc." simply. 

I n t h e no te on Common Notion 4 I have a l ready m e n t i o n e d tha t E u c l i d 
obviously used t h e m e t h o d of superposi t ion with re luc tance , a n d I have given, 
after Veronese for the mos t par t , t he reason for ho ld ing tha t tha t m e t h o d is 
no t admissible as a theoretical m e a n s of proving equali ty, a l though it m a y b e 
of use as a practical test, a n d m a y thus furnish an empir ica l basis on which t o 
found a postulate . M r Ber t rand Russel l observes (Principles of Mathematics 
1. p . 4 0 5 ) that Euc l id would have d o n e be t t e r t o a s s u m e 1. 4 as an ax iom, as 
is practically d o n e by Hi lbe r t (Grundlagen der Geometric, p . 9) . I t m a y b e 
tha t Euc l id himself was as well aware of t h e objec t ions t o t h e m e t h o d as a re 
his m o d e r n c r i t i c s ; bu t a t all events those objec t ions were s ta ted, with a lmos t 
equa l clearness, as early as the m i d d l e of t h e 1 6 t h century . Pele tar ius 
( Jacques Pelet ier) has a long no te on this proposi t ion (In Euclidis Elementa 
geometrica demonstrationum libri sex, 1 5 5 7 ) , in which h e observes that , if 
superposi t ion of lines a n d figures could b e a s sumed as a m e t h o d of proof, t h e 
whole of geometry would be full of such proofs, tha t it cou ld equal ly well have 
been used in 1. 2, 3 ( thus in 1. 2 we could simply have supposed t h e l ine t a k e n 
u p and placed at the point ) , a n d tha t in short it is obvious how far r e m o v e d t h e 
m e t h o d is from the dignity of geometry . T h e theorem, h e adds , is obvious in 
itself a n d does not require proof ; a l t hough it is i n t roduced as a theo rem, it 
would seem that Euc l id i n t ended it r a ther as a definition t h a n a t heo rem, " for 
I canno t th ink that two angles are equa l unless I have a concep t ion of wha t 
equality of angles is ." W h y then did Euc l id inc lude t h e proposi t ion a m o n g 
theorems, ins tead of placing it a m o n g t h e axioms ? Pe le ta r ius m a k e s t h e bes t 
excuse he can, bu t conc ludes t h u s : " H u i u s i t aque p r o p o s i t i o n s ver i ta tem n o n 
a l iunde quam a c o m m u n i iudicio p e t e m u s ; cog i t ab imusque figuras figuris 
superponere , M e c h a n i c u m quippiam e s s e : intell igere verb, id d e m u m esse 
M a t h e m a t i c u m . " 

Expressed in te rms of the m o d e r n sys tems of Congruence-Axioms referred 
to in the no te on Common Notion 4, what Euc l id really a s sumes a m o u n t s t o 
the following : 

( 1 ) O n the line DE, the re is a poin t E, o n e i ther side of D, such tha t AB 
is equal to DE. 
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(2 ) O n e i ther s ide of the ray DE the re is a ray DF such tha t t h e angle 
EDF is equa l t o t h e angle BAC. 

I t now follows tha t on DF the re is a po in t F such tha t DF is equal 
t o AC. 

A n d lastly (3 ) , we requi re an ax iom from which to infer that the two 
remain ing angles of the tr iangles are respectively equal a n d that the bases are 
equal . 

I have shown above (pp . 2 2 9 — 2 3 0 ) t ha t H i lbe r t has a n axiom stat ing the 
equal i ty of t h e remain ing angles simply, bu t proves the equali ty of the bases . 

A n o t h e r a l ternat ive is that of Pa sch (Vorlesungen iiber neuere Geometric, 
p . 1 0 9 ) who has t h e following " G r u n d s a t z " : 

I f two figures AB a n d FGH a re given (FGH no t be ing conta ined in a 
s t ra ight length) , a n d AB, FG a re congruent , a n d if a p lane surface be laid 
th rough A a n d B, we can specify in this p lane surface, p r o d u c e d if necessary, 
two po in t s C, D, ne i ther m o r e nor less, such tha t the figures ABC and ABD 
are congruen t with t h e figure FGH, a n d the straight l ine CD has with the 
s t ra ight l ine AB o r with AB p r o d u c e d o n e poin t c o m m o n . 

I pass t o two po in t s of detai l in Euc l id ' s p roof : 
( 1 ) T h e inference that , s ince B coincides with E, a n d C with F, t he 

bases of t h e t r iangles are wholly co inc iden t rests , as expressly stated, on the 
impossibi l i ty of two straight l ines enclosing a space, a n d therefore presents n o 
difficulty. 

B u t (2 ) mos t edi tors seem to have failed to observe tha t a t the very 
beginning of t h e proof a m u c h m o r e serious assumpt ion is m a d e without any 
exp lana t ion whatever , namely that , if A b e p laced on D, a n d AB on DE, t he 
po in t B will co inc ide with E, because AB is equa l to DE. T h a t is, t h e 
converse of Common Notion 4 is a s s u m e d for s traight l ines. P roc lus merely 
observes , with regard to t h e converse of th is C o m m o n Not ion , t ha t it is only 
t rue in t h e case of th ings " of t h e s a m e form " (bpMihrj), which h e explains as 
m e a n i n g s t ra ight lines, arcs of o n e a n d t h e same circle, a n d angles " conta ined 
by lines s imilar a n d similarly s i t u a t e d " (p. 2 4 1 , 3 — 8 ) . 

Savile however saw t h e difficulty a n d g rapp led with it in his n o t e on t h e 
C o m m o n N o t i o n . After s tat ing tha t all s traight l ines with two points c o m m o n 
a re congruen t be tween t h e m (for otherwise two straight l ines would enclose a 
space) , h e a rgues t hus . L e t the re b e two straight lines AB, DE, a n d let A b e 
p laced o n D, a n d AB on DE. T h e n B will co inc ide with E. For , if not , 
let B fall somewhere shor t of E o r b e y o n d E; a n d in ei ther case it will follow 
tha t t h e less is equa l t o t h e greater , which is impossible . 

Savile seems t o a s s u m e ( a n d so apparent ly does L a r d n e r who gives t h e 
s a m e proof) tha t , if the s traight l ines b e " app l ied ," B will fall somewhere on 
DE or DE p r o d u c e d . Bu t the g r o u n d for this a s sumpt ion shou ld surely be 
s t a t e d ; a n d it seems t o m e tha t it is necessary to use, no t Pos tu la te 1 a lone, 
n o r Pos tu la t e 2 a lone , b u t bo th , for th is purpose (in o the r words to assume, 
no t only t ha t two straight lines cannot enclose a space, b u t also t ha t two straight 
lines cannot have a common segment). F o r the only safe course is to p lace A 
u p o n D a n d t h e n tu rn AB a b o u t D unt i l some po in t on AB in te rmedia te 
be tween A a n d B co incides with some po in t on DE. I n th is posi t ion AB a n d 
DE have two po in t s c o m m o n . T h e n Pos tu la t e 1 enables us to infer t h a t the 
s t ra ight l ines co inc ide between t h e two c o m m o n points , a n d Pos tu la te 2 t ha t 
t hey co inc ide b e y o n d t h e second c o m m o n po in t towards B and E. T h u s the 
s traight l ines co inc ide t h r o u g h o u t so far as both e x t e n d ; a n d Savile's a rgument 
t h e n proves t ha t B co incides with E. 
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PROPOSITION 5. 

In isosceles triangles the angles at the base are equal to one 
another, and, if the equal straight lines be produced further-, 
the angles under the base will be equal to one another. 

Let ABC be an isosceles triangle having the side AB 
5 equal to the side AC; ' 

and let the straight lines BD, CE be produced further in a 
straight line with AB, AC. [Post. 2] 

I say that the angle ABC is equal to the angle ACB, and 
the angle CBD to the angle BCE. 

10 Let a point F be taken at random 
on BD; 
from AE the greater let AG be cut off 
equal to AF the less ; [1. 3] 
and let the straight lines FC, GB be joined. 

[Post. 1 ] 

is Then, since AF is equal to AG and 
AB to AC, 

the two sides FA, AC are equal to the 
two sides GA, AB, respectively ; 

and they contain a common angle, the angle FAG. 
20 Therefore the base FC is equal to the base GB, 

and the triangle AFC is equal to the triangle AGB, 
and the remaining angles will be equal to the remaining angles 
respectively, namely those which the equal sides subtend, 

that is, the angle ACF to the angle ABG, 
25 and the angle AFC to the angle AGB. [1. 4] 

And, since the whole AF is equal to the whole A G, 
and in these AB is equal to AC, 

the remainder BF is equal to the remainder CG. 
But FC was also proved equal to GB; 

v> therefore the two sides BF, FC are equal to the two sides 
CG, GB respectively; 
and the angle BFC is equal to the angle CGB, 

while the base BC is common to them ; 
therefore the triangle BFC is also equal to the triangle CGB, 

55 and the remaining angles will be equal to the remaining 
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angles respectively, namely those which the equal sides 
subtend; 

therefore the angle FBC is equal to the angle GCB, 

and the angle BCF to the angle CBG. 

4° Accordingly, since the whole angle ABG was proved 
equal to the angle A CF, 

and in these the angle CBG is equal to the angle BCF, 
the remaining angle ABC is equal to the remaining angle 
ACB; 

45 and they are at the base of the triangle ABC. 

But the angle FBC was also proved equal to the angle GCB; 

and they are under the base. 

Therefore etc. Q. E. D. 
1. t h e e q u a l s t r a i g h t l i n e s ( m e a n i n g the equa l sides). Cf. no t e o n the similar 

express ion in P r o p . 4, l ines 3, 3. 
10. L e t a p o i n t F b e t a k e n a t r a n d o m o n B D , e / X i ) 0 0 w irl rfjt B A r v x o r <nnuum T6 Z , 

w h e r e vvybv ffiffieiov means " a c h a n c e p o i n t . " 
17. t h e t w o s i d e s F A , A C a r e e q u a l t o t h e t w o s i d e s G A , A B r e s p e c t i v e l y , ><io 

al Z A , A r Sv<rl rats H A , A B brat etch inartful inartpa. H e r e , and in number less later 
passages , I have inser ted the w o r d " s i d e s " for the reason g i v e n in the no t e o n I. 1, l ine 10. 
I t w o u l d h a v e b e e n permiss ib le t o s u p p l y ei ther " s t r a igh t l i n e s " o r " s i d e s " ; but o n the 
w h o l e " s i d e s " s e e m s t o b e m o r e in a c c o r d a n c e wi th the p h r a s e o l o g y o f I . 4. 

33. t h e b a s e B C i s c o m m o n t o t h e m , i . e . , apparent ly , c o m m o n to the angles, as 
the avrQv in (jdffii avrdv KOWTJ c an o n l y refer to yun/ta and yuvla p r e c e d i n g . S imson w r o t e 
" and the base BC is c o m m o n t o the t w o triangles BFC, CGB " ; T o d h u n t e r left ou t these 
w o r d s as b e i n g o f n o use and t end ing to pe rp l ex a beg inne r . But Euc l id evident ly chose 
t o q u o t e the c o n c l u s i o n o f 1. 4 e x a c t l y ; the first phrase o f that c o n c l u s i o n is that the bases 
( o f the t w o tr iangles) are equa l , and , as the equa l bases are here the same base , E u c l i d 
natural ly substitutes t he w o r d " c o m m o n " for " e q u a l . " 

48. A s " ( B e i n g ) wha t it w a s requi red t o p r o v e " (or " d o " ) is s o m e w h a t l o n g , I shall 
hencefor th wr i te the t i m e - h o n o u r e d " Q . E. D.' and " Q . E. F." for Swep tdti dtifat and Sirep 
{Set Toiijaat. 

According to Proclus (p. 250, 20) the discoverer of the fact that in any 
isosceles triangle the angles at the base are equal was Thales, who however 
is said to have spoken of the angles as being similar, and not as being equal. 
(Cf. Arist. De caelo iv. 4, 311 b 34 woos o/Was ymvla.% ^aivcrat <j*tp6ficvov where 
equal angles are meant.) 

A pre-Eucl idean proof of I. 5. 
One of the most interesting of the passages in Aristotle indicating differences 

between Euclid's proofs and those with which Aristotle was familiar, in other 
words, those of the text-books immediately preceding Euclid's, has reference to 
the theorem of 1. 5. The passage (Anal. Prior. 1. 24, 41 b 13—22) is so 
important that I must quote it in full. Aristotle is illustrating the fact that in 
any syllogism one of the propositions must be affirmative and universal 
(KOBOKOV). " T h i s , " he says, " i s better shown in the case of geometrical 
propositions " (iv TOU Siaypo/tftoo-iv), e.g. the proposition that the angles at the 
base of an isosceles triangle are equal. 

" For let A, B be drawn [i.e. joined] to the centre. 
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"If, then, we assumed (1) that the angle AC [i.e. A + C] is equal to the 
angle BD [i.e. B + Z>] without asserting generally 
that the angles of semicircles are equal, and again 
(2) that the angle C is equal to the angle D without 
making the further assumption that the two angles of 
all segments are equal, and if we then inferred, lastly, 
that, since the whole angles are equal, and equal 
angles are subtracted from them, the angles which 
remain, namely E, F, are equal, we should commit 
a petitio principii, unless we assumed [generallyj 
that, when equals are subtracted from equals, the 
remainders are equal.'' 

The language is noteworthy in some respects. 
(1) A, B are said to be drawn (j}y/«W) to the centre (of the circle of 

which the two equal sides are radii) as if A, B were not the angular points but 
the sides or the radii themselves. (There is a parallel for this in Eucl. iv. 4.) 

(2) " T h e angle AC" is the angle which is the sum of A and C, and A 
means here the angle at A of the isosceles triangle shown in the figure, and 
afterwards spoken of by Aristotle as E, while C is the " mixed " angle between 
AB and the circumference of the smaller segment cut off by it. 

(3) The "angle of a semicircle" (i.e. the " a n g l e " between the diameter 
and the circumference, at the extremity of the diameter) and the " angle of a 
segment" appear in Euclid m . 16 and HI. Def. 7 respectively, obviously as 
survivals from earlier text-books. 

But the most significant facts to be gathered from the extract are that in 
the text-books which preceded Euclid's " mixed " angles played a much more 
important part than they do with Euclid, and, in particular, that at least two 
propositions concerning such angles appeared quite at the beginning, namely 
the propositions that the (mixed) angles of semicircles are equal and that the two 
(mixed) angles of any segment of a circle are equal. T h e wording of the first 
of the two propositions is vague, but it does not necessarily mean more than 
that the two (mixed) angles in one semicircle are equal, and I know of no 
evidence going to show that it asserts that the angle of any one semicircle is 
equal to the angle of any other semicircle (of different size). It is quoted in 
the same form, "because the angles of semicircles are equal," in the Latin 
translation from the Arabic of Heron's Catoptrica, Prop. 9 (Heron, Vol . 11., 
Teubner, p. 334), but it is only inferred that the different radii of one circle 
make equal " angles " with the circumference; and in the similar proposition 
of the Pseudo-Euclidean Catoptrica (Euclid, Vol . V I I . , p. 294) angles of the 
same sort in one circle are said to be equal " because they are (angles) of 
a semicircle." Therefore the first of the two propositions may be only a 
particular case of the second. 

But it is remarkable enough that the second proposition (that the two 
"angles of" any segment of a circle are equal) should, in earlier text-books, have 
been placed before the theorem of Eucl. 1. 5. We can hardly suppose it to 
have been proved otherwise than by the superposition of the semicircles into 
which the circle is divided by the diameter which bisects at right angles the 
base of the segment; and no doubt the proof would be closely connected with 
that of Thales' other proposition that any diameter of a circle bisects it, which 
must also (as Proclus indicates) have been proved by superposing one of the 
two parts upon the other. 

It is a natural inference from the passage of Aristotle that Euclid's proof of 
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i. 5 was his own, and it would thus appear that his innovations as regards 
order of propositions and methods of proof began at the very threshold of the 
subject. 

Proof without producing the sides. 
In this proof, given by Proclus (pp. 248, 22—249, 19), D and E are taken 

on AB, AC, instead of on AB, AC produced, so that AD, AE are equal. The 
method of proof is of course exactly like Euclid's, but it does not establish the 
equality of the angles beyond the base as well. 

Pappus' proof. 
Proclus (pp. 249, 20—250, 12) says that Pappus proved the theorem in a 

still shorter manner without the help of any construction whatever. 
This very interesting proof is given as follows : 
" Let ABC be an isosceles triangle, and AB equal to ^ 

A C J\ 
Let us conceive this one triangle as two triangles, and let / \ 

us argue in this way. / \ 
Since AB is equal to A C, and A C to AB, I \ 

the two sides AB, AC axe equal to the two sides AC, AB. J \ 
A n d the angle BA C is equal to the angle CAB, for it is B C 

the same. 
Therefore all the corresponding parts (in the triangles) are equal, namely 

BC to BC, 
the triangle ABC to the triangle ABC (i.e. ACB), 

the angle ABC to the angle ACB, 
and the angle ACB to the angle ABC, 

(for these are the angles subtended by the equal sides AB, A C. 
Therefore in isosceles triangles the angles at the base are equal." 
This will no doubt be recognised as the foundation of the alternative 

proof frequently given by modern editors, though they do not refer to Pappus. 
But they state the proof in a different form, the common method being to 
suppose the triangle to be taken up, turned over, and placed again upon itself, 
after which the same considerations of congruence as those used by Euclid in 
1. 4 are used over again. There is the obvious difficulty that it supposes the 
triangle to be taken up and at the same time to remain where it is. (Cf. 
Dodgson's humorous remark upon this, Euclid and his modern Rivals, p. 47.) 
Whatever we may say in justification of the proceeding (e.g. that the triangle 
may be supposed to leave a trace), it is really equivalent to assuming the 
construction (hypothetical, if you will) of another triangle equal in all respects 
to the given triangle; and such an assumption is not in accordance with 
Euclid's principles and practice. 

It seems to me that the form given to the proof by Pappus himself is by far 
the best, for the reasons (1) that it assumes no construction of a second 
triangle, real or hypothetical, (2) that it avoids the distinct awkwardness 
involved by a proof which, instead of merely quoting and applying the result 
of a previous proposition, repeats, with reference to a new set of data, the 
process by which that result was established. If it is asked how we are to 
realise Pappus' idea of two triangles, surely we may answer that we keep to one 
triangle and merely view it in two aspects. If it were a question of helping a 
beginner to understand this, we might say that one triangle is the triangle 



looked at in front and that the other triangle is the same triangle looked at 
from behind; but even this is not really necessary. 

Pappus' proof, of course, does not include the proof of the second part of 
the proposition about the angles under the base, and we should still have to 
establish this much in the same way as Euclid does. 

Purpose of the second part of the theorem. 
A n interesting question arises as to the reason for Euclid's insertion of the 

second part, to which, it will be observed, the converse proposition I. 6 has 
nothing corresponding. As a matter of fact, it is not necessary for any 
subsequent demonstration that is to be found in the original text of Euclid, 
but only for the interpolated second case of i. 7 ; and it was perhaps not 
unnatural that the undoubted genuineness of the second part of 1. 5 convinced 
many editors that the second case of 1. 7 must necessarily be Euclid's also. 
Proclus' explanation, which must apparently be the right one, is that the 
second part of 1. 5 was inserted for the purpose of fore-arming the learner 
against a possible objection (JWrao-ts), as it was technically called, which might 
be raised to 1. 7 as given in the text, with one case only. The objection would, 
as we have seen, take the specific ground that, as demonstrated, the theorem 
was not conclusive, since it did not cover all possible cases. From this point 
of view, the second part of 1. 5 is useful not only for 1. 7 but, according to 
Proclus, for 1. 9 also. Simson does not seem to have grasped Proclus' 
meaning, for he says : " And Proclus acknowledges, that the second part of 
Prop, s was added upon account of Prop. 7 but gives a ridiculous reason for 
it, 'that it might afford an answer to objections made against the 7th,' as if the 
case of the 7th which is left out were, as he expressly makes it, an objection 
against the proposition itself." 

j. 

PROPOSITION 6. 

If in a triangle two angles be equal to one another, the 
sides which subtend the equal angles will also be equal to one 
another. 

Let ABC be a triangle having the angle ABC equal to 
the angle ACB; 

I say that the side AB is also equal to the 
side AC. 

For, if AB is unequal to AC, one of them is 
greater. 

Let AB be greater; and from AB the 
greater let DB be cut off equal to AC the less ; 

let DC be joined. 
Then, since DB is equal to A C, 

and BC is common, 
the two sides DB, BC are equal to the two sides AC, 

CB respectively; 
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and the angle DBC is equal to the angle A CB ; 
therefore the base DC is equal to the base AB, 

and the triangle DBC will be equal to the triangle A CB, 
the less to the greater: 

which is absurd. 
Therefore AB is not unequal to AC; 

it is therefore equal to it. 
Therefore etc. 

Q. E. D. 

Euclid assumes that, because D is between A and B, the triangle DBC 
is less than the triangle ABC. Some postulate is necessary to justify this 
tacit assumption; considering an angle less than two right angles, say the 
angle ACB in the figure of the proposition, as a cluster of rays issuing from 
C and bounded by the rays CA, CB, and joining AB (where A, B are any 
two points on CA, CB respectively), we see that to each successive ray taken 
in the direction from CA to CB there corresponds one point on AB in which 
the said ray intersects AB, and that all the points on AB taken in order from 
A to B correspond univocally to all the rays taken in order from CA to 
CB, each point namely to the ray intersecting AB in the point. 

We have here used, for the first time in the Elements, the method of 
reductio ad absurdum, as to which I would refer to the section above (pp. 136, 
140) dealing with this among other technical terms. 

This proposition also, being the converse of the preceding proposition, 
brings us to the subject of 

Geometrical Conversion. 

This must of course be distinguished from the logical conversion of a 
proposition. Thus, from the proposition that all isosceles triangles have the 
angles opposite to the equal sides equal, logical conversion would only enable 
us to conclude that some triangles with two angles equal are isosceles. Thus 
1. 6 is the geometrical, but not the logical, converse of 1. 5. On the other 
hand, as De Morgan points out (Companion to the Almanac, 1849, p. 7), 1. 6 is 
a purely logical deduction from 1. 5 and 1. 18 taken together, as is 1. 19 also. 
For the general argument see the note on 1. 19. For the present proposition 
it is enough to state the matter thus. Let X denote the class of triangles 
which have the two sides other than the base equal, Y the class of triangles 
which have the base angles equal ; then we may call non-X the class of 
triangles having the sides other than the base unequal, non- Y the class of 
triangles having the base angles unequal. 

Thus we have 
All X is Y, [1. 5] 
All non-X is non-K; [1. 18] 

and it is a purely logical deduction that 
Al l Y is X [1. 6] 

According to Proclus (p. 252, 5 sqq.) two forms of geometrical conversion 
were distinguished. 

(1) T h e leading form (7rpoi;you/n«nj). the conversion par excellence (y Kvputn 
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avrurrptxpri), is the complete or simple conversion in which the hypothesis 
and the conclusion of a theorem change places exactly, the conclusion of the 
theorem being the hypothesis of the converse theorem, which again establishes, 
as its conclusion, the hypothesis of the original theorem. The relation between 
the first part of I. 5 and I. 6 is of this character. In the former the hypothesis 
is that two sides of a triangle are equal and the conclusion is that the angles 
at the base are equal, while the converse (1. 6) starts from the hypothesis that 
two angles are equal and proves that the sides subtending them are equal. 

(2) The other form of conversion, which we may call partial, is seen 
in cases where a theorem starts from two or more hypotheses combined into 
one enunciation and leads to a certain conclusion, after which the converse 
theorem takes this conclusion in substitution for one of the hypotheses of 
the original theorem and from the said conclusion along with the rest of the 
original hypotheses obtains, as its conclusion, the omitted hypothesis of the 
original theorem. 1. 8 is in this sense a converse proposition to 1. 4 ; for 1. 4 
takes as hypotheses (1) that two sides in two triangles are respectively equal, 
(2) that the included angles are equal, and proves (3) that the bases are equal, 
while 1. 8 takes (1) and (3) as hypotheses and proves (2) as its conclusion. It 
is clear that a conversion of the leading type must be unique, while there 
may be many partial conversions of a theorem according to the number of 
hypotheses from which it starts. 

Further, of convertible theorems, those which took as their hypothesis 
the genus and proved a property were distinguished as the leading theorems 
(irparfYov/uva), while those which started from the property as hypothesis 
and described, as the conclusion, the genus possessing that property were the 
converse theorems. 1. 5 is thus the leading theorem and 1. 6 its converse, 
since the genus is in this case taken to be the isosceles triangle. 

Converse of second part of I. 5. 

Why, asks Proclus, did not Euclid convert the second part of 1. 5 as well ? 
He suggests, properly enough, two reasons: (1) that the second part of 1. 5 
itself is not wanted for any proof occurring in the original text, but is only put 
in to enable objections to the existing form of later propositions to be met, 
whereas the converse is not even wanted for this purpose; (2) that the converse 
could be deduced from 1. 6, if wanted, at any time after we have passed 1. 13, 
which can be used to prove that, if the angles formed by producing two sides 
of a triangle beyond the base are equal, the base angles themselves are equal. 

Proclus adds a proof of the converse of the second part of 1. 5, i.e. of the 
proposition that, if the angles formed by producing two 
sides of_ a triangle beyond the base are equal, the triangle 
is isosceles; but it runs to some length and then only 
effects a reduction to the theorem of 1. 6 as we have it. 
As the result of this should hardly be assumed, a better 
proof would be an independent one adapting Euclid's 
own method in 1. 6. Thus, with the construction of 1. 5, 
we first prove by means of 1. 4 that the triangles BFC, 
CGB are equal in all respects, and therefore that FC is 
equal to GB, and the angle BFC equal to the angle CGB. 
Then we have to prove that AF, AG are equal. If they 
are not, let AF be the greater, and from FA cut off FH equal to 
Join CH. 

GA. 
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Then we have, in the two triangles HFC, AGB, 
two sides HF, FC equal to two sides A G, GB 
and the angle HFC equal to the angle AGB. 

Therefore (i. 4) the triangles HFC, AGB are equal. But the triangles 
BFC, CGB are also equal. 

Therefore (if we take away these equals respectively) the triangles HBC, 
ACB are equal: which is impossible. 

Therefore AF, AG are not unequal. 
Hence AF is equal to AG and, if we subtract the equals BF, CG respec

tively, AB is equal to A C. 
This proof is found in the commentary of an-Nairizi (ed. Besthorn-Heiberg, 

p. 6 1 ; ed. Curtze, p. 50). 

Alternative proofs of I. 6. 
Todhunter points out that 1. 6, not being wanted till 11. 4, could be 

postponed till later and proved by means of 1. 26. Bisect the angle BAC 
by a straight line meeting the base at D. Then the triangles ABD, ACD 
are equal in all respects. 

Another method depending on 1. 26 is given by an-Nairizi after that 
proposition. 

Measure equal lengths BD, CE along the sides BA, CA. 
Join BE, CD. 

Then [1. 4] the triangles DBC, ECB are equal in all 
respects; 
therefore EB, DC are equal, and the angles BEC, CDB 
are equal. 

The supplements of the latter angles are equal [1. 13], 
and hence the triangles ABE, ACD have two angles equal respectively and 
the side BE equal to the side CD. 

Therefore [1. 26] AB is equal to AC. 

PROPOSITION 7. 

Given two straight lines constructed on a straight line 
{from its extremities) and meeting in a point, there cannot be 
constructed on the same straight line {from its extremities'), 
and on the same side of it, two other straight lines meeting in 

5 another point and equal to the former two respectively, namely 
each to that which has the same extremity with it. 

For, if possible, given two straight lines AC, CB con
structed on the straight line AB and meeting 
at the point C, let two other straight lines 

10 AD, DB be constructed on the same straight 
line AB, on the same side of it, meeting in 
another point D and equal to the former two 
respectively, namely each to that which has 
the same extremity with it, so that CA is 

15 equal to DA which has the same extremity A with it, and 



CB to DB which has the same extremity B with it; and let 
CD be joined. 

Then, since AC is equal to AD, 
the angle ACD is also equal to the angle ADC; [1. 5] 

20 therefore the angle ADC is greater than the angle DCB; 
therefore the angle CDB is much greater than the angle 
DCB. 

Again, since CB is equal to DB, 
the angle CDB is also equal to the angle DCB. 

25 But it was also proved much greater than it: 
which is impossible. 

Therefore etc. Q. E. D. 

1—6. I n an Engl ish translation o f the enuncia t ion o f this p ropos i t ion it is absolu te ly 
necessary, in order to m a k e it in te l l igible , to insert s o m e w o r d s w h i c h are n o t in the G r e e k . 
T h e reason is partly that the G r e e k enuncia t ion is i tself v e r y el l ipt ical , and par t ly that s o m e 
w o r d s used in it c o n v e y e d m o r e meaning than the co r respond ing w o r d s in Eng l i sh d o . 
Particularly is this the case wi th 01) amrad^oOVTHU irl " there shall no t b e cons t ruc ted u p o n , " 
since ewloraaSai is the regular w o r d for cons t ruc t ing a triangle in particular. T h u s a G r e e k 
w o u l d easily understand <rv<rraS^aoirrai M as m e a n i n g the cons t ruc t ion o f t w o l ines forming 
a triangle on a g iven straight l ine as b a s e ; w h e r e a s . t o " c o n s t r u c t t w o straight l ines o n a 
straight l ine " is no t in Engl i sh sufficiently definite unless w e expla in that t hey are d r a w n 
from the ends o f the straight l ine to meet at a po in t . I have h a d the less hesi tat ion in put t ing 
in the words " f r o m its ex t remi t i e s" because they are ac tual ly used b y E u c l i d in the s o m e w h a t 
similar enuncia t ion o f I. 1 1 . 

H o w imposs ib le a literal translation into Engl i sh is, i f it is to c o n v e y the m e a n i n g o f the 
enunciat ion intel l igibly, wi l l b e c lear from the fo l l owing a t tempt to render l i te ra l ly : " O n the 
same straight l ine there shall no t b e cons t ruc ted t w o o ther straight l ines equal , e a c h to each , 
to the same t w o straight lines, ( terminat ing) at different points o n the same s ide , hav ing the 
same extremit ies as the original straight l ines " (M TTJS atrip ebSelas Sio rau airaU eABtlats 
dXXai Sio eiBeuu fffai inaripa inaripa oi awraBijoovTai. rp6s nal i\\<p o-nixt'up irl TO atira 
lUpri r a cu>Ta rtpara fxowreu rats i£ apXV* ebBclais). 

T h e reason w h y E u c l i d a l l o w e d h imse l f t o use, in this enuncia t ion , l anguage apparen t ly 
so obscure is n o d o u b t that the ph ra seo logy was tradit ional and therefore, vague as it was , 
had a conven t iona l meaning w h i c h the c o n t e m p o r a r y g e o m e t e r we l l under s tood . T h i s is 
p r o v e d , I think, b y the occu r r ence in Ar i s to t l e (Meteorologica H i . 5, 376 a 2 s q q . ) o f the v e r y 
same, evident ly technical , expressions. Ar is to t le is there a l luding to the theorem g i v e n b y 
Eutocius f rom A p o l l o n i u s ' Plane Loci t o the effect that, i f H, K b e t w o fixed po in t s and At 
such a variable point that the ratio o f MH t o MK is a g iven ratio (not o n e o f equal i ty) , the 
locus o f At is a c i rc le . ( F o r an account o f this t heo rem see n o t e o n V I . 3 b e l o w . ) N o w 
Aris to t le says " T h e l ines d rawn u p f rom H, K in this ratio canno t b e cons t ruc ted to t w o 
different points o f the semicirc le A " (al oS* diri TUP H K ivaydfievat ypa/i/juu 4v roirip T<p 
\bya ni <ru<rTofli)<ro»Tot TOO i<p' <j> A s^uKviOdmi npbs 4 \ X o nal &\\o cruieiov). 

I f a paraphrase is a l l o w e d instead o f a translation adher ing as c lo se ly as pos s ib l e to the 
original , S imson ' s is the best that c o u l d be found, s ince the fact that the straight l ines fo rm 
triangles o n the same base is really c o n v e y e d in the G r e e k . S i m s o n ' s enuncia t ion is, Upon 
the same base, and on the same side of it, there cannot be two triangles that have their sides 
which are terminated in one extremity of the base equal to one another, and likewise those 
which are terminated at the other extremity. T h . T a y l o r ( the translator o f P roc lus ) at tacks 
S imson ' s alteration as " i n d i s c r e e t " and as det rac t ing f rom the beauty a n d accu racy o f 
Euc l id ' s enunciat ion w h i c h are enlarged u p o n b y P roc lus in his c o m m e n t a r y . Y e t , w h e n 
T a y l o r says " W h a t e v e r difficulty learners m a y find in c o n c e i v i n g this p ropos i t i on abs t rac tedly 
is easily r e m o v e d by its expos i t ion in the figure," he really g ives his case a w a y . T h e fact is 
that T a y l o r , a lways enthusiastic o v e r his author , w a s net t led b y S imson ' s s l ight ing remarks 
o n Proc lus ' c o m m e n t s o n the p ropos i t ion . S i m s o n had sa id , w i th reference to P r o c l u s ' 
explanat ion o f the bearing o f the s econd part o f 1. 5 o n I. 7, that it was no t " w o r t h w h i l e 
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t o relate his trifles at full l eng th , " to w h i c h T a y l o r retorts " B u t M r Simson was n o 
p h i l o s o p h e r ; and therefore the greatest part o f these C o m m e n t a r i e s must be considered b y 
h i m as trifles, f rom the want o f a p h i l o s o p h i c genius to c o m p r e h e n d their meaning, and 
a taste superior t o that o f a mere mathematician, to d i scover their beauty and e l e g a n c e . " 

20. It w o u l d b e natural to insert he re the s tep " but the angle A CD is greater than the 
a n g l e BCD. [C. N. 5 .]" 

it. m u c h g r e a t e r , literally " g r e a t e r b y m u c h " (iroXXip fieifav). S imson and those w h o 
f o l l o w h im translate : "much more then is the angle BDC greater than the angle BCD" 
but the G r e e k for this w o u l d have to b e iroXXy (or iroXu) fxaWbv £<ni.../ielfav. iroXX^ fiaXKov, 
h o w e v e r , though used b y A p o l l o n i u s , is no t , apparent ly , found in Euc l id or A r c h i m e d e s . 

Just as in i. 6 we need a Postulate to justify theoretically the statement that 
CD falls within the angle ACB, so that the triangle DBC is less than the 
triangle ABC, so here we need Postulates which shall satisfy us as to the 
relative positions of CA, CB, CD on the one hand and of DC, DA, DB 
on the other, in order that we may be able to infer that the angle BDC is 
greater than the angle ADC, and the angle ACD greater than the angle BCD. 

De Morgan {pp. tit. p. 7) observes that 1. 7 would be made easy to 
beginners if they were first familiarised, as a common notion, with " i f two 
magnitudes be equal, any magnitude greater than the one is greater than any 
magnitude less than the other." I doubt however whether a beginner would 
follow this easily; perhaps it would be more easily apprehended in the form 
" i f any magnitude A is greater than a magnitude B, the magnitude A is 
greater than any magnitude equal to B, and (a fortiori) greater than any 
magnitude less than B." 

It has been mentioned already (note on 1. 5 ) that the second case of I. 7 
given by Simson and in our text-books generally is not in the original text 
(the omission being in accordance with Euclid's general practice of giving 
only one case, and that the most difficult, and leaving the others to be worked 
out by the reader for himself). The second case is given by Proclus as the 
answer to a possible objection to Euclid's proposition, which should assert that 
the proposition is not proved to be universally true, since the proof given does 
not cover all possible cases. Here the objector is supposed to contend that 
what Euclid declares to be impossible may still be possible if one pair of lines 
lie wholly within the other pair of lines; and the second part of I. 5 enables 
the objection to be refuted. 

If possible, let AD, DB be entirely within the triangle formed by AC, 
CB with AB, and let AC be equal to AD and BC 
to BD. 

Join CD, and produce AC, AD to E and F. 
Then, since AC is equal to AD, 

the triangle ACD is isosceles, 
and the angles ECD, FDC under the base are equal. 

But the angle ECD is greater than the angle BCD, 
therefore the angle FDC is also greater than the angle 
BCD. 
Therefore the angle BDC is greater by far than the angle BCD. 

Again, since DB is equal to CB, 
the angles at the base of the triangle BDC are equal, [1. 5] 

that is, the angle BDC is equal to the angle BCD. 
Therefore the same angle BDC is both greater than and equal to the angle 

BCD: which is impossible. 
The case in which D falls on AC or BC does not require proof. 
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I have already referred (note on 1. 1) to the mistake made by those 
editors who regard 1. 7 as being of no use except to prove 1. 8. What 1. 7 
proves is that if, in addition to the base of a triangle, the length of the side 
terminating at each extremity of the base is given, only one triangle satisfying 
these conditions can be constructed on one and the same side of the given 
base. Hence not only does 1. 7 enable us to prove 1. 8, but it supplements 
1. 1 and 1. 22 by showing that the constructions of those propositions give one 
triangle only on one and the same side of the base. But for 1. 7 this could 
not be proved except by anticipating III, 10, of which therefore 1. 7 is the 
equivalent for Book 1. purposes. Dodgson (Euclid and his modern Rivals, 
pp. 194—5) puts it in another way. " I t [1. 7] shows that, of all'plane figures 
that can be made by hingeing rods together, the three-sided ones (and these 
only) are rigid (which is another way of stating the fact that there cannot be 
two such figures on the same base). This is analogous to the fact, in relation 
to solids contained by plane surfaces hinged together, that any such solid is 
rigid, there being no maximum number of sides. And there is a close analogy 
between 1. 7, 8 and 111. 23, 24. These analogies give to geometry much of its 
beauty, and I think that they ought not to be lost sight of." It will therefore 
be apparent how ill-advised are those editors who eliminate 1. 7 altogether and 
rely on Philo's proof for 1. 8. 

Proclus, it may be added, gives (pp. 268, 19—269, 10) another explanation 
of the retention of 1. 7, notwithstanding that it was apparently only required 
for 1. 8. It was said that astronomers used it to prove that three successive 
eclipses could not occur at equal intervals of time, i.e. that the third could not 
follow the second at the same interval as the second followed the first; and it 
was argued that Euclid had an eye to this astronomical application of the 
proposition. But, as we have seen, there are other grounds for retaining the 
proposition which are quite sufficient of themselves. 

PROPOSITION 8. 

If two triangles have the two sides equal to two sides 
respectively, and have also the base equal to the base, they will 
also have the angles equal which are contained by the equal 
straight lines. 

5 Let ABC, DEF be two triangles having the two sides 
AB, AC equal to the two sides 
DE, DF respectively, namely 
AB to DE, and AC to DF; and 
let them have the base BC equal 

10 to the base EF; 
I say that the angle BAC is 

also equal to the angle EDF. 
For, if the triangle ABC be 

applied to the triangle DEF, and if the point B be placed on 
15 the point E and the straight line BC on EF, 

the point C will also coincide with F, 
because BC is equal to EF. 
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Then, BC coinciding with EF, 

BA, AC will also coincide with ED, DF; 
20 for, if the base BC coincides with the base EF, and the sides 

BA, AC do not coincide with ED, DF but fall beside them 
as EG, GF, 

then, given two straight lines constructed on a straight 
line (from its extremities) and meeting in a point, there will 

25 have been constructed on the same straight line (from its 
extremities), and on the same side of it, two other straight 
lines meeting in another point and equal to the former 
two respectively, namely each to that which has the same 
extremity with it 

30 But they cannot be so constructed. [1 .7 ] 

Therefore it is not possible that, if the base BC be applied 
to the base EF, the sides BA, AC should not coincide with 
ED, DF; 

they will therefore coincide, 
35 so that the angle BAC will also coincide with the angle 

EDF, and will be equal to it. 

If therefore etc. Q. E. D. 

19. B A , A C . T h e text has here " BA, CA." 
11. f a l l b e s i d e t h e m . T h e G r e e k has the future, rapa\\d(omn. rapaKKdrra means 

" t o pass b y w i t h o u t t o u c h i n g , " " t o m i s s " o r " t o dev ia t e . " 

A s pointed out above (p. 257) 1. 8 is a partial converse of 1. 4. 
It is to be observed that in 1. 8 Euclid is satisfied with proving the equality 

of the vertical angles and does not, as in 1. 4, add that the triangles are equal, 
and the remaining angles are equal respectively. The reason is no doubt (as 
pointed out by Proclus and by Savile after him) that, when once the vertical 
angles are proved equal, the rest follows from 1. 4, and there is no object in 
proving again what has been proved already. 

Aristotle has an allusion to the theorem of this proposition in Meteorologica 
in. 3, 373 a 5—16. H e is speaking of the rainbow and observes that, if equal 
rays be reflected from one and the same point to one and the same point, the 
points at which reflection takes place are on the circumference of a circle. 
" F o r let the broken lines ACB, AFB, ADB be all reflected from the point 
A to the point B (in such a way that) AC, AF, AD are all equal to one 
another, and the lines (terminating) at B, i.e. CB, FB, DB, are likewise all 
equal ; and let AEB be joined. It follows that the triangles are equal; for 
they are upon the equal (base) AEB." 

Heiberg (Mathematisches zu Aristoteles, p. 18) thinks that the form of the 
conclusion quoted is an indication that in the corresponding proposition to 
Eucl. 1. 8, as it lay before Aristotle, it was maintained that the triangles were 
equal, and not only the angles, and "we see here therefore, in a clear example, 
how the stones of the ancient fabric were recut for the rigid structure of his 



Elements." I do not, however, think that this inference from Aristotle's 
language as to the form of the pre-Euclidean proposition is safe. Thus if we, 
nowadays, were arguing from the data in the passage of Aristotle, we should 
doubtless infer directly that the triangles are equal in all respects, quoting 1. 8 
alone. Besides, Aristotle's language is rather careless, as the next sentences 
of the same passage show. " Let perpendiculars," 
he says, " be drawn to AEB from the angles, CE 
from C, EE from Fa.nd DE from D. These, then, 
are equal; for they are all in equal triangles, and 
in one plane; for all of them are perpendicular 
to AEB, and they meet at one point E. There
fore the (line) drawn (through C, F, D) will be a 
circle, and its centre (will be) E." Aristotle should 
obviously have proved that the three perpendiculars will meet at one point E 
on AEB before he spoke of drawing the perpendiculars CE, EE, DE. 
This of course follows from their being " i n equal triangles" (by means of 
Eucl. 1. 26); and then, from the fact that the perpendiculars meet at one 
point on AB, it can be inferred that all three are in one plane. 

Philo's proof of I. 8. 

This alternative proof avoids the use of I. 7, and it is elegant; but it is 
inconvenient in one respect, since three cases have to be distinguished. 
Proclus gives the proof in the following order (pp. 266, 15—268, 14). 

Let ABC, DEF be two triangles having the sides AB, A C equal to the 
sides DE, DF respectively, and the base BC equal to the base EF. 

Let the triangle ABC be applied to the triangle DEF, so that B is placed 
on E and BC on EF, but so that A falls on the opposite side of EFhom D, 
taking the position G. Then C will coincide with F, since BC is equal to 
EF. 

Now EG will either be in a straight line with DF, or make an angle with 
it, and in the latter case the angle will either be interior (Kara TO IVTOS) to the 
figure or exterior (KOTO, TO IKT6%). 

I. Let EG be in a straight line with A 
DF. 

Then, since DE is equal to EG, and 
DFG is a straight line, 

DEG is an isosceles triangle, and the 
angle at D is equal to the angle at G. 

Si
l l . Let DF, FG form an angle interior to the figure. 
Let DG be joined. 
Then, since DE, EG are equal, 

the angle EDG is equal to the angle 
EGD. 

Again, since DF is equal to FG, 
the angle FDG is equal to the angle 
FGD. 

Therefore, by addition, 
the whole angle EDF is equal to the 
whole angle EGF. 

• 
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I I I . Let DF, FG form an angle exterior to the figure. 
Let DG be joined. 
The proof proceeds as in the last case, 

except that subtraction takes the place of 
addition, and 
the remaining angle EDF is equal to the 
remaining angle EGF. 

Therefore in all three cases the angle 
EDF is equal to the angle EGF, that is, 
to the angle BA C. 

It will be observed that, in accordance with the practice of the Greek 
geometers in not recognising as an " angle " any angle not less than two right 
angles, the re-entrant angle of the quadrilateral DEGF is ignored and the angle 
DFG is said to be outside the figure. 

PROPOSITION Q. 

To bisect a given rectilineal angle. 
Let the angle BA C be the given rectilineal angle. 
Thus it is required to bisect it. 
Let a point D be taken at random on AB; 

let AE be cut off from A C equal to AD ; [1. 3] 
let DE be joined, and on DE let the equilateral 
triangle DEF be constructed ; 
let AFbe joined. 

I say that the angle BAC has been bisected by the 
straight line AF. 

For, since AD is equal to AE, 

and AF is common, 
the two sides DA, AF are equal to the two sides 

EA, AF respectively. 

And the base DF is equal to the base EF; 

therefore the angle DAF is equal to the angle EAF. 
[.. 8] 

Therefore the given rectilineal angle BAC has been 
bisected by the straight line AF. Q. E. F. 

It will be observed from the translation of this proposition that Euclid 
does not say, in his description of the construction, that the equilateral triangle 
should be constructed on the side of DE opposite to A; he leaves this to be 
inferred from his figure. There is no particular value in Proclus' explanation 
as to how we should proceed in case any one should assert that he could not 
recognise the existence of any space below DE. He supposes, then, the 
equilateral triangle described on the side of DE towards A, and hence has to 
consider three cases according as the vertex of the equilateral triangle falls 
on A, above A or below it. The second and third cases do not differ 



substantially from Euclid's. In the first case, where ADE is the. equilateral 
triangle constructed on DE, take any point Fon AD, and from AE cut oft" 
A G equal to AF. Join DG, EF meeting in H; and 
join AH. Then AH is the bisector required. 

Proclus also answers the possible objection that 
might be raised to Euclid's proof on the ground that 
it assumes that, if the equilateral triangle be described 
on the side of DE opposite to A, its vertex .Fwill lie 
within the angle BAC. The objector is supposed to 
argue that this is not necessary, but that F might fall 
either on one of the lines forming the angle or outside 
it altogether. The two cases are disposed of thus. 

Suppose F to fall as shown in the two figures below respectively. 
Then, since ED is equal to EE, 

the angle FDE is equal to the angle FED. 
Therefore the angle CED is greater than the angle FDE; and, in the 

second figure, a fortiori, the angle CED is greater than the angle BDE. 
But, since ADE is an isosceles triangle, and the equal sides are produced, 

the angles under the base are equal, 
i.e., the angle CED is equal to the angle BDE. 

But the angle CED was proved greater : which is impossible. 
Here then is the second case in which, in Proclus' view, the second part 

of i. 5 is useful for refuting objections. 

On this proposition Proclus takes occasion (p. 271, 15 —19) to emphasize 
the fact that the given angle must be rectilineal, since the bisection of any sort 
of angle (including angles made by curves with one another or with straight 
lines) is not matter for an elementary treatise, besides which it is questionable 
whether such bisection is always possible. " T h u s it is difficult to say 
whether it is possible to bisect the so-called horn-like angle " (formed by the 
circumference of a circle and a tangent to it). 

Trisection of an angle. 

Further it is here that Proclus gives us his valuable historical note about 
the trisection of any acute angle, which (as well as the division of an angle in 
any given ratio) requires resort to other curves than circles, i.e. curves of the 
species which, after Geminus, he calls "mixed." " T h i s , " he says (p. 272, 
1—12), " is shown by those who have set themselves the task of trisecting such 
a given rectilineal angle. For Nicomedes trisected any rectilineal angle by 
means of the conchoidal lines, the origin, order, and properties of which he 
has handed down to us, being himself the discoverer of their peculiarity. 
Others have done the same thing by means of the quadratrices of Hippias 
and Nicomedes, thereby again using ' m i x e d ' curves. But others, starting 
from the Archimedean spirals, cut a given rectilineal angle in a given ratio." 



(a) Trisection by means of the conchoid. 
I have already spoken of the conchoid of Nicomedes (note on Def. 2, 

pp. 1 6 0 — 1 ) ; it remains to show how it could be used for trisecting an 
angle. Pappus explains this (iv. pp. 274—5) as follows. 

Let ABC be the given acute angle, and from any point A in AB draw 
A C perpendicular to BC. 

B C 

Complete the parallelogram FBCA and produce FA to a point E such 
that, if BE be joined, BE intercepts between AC and AE a length DE equal 
to twice AB. 

I say that the angle EBC is one-third of the angle ABC. 
For, joining A to G, the middle point of DE, we have the three straight 

lines AG, DG, EG equal, and the angle AGD is double of the angle A ED 
or EBC. 

But DE is double of AB; 
therefore AG, which is equal to DG, is equal to AB. 

Hence the angle A GD is equal to the angle ABG. 
Therefore the angle ABD is also double of the angle EBC; 

so that the angle EBC is one-third of the angle ABC. 
So far Pappus, who reduces the construction to the drawing of BE so 

that DE shall be equal to twice AB. 
This is what the conchoid constructed with B&s pole, A C&& directrix, and 

distance equal to twice AB enables us to d o ; for that conchoid cuts AE in 
the required point E. 

(b) Use of the quadratrix. 
T h e plural quadratrices in the above passage is a Hellenism for the 

singular quadratrix, which was a curve discovered by Hippias of Elis about 
420 B.C. According to Proclus (p. 356, 11 ) Hippias proved its properties; 
and we are told (1) in the passage quoted above that Nicomedes also 
investigated it and that it was used for trisecting an angle, and (2) by Pappus 
(iv. pp. 250, 33—252, 4) that it was used by Dinostratus and Nicomedes and 
some more recent writers for squaring the circle, whence its name. It is 
described thus (Pappus iv. p. 252). 

Suppose that ABCD is a square and BED a quadrant of a circle with 
centre A. 

Suppose ( 1 ) that a radius of the circle moves P C 
uniformly about A from the position AB to the ^ 
position AD, and (2) that in the same time the \ ^ / N. 
line BC moves uniformly, always parallel to itself, F V \ 
and with its extremity B moving along BA, from / \ 
the position BC to the position AD. 0 / K —^jf \ 

Then the radius AE and the moving line BC / y \ \ 
determine at any instant by their intersection a /yS \ ' 
point F. i<f I \ 

T h e locus of F\s the quadratrix. « H M Q 0 
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The property of the curve is that, if F is any point, the arc BED is 
to the arc ED asABKs to EH. 

In other words, if <p is the angle FAD, 0 the radius vector AF and a the 
side of the square, 

(> sin = 
Now the angle EAD can not only be trisected but divided in any given 

ratio by means of the quadratrix (Pappus iv. p. 286). 
For let FH be divided at K in the given ratio. 
Draw KL parallel to AD, meeting the curve in L; join AL and produce 

it to meet the circle in N. 
Then the angles EAN, NAD are in the ratio of FK to KH, as is easily 

proved. 

(c) Use of the spiral of Archimedes. 
The trisection of an angle, or the division of an angle in any ratio, by 

means of the spiral of Archimedes is of course an equally simple matter. 
Suppose any angle included between the two radii vectores OA and OB of the 
spiral, and let it be required to cut the angle A OB in a given ratio. Since 
the radius vector increases proportionally with the angle described by the 
vector which generates the curve (reckoned from the original position of the 
vector coinciding with the initial line to the particular position assumed), we 
have only to take the radius vector OB (the greater of the two OA, OB), 
mark off OC along it equal to OA, cut CB in the given ratio (at D say), and 
then draw the circle with centre 0 and radius OD cutting the spiral in E. 
Then OE will divide the angle A OB in the required manner. 

PROPOSITION 10. 

To bisect a given finite straight line. 

Let AB be the given finite straight line. 
Thus it is required to bisect the finite straight line AB. 
Let the equilateral triangle ABC be 

constructed on it, [1. 1] 
and let the angle A CB be bisected by the 
straight line CD; fi. 9] 

I say that the straight line AB has 
been bisected at the point D.. 

For, since AC is equal to CB, 
and CD is common, 

the two sides AC, CD are equal to the two sides BC, 
CD respectively; 

and the angle A CD is equal to the angle BCD ; 

therefore the base AD is equal to the base BD. [1. 4] 

Therefore the given finite straight line AB has been 
bisected at D. Q. E. F. 



Apollonius, we are told (Proclus, pp. 279, 16 
line AB by a construction like that of I, 1. 
With centres A, B, and radii AB, BA respec
tively, two circles are described, intersecting in 
C, D. Joining CD, AC, CB, AD, DB, Apol
lonius proves in two steps that CD bisects AB. 

(1) Since, in the triangles ACD, BCD, 
two sides AC, CD are equal to two sides 

BC, CD, 
and the bases AD, BD are equal, 

the angle ACD is equal to the angle 
BCD. | L 8J 

(2) The latter angles being equal, and AC being equal to CB, while CE 
is common, 

the equality of AE, EB follows by 1. 4. 
The objection to this proof is that, instead of assuming the bisection of 

the angle ACB, as already effected by 1. 9, Apollonius goes a step further 
back and embodies a construction for bisecting the angle. That is, he 
unnecessarily does over again what has been done before, which is open to 
objection from a theoretical point of view. 

Proclus (pp. 277, 25—279, 4) warns us against being moved by this 
proposition to conclude that geometers assumed, as a preliminary hypothesis, 
that a line is not made up of indivisible parts (i( i/ifpoiv). This might be 
argued thus. If a line is made up of indivisibles, there must be in a finite 
line either an odd or an even number of them. If the number were odd, 
it would be necessary in order to bisect the line to bisect an indivisible (the 
odd one). In that case therefore it would not be possible to bisect a straight 
line, if it is a magnitude made up of indivisibles. But, if it is not so made 
up, the straight line can be divided ad infinitum or without limit (br awtipov 
S i c u p e i T t u ) . Hence it was argued (<pao-iV), says Proclus, that the divisibility 
of magnitudes without limit was admitted and assumed as a geometrical 
principle. T o this he replies, following Geminus, that geometers did indeed 
assume, by way of a common notion, that a continuous magnitude, i.e. a 
magnitude consisting of parts connected together (o-mriiiiiivuiv), is divisible 
( o u H p e T d V ) . But infinite divisibility was not assumed by them; it was proved 
by means of the first principles applicable to the case. "For when," he 
says, " they prove that the incommensurable exists among magnitudes, and 
that it is not all things that are commensurable with one another, what 
else will any one say that they prove but that every magnitude can be 
divided for ever, and that we shall never arrive at the' indivisible, that 
is, the least common measure of the magnitudes? This then is matter of 
demonstration, whereas it is an axiom that everything continuous is divisible, 
so that a finite continuous line is divisible. The writer of the Elements 
bisects a finite straight line, starting from the latter notion, and not from any 
assumption that it is divisible without limit." Proclus adds that the proposition 
may also serve to refute Xenocrates' theory of indivisible lines (<ITO/MH ypafi/uu). 
The argument given by Proclus to disprove the existence of indivisible lines 
is substantially that used by Aristotle as regards magnitudes generally (cf. 
Physics v i . 1, 231 a 21 sqq. and especially vi . 2, 233 b 15—32). 

— 280, 4), bisected a straight 
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PROPOSITION I I , 

To draw a straight line at right angles to a given straight 
line from a given point on it. 

Let AB be the given straight line, and C the given point 
on it. 

5 Thus it is required to draw from the point C a straight 
line at right angles to the straight 
line AB. 

Let a point D be taken at ran
dom on AC; 

10 let CE be made equal to CD; [1. 3] 
on DE let the equilateral triangle 
FDE be constructed, [1. 1] 
and let FC be joined ; 

I say that the straight line FC has been drawn at right 
i s angles to the given straight line AB from C the given point 

on it. 
For, since DC is equal to CE, 

and CF is common, 
the two sides DC, CF are equal to the two sides EC, 

2 0 CF respectively ; 
and the base DF is equal to the base FE ; 

therefore the angle DCF is equal to the angle ECF; 
[i- 8] 

and they are adjacent angles. 
But, when a straight line set up on a straight line makes 

25 the adjacent angles equal to one another, each of the equal 
angles is right; [Def. 10] 

therefore each of the angles DCF, FCE is right. 
Therefore the straight line CF has been drawn at right 

angles to the given straight line AB from the given point 
30 C on it. 

Q . E . F . 

10. l e t C E b e m a d e e q u a l t o C D . T h e verb is KCUTBU w h i c h , as we l l as the o ther 
parts o f xtliuu, is constant ly used for the passive o f rtditiu " to place " ; and the latter w o r d 
is constant ly used in the sense o f making, e .g . , o n e straight l ine equal to ano ther straight l ine . 

De M6rgan remarks that this proposition, which is " t o bisect the angle 
made by a straight line and its continuation " [i.e. a flat angle], should be a 
particular case of 1. 9, the constructions being the same. This is certainly 
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worth noting, though I doubt the advantage of rearranging the propositions 
in consequence. 

Apollonius gave a construction for this proposition (see Proclus, p. 282, 8) 
differing from Euclid's in much the same way as his construction for bisecting 
a straight line differed from that of 1. 10. Instead of assuming an equilateral 
triangle drawn without repeating the process of 1. 1, Apollonius takes D and 
E equidistant from C as in Euclid, and then draws circles in the manner of 

1. 1 meeting at F. This necessitates proving again that DF is equal to EE; 
whereas Euclid's assumption of the construction of 1. 1 in the words " let the 
equilateral triangle FDE be constructed " enables him to dispense with the 
drawing of circles and with the proof that DF is equal to FE at the same 
time. While however the substitution of Apollonius' constructions for 1. 10 
and 11 would show faulty arrangement in a theoretical treatise like Euclid's, 
they are entirely suitable for what we call practical geometry, and such may 
have been Apollonius' object in these constructions and in his alternative for 
i. 23. 

Proclus gives a construction for drawing a straight line at right angles to 
another straight line but from one end of it, instead of from an intermediate 
point on it, it being supposed (for the sake of argument) that we are not 
permitted to produce the straight line. In the commentary of an-Nairizi (ed. 
Besthorn-Heiberg, pp. 7 3 — 4 ; ed. Curtze, pp. 54—5) this construction is 
attributed to Heron. 

Let it be required to draw from A a straight line at right angles to AB. 
On AB take any point C, and in the manner of the proposition draw CE 

at right angles to AB. 
.From CE cut off CD equal to AC, bisect the 

angle ACE by the straight line CF, [1. 9] 
and draw DF at right angles to CE meeting CF 
in F. Join FA. 

Then the angle FA C will be a right angle. 
For, since, in the triangles ACF, DCF, the 

two sides AC, CF are equal to the two sides 
DC, CF respectively, and the included angles 
ACF, DCF site equal, 

the triangles are equal in all respects. [1. 4] 
Therefore the angle at A is equal to the" angle at D, and is accordingly a 

right angle. 

PROPOSITION 12. 

To a given infinite straight line, from a given point 
•which is not on it, to draw a perpendicular straight line. 

Let AB be the given infinite straight line, and C the 
given point which is not on it; 
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thus it is required to draw to the given infinite straight 
line AB, from the given point 
C which is not on it, a per
pendicular straight line. 

For let a point D be taken 
at random on the other side of 
the straight line AB, and with 
centre C and distance CD let 
the circle EFG be described ; 

[Post. 3] 
let the straight line EG 

; be bisected at H, [1. 10] 
and let the straight lines CG, CH, CE be joined. 

[Pos t 1] 
I say that CH has been drawn perpendicular to the given 

infinite straight line AB from the given point C which is 
not on it. 

. For, since GH is equal to HE, 
and HC is common, 

the two sides GH, HC are equal to the two sides 
EH, HC respectively ; 

and the base CG is equal to the base CE; 
therefore the angle CHG is equal to the angle EHC. 

[.. 8] 
And they are adjacent angles. 

But, when a straight line set up on a straight line makes 
the adjacent angles equal to one another, each of the equal 
angles is right, and the straight line standing on the other is 

30 called a perpendicular to that on which it stands. [Def. 10] 
Therefore CH has been drawn perpendicular to the given 

infinite straight line AB from the given point C which is 
not on it. 

Q . E . F . 

1 . a p e r p e n d i c u l a r s t r a i g h t l i n e , ( d f c r o v ciidelav ypap.nji>. T h i s is the full express ion 
for a ptrptndicular, ndtcros m e a n i n g let fall o r let down, so that the express ion c o r r e s p o n d s 
tu our plumb-line, i] K&OCTOI is h o w e v e r cons tan t ly used a l o n e for a pe rpend icu la r , ypamt.ii 
be ing unders tood . 

10. o n t h e o t h e r s i d e o f t h e s t r a i g h t l i n e A B , li terally " t o w a r d s the o the r parts o f 
the straight l ine AB," irl TO tnpa )Upn\ rf/s A B . Cf. " o n the s a m e s i d e " [Hrt TO atird 
pipy) in Pos t . 5 and " i n b o t h d i r e c t i o n s " (4<p' ixdrcpa TO pJpr)) in D e f . 1 3 . 

" T h i s problem," says Proclus (p. 283, 7—10), "was first investigated 
by Oenopides [5th cent b . c ] , who thought it useful for astronomy. H e 
however calls the perpendicular, in the archaic manner, (a line drawn) 

http://ypamt.ii


gnomon-wise (Kara •yvw/uora), because the gnomon is also at right angles to the 
horizon." In this earlier sense the gnomon was a staff placed in a vertical 
position for the purpose of casting shadows and so serving as a means of 
measuring time (Cantor, Geschichie der Mathematik, i 3 , p. 161). The later 
meanings of the word as used in Eucl. Book II . and elsewhere will be 
explained in the note on Book II. Def. 2. 

Proclus says that two kinds of perpendicular were distinguished, the "plane" 
(ORVCOOS) and the " solid" ( o r t p t a ) , the former being the perpendicular 
dropped on a line in a plane and the latter the perpendicular dropped on a 
plane. The term "solid perpendicular" is sufficiently curious, but it may 
perhaps be compared with the Greek term " solid locus " applied to a conic 
section, apparently on the ground that it has its origin in the section of a 
solid, namely a cone. 

Attention is called by most editors to the assumption in this proposition 
that, if only D be taken on the side of AB remote from C, the circle described 
with CD as radius must necessarily cut AB in two points. T o satisfy us of 
this we need, as in I. 1, some postulate of continuity, e.g. something like that 
suggested by Killing (see note on the Principle of Continuity above, p. 235): 
" If a point [here the point describing the circle] moves in a figure which is 
divided into two parts [by the straight line], and if it belongs at the beginning 
of the motion to one part and at another stage of the motion to the other 
part, it must during the motion cut the boundary between the two parts," and 
this of course applies to the motion in two directions from D. 

But the editors have not, as a rule, noticed a possible objection to the 
Euclidean statement of this problem which is much more difficult to dispose 
of at this stage, i.e. without employing any proposition later than this in 
Euclid's order. How do we know, says the supposed critic, that the circle 
does not cut AB in three or more points, in which case there would be not 
one perpendicular but three or more? Proclus (pp. 286, 12—289, 6) tries to 
refute this objection, and it is interesting to follow his argument, though it 
will easily be seen to be inconclusive. He takes in order three possible 
suppositions. 

1. May not the circle meet AB in a third point K between the middle 
point of GE and either extremity of it, taking the form drawn in the figure 
appended ? 

Suppose this possible. Bisect GE in H. Join CH, and produce it to 
meet the circle in Z . Join CG, CK, CE. 

Then, since CG is equal to CE, and 
CH is common, while the base GH is 
equal to the base HE, 

the angles CHG, CHE are equal and, 
since they are adjacent, they are both right. 

Again, since C G is equal to CE, 
the angles at G and E are equal. 

Lastly, since CK is equal to CG and 
also to CE, the angles CGK, CKG are 
equal, as also are the angles CKE, CEK. 

Since the angles CGK, CEK are equal, it follows that 
the angles CKG, CKE are equal and therefore both right. 

Therefore the angle CKH is equal to the angle CHK, 
and CH is equal to CK. 
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But CK is equal to CL, by the definition of the circle; therefore CH is 
equal to CL : which is impossible. 

Thus Proclus; but why should not the circle meet AB in Has well as Kt 
2. May not the circle meet AB in H the middle point of GE and take 

the form shown in the second figure ? 
In that case, says Proclus, join CG, CH, CE as before. Then bisect HE 

at K, join CK and produce it to meet 
the circumference at L. 

Now, since HK is equal to KE, CK 
is common, and the base CH is equal to 
the base CE, 

the angles at K are equal and therefore 
both right angles. 

Therefore the angle CHK is equal to 
the angle CKH, whence CK is equal to CH 
and therefore to CL: which is impossible. 

So Proclus; but why should not the circle meet AB in K as well as H? 
3. May not the circle meet AB in two points besides G, E and pass, 

between those two points, to the side of AB towards C, as in the next figure ? 
Here again, by the same method, Proclus proves that, K, L being the 

other two points in which the circle cuts 
AB, 

CK is equal to CH, 
and, since the circle cuts CH in M, 

CM is equal to CK and therefore to 
CH: which is impossible. 

But, again, why should the circle not 
cut AB in the point H as well? 

In fact, Proclus' cases are not mutually 
exclusive, and his method of proof only enables us to show that, if the circle 
meets AB in one more point besides G, E, it must meet it in more points 
still. We can always find a new point of intersection by bisecting the distance 
separating any two points of intersection, and so, applying the method ad 
infinitum, we should have to conclude ultimately that the circle with radius 
CH (or CG) coincides with AB. It would follow that a circle with centre 
C and radius greater than CH would not meet AB at all. Also, since all 
straight lines from C to points on AB would be equal in length, there would 
be an infinite number of perpendiculars from C on AB. 

Is this under any circumstances possible ? It is not possible in Euclidean 
space, but it is possible, under the Riemann hypothesis (where a straight line 
is a " closed series " and returns on itself), in the case where C is the pole of 
the straight line AB. 

It is natural therefore that, for a proof that in Euclidean space there is 
only one perpendicular from a point to a straight line, we have to wait until 
1. 16, the precise proposition which under the Riemann hypothesis is only valid 
with a certain restriction and not universally. There is no difficulty involved 
by waiting until 1. 16, since I. 12 is not used before that proposition is reached; 
and we are only in the same position as when, in order to satisfy ourselves of 
the number of possible solutions of 1. 1, we have to wait till 1. 7. 

But if we wish, after all, to prove the truth of the assumption without 
recourse to any later proposition than I. 12, we can do so by means of this 
same invaluable 1. 7. 
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If the circle intersects AB as before in G, E, let H be the middle point of 
GE, and suppose, if possible, that the 
circle also intersects AB in any other point 
KonAH. 

From H, on the side of AB opposite to 
C, draw HL at right angles to AB, and 
make HL equal to HC. 

Join CG, LG, CK, LK. 
Now, in the triangles CHG, LHG, 

CH is equal to LH, and HG is common. 
Also the angles CHG, LHG, being 

both right, are equal. 
Therefore the base CG is equal to the base LG. 
Similarly we prove that CK is equal to LK. 
But, by hypothesis, since K is on the circle, 

CK is equal to CG. 
Therefore CG, CK, LG, LK are all equal. 
Now the next proposition, I. 13, will tell us that CH, HL are in a straight 

line; but we will not assume this. Join CL. 
Then on the same base CL and on the same side of it we have two pairs 

of straight lines drawn from C, L to G and K such that CG is equal to CK 
and LG to LK. 

But this is impossible [1. 7]. 
Therefore the circle cannot cut BA or BA produced in any point other 

than G on that side of CL on which G is. 
Similarly it cannot cut AB or AB produced at any point other than E 

on the other side of CL. 
The only possibility le/t therefore is that the circle might cut AB in the 

same point as that in which CL cuts it. But this is shown to be impossible 
by an adaptation of the proof of 1. 7. 

For the assumption is that there may be some point M on CL such thai 
CM is equal to CG and LM to LG. 

If possible, let this be the case, and produce CG 
\oN. 

Then, since CM is equal to CG, 
the angle NGM is equal to the angle GML [1. 5, part 2]. 

Therefore the angle GML is greater than the angle 
MGL. 

Again, since LG is equal to LM, 
the angle GML is equal to the angle MGL. 

But it was also greater : which is impossible. 
Hence the circle in the original figure cannot cut AB in the point in 

which CL cuts it. 
Therefore the circle cannot cut AB in any point whatever except G and E. 
[This proof of course does not prove that CK is less than CG, but only 

that it is not equal to it. The proposition that, of the obliques drawn 
from C to AB, that is less the foot of which is nearer to H can only be proved 
later. The proof by 1. 7 also fails, under the Riemann hypothesis, if C, L are 
the poles of the straight line AB, since the broken lines CGL, CKL etc. 
become equal straight lines, all perpendicular to AB.] 

Proclus rightly adds (p. 289, 18 sqq.) that it is not necessary to take D on 
the side of AB away from A if an objector " says that there is no space on 
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that side." If it is not desired to trespass on that side of AB, we can take D 
anywhere on AB and describe the arc of a circle between D and the point 
where it meets AB again, drawing the arc on the side of AB on which C is. 
If it should happen that the selected point D is such that the circle only meets 
AB in one point (D itself), we have only to describe the circle with CD as 
radius, then, if E be a point on this circle, take Fa. point further from C than 
E is, and describe with CF as radius the circular arc meeting AB in two 
points. 

PROPOSITION 13. 

If a straight line set up on a straight line make angles, it 
will make either two right angles or angles equal to two right 
angles. 

For let any straight line AB set up on the straight line 
5 CD make the angles CBA, ABD ; 

I say that the angles CBA, ABD 
are either two right angles or equal to 
two right angles. 

Now, if the angle CBA is equal to 
10 the angle ABD, 

they are two right angles. [Def. 10] 
But, if not, let BE be drawn from the point B at right 

angles to CD; (i i i] 
therefore the angles CBE, EBD are two right angles. 

15 Then, since the angle CBE is equal to the two angles 
CBA, ABE, 

let the angle EBD be added to each ; 
therefore the angles CBE, EBD are equal to the three 

angles CBA, ABE, EBD. [C. N. 2] 
20 Again, since the angle DBA is equal to the two angles 

DBE, EBA, 
let the angle ABC be added to each ; 

therefore the angles DBA. ABC are equal to the three 
angles DBE, EBA, ABC. [C. M 2] 

25 But the angles CBE, EBD were also proved equal to 
the same three angles; 

and things which are equal to the same thing are also 
equal to one another ; [C. N. 1] 

therefore the angles CBE, EBD are also equal to the 
30 angles DBA, ABC. 
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But the angles CBE, EBD are two right angles ; 
therefore the angles DBA, ABC are also equal to two 

right angles. 
Therefore etc. 

Q. E. D. 
17. l e t t h e a n g l e E B D b e a d d e d t o e a c h , literally " l e t the angle EBD b e a d d e d 

( s o as t o b e ) c o m m o n , " « w i ) • wpocricelaBw 1) br6 EBA. S imi lar ly KMV^I A</rgpri<r$w is used o f 
subtract ing a straight l ine o r ang le f rom each o f t w o others . 1 ' L e t the c o m m o n angle EBD 
b e added is c l ea r ly an inaccurate translation, for the ang le is no t c o m m o n before it is a d d e d , 
i .e . the nowii is p r o l e p t i c . " L e t the c o m m o n a n g l e b e subtracted" as a translation o f XMH) 
dtpyfyfjffdu w o u l d b e less unsatisfactory, it is t rue, bu t , as it is des i rable t o use co r r e spond ing 
w o r d s w h e n translat ing the t w o expressions, it seems hope less t o a t tempt to k e e p the w o r d 
" c o m m o n , " a n d I have therefore said " t o e a c h " and " f r o m e a c h " s imp ly . 

PROPOSITION 14. 

If with any straight line, and at a point on it, two straight 
lines not lying on the same side make the adjacent angles equal 
to two right angles, the two straight lines will be in a straight 
line with one another. 

5 For with any straight line AB, and at the point B on it, 
let the two straight lines BC, BD not lying on the same side 
make the adjacent angles ABC, ABD equal to two right 
angles; 

I say that BD is in a straight line with CB. 
10 For, if BD is not in a straight line e 

with BC, let BE be in a straight line 
with CB. 

Then, since the straight line AB g — 
stands on the straight line CBE, 

is the angles ABC, ABE are equal to two right angles. 

But the angles ABC, ABD are also equal to two right angles ; 
therefore the angles CBA, ABE are equal to the angles 

CBA, ABD. [Post. 4 and C. N. 1] 
Let the angle CBA be subtracted from each ; 

20 therefore the remaining angle ABE is equal to the remaining 
angle ABD, ' [C. N. 3] 

the less to the greater : which is impossible. 
Therefore BE is not in a straight line with CB. 

Similarly we can prove that neither is any other straight 
as line except BD. 
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Therefore CB is in a straight line with BD. 

Therefore etc. 
Q . E . D . 

1. I f w i t h a n y s t r a i g h t l i n e . . . . T h e r e is n o greater difficulty in translating the w o r k s 
o f the G r e e k g e o m e t e r s than that o f accura te ly g i v i n g the fo r ce o f prepos i t ions . irp6s, for 
instance, is used in all sorts o f express ions w i th var ious shades o f m e a n i n g . T h e present 
enuncia t ion begins 'Eap wpbs RUN evdeta KAL rip irpbs AIRY o-ri/J.eLip, a n d it is really necessary in 
this o n e sentence to translate rp6i b y three different w o r d s , with, at, and on. T h e first trpbi 
must b e translated b y with because t w o straight l ines " m a k e " an a n g l e with one ano ther . O n 
the o ther hand , whe re the similar express ion rpis So0ei<rj cbdtla occu r s ' in I. 1 3 , bu t it is 
a ques t ion o f " c o n s t r u c t i n g " an ang le (avaT-fyraodai), w e have t o say " t o cons t ruc t on a 
g i v e n straight l i n e . " Against w o u l d pe rhaps b e the Eng l i sh w o r d c o m i n g nearest t o 
express ing all these meanings o f rpfo, bu t it w o u l d b e in to le rab le as a translation. 

17. T o d h u n t e r points ou t that for the inference in this l ine Pos t . 4 , that all right ang le s 
are equal , is necessary as w e l l as the C o m m o n N o t i o n that things w h i c h are equal t o the s a m e 
thing (o r rather, he re , t o equal things) are equa l . A similar r emark app l i e s to steps in the 
proofs o f I. 15 and I. 38 . 

24 . w e c a n p r o v e . T h e G r e e k expresses this b y the future o f the v e r b , $el%opiev, 
" w e shall p r o v e , " w h i c h h o w e v e r w o u l d pe rhaps b e mis leading in E n g l i s h . 

Proclus observes (p. 297) that two straight lines on the same side of another 
straight line and meeting it in one and the same 
point may make with one and the same portion 
of the straight line terminated at the point two 
angles which are together equal to two right angles, 
in which case however the two straight lines would 
not be in a straight line with one another. And 
he quotes from Porphyry a construction for two 
such straight lines in the particular case where they 
form with the given straight line angles equal 
respectively to half a right angle and one and a 
half right angles. There is no particular value in 
the construction, which will be gathered from the annexed figure where CE, 
CE are drawn at the prescribed inclinations to CD. 

PROPOSITION 15. 

If (wo straight lines cut one another, they make the vertical 
angles equal to one another. 

For let the straight lines AB, CD cut one another at the 
point E; 

5 I say that the angle AEC is equal to 
the angle DEB, 

and the angle CEB to the angle D \ . c 

AED. 1 
For, since the straight line A E stands 

10 on the straight line CD, making the angles CEA, AED, 
the angles CEA, AED are equal to two right angles 

L1- I3] 



Again, since the straight line DB stands on the straight 
line AB, making the angles AED, DEB, 

the angles AED, DEB are equal to two right angles. 

15 But the angles CEA, AED were also proved equal to 
two right angles; 

therefore the angles CEA, AED are equal to the 
angles AED DEB. [Post. 4 and C. N. 1] 

Let the angle AED be subtracted from each; 
20 therefore the remaining angle CEA is equal to the 

remaining angle BED. [C. N. 3] 

Similarly it can be proved that the angles CEB, DEA 
are also equal. 

Therefore etc. Q . E. D. 

25 [PORISM. From this it is manifest that, if two straight 
lines cut one another, they will make the angles at the point 
of section equal to four right angles.] 

1. t h e v e r t i c a l a n g l e s . T h e difference b e t w e e n adjacent angles (of t'^tf^s yuvku) and 
vertical angles (a ! koto i ropu^V yuvltu) is thus exp la ined b y Proc lus ( p . 298, 1 4 — 1 4 ) . T h e 
first t e rm descr ibes the ang le s m a d e b y t w o straight l ines w h e n o n e on ly is d iv ided b y the 
other , i .e . w h e n o n e straight l ine mee ts another at a po in t w h i c h is no t ei ther o f its extremi
ties, bu t is not itself p r o d u c e d b e y o n d the po in t o f mee t ing . W h e n the first straight l ine is 
p r o d u c e d , so that t he l ines c ross at the poin t , they m a k e t w o pairs o f vertical angles (which 
are m o r e c lear ly de sc r ibed as vertically opposite angles ) , and w h i c h are so ca l led because their 
c o n v e r g e n c e is f rom o p p o s i t e d i rec t ions t o o n e po in t ( the intersection o f the lines) as vertex 
( « o p u 0 ? ) . 

16. a t t h e p o i n t o f s e c t i o n , l i terally " at the s e c t i o n , " rpbt TJJ TO/»J. 

This theorem, according to Eudemus, was first discovered by Thales, but 
found its scientific demonstration in Euclid (Proclus, p. 299, 3—6). 

Proclus gives a converse theorem which may be stated thus. If a straight 
line is met at one and the same point intermediate in its length by two other 
straight lines on different sides of it and sueh as to make the vertical angles 
equal, the latter straight lines are in a straight line with one another. The 
proof need not be given, since it is almost self-evident, whether (1) it is direct, 
by means of 1. 13, 14, or (2) indirect, by reductio ad absurdum depending 
on 1. 15. 

The balance of ms. authority seems to be against the genuineness of this 
Porism, but Proclus and Psellus both have it. The word is not here used, as it 
is in the title of Euclid's lost Porisms, to signify a particular class of independent 
propositions which Proclus describes as being in some sort intermediate between 
theorems and problems (requiring us, not to bring a thing into existence, but 
to find something which we know to exist). Porism has here (and wherever 
the term is used in the Elements) its second meaning; it is what we call a 
corollaty, i.e. an incidental result springing from the proof of a theorem or the 
solution of a problem, a result not directly sought but appearing as it were by 
chance without any additional labour, and constituting, as Proclus says, a sort 
of windfall (ipiuuov) and bonus (KCOSOS). These Porisms appear in both the 
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geometrical and arithmetical Books of the Elements, and may either result 
from theorems or problems. Here the Porism is geometrical, and springs out 
of a theorem; vn . 2 affords an instance of an arithmetical Porism. A s an 
instance of a Porism to a problem Proclus cites " that which is found in the 
second Book" (TO iv rip SevWou) f)if}\up KCI/MVOV); but as to this see notes on 
11. 4 and iv. 15 . 

The present Porism, says Proclus, formed the basis of " that paradoxical 
theorem which proves that only the following three (regular) polygons can fill 
up the whole space surrounding one point, the equilateral triangle, the square, 
and the equilateral and equiangular hexagon." We can in fact place round a 
point in this manner six equilateral triangles, three regular hexagons, or four 
squares. "Bu t only the angles of these regular figures, to the number specified, 
can make up four right angles: a theorem due to the Pythagoreans." 

Proclus further adds that it results from the Porism that, if any number of 
straight lines intersect one another at one point, the sum of all the angles so 
formed will still be equal to four right angles. This is of course what is 
generally given in the text-books as Corollary 2. 

PROPOSITION 16. 

In any triangle, if one of the sides be produced, the exterior 
angle is greater than either of the interior and opposite angles. 

Let ABC be a triangle, and let one side of it BC be 
produced to D ; 

S I say that the exterior angle ACD is greater than either 
of the interior and opposite angles 
CBA, BAC. 

Let A C be bisected at E [1. 10], 
and let BE be joined and produced 

10 in a straight line to F; 

let EFbe made equal to BE[i. 3], 
let FC be joined [Post. 1] , and let AC 
be drawn through to G [Post. 2]. \ 

Then, since AE is equal to EC, \ Q 
is and BE to EF, 

the two sides AE, EB are equal to the two sides CE, 
EF respectively; 

and the angle AEB is equal to the angle EEC, 

for they are vertical angles. [1. 15] 

20 Therefore the base AB is equal to the base FC, 

and the triangle ABE is equal to the triangle CFE, 
and the remaining angles are equal to the remaining angles 
respectively, namely those which the equal sides subtend ; [1. 4] 

therefore the angle BAE is equal to the angle ECF. 
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But the angle ECD is greater than the angle ECF; 
[C. N. 5] 

therefore the angle A CD is greater than the angle BAE. 
Similarly also, if BC be bisected, the angle BCG, that is, 

the angle ACD [ i . 15], can be proved greater than the angle 
ABC as well. 

Therefore etc. Q. E. D. 

1. t h e e x t e r i o r a n g l e , l i teral ly " t h e ou ts ide a n g l e , " ij (Krbt ywvla. 

2. t h e i n t e r i o r a n d o p p o s i t e a n g l e s , » ivrbs koX iimarHtr yaviuu. 
1 2 . l e t A C b e d r a w n t h r o u g h t o G . T h e w o r d is Siijxflw, a var ia t ion o n the m o r e 

usual IKPTP\fyr0u, " l e t it b e produced." 
i r . C F E , in the text " F E C . " 

A s is well known, this proposition is not universally true under the 
Riemann hypothesis of a space endless in extent but not infinite in size. On 
this hypothesis a straight line is a " closed series " and returns on itself; and 
two straight lines which have one point of intersection have another point of 
intersection also, which bisects the whole length of the straight line measured 
from the first point on it to the same point again; thus the axiom of Euclidean 
geometry that two straight lines do not enclose a space does not hold. If 4A 
denotes the finite length of a straight line measured from any point once 
round to the same point again, 2 A is the distance between the two intersections 
of two straight lines which meet. T w o points A, B do not determine one 
sole straight line unless the distance between them is different from 2A. In 
order that there may only be one perpendicular from a point C to a straight 
line AB, C must not be one of the two " poles " of the straight line. 

Now, in order that the proof of the present proposition may be universally 
valid, it is necessary that C F should always fall within the angle A CD so that, 
the angle A CF may be less than the angle A CD. But this will not always be 
so on the Riemann hypothesis. For, (1) if BE is equal to A, so that BF is 
equal to 2A, F will be the second point in which BE and BD intersect; i.e. 
F w i l l lie on CD, and the angle ACF will be equal to the angle ACD. In 
this case the exterior angle ACD will be equal to the interior angle BAC. 
(2) If BE is greater than A and less than 2A, so that BF is greater than 2A 
and less than 4A, the angle A CF will be greater than the angle A CD, and 
therefore the angle A CD will be less than the interior angle BAC. Thus, e.g., 
in the particular case of a right-angled triangle, the angles other than the right 
angle may be (1) both acute, (2) one acute and one obtuse, or (3) both obtuse 
according as the perpendicular sides are (1) both less than A, (2) one less and 
the other greater than A, (3) both greater than A. 

Proclus tells us (p. 307, 1—12) that some combined this theorem with the 
next in one enunciation thus: In any triangle, if one side be produced, the 
exterior angle of the triangle is greater than either of the in/erior and opposite 
angles, and any two of the interior angles are less than two right angles, the 
combination having been suggested by the similar enunciation of Euclid 1. 32, 
In any triangle, if one of the sides be produced, the exterior angle is equal to the 
two interior and opposite angles, and the three interior angles of the triangle are 
equal to two right angles. 

The present proposition enables Proclus to prove what he did not succeed 
in establishing conclusively in his note on 1. 12, namely that from one point-
there cannot be drawn to the same straight line three straight lines equal in length. 
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For, if possible, let AB, AC, AD be all equal, B, C, D being in a 
straight line. 

Then, since AB, AC are equal, the angles 
ABC, ACB are equal. 

Similarly, since AB, AD are equal, the angles 
ABD, ADB are equal. 

Therefore the angle ACB is equal to the angle 
ADC, i.e. the exterior angle to the interior and 
opposite angle: which is impossible. 

Proclus next (p. 308, 14 sqq.) undertakes to prove by means of 1. 16 that, 
if a straight line falling on two straight lines make the exterior angle equal to 
the interior and opposite angle, the two straight lines will not form a triangle or 
meet, for in that case the same angle would be both greater and equal. 

The proof is really equivalent to that of Eucl. 1. 27. If BE falls on the 
two straight lines AB, CD in such a way that the angle 
CDE is equal to the interior and opposite angle ABD, 
AB and CD cannot form a triangle or meet. For, if 
they did, then (by 1. 16) the angle CDE would be 
greater than the angle ABD, while by the hypothesis 
it is at the same time equal to it. 

Hence, says Proclus, in order that BA, DC may 
form a triangle it is necessary for them to approach one 
another in the sense of being turned round one pair of 
corresponding extremities, e.g. B, D, so that the other extremities A, C come 
nearer. This may be brought about in one of three ways: (1) AB may 
remain fixed and CD be turned about D so that the angle CDE increases; 
(2) CD may remain fixed and AB be turned about B so that the angle ABD 
bj^omes smaller; (3) b o t h ^ i ? and CD may move so as to make the angle 
ABD smaller and the angle CDE larger at the same time. T h e reason, then, 
of the straight lines AB, CD coming to form a triangle or to meet is (says 
Proclus) the movement of the straight lines. 

Though he does not mention it here, Proclus does in another passage 
(p. 371, 2—10, quoted on p. 207 above) hint at the possibility that, while 1. 16 
may remain universally true, either of the straight lines BA, DC (or both 
together) may be turned through any angle not greater than a certain finite 
angle and yet may not meet (the Bolyai-Lobachewsky hypothesis). 

B 

PROPOSITION 17. 

In any triangle two angles taken together in any manner 
are less than two right angles. 

Let ABC be a triangle ; 
I say that two angles of the triangle ABC taken together in 
any manner are less than two right angles. 

For let BC be produced to D. [Post. 2] 
Then, since the angle ACD is an exterior angle of the 

triangle ABC, 
it is greater than the interior and opposite angle ABC. 
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Let the angle ACB be added to each ; 
therefore the angles A CD, A CB are greater than the angles 
ABC, BCA. 

\ ^ s . 

\ ^ \ 

But the angles A CD, A CB are equal to two right angles. 
[ I ; ' 3 ] 

Therefore the angles ABC, BCA are less than two right 
angles. 

Similarly we can prove that the angles BAC, ACB are 
also less than two right angles, and so are the angles CAB, 
ABC as well. 

Therefore etc. 
Q. E. D. 

1. t a k e n t o g e t h e r i n a n y m a n n e r , i rdrrg /wraXa/4p\u'6/iej'ai, i . e . a n y pa i r a d d e d 
toge ther . 

A s in his note on the previous proposition, Proclus tries to state the cause 
of the property. He takes the case of two straight lines forming right angles 
with a transversal and observes that it is the convergence of the straight lines 
towards one another (o-tntvent T<3V ciOtwv), the lessening of the two right angles, 
which produces the triangle. H e will not have it that the fact of the exterior 
angle being greater than the interior and opposite angle is the cause of the 
property, for the odd reason that " i t is not necessary that a side should be 
produced, or that there should be any exterior angle constructed.. .and how can 
what is not necessary be the cause of what is necessary?" (p. 3 1 1 , 17—21) . 

Agreeably to this view, Proclus then sets himself to prove the theorem 
without producing a side of the triangle. 

Let ABC be a triangle. Take any point D on 
BC, and join AD. 

Then the exterior angle ADC of the triangle ABD 
is greater than the interior and opposite angle ABD. 

Similarly the exterior angle ADB of the triangle 
ADC is greater than the interior and opposite angle 
ACD. 

Therefore, by addition, the angles ADB, ADC are together greater than 
the angles ABC, ACB. 

But the angles ADB, ADC are equal to two right angles; therefore the 
angles ABC, ACB are less than two right angles. 

Lastly, Proclus proves (what is obvious from this proposition) that there 
cannot be more than one perpendicular to a straight line from a point without 
it. For, if this were possible, two of such perpendiculars would form a triangle 
in which two angles would be right angles: which is impossible, since any two 
angles of a triangle are together less than two right angles. 



PROPOSITION 18. 

In any triangle the greater side subtends the greater angle. 
For let ABC be a triangle having the side AC greater 

than AB; 
I say that the angle ABC is also greater than the angle 

BCA. 
For, since AC is greater than AB, let AD be made equal 

to AB [1. 3], and let BD be joined. 
Then, since the angle ADB 

is an exterior angle of the triangle 
BCD, 

it is greater than the interior 
and opposite angle DCB. [1. 16] 

But the angle ADB is equal 
to the angle ABD, 

since the side AB is equal to AD; 
therefore the angle ABD is also greater than the angle 

ACB; 
therefore the angle ABC is much greater than the angle 
ACB. 

Therefore etc. 
Q . E . D . 

In the enuncia t ion o f this p ropos i t i on w e have iwoTcfaetv ( " s u b t e n d " ) used wi th the 
s imple accusat ive instead o f the m o r e usual iitrb wi th accusat ive . T h e latter cons t ruc t ion 
is used in the enuncia t ion o f I. 19, w h i c h o the rwise o n l y d iners f rom that o f I. 18 in the o r d e r 
o f the w o r d s . T h e point t o r e m e m b e r in o r d e r to dist inguish the t w o is that the datum 
c o m e s first and the quaesitum s e c o n d , the datum b e i n g in this p ropos i t i on the greater side 
and in the next the greater angle. T h u s the enuncia t ions are (1. 18) wavrbs rptywvov pzlpav 
*\cvpa T7)K /MifoKct ywlar {nrorclvei and ( l . 19) iravrbs rpiyiirov bxb T$p> neljpva yavlav i/ 
jtteifwi/ irXeupd inroTcloet. In o rde r to k e e p the p r o p e r o r d e r in Eng l i sh w e must use the 
passive o f the v e r b in 1. [9. Ar i s to t l e quo t e s the result o f I. 19, us ing the exac t w o r d i n g , 
iiirb yap T^JV /xeifw ywvtav InroTtivei (Meteorologica 111. 5, 376 a 12). 

" I n order to assist the student in remembering which of these two 
propositions [1. 18, 19] is demonstrated directly and 
which indirectly, it may be observed that the order is 
similar to that in 1. 5 and 1. 6" (Todhunter). 

A n alternative proof of 1. 18 given by Porpnyry 
(see Proclus, pp. 315, 1 1 — 3 1 6 , 13) is interesting. It 
starts by supposing a length equal to AB cut off from 
the other end of AC; that is, CD and not AD is 
made equal to AB. 

Produce AB to E so that BE is equal to AD, and 
join EC. 

Then, since AB is equal to CD, and BE to AD, 
AE is equal to AC. 
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Therefore the angle AEC is equal to the angle ACE. 
Now the angle ABC is greater than the angle AEC, [1. 16] 

and therefore greater than the angle A CE 
Hence, a fortiori, the angle ABC is greater than the angle ACB. 

PROPOSITION 19. 

In any triangle the greater angle is subtended by the 
greater side. 

Let ABC be a triangle having the angle ABC greater 
than the angle BCA ; 

I say that the side AC is also greater than the side AB. 

For, if not, AC is either equal to A B or less. 
Now AC is not equal to A B ; 

for then the angle ABC would also have been 

equal to the angle A CB ; [1. 5] 

but it is not; 

therefore AC is not equal to A B . 

Neither is AC less than A B , 
for then the angle ABC would also have been less than the 
angle A CB; [1. 18] 
but it is not; 

therefore AC is not less than A B . 

And it was proved that it is not equal either. 

Therefore AC is greater than AB. 

Therefore etc. Q. E. D. 

This proposition, like 1. 6, can be proved by merely logical deduction from 
i. 5 and 1. 18 taken together, as pointed out by De Morgan. The general 
form of the argument used by De Morgan is given in his Formal Logic(i84'j), 
p. 25, thus : 

"Hypothesis. Let there be any number of propositions or assertions— 
three for instance, X, Y and Z—oi which it is the property that one or the 
other must be true, and one only. Let there be three other propositions 
P, Q and R of which it is also the property that one, and one only, must be 
true. Let it be a connexion of those assertions that: 

when X is true, P is true, 
when K i s true, Q is true, 
when Z is true, R is true. 

Consequence: then it follows that, 
when P is true, X is true, 
when Q is true, Y is true, 
when R is true, Z is true." 



when B is greater than C, b is greater than c, 
when B is less than C, b is less than c. } ft ' 9 ] 

Reductio ad absurdum by exhaustion. 
Here, says Proclus (p. 318, 16—23), Euclid proves the impossibility " b y 

means of division" ( « 8taip«r«at). This means simply the separation of 
different hypotheses, each of which is inconsistent with the truth of the 
theorem to be proved, and which therefore must be successively shown to be 
impossible. If a straight line is not greater than a straight line, it must be 
either equal to it or less ; thus in a reductio ad absurdum intended to prove 
such a theorem as 1. 19 it is necessary to dispose successively of two hypotheses 
inconsistent with the truth of the theorem. 

Alternative (direct) proof. 

Proclus gives a direct proof (pp. 319—321) which an-Nairizi also has and 
attributes to Heron. It requires a lemma and is consequently open to the 
slight objection of separating a theorem from its converse. But the lemma 
and proof are worth giving. 

L e m m a . 

If an angle of a triangle be bisected and the straight line bisecting it meet the 
base and divide it into unequal parts, the sides containing the angle will be 
unequal, and the greater will be that which meets the greater segment of the base, 
and the less that which meets the less. 

Let AD, the bisector of the angle A of the triangle ABC, meet BC in D, 
making CD greater than BD. 

I say that A C is greater than AB. 
Produce AD to E so that DE is equal to 

AD. And, since DC is greater than BD, cut 
off DF equal to BD. 

Join EFanA produce it to G. 
Then, since the two sides AD, DB are 

equal to the two sides ED, DF, and the 
vertical angles at D are equal, 

AB is equal to EF, 
and the angle DEF to the angle BAD, 

i.e. to the angle DAG (by hypothesis). 
Therefore AG is equal to EG, 

and therefore greater than EF, or AB. 
Hence, a fortiori, AC is greater than AB. 

T o apply this to the case before us, let us denote the sides of the triangle 
ABC by a, b, c, and the angles opposite to these sides by A, B, C respectively, 
and suppose that a is the base. 

Then we have the three propositions, 
when b is equal to c, B is equal to C, [1. 5] 
when b is greater than c, B is greater than C, \ [1 i$\ 
when b is less than c, B is less than C, J 

and it follows logically that, 
when B is equal to C, b is equal to c, [1. 6] 
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Proof of I . 1 9 . 

Let ABC be a triangle in which the angle ABC is greater than the angle 
ACB. 

Bisect BC at D, join AD, and produce it to E so that DE is equal to 
AD. Join A E . 

Then the iwo sides BD, DE are equal to the two 
sides CD, DA, and the vertical angles at D are equal; 

therefore BE is equal Xa AC, 
and the angle DBE to the angle at C. 

But the angle at C is less than the angle ABC; 
therefore the angle DBE is less than the angle 

ABD. 
Hence, if BF bisect the angle ABE, BF meets 

AE between A and D. Therefore EF is greater 
than FA. 

It follows, by the lemma, that BE is greater than 
BA, 

that is, AC is greater than AB. 

PROPOSITION 20. 

In any triangle two sides taken together in any manner 
are greater than the remaining one. 

For let ABC be a triangle ; 
I say that in the triangle ABC two sides taken together in 
any manner are greater than the remaining one, namely 

BA, AC greater than BC, 
AB, BC greaier than AC, 
BC, CA greater than AB. 

For let BA be drawn through to the point D, 
let DA be made equal to CA, and let DC be 
joined. 

Then, since DA is equal to AC, 
the angle ADC is also equal to the angle 
ACD; [1. 5] 

therefore the angle BCD is greater than 
the angle ADC. [C. N. 5] 

And, since DCB is a triangle having the angle BCD 
greater than the angle BDC, 

and the greater angle is subtended by the greater side, 
[.. 19] 

therefore DB is greater than BC. 
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But is equal to AC; 
therefore BA, AC are greater than BC. 

Similarly we can prove that AB, BC are also greater 
than CA, and BC, CA than AB. 

Therefore etc. 
Q. E. D. 

It was the habit of the Epicureans, says Proclus (p. 322), to ridicule this 
theorem as being evident even to an ass and requiring no proof, and their 
allegation that the theorem was "known" (yvmpifiov) even to an ass was based 
on the fact that, if fodder is placed at one angular point and the ass at another, 
he does not, in order to get to his food, traverse the two sides of the triangle 
but only the one side separating them (an argument which makes Savile exclaim 
that its authors were "digni ipsi, qui cum Asino foenum essent," p. 78). 
Proclus replies truly that a mere perception of the truth of the theorem is a 
different thing from a scientific proof of it and a knowledge of the reason why 
it is true. Moreover, as Simson says, the number of axioms should not be 
increased without necessity. 

Alternative Proofs. 
Heron and Porphyry, we are told (Proclus, pp. 323—6), proved this 

theorem in different ways as follows, without producing one of the sides. 

First proof. 
Let ABC be the triangle, and let it be required to prove that the sides 

BA, AC axe greater than BC. 
Bisect the angle BAC by AD meeting BC in D. 
Then, in the triangle ABD, 
the exterior angle ADC is greater than the 

interior and opposite angle BAD, [1. 16] 
that is, greater than the angle DAC. 

Therefore the side AC is greater than the side 
CD. [1. 19] 

Similarly we can prove that AB is greater than BD. 
Hence, by addition, BA, AC axe greater than BC. 

Second proof 
This, like the first proof, is direct. There are several cases to be considered. 
(1) If the triangle is equilateral, the truth of the proposition is obvious. 
(2) If the triangle is isosceles, the proposition needs no proof in the case 

(a) where each of the equal sides is greater than the base. 
(b) If the base is greater than either of the other sides, we have to prove 

that the sum of the two equal sides is greater than 
the base. Let BC be the base in such a triangle. 

Cut off from BC a length BD equal to AB, and 
join AD. 

Then, in the triangle ADB, the exterior angle 
ADC is greater than the interior and opposite angle 
BAD. [1. 16] 

Similarly, in the triangle ADC, the exterior angle ADB is greater than the 
interior and opposite angle CAD. 



By addition, the two angles BDA, ADC are together greater than the 
two angles BAD, DAC (or the whole angle BAC). 

Subtracting the equal angles BDA, BAD, we have the angle ADC 
greater than the angle CAD. 

It follows that AC is greater than CD; [i. 19] 
and, adding the equals AB, BD respectively, we have BA, AC together 
greater than BC. 

(3) If the triangle be scalene, we can arrange the sides in order of length. 
Suppose BC is the greatest, AB the intermediate and AC the least side. 
Then it is obvious that AB, BC are together greater than AC, and BC, CA 
together greater than AB. 

It only remains therefore to prove that CA, AB are together greater 
than BC. 

We cut off from BC a length BD equal to the adjacent side, join AD, and 
proceed exactly as in the above case of the isosceles triangle. 

Third proof. 
This proof is by reductio ad absurdum. 
Suppose that BC is the greatest side and, as before, we have to prove that 

BA, AC axe greater than BC. 
If they are not, they must be either equal to A 

or less than BC. 

(1) Suppose BA, AC are together equal 
to BC. 

From BC cut off BD equal to BA, and 
join AD. 

It follows from the hypothesis that DC is equal to AC. 
Then, since BA is equal to BD, 

the angle BDA is equal to the angle BAD. 
Similarly, since A C is equal to CD, 

the angle CD A is equal to the angle CAD. 
By addition, the angles BDA, ADC are together equal to the whole angle 

BAC. 
That is, the angle BAC is equal to two right angles : which is impossible. 

(2) Suppose BA, AC are together less than BC. 
From BC cut off BD equal to BA, and from CB cut off CE equal to 

CA. Join AD, AE. 
In this case, we prove in the same way that 

the angle BDA is equal to the angle BAD, and 
the angle CEA to the angle CAE. 

By addition, the sum of the angles BDA, 
AEC is equal to the sum of the angles BAD, 
CAE. 

Now, by 1. 16, the angle BDA is greater than the angle DAC, and 
therefore, a fortiori, greater than the angle EAC. 

Similarly the angle AEC is greater than the angle BAD. 
Hence the sum of the angles BDA, AEC is greater than the sum of the 

angles BAD, EAC. 
But the former sum was also equal to the latter: which is impossible. 
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PROPOSITION 21. 

If on one of the sides of a triangle, from its extremities, 
there be constructed two straight lines meeting within the 
triangle, the straight lines so constructed will be less than the 
remaining two sides of the triangle, but will contain a greater 

s angle. 
On BC, one of the sides of the triangle ABC, from its 

extremities B, C, let the two straight lines BD, DC be con
structed meeting within the triangle ; 

I say that BD, DC are less than the remaining two sides 
10 of the triangle BA, A C, but contain an angle BDC greater 

than the angle BAC. 
For let BD be drawn through to E. 
Then, since in any triangle two 

sides are greater than the remaining 
15 one, [1. 20] 

therefore, in the triangle ABE, the 
two sides B,AE are greater than BE. 

Let EC be added to each ; 
therefore BA, A C are greater than BE, EC. 

20 Again, since, in the triangle CED, 
the two sides CE, ED are greater than CD, 

let DB be added to each ; 
therefore CE, EB are greater than CD, DB. 

But BA, AC were proved greater than BE, EC; 
25 therefore BA, AC are much greater than BD, DC. 

Again, since in any triangle the exterior angle is greater 
than the interior and opposite angle, [1. 16] 
therefore, in the triangle CDE, 

the exterior angle BDC is greater than the angle CED. 
30 For the same reason, moreover, in the triangle ABE also, 

the exterior angle CEB is greater than the angle BAC. 
But the angle BDC was proved greater than the angle CEB; 

therefore the angle BDC is much greater than the angle 
BAC. 

35 Therefore etc. Q. E. D. 
2. b e c o n s t r u c t e d . . . m e e t i n g w i t h i n t h e t r i a n g l e . T h e w o r d " m e e t i n g " is n o t in 

the G r e e k , whe re the w o r d s are ivrm owrradtaaiv. ffwitrraaffat is the w o r d used o f c o n 
structing t w o straight lines to a point (cf. I. 7) o r so as t o form a tr iangle ; but it is necessary 
in Engl ish to indica te that they meet. 

3. t h e s t r a i g h t l i n e s s o c o n s t r u c t e d . O b s e r v e the elegant b rev i ty o f the G r e e k o l 
ffvoraffetaai. 
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T h e editors generally call attention to the fact that the lines drawn within 
the triangle in this proposition must be drawn, 
as the enunciation says, from the ends of the 
side; otherwise it is not necessary that their 
sum should be less than that of the remaining 
sides of the triangle. Proclus (p. 327, 12 sqq.) 
gives a simple illustration. 

Let ABC be a right-angled triangle. Take 
any point D on BC, join DA, and cut off 
from it DE equal to AB. Bisect AE at E, 
and join EC. 

Then shall CF, FD be together greater than CA, AB. 
For CF, EE are equal to CF, FA, 

and therefore greater than CA. 
Add the equals ED, AB respectively; 

therefore CF, FD are together greater than CA, AB. 
Pappus gives the same proposition as that just proved, but follows it up 

by a number of others more elaborate in character, selected apparently from 
" the so-called paradoxes" of one Erycinus (Pappus, III. p. 106 sqq.). Thus 
he proves the following: 

1. In any triangle, except an equilateral triangle or an isosceles triangle 
with base less than one of the other sides, it is possible to construct on the 
base and within the triangle two straight lines the sum of which is equal to 
the sum of the other two sides of the triangle. 

2. In any triangle in which it is possible to construct two straight lines on 
the base which are equal to the sum of the other two sides of the triangle it is 
also possible to construct two others the sum of which \s greater than that sum. 

3. Under the same conditions, if the base is greater than either of the 
other two sides, two straight lines can be constructed in the manner described 
which are respectively greater than the other two sides of the triangle; and the 
lines may be constructed so as to be respectively equal to the two sides, if one 
of those two sides is less than the other and each of them less than the base. 

4. T h e lines may be so constructed that their sum will bear to the sum 
of the two sides of the triangle any ratio less than 2 : 1 . 

As a specimen of the proofs we will give that of the proposition which has 

A T 

been numbered (1) for the case where the triangle is isosceles (Pappus, I I I . 
pp. 1 0 8 — n o ) . 



[.. 21] 

Let ABC be an isosceles triangle in which the base AC is greater than 
either of the equal sides AB, BC. 

With centre A and radius AB describe a circle meeting A C in D. 
Draw any radius AEF such that it meets BC in a point F outside the circle. 
Take any point G on EF, and through it draw GH parallel to AC T a k e 

any point K on GH, and draw KL parallel to FA meeting A C in Z. 
From - S C cut off BN equal to EG. 
Thus /4 G, or LK, is equal to the sum of AB, BN, and CN is less than Z A i 
Now GF, FHaxe together greater than GH, 

and CH, HK together greater than CK. 
Therefore, by addition, 

CF, FG, HK are together greater than CK, HG. 
Subtracting HK from each side, we see that 

CF, FG are together greater than CK, KG; 
therefore, if we add AG to each, 

AF, FCaxe. together greater than AG, GK, KC. 
And AB, BC are together greater than AF, FC. 
Therefore AB, BC are together greater than AG, GK, KC. 
But, by construction, AB, BN axe together equal to AG; 

therefore, by subtraction, NC is greater than GK, KC, 
and a fortiori greater than KC. 

Take on KC produced a point M such that KM is equal to NC; 
with centre K and radius KM describe a circle meeting CL in 0, and join KO. 

Then shall LK, KO be equal to AB, BC. 
For, by construction, LK is equal to the sum of AB, BN, and KO is 

equal to NC; 
therefore LK, KO are together equal to AB, BC. 

It is after I . 21 that (as remarked by De Morgan) the important 
proposition about the perpendicular and obliques drawn from a point to a 
straight line of unlimited length is best introduced : 

Of all straight lines that can be drawn to a given straight line of unlimited 
length from a given point without it: 

(a) the perpendicular is the shortest ; 
(b) of the obliques, that is the greater the fool of which is further from the 

perpendicular; 
(c) given one oblique, only one other can be found of the same length, namely 

that the foot of which is equally distant with the foot of the given one from the 
perpendicular, but on the other side of it. 

Let A be the given point, BC the given straight l ine; let AD be 
the perpendicular from A on BC, 
and AE, AF any two obliques of 
which AF makes the greater angle 
with AD. 

Produce AD to A', making A'D 
equal to AD, and join A'E, A'F. 

Then the triangles ADE, A'DE 
are equal in all respects; and so are 
the triangles ADE, A'DF. 

Now (1) in the triangle AEA' the 
two sides AE, EA' are-greater than AA' [1. 20I, that is, twice AE is greater 
than twice AD. 
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Therefore AE is greater than AD. 
(2) Since AE, A'E are drawn to E, a point within the triangle AEA', 

AE, FA' are together greater than AE, EA', [1. 21] 
or twice AF is greater than twice AE.. 

Therefore AFis greater than AE. 
(3) Along DB measure off DG equal to DF, and join AG. 
T h e triangles AGD, AED are then equal in all respects, so that the 

angles GAD, FAD are equal, and AG is equal to AF. 

PROPOSITION 22. 

Out of three straight lines, which are equal to three given 
straight lines, to construct a triangle: thus it is necessary that 
two of the straight lines taken together in any manner should 
be greater than the remaining one. [1. 20] 

Let the three given straight lines be A, B, C, and of these 
let two taken together in any manner be greater than the 
remaining one, 
namely A, B greater than C, 

A, C greater than B, 
and B, C greater than A ; 
thus it is required to construct a triangle out of straight lines 
equal to A, B, C. 

Let there be set out a straight line DB, terminated at D 
but of infinite length in the direction of E, 
and let DF be made equal to A, FG equal to B, and GH 
equal to C. [1. 3] 

With centre F and distance FD let the circle DKL be 
described ; 
again, with centre G and distance GH let the circle KLH be 
described ; 
and let KF, KG be joined ; 

I say that the triangle KFG has been constructed out of 
three straight lines equal to A, B, C. 
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For, since the point F is the centre of the circle DKL, 

FD is equal to FK. 

But FD is equal to A ; 

therefore KF is also equal to A . 

Again, since the point G is the centre of the circle LKH, 

GH is equal to GK. 

But GH is equal to C; 

therefore KG is also equal to C. 

And FG is also equal to B; 

therefore the three straight lines KF, FG, GK are equal to 

the three straight lines A , B, C. 
Therefore out of the three straight lines KF, FG, GK, 

which are equal to the three given straight lines A , B, C, the 
triangle KFG has been constructed. 

6 Q. E. F . 

1—4. T h i s is the first case in the Elements o f a otopiafiis to a p r o b l e m in the sense o f a 
statement o f the cond i t i ons o r l imi ts o f the poss ib i l i ty o f a solu t ion . T h e cri ter ion is o f 
course suppl ied b y the p reced ing p ropos i t i on . 

2. t h u s it i s n e c e s s a r y . T h i s is usually translated (e .g . b y W i l l i a m s o n and S i m s o n ) 
"But it is necessary ," w h i c h is h o w e v e r inaccurate , s ince the G r e e k is n o t Jei Si bu t Set Hj. 
T h e w o r d s are the same as those used t o in t roduce the Stopttrpt&t in the o the r sense of the 
" definition " o r " particular s t a t e m e n t " o f a cons t ruc t ion t o b e effected. H e n c e , as in the 
latter case w e say " thus it is required " (e .g . to b i sec t the finite straight l ine AB, I. 10), w e 
should here translate " thus it is necessary. 

4. T o this enuncia t ion all the MSS. and Boe th ius a d d , after the StoptavM, the Words 
" b e c a u s e in any triangle t w o sides taken toge ther in any manne r are greater than the 
remaining o n e . " But this exp lana t ion has the appea rance o f a g lo s s , and it is omi t t ed b y 
Proclus and C a m p a n u s . M o r e o v e r there is no c o r r e s p o n d i n g add i t ion t o the Swptapbs 
of v i . » 8 . 

It was early observed that Euclid assumes, without giving any reason, that 
the circles drawn as described will meet if the condition that any two of the 
straight lines A, B, C are together greater than the third be fulfilled. Proclus 
(P- 3 3 8 sqq.) argues the matter by means of reductio ad absurdum, but 
does not exhaust the possible hypotheses inconsistent with the contention. 
He says the circles must do one of three things, (1) cut one another, (2) touch 
one another, (3) stand apart (oWrarat) from one another. H e then considers 
the hypotheses (a) of their touching externally, (b) of their being separated 
from one another by a space. He should have considered also the hypothesis 
(c) of one circle touching the other internally or lying entirely within the 
other without touching. These three hypotheses being successively disproved, 
it follows that the circles must meet (this is the line taken by Camerer and 
Todhunter). 

Simson says: " Some authors blame Euclid because he does not 
demonstrate that the two circles made use of in the construction of this 
problem must cut one another: but this is very pla in from the determination 
he has given, namely, that any two of the straight lines DF, FG, GH must 
be greater than the third. For who is so dull, though only beginning to 
learn the Elements, as not to perceive that the circle described from the 
centre F, at the distance FD, must meet FH betwixt F and H, because FD 
is less than FH; and that, for the like reason, the circle described from the 
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centre G at the distance GH must meet DG betwixt D and G; and that 
these circles must meet one another, because FD and GH are together 
greater than FG." 

We have in fact only to satisfy ourselves that one of the circles, e.g. that 
with centre G, has at least one point of its circumference outside the other 
circle and also at least one point of its circumference inside the same circle; 
and this is best shown with reference to the points in which the first circle 
cuts the straight line DE. For (i) FH, being equal to the sum of B and C, 
is greater than A, i.e. than the radius of the circle with centre F, and therefore 
H is outside that circle. (2) If GM be measured along GE equal to GH 
or C, then, since GM is either (a) less or (b) greater than GF, Mm\l fall 
either (a) between G and F or (b) beyond F towards D; in the first case 
(a) the sum of EM and C is equal to FG and therefore less than the sum 
of A and C, so that EM is less than A or FD; in the second case (b) the 
sum of MF and FG, i.e. the sum of ME and B, is equal to GM or C, and 
therefore less than the sum of A and B, so that MF is less than A or FD; 
hence in either case M falls within the circle with centre F. 

It being now proved that the circumference of the circle with centre G 
has at least one point outside, and at least one point inside, the circle with 
centre F, we have only to invoke the Principle of Continuity, as we have to 
do in 1. 1 (cf. the note on that proposition, p. 242, where the necessary 
postulate is stated in the form suggested by Killing). 

That the construction of the proposition gives only two points of 
intersection between the circles, and therefore only two triangles satisfying 
the condition, one on each side of FG, is clear from 1. 7, which, as before 
pointed out, takes the place, in Book 1., of l i t 10 proving that two circles 
cannot intersect in more points than two. 

PROPOSITION 23. 

On a given straight line and at a point on it to construct a 
rectilineal angle equal to a given rectilineal angle. 

Let AB be the'given straight line, A the point on it, and 
the angle DCE the given rectilineal angle; 

thus it is required to construct on the given straight line 
AB, and at the point A on it, a rectilineal angle equal to the 
given rectilineal angle DCE. 

On the straight lines CD, CE respectively let the points 
D, E be taken at random ; 
let DE be joined, 

and out of three straight lines which are equal to the three 
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straight lines CD, DE, CE let the triangle AFG be con
structed in such a way that CD is equal to AF, CE to AG, 
and further DE to FG. [1. 22] 

Then, since the two sides DC, CE are equal to the two 
sides FA., A G respectively, 

and the base DE is equal to the base FG, 
the angle DCE is equal to the angle FA G. [1. 8] 

Therefore on the given straight line AB, and at the point 
A on it, the rectilineal angle FAG has been constructed equal 
to the given rectilineal angle DCE. 

This problem was, according to Eudemus (see Proclus, p. 333, 5), "rather 
the discovery of Oenopides," from which we must apparently infer, not that 
Oenopides was the first to find any solution of it, but that it was he who dis
covered the particular solution given by Euclid. (Cf. Bretschneider, p. 65.) 

The editors do not seem to have noticed the fact that the construction of 
the triangle assumed in this proposition is not exactly the construction given 
in 1. 22. We have here to construct a triangle on a certain finite straight line 
AG as base; in 1. 22 we have only to construct a triangle with sides of given 
length without any restriction as to how it is to be placed. Thus in 1. 22 we 
set out any line whatever and measure successively three lengths along it 
beginning from the given extremity, and what we must regard as the base is the 
intermediate length, not the length beginning at the given extremity, of the 
straight line arbitrarily set out. Here the base is a given straight line abutting 
at a given point Thus the construction has to be modified somewhat from 

that of the preceding proposition. W e must measure A G along AB so that 
AG is equal to CE (or CD), and GH along GB equal to DE; and then we 
must produce BA, in the opposite direction, to F, so that AF\s equal to CD 
(or CE, if AG has been made equal to CD). 

Then, by drawing circles (1) with centre A and radius AE, (2) with centre 
G and radius GH, we determine K, one of their points of intersection, and we 
prove that the triangle KAG is equal in all respects to the triangle DCE, and 
then that the angle at A is equal to the angle DCE. 

I think that Proclus must (though he does not say so) have felt the same 
difficulty with regard to the use in 1. 23 of the result of 1. 22, and that this is 
probably the reason why he gives over again the construction which I have 
given above, with the remark (p. 334, 6) that "you may obtain the construction 
of the triangle in a more instructive manner (SIOWKOAUCUITCP'OI') as follows." 

Proclus objects to the procedure of Apollonius in constructing an angle 
under the same conditions, and certainly, if he quotes Apollonius correctly, the 
latter's exposition must have been somewhat slipshod. 

Q . E . F . 

F 
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" H e takes an angle CDE at random," says Proclus (p. 335 ,19 sqq.), "and 
a straight line AB, and with centre D and distance 
CD describes the circumference CE, and in the same 
way with centre A and distance AB the circumference 
EB. Then, cutting off EB equal to CE, he joins AF. 
A n d he declares that the angles A, D standing on 
equal circumferences are equal." 

In the first place, as Proclus remarks, it should be 
premised that AB is equal to CD in order that the 
circles may be equal; and the use of Book 111. for 
such an elementary construction is objectionable. 
T h e omission to state that AB must be taken equal 
to CD was no doubt a slip, if it occurred. And, as 
regards the equal angles " standing on equal circum
ferences," it would seem possible that Apollonius said 
this in explanation, for the sake of brevity, rather than by way of proof. It 
seems to me probable that his construction was only given from the point of 
view of practical, not theoretical, geometry. It really comes to the same thing 
as Euclid's except that DC is taken equal to DE. For cutting off the arc BF 
equal to the arc CE can only be meant in the sense of measuring the chord 
CE, say, with a pair of compasses, and then drawing a circle with centre B 
and radius equal to the chord CE. Apollonius' direction was therefore 
probably intended as a practical short cut, avoiding the actual drawing of the 
chords CE, BF, which, as well as a proof of the equality in all respects of the 
triangles CDE, BAF, would be required to establish theoretically the correct
ness of the construction. 

PROPOSITION 24. 

If two triangles have the two sides equal to two sides 
respectively, but have the one of the angles contained by the equal 
straight lines greater than the other, they will also have the 
base greater than the base. 

5 Let ABC, DEF be two triangles having the two sides 
AB, A C equal to the two sides DE, DF respectively, namely 
AB to DE, and A C to DF, and let the angle at A be greater 
than the angle at D ; 

I say that the base BC is also greater than the base EF. 
10 For, since the angle BAC 

is greater than the angle EDF, A D 

let there be constructed, on the 
straight line DE, and at the 
point D on it, the angle EDG 

15 equal to the angle BAC; [1. 23] 
let DG be made equal to either rj 
of the two straight lines AC, 
DF, and let EG, FG be joined. 
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Then, since AB is equal to DE, and AC to 
2 0 the two sides Z?^4, AC are equal to the two sides ED, DG, 

respectively; 

and the angle BA C is equal to the angle EDG ; 
therefore the base BC is equal to the base EG. [1. 4] 

Again, since DF is equal to DG, 
25 the angle DGF is also equal to the angle DFG; [1. 5] 

therefore the angle DFG is greater than the angle EGF. 
Therefore the angle EFG is much greater than the angle 

EGF. 
And, since EFG is a triangle having the angle EFG 

30 greater than the angle EGF, 
and the greater angle is subtended by the greater side, 

[1. 19] 
the side EG is also greater than EF. 

But EG is equal to BC. 
Therefore BC is also greater than EF. 

35 Therefore etc. 
Q . E . D . 

10. I have naturally left out the well-known words added by Simson in 
order to avoid the necessity of considering three cases : " Of the two sides 
DE, DF let DE be the side which is not greater than the other." I doubt 
whether Euclid could have been induced to insert the words himself, even if 
it had been represented to him that their omission meant leaving two possible 
cases out of consideration. His habit and that of the great Greek geometers 
was, not to set out all possible cases, but to give as a rule one case, generally 
the most difficult, as here, and to leave the others to the reader to work out for 
himself. We have already seen one instance in I. 7. 

Proclus of course gives the other 
two cases which arise if we do not A D 

first provide that DE is not greater 
than DF. 

(1) In the first case G may fall 
on EF produced, and it is then 
obvious that EG is greater than EF. 

(2) In the second case EG may 
fall below EF. 

If so, by 1. 21, DF, EE are 
together less than DG, GE. 

But DF is equal to DG ; there
fore EE is less than EG, i.e. than 
BC. 

These two cases are therefore 
decidedly simpler than the case taken 
by Euclid as typical, and could well be left to the ingenuity of the learner. 

If however after all we prefer to insert Simson's words and avoid the latter 
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two cases, the proof is not complete unless we show that, with his assumption, 
/ 'mus t , in the figure of the proposition, fall below EG. 

De Morgan would make the following proposition precede: Every straight 
line drawn from the vertex of a triangle to the base is less than the greater of the 
two sides, or than either if they are equal, and he would prove it by means of 
the proposition relating to perpendicular and obliques given above, p. 291. 

But it is easy to prove directly that E falls below EG, if 
DE is not greater than DG, by the method employed by 
Pfleiderer, Lardner, and Todhunter. 

Let DF, produced if necessary, meet EG in H. 
Then the angle DHG is greater than the angle DEG; 

[.. 16] 
and the angle DEG is not less than the angle DGE; 

[1. 18] 
therefore the angle DHG is greater than the angle DGH. 

Hence DH is less than DG, [1. 19] 
and therefore DH is less than DF. 

Alternative proof. 
Lastly, the modern alternative proof is worth giving. 

Let DH bisect the angle FDG (after the triangle DEG has been made 
equal in all respects to the triangle ABC, as in the proposition), and let DH 
meet EG in H. Join HE. 

Then, in the triangles FDH, GDH, 
the two sides FD, DHaxe equal to the two sides GD, DH, 

and the included angles FDH, GDH axe equal ; 
therefore the base HE is equal to the base HG. 

Accordingly EG is equal to the sum of EH, HE; 
and EH, HE axe together greater than EF; [1. 20] 

therefore EG, or BC, is greater than EF. 
Proclus (p. 339 ,11 sqq.) answers by anticipation the possible question that 

might occur to any one on this proposition, viz. why does Euclid not compare 
the areas of the triangles as he does in 1. 4 ? He observes that inequality of 
the areas does not follow from the inequality of the angles contained by the 
equal sides, and that Euclid leaves out all reference to the question both for 
this reason and because the areas cannot be compared without the help of the 
theory of parallels. " But if," says Proclus, " we must anticipate what is to 
come and make our comparison of the areas at once, we assert that (1) if 
the angles A, D—supposing that our argument proceeds with reference to the 
figure in the proposition—are (together) equal to two right angles, the triangles 
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are proved equal, (2) if greater than two right angles, that triangle which has 
the greater angle is less, and (3) if they are less, greater." Proclus then gives 
the proof, but without any reference to the source from which he quoted 
the proposition. Now an-Nairizi adds a similar proposition to 1. 38, but 
definitely attributes it to Heron. I shall accordingly give it in the place 
where Heron put it 

PROPOSITION 25. 

If two triangles have the two sides equal to two sides 
respectively, but have the base greater than the base, they will 
also have the one of the angles contained by the equal straight 
lines greater than the other. 

Let ABC, DEF be two triangles having the two sides 
AB, AC equal to the two sides DE, DF respectively, namely 
AB to DE, and AC to DF; and let the base BC be greater 
than the base EF; 

I say that the angle BAC is also greater than the angle 
EDF. 

For, if not, it is either equal to it or less. 
Now the angle BAC is not equal to the angle EDF; 

for then the base BC would also have been equal to the base 
EF, " [ 1 .4 ] 

but it is not; 
therefore the angle BA C is not equal to the angle EDF. 

Neither again is the angle BA C less than the angle EDF; 
for then the base BC would also have been less than the base 
EF, [1 .24] 

but it is not; 
therefore the angle BA C is not less than the angle EDF. 

But it was proved that it is not equal either ; 
therefore the angle BA C is greater than the angle EDF. 

Therefore etc. 
Q . E . D . 
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De Morgan points out that this proposition (as also i. 8) is a purely logical 
consequence of i. 4 and 1. 24 in the same way as 1. 19 and 1. 6 are purely 
logical consequences of 1. 18 and I. 5. If d, b, c denote the sides, A, B, C the 
angles opposite to them in a triangle ABC, and a', b', c1, A', B, C the sides 
and opposite angles respectively in a triangle A'B'C, 1. 4 and 1. 24 tell us 
that, b, c being respectively equal to b', J, 

(1) if A is equal to A', then a is equal to a', 
(2) if A is less than A', then a is less than a', 
(3) if A is greater than A', then a is greater than a'; 

and it follows logically that, 
(1) if a is equal to a, the angle A is equal to the angle A', [1. 8] 
(2) if a is less than a', A is less than A', \ 
(3) if a is greater than a', A is greater than A'. ) \' 2 5J 

T w o alternative proofs of this theorem are given by Proclus (pp. 345—7), 
and they are both interesting. Moreover both are direct. 

I . Proof by Menelaus of Alexandria. 
Let ABC, DEF be two triangles having the two sides BA, AC equal to 

the two sides ED, DF, but the base BC greater than the base EF. 

Then shall the angle at A be greater than the angle at D. 
From BC cut off BG equal to EF. A t B, on the straight line BC, make 

the angle GBH (on the side of BG remote from A) equal to the angle FED. 
Make BH equal to DE; join HG, and produce it to meet AC in AT. 

]6YL\AH. 
Then, since the two sides GB, BH are equal to the two sides EE, ED 

respectively, 
and the angles contained by them are equal, 

HG is equal to DE or AC, 
and the angle BHG is equal to the angle EDF. 

Now HK is greater than HG or A C, 
and a fortiori greater than AK; 

therefore the angle KAH is greater than the angle KHA. 
And, since AB is equal to BH, 

the angle BAH is equal to the angle BHA. 
Therefore, by addition, 

the whole angle BA C is greater than the whole angle BHG, 
that is, greater than the angle EDF. 
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I I . Heron's proof. 
Let the triangles be given as before. 
Since BC is greater than EF, produce EF to G so that EG is equal to 

EC. 
Produce ED to H so that DH is equal to DF. T h e circle with centre 

D and radius DFyfth then pass through H. Let it be described, as FKH. 

Now, since BA, AC are together greater than BC, 
and BA, AC axe equal to ED, DH respectively, 

while BC is equal to EG, 
EH is greater than EG. 

Therefore the circle with centre £ and radius EG will cut EH, and 
therefore will cut the circle already drawn. Let it cut that circle in K, and 
join DK, KE. 

Then, since D is the centre of the circle FKH, 
DK'\% equal to DFot AC. 

Similarly, since E is the centre of the circle KG, 
EK is equal to EG or BC, 

And DE is equal to AB. 
Therefore the two sides BA, AC are equal to the two sides ED, DK 

respectively; 
and the base BC is equal to the base EK; 

therefore the angle BA C is equal to the angle EDK. 
Therefore the angle BA C is greater than the angle EDF. 

PROPOSITION 26 . 

If two triangles have the two angles equal to two angles 
respectively, and one side equal to one side, namely, either the 
side adjoining the equal angles, or that subtending one of the 
equal angles, they will also have the remaining sides equal to 

5 the remaining sides and the remaining angle to the remaining 
angle. 



Let ABC, DEF be two triangles having the two angles 
ABC,BCA equal to the two angles DEF, EFD respectively, 
namely the angle ABC to the angle DEF, and the angle 

1 0 BCA to the angle EFD; and let them also have one side 
equal to one side, first that adjoining the equal angles, namely 
BC to EF; 

I say that they will also have the remaining sides equal 
to the remaining sides respectively, namely AB to DE and 

'S AC to DF, and the remaining angle to the remaining angle, 
namely the angle BAC to the angle EDF. 

For, if AB is unequal to DE, one of them is greater. 
Let AB be greater, and let BG be made equal to DE; 

and let GC be joined. 
20 Then, since BG is equal to DE, and BC to EF, 

the two sides GB, BC are equal to the two sides DE, EF 
respectively; 
and the angle GBC is equal to the angle DEF; 

therefore the base GC is equal to the base DF, 
25 and the triangle GBC is equal to the triangle DEF, 

and the remaining angles will be equal to the remaining angles, 
namely those which the equal sides subtend ; [i. 4] 

therefore the angle GCB is equal to the angle DFE. 
But the angle DFE is by hypothesis equal to the angle BCA; 

30 therefore the angle BCG is equal to the angle BCA, 
the less to the greater: which is impossible. 

Therefore AB is not unequal to DE, 
and is therefore equal to it. 

But BC is also equal to EF; 
35 therefore the two sides AB, BC are equal to the two 

sides DE, EF respectively, 
and the angle ABC is equal to the angle DEF; 

therefore the base A C is equal to the base DF, 
and the remaining angle BAC is equal to the remaining 

40 angle EDF. [1. 4] 
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Again, let sides subtending equal angles be equal, as AB 
to DE; 

I say again that the remaining sides will be equal to the 
remaining sides, namely AC to DF and BC to EF, and 

45 further the remaining angle BAC is equal to the remaining 
angle EDF. 

For, if BC is unequal to EF, one of them is greater. 
Let BC be greater, if possible, and let BH be made equal 

to EF; let AH be joined. 
50 Then, since BH is equal to EF, and AB to DE, 

the two sides AB, BH are equal to the two sides DE, EF 
respectively, and they contain equal angles; 

therefore the base AH is equal to the base DF, 
and the triangle ABH is equal to the triangle DEF, 

55 and the remaining angles will be equal to the remaining angles, 
namely those which the equal sides subtend ; [1. 4] 

therefore the angle BHA is equal to the angle EFD. 
But the angle EFD is equal to the angle BCA ; 

therefore, in the triangle AHC, the exterior angle BHA is 
60 equal to the interior and opposite angle BCA : 

which is impossible. [1. 16] 
Therefore BC is not unequal to EF, 

and is therefore equal to it. 
But AB is also equal to DE ; 

65 therefore the two sides AB, BC are equal to the two sides 
DE, EF respectively, and they contain equal angles ; 

therefore the base A C is equal to the base DF, 
the triangle ABC equal to the triangle DEF, 

and the remaining angle BAC equal to the remaining angle 
70 EDF. [1 .4] 

Therefore etc. 
Q. E. D. 

1—3. the side adjoining the equal angles, Tr\tvpiu> rip rp6s rah bats ywvlau. 
19. is by hypothesis equal. irdKuru fo-ij, according to the elegant Greek idiom. 

inrtucufxai is used for the passive of i/rortdttiu, as Keificu is used for the passive of rlBy/it, and 
so with the other compounds. Cf. trpoaKuadai, " to be added." 

The alternative method of proving this proposition, viz. by applying one 
triangle to the other, was very early discovered, at least so far as regards the 
case where the equal sides are adjacent to the equal angles in each. An-NairizI 
gives it for this case, observing that the proof is one which he had found, but 
of which he did not know the author. 



Proclus has the following interesting note (p. 352, 13-—18): "Eudemus 
in his geometrical history refers this theorem to Thales. For he says that, in 
the method by which they say that Thales proved the distance of ships in the 
sea, it was necessary to make use 0f this theorem." As , unfortunately, this 
information is not sufficient of itself to enable us to determine how Thales 
solved this problem, there is considerable room for conjecture as to his 
method. 

T h e suggestions of Bretschneider and Cantor agree in the assumption 
that the necessary observations were probably made from the top of some 
tower or structure of known height, and that a right-angled triangle was used in 
which the tower was the perpendicular, and the line connecting the bottom of 
the tower and the ship was the base, as in the annexed figure, where AB is the 
tower and C the ship. Bretschneider {Die Geometrie und die Geometer vor 
Eukleides, § 30) says that it was only necessary for 
the observer to observe the angle CAB, and then A 
the triangle would be completely determined by D 

means of this angle and the known length AB. 
A s Bretschneider says that the result would be 
obtained " in a moment" by this method, it is not 
clear in what sense he supposes Thales to have 
"obse rved" the angle BAC. Cantor is more 
definite (Gesch. d. Math. i 8 , p. 145), for he says that 1 

the problem was nearly related to that of finding the 
Seqt from given sides. By the Seqt in the Papyrus Rhind is meant the 
ratio to one another of certain lines in pyramids or obelisks. Eisenlohr and 
Cantor took the one word to be equivalent, sometimes to the cosine of the 
angle made by the edge of the pyramid with the co-terminous diagonal of the 
base, sometimes to the tangent of the angle of slope of the faces of the pyramid. 
It is now certain that it meant one thing, viz. the ratio of half the side of 
the base to the height of the pyramid, i.e. the cotangent of the angle of 
slope. T h e calculation of the Seqt thus implying a sort of theory of simi
larity, or even of trigonometry, the suggestion of Cantor is apparently that 
the Seqt in this case would be found from a small right-angled triangle ADE 
having a common angle A with ABC as shown in the figure, and that the 
ascertained value of the Seqt with the length AB would determine BC. This 
amounts to the use of the property of similar triangles; and Bretschneider's 
suggestion must apparently come to the same thing, since, even if Thales 
measured the angle in our sense (e.g. by its ratio to a right angle), he would, 
in the absence of something correspondingHo a table of trigonometrical ratios, 
have gained nothing and would have had to work out the proportions all the 
same. 

Max C. P . Schmidt also (Kulturhistorische Beitrage zur Kenntnis des 
griechischen und rbmischen Altertums, 1906, p. 32) similarly supposes Thales to 
have had a right angle made of wood or bronze with the legs graduated, to 
have placed it in the position ADE (A being the position of his eye), and 
then to have read off the lengths AD, DE respectively, and worked out the 
length of BC by the rule of three. 

How then does the supposed use of similar triangles and their property 
square with Eudemus' remark about 1. 26 ? A s it stands, it asserts the 
equality of two triangles which have two angles and one side respectively 
equal, and the theorem can only be brought into relation with the above 
explanations by taking it as asserting that, if two angles and one side of one 
triangle are given, the triangle is completely determined. But, if Thales 
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practically used proportions, as supposed, 1. 26 is surely not at all the theorem 
which this procedure would naturally suggest as underlying it and being 
" necessarily used" ; the use of proportions or of similar but not equal 
triangles would surely have taken attention altogether away from 1. 26 and 
fixed it on vi. 4. 

For this reason I think Tannery is on the right road when he tries to find 
a solution using 1. 26 as it stands, and withal as primitive as any recorded 
solution of such a problem. His suggestion (La Giomitrie grecque, pp. 90—1) 
is based on the fluminis varatio of the Roman agrimensor Marcus Junius 
Nipsus and is as follows. 

T o find the distance from a point A to an inaccessible point B. From A 
measure along a straight line at right angles to AB a 
length A C and bisect it at D. From C draw CE at right 
angles to CA on the side of it remote from B, and let E 
be the point on it which is in a straight line with B and D. 

Then, by I. 26, CE is obviously equal to AB. 
As regards the equality of angles, it is to be observed 

that those at D are equal because they are vertically 
opposite, and, curiously enough, Thales is expressly 
credited with the discovery of the equality of such angles. 

The only objection which I can see to Tannery's 
solution is that it would require, in the case of the ship, a 
certain extent of free and level ground for the construction 
and measurements. 

I suggest therefore that the following may have been 
Thales' method. Assuming that he was on the top of a 
tower, he had only to use a rough instrument made of a straight stick and a 
cross-piece fastened to it so as to be capable of turning about the fastening 
(say a nail) so that it could form any angle with the stick and would remain 
where it was put. Then the natural thing would be to fix the stick upright 
(by means of a plumb-line) and direct the cross-piece towards the ship. 
Next, leaving the cross-piece at the angle so found, the stick could be turned 
round, still remaining vertical, until the cross-piece pointed to some visible 
object on the shore, when the object could be mentally noted and the distance 
from the bottom of the tower to it could be subsequently measured. This 
would, by 1. 26, give the distance from the bottom of the tower to the ship. 
This solution has the advantage of corresponding better to the simpler and 
more probable version of Thales' method of measuring the height of the 
pyramids; Diogenes Laertius says namely (1. 27, p. 6, ed. Cobet) on the 
authority of Hieronymus of Rhodes (B.C. 290—230), that he waited for this 
purpose until the moment when our shadows are of the same length as ourselves. 

Recapitulation of congruence theorems. 
Proclus, like other commentators, gives at this point (p. 347, 20 sqq.) a 

summary of the cases in which the equality of two triangles in all respects can 
be established. We may, he says, seek the conditions of such equality by 
successively considering as hypotheses the equality (1) of sides alone, (2) of 
angles alone, (3) of sides and angles combined. Taking (1) first, we can only 
establish the equality of the triangles in all respects if all three sides are 
respectively equal; we cannot establish the equality of the triangles by any 
hypothesis of class (2), not even the hypothesis that all the three angles are 
respectively equal; among the hypotheses of class (3), the equality of one 



Now (1), if the angle BAC be equal to the angle EDF, it follows, since 
the two sides AB, AC are equal to the two sides DE, DF respectively, that 

the triangles ABC, DEF axe equal in all respects, [1. 4] 
and the angles A CB, DFE are equal. 

(2) If the angles BA C, EDF be not equal, make the angle EDG (on 
the same side of ED as the angle EDF) equal to the angle BAC. 

Let EF, produced if necessary, meet DG in G-
Then, in the triangles ABC, DEG, 

the two angles BAC, ABC are equal to the two angles EDG, DEG 
respectively, 
and the side AB is equal to the side DE; 

side and one angle in each triangle is not enough, the equality (a) of one side 
and all three angles is more than enough, as is also the equality (A) of two 
sides and two or three angles, and (c) of three sides and one or two angles. 

The only hypotheses therefore to be examined from this point of view are 
the equality of 

(o) three sides [Eucl. 1. 8]. 
(J3) two sides and one angle [1. 4 proves one case of this, where the angle 

is that contained by the sides which are by hypothesis equal]. 
(•y) one side and two angles [1. 26 covers all cases]. 
It is curious that Proclus makes no allusion to what we call the ambiguous 

case, that case namely of (/8) in which it is an angle opposite to one of the 
two specified sides in one triangle which is equal to the angle opposite to the 
equal side in the other triangle. Camerer indeed attributes to Proclus the 
observation that in this case the equality of the triangles cannot, unless some 
other condition is added, be asserted generally; but it would appear that 
Camerer was probably misled by a figure (Proclus, p. 351) which looks like a 
figure of the ambiguous case but is really only used to show that in 1. 26 the 
equal sides must be corresponding sides, i.e., they must be either adjacent to the 
equal angles in each triangle, or opposite to corresponding equal angles, and 
that, e.g., one of the equal sides must not be adjacent to the two angles in 
one triangle, while the side equal to it in the other triangle is opposite to one 
of the two corresponding angles in that triangle. 

T h e ambiguous case. 

If two triangles have two sides equal to two sides respectively, and if the 
angles opposite to one pair of equal sides be also equal, then will the angles 
opposite the other pair of equal sides be either equal or supplementary ; and, in 
the former case, the triangles will be equal in all respects. 

Let ABC, DEF be two triangles such that AB is equal to DE, and AC 
to DF, while the angle ABC is equal to the angle DEF; 
it is required to prove that the angles ACB, DFE are either equal or 
supplementary. 



therefore the triangles ABC, DEG are equal in all respects, [1. 26] 
so that the side A C is equal to the side DG, 
and the angle A CB is equal to the angle DGE. 

Again, since AC is equal to DFas well as to DG, 
DEis equal to DG, 

and therefore the angles DEG, DGE axe, equal. 
But the angle DFE is supplementary to the angle DFG; and the angle 

DGF was proved equal to the angle- A CB; 
therefore the angle DFE is supplementary to the angle A CB. 

If it is desired to avoid the ambiguity and secure that the triangles may 
be congruent, we can introduce the necessary conditions into the enunciation, 
on the analogy of Eucl. vi. 7. 

If two triangles have two sides of the one equal to two sides of the other 
respectively, and the angles opposite to a pair of equal sides equal, then, if the 
angles opposite to the oilier pair of equal sides are both acute, or both obtuse, or if 
one of them is a right angle, the two triangles are equal in all respects. 

The proof of the three cases (by reductio ad absurdum) was given by 
Todhunter. 

PROPOSITION 2 7 . 

If a straight line falling on two straight lines make the 
alternate angles equal to one another, the straight lines will be 
parallel to one another. 

For let the straight line EF falling on the two straight 
s lines AB, CD make the alternate angles AEF, EFD equal 

to one another; 

I say that AB is parallel to CD. 
For, if not, AB, CD when pro- A E / B 

duced will meet either in the direction T 
10 of B, D or towards A, C. / 

Let them be produced and meet, c 7F D 
in the direction of B, D, at G. / 

Then, in the triangle GEF, 

the exterior angle A EF is equal to the interior and opposite 
is angle EFG: 

which is impossible. [1. 16] 

Therefore AB, CD when produced will not meet in the 
direction of B, D. 

Similarly it can be proved that neither will they meet 
20 towards A, C. 



But straight lines which do not meet in either direction 
are parallel; [Def. 23] 

therefore AB is parallel to CD. 
Therefore etc. 

Q. E. D. 

1. falling on two straight lines, eh S6o tvtelat lurlrrovaa, the phrase being the same 
as that used in Post. 5, meaning a transversal. 

». the alternate angles, ai iva\\a( yurlai. Proclus (p. 357, 9) explains that Euclid 
uses the word alternate (or, more exactly, alternately, lraKha£) in two connexions, (1) of a 
certain transformation of a proportion, as in Book V. and the arithmetical Books, (2) as here, 
of certain of the angles formed by parallels with a straight line crossing them. Alternate 
angles are, according to Euclid as interpreted by Proclus, those which are not on the same 
side of the transversal, and are not adjacent, but are separated by the transversal, both being 
within the parallels but one "above" and the other "below." The meaning is natural 
enough if we imagine the four internal angles to be taken in cyclic order and alternate angles 
to be any two of them not successive but separated by one angle of the four. 

9. in the direction of B, D or towards A, C, literally "towards the farts B, D or 
towards A, C," M TO. B, A /Ufn) :j irl ri A, T. 

With this proposition begins the second section of the first Book. Up 
to this point Euclid has dealt mainly with triangles, their construction 
and their properties in the sense of the relation of their parts, the sides and 
angles, to one another, and the comparison of different triangles in respect of 
their parts, and of their area in the particular cases where they are congruent. 

T h e second section leads up to the third, in which we pass to relations 
between the areas of triangles, parallelograms and squares, the special feature 
being a new conception of equality of areas, equality not dependent on 
congruence. This whole subject requires the use of parallels. Consequently 
the second section beginning at 1. 27 establishes the theory of parallels, 
introduces the cognate matter of the equality of the sum of the angles of a 
triangle to two right angles (1. 32), and ends with two propositions forming the 
transition to the third section, namely 1. 33, 34, which introduce the parallelo
gram for the first time. 

Aristotle on parallels. 
We have already seen reason to believe that Euclid's personal contribution 

to the subject was nothing less than the formulation of the famous Postulate 
5 (see the notes on that Postulate and on Def. 23), since Aristotle indicates 
that the then current theory of parallels contained a petitio principii, and 
presumably therefore it was Euclid who saw the defect and proposed the 
remedy. 

But it is clear that the propositions 1. 27, 28 were contained in earlier 
text-books. They were familiar to Aristotle, as we may judge from two 
interesting passages. 

(1) In Anal. Post. I. 5 he is explaining that a scientific demonstration 
must not only prove a fact of every individual of a class (KOTO iron-dt) but 
must prove it primarily and generally true (rrpurov xaddAov) of the whole of 
the class as one ; it will not do to prove it first of one part, then of another 
part, and so on, until the class is exhausted. He illustrates this (74 a 13—16) 
by a reference to parallels : " If then one were to show that right (angles) do 
not meet, the proof of this might be thought to depend on the fact that this 
is true of all (pairs of actual) right angles. But this is not so, inasmuch as 
the result does not follow because (the two angles are) equal (to two right 



angles) in the particular way [i.e. because each is a right angle], but by virtue 
of their being equal (to two right angles) in any way whatever [i.e. because 
the sum only needs to be equal to two right angles, and the angles themselves 
may vary as much as we please subject to this]." 

(2) The second passage has already been quoted in the note on Def. 23 : 
" there is nothing surprising in different hypotheses leading to the same false 
conclusion; e.g. the conclusion that parallels meet might equally be drawn 
from either of the assumptions (a) that the interior (angle) is greater than the 
exterior or (b) that the sum of the angles of a triangle is greater than two 
right angles" (Anal. Prior. 11. 17, 66 a n — 1 5 ) . 

I do not quite concur in the interpretation which Heiberg places upon 
these passages (Mathematisches zu Aristoteles, pp. 18—19). He says, first, 
that the allusion to the " interior angle " being " greater than the exterior " in 
the second passage shows that the reference in the first passage must be to 
Eucl. I. 28 and not to I. 27, and he therefore takes the words 0V1 0JS1 «r<u in 
the first passage (which I have translated " because the two angles are equal 
to two right angles in the particular way ") as meaning " because the angles, 
viz. the exterior and the interior, are equal in the particular way." He also 
takes at 6p8al oi cru/Win-ovo-i (which I have translated " right angles do not 
meet," an expression quite in Aristotle's manner) to mean "perpendicular 
straight lines do not mee t " ; this is very awkward, especially as he is obliged 
to supply angles with urai in the next sentence. 

But I think that the first passage certainly refers to 1. 28, although I do 
not think that the alternative (a) in the second passage suggests it. This 
alternative may, I think, equally with the alternative (0) refer to I. 27. That 
proposition is proved by reductio ad absurdum based on the fact that, if the 
straight lines do meet, they must form a triangle, in which case the exterior 
angle must be greater than the interior (while according to the hypothesis 
these angles are equal). It is true that Aristotle speaks of the hypothesis 
that the interior angle is greater than the exterior; but after all Aristotle had 
only to state some incorrect hypothesis. It is of course only in connexion 
with straight lines meeting, as the hypothesis in 1. 27 makes them, that the 
alternative (b) about the sum of the angles of a triangle could come in, and 
alternative (a) implies alternative (*). 

It seems clear then from Aristotle that 1. 27, 28 at least are pre-Euclidean, 
and that it was only in I. 29 that Euclid made a change by using his Postulate. 

De Morgan observes that I. 27 is a logical equivalent of I. 16. Thus, if A 
means "straight lines forming a triangle with a transversal," B "straight lines 
making angles with a transversal on the same side which are together less 
than two right angles," we have 

All A is B, 
and it follows logically that 

Al l not-2? is ti.oX.-A. 

PROPOSITION 28. 

If a straight line falling on two straight lines make the 
exterior angle equal to the interior and opposite angle on the 
same side, or the interior angles on the same side equal to two 
right angles, the straight lines will be parallel to one another. 

http://ti.oX.-A


For let the straight line EF falling on the two straight 
lines AB, CD make the exterior angle EGB equal to the 
interior and opposite angle GHD, or the interior angles on 
the same side, namely BGH, GHD, equal to two right angles; 

I say that AB is parallel to CD. 
For, since the angle EGB is E 

equal to the angle GHD, A \ c 
while the angle EGB is equal to the 
angle AGH, [1. 15] 
the angle A GH is also equal to the c 

angle GHD; \ 
and they are alternate ; 

therefore AB is parallel to CD. [1. 27] 

Again, since the angles BGH, GHD are equal to two 
right angles, and the angles AGH, BGH are also equal to 
two right angles, [1. 13] 
the angles A GH, BGH are equal to the angles BGH, GHD. 

Let the angle BGH be subtracted from each ; 
therefore the remaining angle AGH is equal to the remaining 
angle GHD; 
and they are alternate; 

therefore AB is parallel to CD. [1. 27] 
Therefore etc. 

Q. E. D. 

One criterion of parallelism, the equality of alternate angles, is given in 
1. 27; here we have two more, each of which is easily reducible, and is actually 
reduced, to the other. 

Proclus observes (pp. 358—9) that Euclid could have stated six criteria as 
well as three, by using, in addition, other pairs of angles 
in the figure (not adjacent) of which it could be predi
cated that the two angles are equal or that their sum 
is equal to two right angles. A natural division is to 
consider, first the pairs which are on the same side of 
the transversal, and secondly the pairs which are on 
different sides of it. 

Taking (1) the possible pairs on the same side, we 
may have a pair consisting of 

(a) two internal angles, viz. the pairs (BGH, 
GHD) and (A GH, GHC); 

(6) two external angles, viz. the pairs (EGB, DHE) and (EGA, CHE); 

(c) one external and one internal angle, viz. the pairs (EGB, GHD), 
(FHD, HGB), (EGA, GHC) and (EHC, HGA). 



And (2) the possible pairs on different sides of the transversal may consist 
respectively of 

(a) two internal angles, viz. the pairs (AGH, GHD) and (CHG, HGB); 
(b) two external angles, viz. the pairs (AGE, DHF) and (EGB, CHE); 
(c) one external and one internal, viz. the pairs (AGE, GHD), (EGB, 

GHC), (EHC, HGB) aird (FHD, HGA). 
The angles are equal in the pairs (1) (c), (2) (a) and (2) (b), and the sum 

is equal to two right angles in the case of the pairs (1) (a), (1) (b) and (2) ( A 
For his criteria Euclid selects the cases (2) (a) [1. 27] and (1) (c), (i)(a) [1. 28], 
leaving out the other three, which are of course equivalent but are not quite 
so easily expressed. 

From Proclus' note on I. 28 (p. 361) we learn that one Aigeias (? Aineias) 
of Hierapolis wrote an epitome or abridgment of the Elements. This seems 
to be the only mention of this editor and his workj and they are only 
mentioned as having combined Eucl. 1. 27, 28 into one proposition. T o do 
this, or to make the three hypotheses the subject of three separate theorems, 
would, Proclus thinks, have been more natural than to deal with them, as 
Euclid does, in two propositions. Proclus has no suggestion for explaining 
Euclid's arrangement unless the ground were that 1. 27 deals with angles on 
different sides, 1. 28 with angles on one and the same side, of the transversal. 
But may not the reason have been one of convenience, namely that the 
criterion of 1. 27 is that actually used to prove parallelism, and is moreover 
the basis of the construction of parallels in 1. 31 , while 1. 28 only reduces the 
other two hypotheses to that of 1. 27, so that precision of reference, as well as 
clearness of exposition, is better secured by the arrangement adopted ? 

PROPOSITION 29 . 

A straight line falling on parallel straight lines makes 
the alternate angles equal to one another, the exterior angle 
equal to the interior and opposite angle, and the interior angles 
on the same side equal to two right angles. 

5 For let the straight line EF fall on the parallel straight 
lines AB, CD; 

I say that it makes the alternate angles AGH, GHD 
equal, the exterior angle EGB equal to the interior and 
opposite angle GHD, and the interior angles on the same 

10 side, namely BGH, GHD, equal to two right angles. 
For, if the angle A GH is unequal 

to the angle GHD, one of them is 
greater. 

Let the angle AGH be greater. 
15 .Let the angle BGH be added to 

each; 
therefore the angles AGH, BGH p 

are greater than the angles BGH, 
GHD. 



2 0 But the angles A GH, BGH are equal to two right angles; 
[i- 13] 

therefore the angles BGH, GHD are less than two 
right angles. 

But straight lines produced indefinitely from angles less 
than two right angles meet; [Post. 5] 

25 therefore AB, CD, if produced indefinitely, will meet; 
but they do not meet, because they are by hypothesis parallel. 

Therefore the angle AGH is not unequal to the angle 
GHD, 

and is therefore equal to it. 
30 Again, the angle AGH is equal to the angle EGB; [1. 15] 

therefore the angle EGB is also equal to the angle 
GHD. [CN.i] 

Let the angle BGH be added to each ; 
therefore the angles EGB, BGH are equal to the 

35 angles BGH, GHD. [C. N. 2] 
But the angles EGB, BGH are equal to two right angles ; 

f t 13] 
therefore the angles BGH, GHD are also equal to 

two right angles. 
Therefore etc. Q. E. D. 

13. straight lines produced indefinitely from angles less than two right angles, 
0/ di air' 4\aacr6ruv rj 660 &p$Giv ex^aWdfievoA eh &Teipt» avp-rLirrovaiv, a variation from the 
more explicit language of Postulate 5. A good deal is left to be understood, namely that the 
straight lines begin from points at which they meet a transversal, and make with it internal 
angles on the same side the sum of which is less than two right angles. 

16. because they are by hypothesis parallel, literally " because they are supposed 
parallel," diet rb rapaXK^Xovs atVrar vToneiudai. 

Proof by " P l a y f a i r ' s " axiom. 
If, instead of Postulate 5, it is preferred to use " Playfair's " axiom in the 

proof of this proposition, we proceed thus. 
T o prove that the alternate angles AGH, V i_ 

GHD are equal. A g 
If they are not equal, draw another straight K \ 

line KL through G making the angle KGH C 0 
equal to the angle GHD. \ ' 

Then, since the angles KGH, GHD are equal, 
KL is parallel to CD. [1. 27] 

Therefore two straight lines K L , A B intersecting at G are both parallel to 
the straight line C D : 
which is impossible (by the axiom). 

Therefore the angle A GH cannot but be equal to the angle GHD. 
The rest of the proposition follows as in Euclid. 
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Proof of Euclid's Postulate 5 from '* Playfair's " axiom. 
Let AB, CD make with the transversal EF the angles AEF, EEC 

together less than two right angles. 
T o prove that AB, CD meet towards A, C. ^ B 
Through E draw GH making with EFthz angle Q - J — ^ « r r r r r r T 7 . H 

GEF equal (and alternate) to the angle EFD. A \ 
Thus GH is parallel to CD. [1. 27] \ 
Then (1) AB must meet CD in one direction or c F 

the other. 
For, if it does not, AB must be parallel to CD; hence we have two 

straight lines AB, GH intersecting at E and both parallel to CD: 
which is impossible. 

Therefore AB, CD must meet. 
(2) Since AB, CD meet, they must form a triangle with EF. 
But in any triangle any two angles are together less than two right angles. 
Therefore the angles AEF, EEC (which are less than two right angles), 

and not the angles BEE, EFD (which are together greater than two right 
angles, by 1. 13), are the angles of the triangle; 
that is, EA, EC meet in the direction of A, C, or on the side of EF on 
which are the angles together less than two right angles. 

The usual course in modern text-books which use " Playfair's " axiom in 
lieu of Euclid's Postulate is apparently to prove 1 29 by means of the axiom, 
and then Euclid's Postulate by means of I. 29, 

De Morgan would introduce the proof of Postulate 5 by means of 
"Playfair 's" axiom before 1. 29, and would therefore apparently prove 1. 29 as 
Euclid does, without any change. 

As between Euclid's Postulate 5 and " Playfair's" axiom, it would appear 
that the. tendency in modern text-books is rather in favour of the latter. 
Thus, to take a few noteworthy foreign writers, we find that Rausenberger 
stands almost alone in using Euclid's Postulate, while Hilbert, Henrici and 
Treutlein, Rouchd and De Comberousse, Enriques and Amaldi all use 
" Playfair's " axiom. 

Yet the case for preferring Euclid's Postulate is argued with some force by 
Dodgson (Euclid and his modern Rivals, pp. 44—6). He maintains (1) that 
"Playfair 's" axiom in fact involves Euclid's Postulate, but at the same time 
involves more than the latter, so that, to that extent, it is a needless strain on 
the faith of the learner. This is shown as follows. 

Given AB, CD making with .E-Fthe angles AEF, EEC together less than 
two right angles, draw GH through E so that the angles GEE, EEC are 
together equal to two right angles. 

Then, by I. 28, GH, CD are " separational." 
We see then that any lines which have the property (a) that they make 

with a transversal angles less than two right angles have also the property (/8) 
that one of them intersects a straight line which is "separational" from 
the other. 

Now Playfair's axiom asserts that the lines which have property (/?) meet 
if produced : for, if they did not, we should have two intersecting straight 
lines both " separational" from a third, which is impossible. 

We then argue that lines having property (a) meet because lines having 
property (a) are lines having property (/}). But we do not know, until we 
have proved 1. 29, that all pairs of lines having property (/}) have also property 



(a). For anything we know to the contrary, class (/8) may be greater than 
class (a). Hence, if you assert anything of class (/3), the logical effect is more 
extensive than if you assert it of class ( a ) ; for you assert it, not only of that 
portion of class (J3) which is known to be included in class (a), but also of the 
unknown (but possibly existing) portion which is not so included. 

(2) Euclid's Postulate puts before the beginner clear and positive con
ceptions, a pair of straight lines, a transversal, and two angles together less 
than two right angles, whereas " Playfair's" axiom requires him to realise a 
pair of straight lines which never meet though produced to infinity: a negative 
conception which does not convey to the mind any clear notion of the relative 
position of the lines. And (p. 68) Euclid's Postulate gives a direct criterion 
for judging that two straight lines meet, a criterion which is constantly required, 
e.g. in 1. 44. It is true that the Postulate can be deduced from " Playfair's " 
axiom, but editors frequently omit to deduce it, and then tacitly assume it 
afterwards: which is the least justifiable course of all. 

A 0/ B 

E H/ F 

C K / D 

PROPOSITION 30. 

Straight lines parallel to the same straight line are also 
parallel to one another. 

Let each of the straight lines AB, CD be parallel to EF; 
I say that AB is also parallel to CD. 

5 For let the straight line GK fall upon 
them. 

Then, since the straig"ht line GK 
has fallen on the parallel straight lines 
AB, EF, 

10 the angle AGK is equal to the 
angle GHF. [1. 29] 

Again, since the straight line GK has fallen on the parallel 
straight lines EF, CD, 

the angle GHF is equal to the angle GKD. [1. 29] 
15 But the angle A GK was also proved equal to the angle 

GHF; 
therefore the angle AGK is also equal to the angle 

GKD ; [C. N. 1] 

and they are alternate. 

20 Therefore AB is parallel to CD. 
Q. E. D. 

10. The usual conclusion in general terms ("Therefore etc.") repeating the enunciation 
is, curiously enough, wanting at the end of this proposition. 

T h e proposition is, as De Morgan points out, the logical equivalent of 
"Playfair 's" axiom. Thus, if X denote "pairs of straight lines intersecting one 
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another," Y" pairs of straight lines parallel to one and the same straight line," 
we have 

N o X is Y, 
and it follows logically that 

No Y is X. 
De Morgan adds that a proposition is much wanted about parallels (or 

perpendiculars) to two straight lines respectively making the same angles with 
one another as the latter do. The proposition may be enunciated thus : 

If the sides of one angle be respectively (1) parallel or (2) perpendicular to 
the sides of another angle, the two angles are either 
equal or supplementary. 

(1) Let DE be parallel to AB and GEE parallel 
to BC. 

T o prove that the angles ABC, DEG are equal 
and the angles ABC, DEE supplementary. 

Produce DE to meet BC in H. 
Then [1. 29] the angle DEG is equal to the angle 

DHC, 
and the angle ABC is equal to the angle DHC. 

Therefore the angle DEG is equal to the angle ABC; whence also the 
angle DEF is supplementary to the angle ABC. 

(2) Let ED be perpendicular to AB, and GEE perpendicular to BC. 
T o prove that the angles ABC, DEG are 

equal, and the angles ABC, DEF supplementary. 
Draw ED' at right angles to ED on the side 

of it opposite to B, and draw EG' at right angles 
to EF on the side of it opposite to B. 

Then, since the angles BDE, DED, being 
right angles, are equal, 

ED is parallel to BA. [1. 27] 
Similarly EG' is parallel to BC. 
Therefore [Part (1)] the angle D'EG' is equal to the angle ABC. 
But, the right angle DED being equal to the right angle GEG', if the 

common angle GED be subtracted, 
the angle DEG is equal to the angle D'EG. 

Therefore the angle DEG is equal to the angle ABC; and hence the 
angle DEF is supplementary to the angle ABC. 

D' 
G / 

/ 
E Q' 

PROPOSITION 3 1 . 

Through a given point to draw a straight line parallel to a 
given straight line. 

Let A be the given point, and BC the given straight 
line; 

thus it is required to draw through the point A a straight 
line parallel to the straight line BC. 



316 BOOK 1 fi. 31, 32 

Let a point D be taken at random on BC, and let AD be 
joined ; on the straight line DA, 
and at the point A on it, let the ^ £ -F 

angle DAE be constructed equal / 
to the angle ADC [1. 23]; and let the / 
straight line AF be produced in a I D C 
straight line with EA. 

Then, since the straight line AD falling on the two 
straight lines BC, EF has made the alternate angles EAD, 
ADC equal to one another, 

therefore EAF is parallel to BC. [1. 27] 

Therefore through the given point A the straight line 
EAF has been drawn parallel to the given straight line BC. 

Q. E. F. 

Proclus rightly remarks (p. 376, 14—20) that, as it is implied in 1. 12 
that only one perpendicular can be drawn to a straight line from an external 
point, so here it is implied that only one straight line can be drawn through a 
point parallel to a given straight line. T h e construction, be it observed, 
depends only upon 1. 27, and might therefore have come directly after that 
proposition. Why then did Euclid postpone it until after 1. 29 and 1. 30? 
Presumably because he considered it necessary, before giving the construction, 
to place beyond all doubt the fact that only one such parallel can be drawn. 
Proclus infers this fact from 1. 30 ; for, he says, if two straight lines could be 
drawn through one and the same point parallel to the same straight line, the two 
straight lines would be parallel, though intersecting at the given point: which 
is impossible. I think it is a fair inference that Euclid would have considered 
it necessary to justify the assumption that only one parallel can be drawn 
by some such argument, and that he deliberately determined that his own 
assumption was more appropriate to be made the subject of a Postulate 
than the assumption of the uniqueness of the parallel. 

PROPOSITION 3 2 . 

In any triangle, if one of the sides be produced, the exterior 
angle is equal to the two interior and opposite angles, and the 
three interior angles of the triangle are equal to two right 
angles. 

Let ABC be a triangle, and let one side of it BC be 
produced to D; 

1 say that the exterior angle ACD is equal to the two 
interior and opposite angles CAB, ABC, and the three 
interior angles of the triangle ABC, BCA, CAB are equal 
to two right angles. 



For let CE be drawn through the point C parallel to the 
straight line AB. [1. 3'] 

Then, since AB is parallel to CE, 

and A C has fallen upon them, 
the alternate angles BA C, A CE are 
equal to one another. [1. 29] 

Again, since AB is parallel to 
CE, 

and the straight line BD has fallen upon them, 
the exterior angle ECD is equal to the interior and opposite 
angle ABC. [1. 29] 

But the angle ACE was also proved equal to the angle 
BAC; 

therefore the whole angle ACD is equal to the two 
interior and opposite angles BAC, ABC. 

Let the angle ACB be added to each ; 

therefore the angles A CD, A CB are equal to the three 
angles ABC, BCA, CAB. 

But the angles A CD, A CB are equal to two right angles; 

P- '31 
therefore the angles ABC, BCA, CAB are also equal 

to two right angles. 
Therefore etc. 

Q. E. D. 
This theorem was discovered in the very early stages of Greek geometry. 

What we know of the history of it is gathered from three allusions found in 
Eutocius, Proclus and Diogenes Laertius respectively. 

1. Eutocius at the beginning of his commentary on the Conia of 
Apollonius (ed. Heiberg, Vol . 11. p. 170) quotes Geminus as saying that " the 
ancients (01 <ipx a ' 0 ') investigated the theorem of the two right angles in each 
individual species of triangle, first in the equilateral, again in the isosceles, 
and afterwards in the scalene triangle, and later geometers demonstrated the 
general theorem to the effect that in any triangle the three interior angles are 
equal to two right angles." 

2. Now, according to Proclus (p. 379, 2—5), Eudemus the Peripatetic 
refers the discovery of this theorem to the Pythagoreans and gives what he 
affirms to be their demonstration of it. This demonstration will be given 
below, but it should be remarked that it is general, and therefore that the 
"later geometers" spoken of by Geminus were presumably the Pythagoreans, 
whence it appears that the "ancients" contrasted with them must have 
belonged to .the time of Thales, if they were not his Egyptian instructors. 

3. That the truth of the theorem was known to Thales might also 
be inferred from the statement of Pamphile (quoted by Diogenes Laertius, 
1. 24—S> P- 6, ed. Cobet) that "he , having learnt geometry from the 



Egyptians, was the first to inscribe a right-angled triangle in a circle and 
sacrificed an o x " (on the strength of i t ) ; in other words, he discovered that 
the angle in a semicircle is a right angle. N o doubt, when this fact was once 
discovered (empirically, say), the consideration of the two isosceles triangles 
having the centre for vertex and the sides of the right angle for bases 
respectively, with the help of the theorem of Eucl. I. 5, also known to 
Thales, would easily lead to the conclusion that the sum of the angles of 
a right-angled triangle is equal to two right angles, and it could be readily 
inferred that the angles of any triangle were likewise equal to two right angles 
(by resolving it into two right-angled triangles). But it is not easy to see how 
the property of the angle in a semicircle could be proved except (in the reverse 
order) by means of the equality of the sum of the angles of a right-angled 
triangle to two right angles; and hence it is most natural to suppose, with 
Cantor, that Thales proved it (if he did prove it) practically as Euclid does 
in in. 3 1 , i.e. by means of 1. 32 as applied to right-angled triangles at all events. 

If the theorem of 1. 32 was proved before Thales' time, or by Thales 
himself, by the stages indicated in the note of Geminus, we may be satisfied 
that the reconstruction of the argument of the older proof by Hankel 
(pp. 96—7) and Cantor ( i s , pp. 143—4) is not far wrong. First, it must have 
been observed that six angles equal to an angle of an equilateral triangle would, 
if placed adjacent to one another round a common vertex, fill up the whole 
space round that vertex. It is true that Proclus attributes to the Pythagoreans 
the general theorem that only three kinds of regular polygons, the equilateral 
triangle, the square and the regular hexagon, can fill up the entire space round 
a point, but the practical knowledge that equilateral triangles have this 
property could hardly have escaped the Egyptians, whether they made floors 
with tiles in the form of equilateral triangles or regular hexagons (Allman, 
Greek Geometry from Thales to Euclid, p. 12) or joined the ends of adjacent 
radii of a figure like the six-spoked wheel, which was their common form of 
wheel from the time of Ramses II . of the nineteenth Dynasty, say 1300 B.C. 
(Cantor, i 8 , p. 109). It would then be clear that six angles equal to an angle 
of an equilateral triangle are equal to four right angles, and therefore that the 
three angles of an equilateral triangle are equal to two right angles. (It would 
be as clear or clearer, from observation of a square divided into two triangles 
by a diagonal, that an isosceles right-angled triangle has each of its equal 
angles equal to half a right angle, so that an isosceles right-angled triangle 
must have the sum of its angles equal to two right angles.) Next, with regard 
to the equilateral triangle, it could not fail to be observed 
that, if AD were drawn from the vertex A perpendicular 
to the base BC, each of the two right-angled triangles so 
formed would have the sum of its angles equal to two right , 
angles; and this would be confirmed by completing the / 
rectangle ADCE, when it would be seen that the rectangle / 
(with its angles equal to four right angles) was divided by f_ 
its diagonal into two equal triangles, each of which had B 
the sum of its angles equal to two right angles. Next it 
would be inferred, as the result of drawing the diagonal of any rectangle and 
observing the equality of the triangles forming the two halves, that the sum of 
the angles of any right-angled triangle is equal to two right angles, and hence 
(the two congruent right-angled triangles being then placed so as to form one 
isosceles triangle) that the same is true of any isosceles triangle. Only the 
last step remained, namely that of observing that any triangle could be 
regarded as the half of a rectangle (drawn as indicated in the next figure), or 
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simply that any triangle could be divided into two right-angled triangles, 
whence it would be inferred that in general the 
sum of the angles of any triangle is equal to two 
right angles. 

Such would be the probabilities if we could 
absolutely rely upon the statements attributed to 
Pamphile and Geminus respectively. But in fact 
there is considerable ground for doubt in both cases. 

1. Pamphile's story of the sacrifice of an ox by Thales for joy at his 
discovery that the angle in a semicircle is a right angle is too suspiciously like 
the similar story told with reference to Pythagoras and his discovery of the 
theorem of Eucl. 1. 47 (Proclus, p. 426, 6—9). And, as if this were not 
enough, Diogenes Laertius immediately adds that "others, among whom is 
Apollodorus the calculator (6 Aoyto-TiKo's), say it was Pythagoras" (sc. who 
" inscribed the right-angled triangle in a circle "). Now Pamphile lived in the 
reign of Nero (A.D. 54—68) and therefore some 700 years after the birth of 
Thales (about 640 B .C . ) . I do not know on what Max Schmidt bases his 
statement (Kulturhistoiische Beilrdgezur Kenntnis des griechischen undrdmischen 
AUeriums, 1906, p. 31) that "other, much older, sources name Pythagoras as 
the discoverer of the said proposition," because nothing more seems to be 
known of Apollodorus than what is stated here by Diogenes Laertius. But it 
would at least appear that Apollodorus was only one of several authorities 
who attributed the proposition to Pythagoras, while Parrfphile is alone 
mentioned as referring it to Thales. Again, the connexion of Pythagoras with 
the investigation of the right-angled triangle makes it a priori more likely 
that it would be he who would discover its relation to a semicircle. On 
the whole, therefore, the attribution to Thales would seem to be more than 
doubtful. 

2. As regards Geminus' account of the three stages through which the 
proof of the theorem of 1. 32 passed, we note, first, that it is certainly not 
confirmed by Eudemus, who referred to the Pythagoreans the discovery of the 
theorem that the sum of the angles of any triangle is equal to two right 
angles and says nothing about any gradual stages by which it was proved. 
Secondly, it must be admitted, I think, that in the evolution of the proof as 
reconstructed by Hankel the middle stage is rather artificial and unnecessary, 
since, once it is proved that any right-angled triangle has the sum of its angles 
equal to two right angles, it is just as easy to pass at once to any scalene 
triangle (which is decomposable into two unequal right-angled triangles) as to 
the isosceles triangle made up of two congruent right-angled triangles. Thirdly, 
as Heiberg has recently pointed out (Mathematisches zu Aristoteles, p. 20), it 
is quite possible that the statement of Geminus from beginning to end is 
simply due to a misapprehension of a passage of Aristotle (Anal. Post. I. 5, 
74 a 25). Aristotle is illustrating his contention that a property is not 
scientifically proved to belong to a class of things unless it is proved to belong 
prinurily (ppSnov) and generally (KCL86\OU) to the whole of the class. His first 
illustration relates to parallels making with a transversal angles on the same 
side together equal to two right angles, and has been quoted above in the note 
on 1. 27 (pp. 308—9). His second illustration refers to the transformation of 
a proportion alternando, which (he says) "used at one time to be proved 
separately " for numbers, lines, solids, and times, although it admits of being 
proved of all at once by one demonstration. The third illustration is : " For 
the same reason, even if one should prove (ovS av TK &ti£y) with reference to 
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each (sort of) triangle, the equilateral, scalene and isosceles, separately, that 
each has its angles equal to two right angles, either by one proof or by different 
proofs, he does not yet know that the triangle, i.e. the triangle in general, has 
its angles equal to two right angles, except in a sophistical sense, even though 
there exists no triangle other than triangles of the kinds mentioned. For he 
knows it, not qud triangle, nor of every triangle, except in a numerical sense 
(TOT clpiO/xoy); he does not know it notionally (TOT' e'Sos) of every triangle, even 
though there be actually no triangle which he does not know." 

The difference between the phrase " used at one time to be proved " in 
the second illustration and " if any one should prove " in the third appears to 
indicate that, while the former referred to a historical fact, the latter does not; 
the reference to a person who should prove the theorem of I. 32 for the three 
kinds of triangle separately, and then claim that he had proved it generally, 
states a purely hypothetical case, a mere illustration. Yet, coming after the 
historical fact stated in the preceding illustration, it might not unnaturally give 
the impression, at first sight, that it was historical too. 

On the whole, therefore, it would seem that we cannot safely go behind 
the dictum of Eudemus that the discovery and proof of the theorem of I. 32 
in all its generality were Pythagorean. This does not however preclude its 
having been discovered by stages such as those above set out after Hankel 
and Cantor. Nor need it be doubted that Thales and even his Egyptian 
instructors had advanced some way on the same road, so far at all events as 
to see that in an equilateral triangle, and in an isosceles right-angled triangle, 
the sum of the angles is equal to two right angles. 

T h e Pythagorean proof. 
This proof, handed down by Eudemus (Proclus, p. 379, 2—15), is no less 

elegant than that given by Euclid, and is a natural 
development from the last figure in the recon- A 
structed argument of Hankel. It would be seen, ~ 7 V E 

after the theory of parallels was added to geometry, \ 
that the actual drawing of the perpendicular and \ 
the complete rectangle on BC as base was / \ 
unnecessary, and that the parallel to BC through B C 
A was all that was required. 

Let ABC be a triangle, and through A draw DE parallel to BC. [1. 31] 
Then, since BC, DE are parallel, 

the alternate angles DAB, ABC axe. equal, [1. 29] 
and so are the alternate angles EAC, ACB also. 

Therefore the angles ABC, ACB are together equal to the angles 
DAB, EAC. 

Add to each the angle BAC; 
therefore the sum of the angles ABC, ACB, BAC is equal to the sum of the 
angles DAB, BAC, CAE, that is, to two right angles. 

Euclid's proof pre-Euclidean. 
The theorem of 1. 32 is Aristotle's favourite illustration when he wishes to 

refer to some truth generally acknowledged, and so often does it occur that 
it is often indicated by two or three words in themselves hardly intelligible, 
e.g. TO oWiv opOals (Anal. Post. I. 24, 85 b 5) and V7rapx« vavrl rpiywvif TO bvo 
(ibid. 85 b n ) . 

One passage (Metaph. 1051 a 24) makes it clear, as Heiberg (op. cit. 
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p. 19) acutely observes, that in the proof as Aristotle knew it Euclid's 
construction was used. " Why does the triangle make up two right angles ? 
Because the angles about one point are equal to two right angles. If then the 
parallel to the side had been drawn up (dvfJKro), the fact would at once have 
been clear from merely looking at the figure." The words " the angles about 
one point" would equally fit the Pythagorean construction, but "drawn 
upwards " applied to the parallel to a side can only indicate Euclid's. 

Attempts at proof independently of parallels. 
The most indefatigable worker on these lines was Legendre, and a sketch 

of his work has been given in the note on Postulate 5 above. 
One other attempted proof needs to be mentioned here because it has 

found much favour. I allude to 

Thibaut's method. 
This appeared in Thibaut's Grundriss der reinen Mathematik, Gottingen 

(2 ed. 1809, 3 ed. 1818), and is to the following effect. 
Suppose CB produced to D, and let BD (produced to any necessary extent 

either way) revolve in one direction (say 
clockwise) first about B into the position SMS 
BA, then about A into the position of A C x \ 
produced both ways, and lastly about C / N. 
into the position CB produced both ways. -jr 

The argument then is that the straight / \ 
line BD has revolved through the sum of . / B C \ 
the three exterior angles of the triangle. ' \ 
But, since it has at the end of the revolution 
assumed a position in the same straight line with its original position, it must 
have revolved through four right angles. 

Therefore the sum of the three exterior angles is equal to four right 
angles; 
from which it follows that the sum of the three angles of the triangle is equal 
to two right angles. 

But it is to be observed that the straight line BD revolves about different 
points in it, so that there is translation combined with rotatory motion, and it 
is necessary to assume as an axiom that the two motions are independent, and 
therefore that the translation may be neglected. 

Schumacher (letter to Gauss of 3 May, 1831) tried to represent the 
rotatory motion graphically in a second figure as mere motion round a point; 
but Gauss (letter of 17 May, 1831) pointed out in reply that he really 
assumed, without proving it, a proposition to the effect that " If two straight 
lines (1) and (2) which cut one another make angles A , A" with a straight 
line (3) cutting both of them, and if a straight line (4) in the same plane is 
likewise cut by (1) at an angle A', then (4) will be cut by (2) at the angle A". 
But this proposition not only needs proof, but we may say that it is, in 
essence, the very proposition to be proved " (see Engel and Stackel, Die 
Theorie der Parallellinien von Euklid bis auf Gauss, 1895, P- 2 3° ) -

How easy it is to be deluded in this way is plainly shown by Proclus' 
attempt on the same lines. He says (p. 384, 13—21) that the truth of the 
theorem is borne in upon us by the help of " common notions " only. " For, 
if we conceive a straight line with two perpendiculars drawn to it at its ex
tremities, and if we then suppose the perpendiculars to (revolve about 
their feet and) approach one another, so as to form a triangle, we see that, 



to the extent to which they converge, they diminish the right, angles which 
they made with the straight line, so that the amount taken from the right 
angles is also the amount added to the vertical angle of the triangle, and the 
three angles are necessarily made equal to two right angles." But a moment's 
reflection shows that, so far from being founded on mere " common notions," 
the supposed proof assumes, to begin with, that, if the perpendiculars ap
proach one another ever so little, they will then form a triangle immediately, 
i.e., it assumes Postulate 5 itself; and the fact about the vertical angle can only 
be seen by means of the equality of the alternate angles exhibited by drawing 
a perpendicular from the vertex of the triangle to the base, i.e. a parallel to 
either of the original perpendiculars. 

Extension to polygons. 
The two important corollaries added to 1. 32 in Simson's edition are given 

by Proclus; but Proclus' proof of the first is different from, and perhaps 
somewhat simpler than, Simson's. 

1. The sum of the interior angles of a convex rectilineal figure is equal to 
twice as many right angles as the figure has sides, 
less four. D 

For let one angular point A be joined to all 
the other angular points with which it is not con
nected already. 

T h e figure is then divided into triangles, and 
mere inspection shows 

(1) that the number of triangles is two less 
than the number of sides in the figure, 

(2) that the sum of the angles of all the 
triangles is equal to the sum of all the interior angles of the figure. 

Since then the sum of the angles of each triangle is equal to two right angles 
the sum of the interior angles of the figure is equal to 2 (n—2) right angles, 
i.e. (2» - 4) right angles, where n is the number of sides in the figure. 

2. The exterior angles of any convex rectilineal 
figure are together equal to four right angles. 

For the interior and exterior angles together are 
equal to 2» right angles, where n is the number of sides. 

And the interior angles are together equal to 
(2H-4) right angles. 

Therefore the exterior angles are together equal to 
four right angles. 

This last property is already quoted by Aristotle 
as true of all rectilineal figures in two passages (Anal. 
Post. 1. 24, 85 b 38 and 11. 17, 99 a 19). 

PROPOSITION 3 3 . 
The straight lines joining equal and parallel straight 

lines (at the extremities which are) in the same directions 
(respectively) are themselves also equal and parallel. 

Let AB, CD be equal and parallel, and let the straight 
s lines AC, BD join them (at the extremities which are) in the 

same directions (respectively); 



I say that AC, BD are also equal and parallel. 
Let BC be joined. 
Then, since AB is parallel to CD, 

10 and BC has fallen upon them, 
the alternate angles ABC, BCD 

are equal to one another. [1. 29] 
And, since AB is equal to CD, 

and BC is common, 
15 the two sides AB, BC are equal to the two sides DC, CB; 

and the angle ABC is equal to the angle BCD; 
therefore the base A C is equal to the base BD, 

and the triangle ABC is equal to the triangle DCB, 
and the remaining angles will be equal to the remaining angles 

20 respectively, namely those which the equal sides subtend ; [1. 4] 
therefore the angle A CB is equal to the angle CBD. 

And, since the straight line BC falling on the two straight 
lines AC, BD has made the alternate angles equal to one 
another, 

25 AC is parallel to BD. • [1. 27] 
And it was also proved equal to it. 
Therefore etc. Q. E. D. 

1. joining...(at the extremities which are) in the same directions (respectively). 
I have for clearness' sake inserted the words in brackets though they are not in the original 
Greek, which has "joining...in the same directions" or "on the same sides," ivl ra oAra pjkpi\ 
ixt(eiiyyiovirai. The expression "towards the same parts," though usage has sanctioned it, 
is perhaps not quite satisfactory. 

15. DC, C B and 18. D C B . The Greek has " BC, CD" and "BCD'" in these places 
respectively. Euclid is not always careful to write in corresponding order the letters denoting 
corresponding points in congruent figures. On the contrary, he evidently prefers the alpha
betical order, and seems to disdain to alter it for the sake of beginners or others who might 
be confused by it. In the case of angles alteration is perhaps unnecessary j but in the case 
of triangles and pairs of corresponding sides I have ventured to alter the order to that which 
the mathematician of to-day expects. 

This proposition is, as Proclus says (p. 385, 5), the connecting link between 
the exposition of the theory of parallels and the investigation of parallelograms. 
For, while it only speaks of equal and parallel straight lines connecting those 
ends of equal and parallel straight lines which are in the same directions, it 
gives, without expressing the fact, the construction or origin of the parallelogram, 
so that in the next proposition Euclid is able to speak of " parallelogrammic 
areas" without any further explanation. 

PROPOSITION 34 . 

In parallelogrammic areas the opposite sides and angles 
are equal to one another, and the diameter bisects the areas. 

Let ACDB be a parallelogrammic area, and BC its 
diameter; 



s I say that the opposite sides and angles of the parallelogram 
ACDB are equal to one another, and the diameter BC 
bisects it. 

For, since AB is parallel to CD, 
and the straight line BC has fallen 

">upon them, 
the alternate angles ABC, BCD 

are equal to one another. [i. 29] 
Again, since A C is parallel to BD, 

and BC has fallen upon them, 
is the alternate angles ACB, CBD are equal to one 

another. [1. 29] 
Therefore ABC, DCB are two triangles having the two 

angles ABC, BCA equal to the two angles DCB, CBD 
respectively, and one side equal to one side, namely that 

20 adjoining the equal angles and common to both of them, BC; 
therefore they will also have the remaining sides equal 

to the remaining sides respectively, and the remaining angle 
to the remaining angle ; [1. 26] 

therefore the side AB is equal to CD, 
25 and AC to BD, 

and further the angle BA C is equal to the angle CDB. 
And, since the angle ABC is equal to the angle BCD, 

and the angle CBD to the angle ACB, 

the whole angle ABD is equal to the whole angle ACD. 
[C. N. 2] 

30 And the angle BAC was also proved equal to the angle CDB. 
Therefore in parallelogrammic areas the opposite sides 

and angles are equal to one another. 
I say, next, that the diameter also bisects the areas. 
For, since AB is equal to CD, 

35 and BC is common, 
the two sides AB, BC are equal to the two sides DC, CB 
respectively; 

and the angle ABC is equal to the angle BCD; 
therefore the base AC is also equal to DB, 

40 and the triangle ABC is equal to the triangle DCB. [1. 4] 
Therefore the diameter BC bisects the parallelogram 

ACDB. Q. E. D. 
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I* It is to be observed that, when parallelograms have to be mentioned for the first time, 
Euclid calls them "parallelogrammic areas" or, more exactly, "parallelogram" areas 
{jrapa\\i}\6ypafxfxa xujxa)- The meaning is simply areas bounded by parallel straight lines 
with the further limitation placed upon the term by Euclid that only four-sided figures are so 
called, although of course there are certain regular polygons which have opposite sides 
parallel, and which therefore might be said to be areas bounded by parallel straight lines. We 
gather from Proclus (p. 393) that the word " parallelogram " was first introduced by Euclid, 
that its use was suggested by I. 33, and that the formation of the word TrapaWrjXbypafipun 
(parallel-lined) was analogous to that of tiB&ypatifun (straight-lined or rectilineal). 

17, 18, 40. D C B and 36. DC, C B . The Greek has in these places "BCD" and 
"CD, BC" respectively. Cf. note on I. 33, lines 15, 18. 

After specifying the particular kinds of parallelograms (squares and rhombi) 
in which the diagonals bisect the angles which they join, as well as the areas, 
and those (rectangles and rhomboids) in which the diagonals do not bisect 
the angles, Proclus proceeds (pp. 390 sqq.) to analyse this proposition with 
reference to the distinction in Aristotle's Anal. Post. (1. 4, 5, 73 a 21—74 b 4) 
between attributes which are only predicable of every individual thing (KOTO 
iran-os) in a class and those which are true of it primarily (TOVTOV irpdrov) and 
generally (KO$6X.OV). We are apt, says Aristotle, to mistake a proof KOTO 
irafrd? for a proof TOVTOV irpwrov KO.0OA.OV because it is either impossible to 
find a higher generality to comprehend all the particulars of which the 
predicate is true, or to find a name for it. (Part of this passage of Aristotle 
has been quoted above in the note on 1. 32, pp. 319—320.) 

Now, says Proclus, adapting Aristotle's distinction to theorems, the present 
proposition exhibits the distinction between theorems which are general and 
theorems which are not general. According to Proclus, the first part of 
the proposition stating that the opposite sides and angles of a parallelogram 
are equal is general because the property is only true of parallelograms; but 
the second part which asserts that the diameter bisects the area is not general 
because it does not include all the figures of which this property is true, e.g. 
circles and ellipses. Indeed, says Proclus, the first attempts upon problems 
seem usually to have been of this partial character (/icptKarrepai), and generality 
was only attained by degrees* Thus " the ancients, after investigating the 
fact that the diameter bisects an ellipse, a circle, and a parallelogram 
respectively, proceeded to investigate what was common to these cases," 
though " it is difficult to show what is common to an ellipse, a circle and a 
parallelogram." 

I doubt whether the supposed distinction between the two parts of the 
proposition, in point of " generality," can be sustained. Proclus himself admits 
that it is presupposed that the subject of the proposition is a quadrilateral, 
because there are other figures (e.g. regular polygons of an even number of 
sides) besides parallelograms which have their opposite sides and angles 
equal; therefore the second part of the theorem is, in this respect, no more 
general than the other, and, if we are entitled to the tacit limitation of the 
theorem to quadrilaterals in one part, we are equally entitled to it in the other. 

It would almost appear as though Proclus had drawn the distinction for 
the mere purpose of alluding to investigations by Greek geometers on the 
general subject of diameters of all sorts of figures; and it may have been these 
which brought the subject to the point at which Apollonius could say in the 
first definitions at the beginning of his Conies that " In any bent line, such as 
is in one plane, I give the name diameter to any straight line which, being 
drawn from the bent line, bisects all the straight lines (chords) drawn in the 
line parallel to any straight line." The term bent line (Ka/nruKi] ypa/i/xr]) 
includes, e.g. in Archimedes, not only curves, but any composite line made 
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up of straight lines and curves joined together in any manner. It is of course 
clear that either diagonal of a parallelogram bisects all lines drawn within the 
parallelogram parallel to the other diagonal. 

An-Nairizi gives after I. 31 a neat construction for dividing a straight line 
into any number of equal parts (ed. Curtze, p. 74, ed. Besthorn-Heiberg, 
pp. 141—3) which requires only one measurement repeated, together with the 
properties of parallel lines including 1. 33, 34. A s 1. 33, 34 are assumed, I 
place the problem here. The particular case taken is the problem of dividing 
a straight line into three equal parts. 

Let AB be the given straight line. Draw AC, BD at right angles to it 
on opposite sides. 

An-Nairizi takes AC, BD of the same 
length and then bisects AC at E and BD 
at F. But of course it is even simpler to 
measure AE, EC along one perpendicular 
equal and of any length, and BE, ED along 
the other also equal and of the same length. 

Join ED, CE meeting AB in G, H 
respectively. 

Then shall AG, GH, HB all be equal. 
Draw HK parallel to AC, or at right 

angles to AB. 
Since now EC, ED are equal and parallel, 

ED, CEaxe equal and parallel. [1. 33] 
And HK was drawn parallel to AC. 
Therefore ECHK is a parallelogram ; whence KH is equal as well as 

parallel to EC, and therefore to EA. 
The triangles EAG, KHG have now two angles respectively equal and the 

sides AE, HK equal. 
Thus the triangles are equal in all respects, and 

A G is equal to GH. 
Similarly the triangles KHG, FBH are equal in all respects, and 

GH is equal to HB. 
If now we wish to extend the problem to the case where AB is to be 

divided into « parts, we have only to measure (»— 1) successive equal lengths 
along AC and (n— 1) successive lengths, each equal to the others, along BD. 
Then join the first point arrived at on AC to the last point on BD, the 
second on A C to the last but one on BD, and so o n ; and the joining lines 
cut AB in points dividing it into « equal parts. 

PROPOSITION 3 5 . 

Parallelograms which are on the same base and in tlte 
same parallels are equal to one another. 

Let A BCD, EBCF be parallelograms on the same base 
BC and in the same parallels AF, BC; 

s I say that ABCD is equal to the parallelogram EBCF. 
For, since ABCD is a parallelogram, 

AD is equal to BC. [1. 34] 
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For the same reason also 

EF is equal to BC, 

«° so that AD is also equal to EF; [CM i] 
and DE is common ; 

therefore the whole AE is equal to the whole DF. 
[C. M 2] 

But AB is also equal to DC; [i- 34] 

therefore the two sides EA, AB are equal to the two sides 
15 FD, DC respectively, 

and the angle FDC is equal to 
the angle EAB, the exterior to the 
interior; [1. 29] 

therefore the base EB is equal 
20 to the base FC, 

and the triangle EAB will be equal to the triangle FDC. 
4] 

Let DGE be subtracted from each ; 
therefore the trapezium ABGD which remains is equal to 
the trapezium EGCF which remains. [C. M 3] 

25 Let the triangle GBC be added to each ; 
therefore the whole parallelogram ABCD is equal to the whole 
parallelogram EBCF. [C. M 2] 

Therefore etc. 
Q. E. D. 

i i . FDC. The text has " DFC." 
M, Let D G E be subtracted. Euclid speaks of the triangle DGE without any 

explanation that, in the case which he takes (where AD, EF have no point in common), 
BE, CD must meet at a point G between the two parallels. He allows this to appear from 
the figure simply. 

Equal i ty in a new sense. 
It is important to observe that we are in this proposition introduced for 

the first time to a new conception of equality between .figures. Hitherto we 
have had equality in the sense of congruence only, as applied to straight lines, 
angles, and even triangles (cf. 1. 4). Now, without any explicit reference to 
any change in the meaning of the term, figures are inferred to be equal which 
are equal in area or in content but need not be of the same form. N o 
definition of equality is anywhere given by Eucl id ; we are left to infer its 
meaning from the few axioms about " equal things." It will be observed that 
in the above proof the " equality " of two parallelograms on the same base 
and between the same parallels is inferred by the successive steps (1) of 
subtracting one and the same area (the triangle DGE) from two areas equal 
in the sense of congruence (the triangles AEB, DEC), and inferring that the 
remainders (the trapezia ABGD, EGCF) are "equal" ; (2) of adding one and 
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the same area (the triangle GBC) to each of the latter " equal" trapezia, and 
inferring the equality of the respective sums (the two given parallelograms). 

A s is well known, Simson (after Clairaut) slightly altered the proof in order 
to make it applicable to all the three possible cases. The alteration 
substituted one step of subtracting congruent areas (the triangles AEB, DEC) 
from one and the same area (the trapezium ABCE) for the two steps above 
shown of first subtracting and then adding a certain area. 

While, in either case, nothing more is explicitly used than the axioms that, 
if equals be added to equals, the wholes are equal and that, if equals be subtracted 
from equals, the remainders are equal, there is the further tacit assumption that 
it is indifferent to what part or from what part of the same or equal areas the 
same or equal areas are added or subtracted. De Morgan observes that the 
postulate "an area taken from an area leaves the same area from whatever 
part it may be taken " is particularly important as the key to equality of non-
rectilineal areas which could not be cut into coincidence geometrically. 

Legendre introduced the word equivalent to express this wider sense of 
equality, restricting the term equal to things equal in the sense of congruent; 
and this distinction has been found convenient. 

I do not think it necessary, nor have I the space, to give any account of 
the recent developments of the theory of equivalence on new lines represented 
by the researches of W. Bolyai, Duhamel, De Zolt, Stolz, Schur, Veronese, 
Hilbert and others, and must refer the reader to Ugo Amaldi's article Sulla 
teoria dell' equivalenza in Questioni riguardanli le matematiche elementari, l, 
(Bologna, 1912), pp. 145—198, and to Max Simon, Uber die Entwicklung der 
Elementar-geometrie im XIX. Jahrhunderi (Leipzig, 1906), pp. 115—120 , with 
their full references to the literature of the subject. I may however refer to 
the suggestive distinction of phraseology used by Hilbert (Grundlagen der 
Geometric, pp. 39, 40) : 

(1) " T w o polygons are called divisibly-equal (zerlegungsgleich) if they can 
be divided into a finite number of triangles which are congruent two and two." 

(2) " T w o polygons are called equal in content (inhaltsgleich) or of equal 
content if it is possible to add divisibly-equal polygons to them in such a way 
that the two combined polygons are divisibly-equal." 

(Amaldi suggests as alternatives for the terms in (1) and (2) the expressions 
equivalent by sum and equivalent by difference respectively.) 

From these definitions it follows that " b y combining divisibly-equal 
polygons we again arrive at divisibly-equal polygons; and, if we subtract 
divisibly-equal polygons from divisibly-equal polygons, the polygons remaining 
are equal in content." 

The proposition also follows without difficulty that, " i f two polygons are 
divisibly-equal to a third polygon, they are also divisibly-equal to one another; 
and, if two polygons are equal in content to a third polygon, they are equal in 
content to one another." 

T h e different cases. 

A s usual, Proclus (pp. 399—400), observing that Euclid has given only the 
most difficult of the three possible cases, adds the other two with separate 
proofs. In the case where E in the figure of the proposition falls between A 
and D, he adds the congruent triangles ABE, DCE respectively to the 
smaller trapezium EBCD, instead of subtracting them (as Simson does) from 
the larger trapezium ABCE. 
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A n ancient " Budget of Paradoxes." 

Proclus observes (p. 396, 12 sqq.) that the present theorem and the 
similar one relating to triangles are among the so-called paradoxical theorems 
of mathematics, since the uninstructed might well regard it as impossible that 
the area of the parallelograms should remain the same while the length of the 
sides other than the base and the side opposite to it may increase indefinitely. 
He adds that mathematicians had made a collection of such paradoxes, the 
so-called treasury of paradoxes (6 7rapa8o£o? TOVOS)—cf. the similar expressions 
TOVOS dvaXvoptvos (treasury of analysis) and TOTTOS do-Tpovop.ovp.evot—in the same 
way as the Stoics with their illustrations (<oo-jrep 01 dwb rr/s Sroas «rl T W 
otry/toiw). It may be that this treasury of paradoxes was the work of 
Erycinus quoted by Pappus (m. p. 107, 8) and mentioned above (note on 
1. 21, p. 290). 

Locus-theorems and loci in Greek geometry. 

The proposition 1. 35 is, says Proclus (pp. 394—6), the first locus-theorem 
(TOWIKOV 6tiopi)ixa) given by Euclid. Accordingly it is in his note on this 
proposition that Proclus gives us his view of the nature of a locus-theorem 
and of the meaning of the word locus (TOVOS) ; and great importance attaches 
to his words because he is one of the three writers (Pappus and Eutocius 
being the two others) upon whom we have to rely for all that is known of the 
Greek conception of geometrical loci. 

Proclus' explanation (pp. 394, 15—395, 2) is as follows. " I call those 
(theorems) locus-theorems (TOTTIKCI) in which the same property is found to exist 
on the whole of some locus (irpo? o\u> reel T6V<J>), and (I call) a locus a position 
of a line or a surface producing one and the same property (ypappij'i lj ««-
<f>avci'as Oiaiy nuiuvrrav tv KOI rairbv <rip.imopa). For, of locUS-theorems, some 
are constructed on lines and others on surfaces (rmv yap romKiav TO. p.iv icrn 
irpbs ypappaK o-wio-rdptva, TO. Si irp6r lm<pavtuu%). And, since some lines are 
plane (iViireSoi) and others solid (crcptaC)—those being plane which are simply 
conceived of in a plane (m iv «mre'8<i> dv\ij ij K>IJO-«), and those solid the 
origin of which is revealed from some section of a solid figure, as the cylin
drical helix and the conic lines (<os rf/s KvkivSpucrjs IXucot KCU rmv KWIKIOV 

ypap.pMv)—I should say (<p<uV av) further that, of locus-theorems on lines, 
some give a plane locus and others a solid locus." 

Leaving out of sight for the moment the class of loci on surfaces, we find 
that the distinction between plane and solid loci, or plane and solid lines, was 
similarly understood by Eutocius, who says (Apollonius, ed. Heiberg, 11. 
p. 184) that "solid loci have obtained their name from the fact that the lines 
used in the solution of problems regarding them have their origin in the 
section of solids, for example the sections of the cone and several others." 
Similarly we gather from Pappus that plane loci were straight lines and circles, 
and solid loci were conies. Thus he tells us (vii. p. 672, 20) that Aristaeus 
wrote five books of Solid Loci " supplementary to (literally, continuous with) 
the conies" ; and, though Hultsch brackets the passage (vn. p. 662, 10—15) 
which says plainly that plane loci are straight lines and circles, while solid loci 
are sections of cones, i.e. parabolas, ellipses and hyperbolas, we have the 
exactly corresponding distinction drawn by Pappus (in. p. 54, 7—16) between 
plane and solid problems, plane problems being those solved by means of 
straight lines and circumferences of circles, and solid problems those solved 
by means of one or more of the sections of the cone. But, whereas Proclus 
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and Eutocius speak of other solid loci besides conies, there is nothing in 
Pappus to support the wider application of the term. According to Pappus 
(in. p. 54, 16—21) problems which could not be solved by means of straight 
lines, circles, or conies were linear (yoa/x/xua) because they used for their 
construction lines having a more complicated and unnatural origin than those 
mentioned, namely such curves as guadratrices, conchoids and cissoids. 
Similarly, in the passage supposed to be interpolated, linear loci are distin
guished as those which are neither straight lines nor circles nor any of the 
conic sections (vii. p. 662, 1 3 — 1 5 ) . Thus the classification given by Proclus 
and Eutocius is less precise than that which we find in Pappus; and the 
inclusion by Proclus of the cylindrical helix among solid loci, on the ground 
that it arises from a section of a solid figure, would seem to be, in any case, 
due to some misapprehension. 

Comparing these passages and the hints in Pappus about loci on surfaces 
(TOTTOI irpos iirifpavtia) with special reference to Euclid's two books under that 
title, Heiberg concludes that loci on lines and loci on surfaces in Proclus' 
explanation are loci which are lines and loci which are surfaces respectively. 
But some qualification is necessary as regards Proclus' conception of loci on 
lines, because he goes on to say (p. 395, 5), with reference to this proposition, 
that, while the locus is a locus on lines and moreover plane, it is " the whole 
space between the parallels " which is the locus of the various parallelograms 
on the same base proved to be equal in area. Similarly, when he quotes 
in. 21 about the equality of the angles in the same segment and m. 31 about 
the right angle in a semicircle as cases where a circumference of a circle 
takes the place of a straight line in a plane locus-theorem, he appears to 
imply that it is the segment or semicircle as an area which is regarded as the 
locus of an infinite number of triangles with the same base and equal vertical 
angles, rather than that it is the circumference which is the locus of the angular 
points. Likewise he gives the equality of parallelograms inscribed in " the 
asymptotes and the hyperbola " as an example of a solid locus-theorem, as if 
the area included between the curve and its asymptotes was regarded as the 
locus of the equal parallelograms. However this may be, it is clear that the 
locus in the present proposition can only be either (1) a //»«-locus of a line, 
not a point, or (2) an areaAocas of an area, not a point or a l ine; and we 
seem to be thus brought to another and different classification of loci 
corresponding to that quoted by Pappus (vn. p. 660, 18 sqq.) from the pre
liminary exposition given by Apollonius in his Plane Loci. According to this, 
loci in general are of three kinds: (1) itptKTucoi, kolding-in, in which sense 
the locus of a point is a point, of a line a line, of a surface a surface, and of a 
solid a solid, (2) SU(OSIKOC, moving along, a line being in this sense a locus of a 
point, a surface of a line and a solid of a surface, (3) dvacrrpotpiKoi, where a 
surface is a locus of a point and a solid of a line. Thus the locus in this 
proposition, whether it is the space between the two parallels regarded as the 
locus of the equal parallelograms, or the line parallel to the base regarded as 
the locus of the sides opposite to the base, would seem to be of the first class 
(l<t>(KTiK6\); and, as Proclus takes the former view of it, a locus on lines is 
apparently not merely a locus which is a line but a locus bounded by lines 
also, the locus being plane in the particular case because it is bounded by 
straight lines, or, in the case of III. 21, 31 , by straight lines and circles, but 
not by any higher curves. 

Proclus notes lastly (p. 395, 13—21) that, according to Geminus, 
" Chrysippus likened locus-theorems to the ideas. For, as the ideas confine 



the genesis of unlimited (particulars) within defined limits, so in such theorems 
the unlimited (particular figures) are confined within defined places or loci 
(TOVOI). And it is this boundary which is the cause of the equality; for the 
height of the parallels, which remains the same, while an infinite number of 
parallelograms are conceived on the same base, is what makes them all equal 
to one another." 

PROPOSITION 3 6 . 

Parallelograms which are on equal bases and in the same 
parallels are equal to one another. 

Let ABCD, EFGH be parallelograms which are on 
equal bases BC, FG and in the same parallels AH, BG; 

A D E H u 
B C F G 

I say that the parallelogram ABCD is equal to EFGH. 
For let BE, CH be joined. 
Then, since BC is equal to FG 

while FG is equal to EH, 
BC is also equal to EH. [C. N. 1] 

But they are also parallel. 
And EB, HC join them ; 

but straight lines joining equal and parallel straight lines (at 
the extremities which are) in the same directions (respectively) 
are equal and parallel. [1. 33] 

Therefore EBCH is a parallelogram. [1. 34] 
And it is equal to ABCD ; 

for it has the same base BC with it, and is in the same 
parallels BC, AH with it. [1. 35] 

For the same reason also EFGH is equal to the same 
EBCH; [1.3s] 
so that the parallelogram ABCD is also equal to EFGH. 

[C. N. .] 
Therefore etc. 

Q. E. D. 



PROPOSITION 3 7 . 

Triangles which are on the same base and in the same 
parallels are equal to one another. 

Let ABC, DBC be triangles on the same base BC and 
in the same parallels AD, BC; 

5 I say that the triangle ABC is equal to the triangle DBC. 
Let AD be produced in both 

directions to E, F; E A D 

through B let BE be drawn parallel 
to CA, [1. 3 I ] 

10 and through C let CE be drawn 
parallel to BD. [1. 31] 

Then each of the figures 
EBCA, DBCF is a parallelogram ; 

and they are equal, 
'5 for they are on the same base BC and in the same 

parallels BC, EF. [1. 35] 
Moreover the triangle ABC is half of the parallelogram 

EBCA ; for the diameter AB bisects it. [i. 34] 
And the triangle DBC is half of the parallelogram DBCF; 

20 for the diameter DC bisects it. [1. 34] 
[But the halves of equal things are equal to one another.] 
Therefore the triangle ABC is equal to the triangle DBC. 
Therefore etc. 

Q. E. D. 

II. Here and in the next proposition Heiberg brackets the words "But the halves of 
equal things are equal to one another" on the ground that, since the Common Notion 
which asserted this fact was interpolated at a very early date (before the time of Theon), 
it is probable that the words here were interpolated at the same time. Cf. note above 
(p. 224) on the interpolated Common Notion. 

There is a lacuna in the text of Proclus' notes to I. 36 and I. 37. 
Apparently the end of the former and the beginning of the latter are missing, 
the MSS . and the editio princeps showing no separate note for I. 37 and no 
lacuna, but going straight on without regard to sense. Proclus had evidently 
remarked again in the missing passage that, in the case of both parallelograms 
and triangles between the same parallels, the two sides which stretch from one 
parallel to the other may increase in length to any extent, while the area 
remains the same. Thus the perimeter in parallelograms or triangles is of 
itself no criterion as to their area. Misconception on this subject was rife 
among non-mathematicians; and Proclus (p. 403, 5 sqq.) tells us (1) of 
describers of countries (xn>poypa<poi) who drew conclusions regarding the size 
of cities from their perimeters, and (2) of certain members of communistic 



societies in his own time who cheated their fellow members by giving them 
land of greater perimeter but less area than they took themselves, so that, on 
the one hand, they got a reputation for greater honesty while, on the other, they 
took more than their share of produce. Cantor (Gesch. d. Math. i3, p. 172) 
quotes several remarks of ancient authors which show the prevalence of the 
same misconception. Thus Thucydides estimates the size of Sicily according 
to the time required for circumnavigating it. About 130 B .C . Polybius said 
that there were people who could not understand that camps of the same 
periphery might have different capacities. Quintilian has a similar remark, 
and Cantor thinks he may have had in his mind the calculations of Pliny, who 
compares the size of different parts of the earth by adding their length to their 
breadth. 

The comparison however of the areas of different figures of equal contour 
had not been neglected by mathematicians. Theon of Alexandria, in his 
commentary on Book 1. of Ptolemy's Syntaxis, has preserved a number of 
propositions on the subject taken from a treatise by Zenodorus irepi iaofiirpiov 
o-xr//Mi7w (reproduced in Latin on pp. 1 1 9 0 — 1 2 1 1 of Hultsch's edition of 
Pappus) which was written at some date between, say, 200 B .C . ^...d 90 A . D . , 
and probably not long after the former date. Pappus too has at the beginning 
of Book v. of his Collection (pp. 308 sqq.) the same propositions, in which he 
appears to have followed Zenodorus pretty closely while making some changes 
in detail. The propositions proved by Zenodorus and Pappus include the 
following: (1) that, of all polygons of the same number of sides and equal 
perimeter, the equilateral and equiangular polygon is the greatest in area, 
(2) that, of regular polygons of equal perimeter, that is the greatest in area 
which has the most angles, (3) that a circle is greater than any regular polygon 
of equal contour, (4) that, of all circular segments in which the arcs are equal in 
length, the semicircle is the greatest. The treatise of Zenodorus was not con
fined to propositions about plane figures, but gave also the theorem that, of 
all solid figures the surfaces of which are equal, the sphere is the greatest in 
volume. 

PROPOSITION 3 8 . 

Triangles which are on equal bases and in the same 
parallels are equal to one another. 

Let ABC, DEF be triangles on equal bases BC, EF and 
in the same parallels BE, AD ; 
I say that the triangle ABC is Q A D H 

equal to the triangle DEF. 
For let AD be produced in 

both directions to G, H; 

through B let BG be drawn B C E F 
parallel to CA, [1. 3 ' ] 
and through F let FH be drawn parallel to DE. 

Then each of the figures GBCA, DEFH is a parallelo
gram ; 
and GBCA is equal to DEFH; 



Let two triangles ABC, DEEbvie the sides AB, AC respectively equal 
to DE, DE. 

(1) First, suppose that the angles at A and D in the triangles ABC, 
DEE art together equal to two right angles. 

Heron's construction is now as follows. 
Make the angle EDG equal to the angle BAC. 
Draw FH parallel to ED meeting DG in H. 
Join EH. 

for they are on equal bases BC, EF and in the same 
parallels BF, GH. [1. 36] 

Moreover the triangle ABC is half of the parallelogram 
GBCA ; for the diameter AB bisects it. [1. 34] 

And the triangle FED is half of the parallelogram DEFH; 
for the diameter DF bisects it. [1. 34] 

[But the halves of equal things are equal to one another.] 
Therefore the triangle ABC is equal to the triangle DEF. 
Therefore etc. 

Q. E. D. 

On this proposition Proclus remarks (pp. 405—6) that Euclid seems to 
him to have given in vi. 1 one proof including all the four theorems from 
1. 35 to 1. 38, and that most people had failed to notice this. When Euclid, 
he says, proves that triangles and parallelograms of the same altitude have to 
one another the same ratio as their bases, he simply proves all these 
propositions more generally by the use of proportion; for of course to be of 
the same altitude is equivalent to being in the same parallels. It is true that 
v i . 1 generalises these propositions, but it must be observed that it does not 
prove the propositions themselves, as Proclus seems to imply; they are in fact 
assumed in order to prove v i . 1. 

Comparison of areas of triangles of I . 34. 
T h e theorem already mentioned as given by Proclus on 1. 24 (pp. 340—4) 

is placed here by Heron, who also enunciates it more clearly (an-Nairizi, ed. 
Besthorn-Heiberg, pp. 1 5 5 — 1 6 1 , ed. Curtze, pp. 75—8). 

If in two triangles two sides of the one be equal to two sides of the other 
respectively, and the angle of the one be greater than the angle of the other, 
namely the angles contained by the equal sides, then, (1) if the sum of the two 
angles contained by the equal sides is equal to two right angles, the two triangles 
are equal to one another ; (2) if less than two right angles, the triangle which 
has the greater angle is also itself greater than the other; (3) if greater than two 
right angles, the triangle which has the less angle is greater than the other 
triangle. 

A P 
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Then, since the angles BAC, EDF axe equal to two right angles, the 
angles EDH, EDF axe equal to two right angles. 

But so are the angles EDH, DHF. 
Therefore the angles EDF, DHF are equal. 
And the alternate angles EDF, DFH are equal. [1. 29] 
Therefore the angles DHF, DFH are equal, 

and DF is equal to DH. [1. 6] 
Hence the two sides ED, DH are equal to the two sides BA, AC; and 

the included angles are equal. 
Therefore the triangles ABC, DEH are equal in all respects. 
And the triangles DEE, DEH between the same parallels are equal. 

37] 
Therefore the triangles ABC, DEF are equal. 
[Proclus takes the construction of Eucl. 1. 24, i.e., he makes DH equal to 

DF and then proves that ED, EH are parallel.] 
(2) Suppose the angles BAC, EDF together less than two right angles. 
As before, make the angle EDG equal to the angle BAC, draw EH 

parallel to ED, and join EH. 

-

/ \ / \ N H 

In this case the angles EDH, EDF are together less than two right 
angles, while the angles EDH, DHF are equal to two right angles. [1. 29] 

Hence the angle EDF, and therefore the angle DFH, is less than the 
angle DHF. 

Therefore DH is less than DF. [l. 19] 
Produce DH to G so that DG is equal to DE or AC, and join EG. 
Then the triangle DEG, which is equal to the triangle ABC, is greater 

than the triangle DEH, and therefore greater than the triangle DEF. 
(3) Suppose the angles BAC, EDF together greater than two right 

angles. 

We make the same construction in this case, and we prove in like manner 
that the angle DHF is less than the angle DEH, 

whence DH is greater than DF or AC. 
Make DG equal to AC, and join EG. 
It then follows that the triangle DEF is greater than the triangle ABC. 
[In the second and third cases again Proclus starts from the construction 

in 1. 24, and proves, in the second case, that the parallel, EH, to ED cuts 
DG and, in the third case, that it cuts DG produced.] 
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There is no necessity for Heron to take account of the position of F in 
relation to the side opposite D. For in the first and third cases F must fall 

B C E G 

in the position in which Euclid draws it in 1. 24, whatever be the relative 
lengths of AB, AC. In the second case the figure may be as annexed, but the 
proof is the same, or rather the case needs no proof at all. 

• 

PROPOSITION 3 9 . 

Equal triangles which are on the same base and on the 
same side are also in the same parallels. 

Let ABC, DBC be equal triangles which are on the same 
base BC and on the same side of it; 

5 [I say that they are also in the same parallels.] 
And [For] let AD be joined ; 

I say that AD is parallel to BC. 

For, if not, let AE be drawn through 
the point A parallel to the straight line 

'BC, [ 1 . 3 1 ] 
and let EC be joined. 

Therefore the triangle ABC is equal 
to the triangle EBC; 
for it is on the same base BC with it and in the same 

; parallels. [1. 37] 
But ABC is equal to DBC; 
therefore DBC is also equal to EBC, [C. N. 1] 

the greater to the less: which is impossible. 
Therefore AE is not parallel to BC. 
Similarly we can prove that neither is any other straight 

line except AD; 
therefore AD is parallel to BC. 

Therefore etc. 
Q. E. D. 



5. [I say that they are also in the same parallels.] Heiberg has proved (Hermes, 
XXXVIII., 1903, p. 50) from a recently discovered papyrus-fragment {Fayiim towns and their 
papyri, p. 90, No. IX.) that these words are an interpolation by some one who did not observe 
that the words "And let A D be joined " are part of the setting-out (*/cff«rir), but took them 
as belonging to the construction (/rara<r«ui)) and consequently thought that a Siopia^b's or 
"definition (of the thing to be proved) should precede. The interpolator then altered 
" And " into " For " in the next sentence. 

This theorem is of course the partial converse of 1. 37. In 1. 37 we have 
triangles which are (1) on the same base, (2) in the same parallels, and the 
theorem proves (3) that the triangles are equal. Here the hypothesis (1) and 
the conclusion (3) are combined as hypotheses, and the conclusion is the 
hypothesis (2) of 1. 37, that the triangles are in the same parallels. The 
additional qualification in this proposition that the triangles must be on the 
same side of the base is necessary because it is not, as in 1. 37, involved in the 
other hypotheses. 

Proclus (p. 407, 4—17) remarks that Euclid only converts 1. 37 and 1. 38 
relative to triangles, and omits the converses of 1. 35, 36 about parallelograms 
as unnecessary because it is easy to see that the method would be the same, 
and therefore the reader may properly be left to prove them for himself. 

The proof is, as Proclus points out (p. 408, 5—21), equally easy on the 
supposition that the assumed parallel AE meets BD or CD produced 
beyond D. 

[PROPOSITION 40. 

Equal triangles which are on equal bases and on the same 
side are also in the same parallels. 

Let ABC, CDE be equal triangles on equal bases BC, 
CE and on the same side. 

I say that they are also in the same parallels. 
For let AD be joined; 

I say that AD is parallel to BE. A f . 
For, if not, let AFbe drawn through 

A parallel to BE [1. 31] , and let EE be 
joined. 

Therefore the triangle ABC is equal 
to the triangle ECE; 
for they are on equal bases BC, CE and in the same parallels 
BE, AF. [i- 38] 

But the triangle ABC is equal to the triangle DCE; 
therefore the triangle DCE is also equal to the triangle 

FCE, [C. N. 1] 
the greater to the less : which is impossible. 

Therefore AF is not parallel to BE. 



Similarly we can prove that neither is any other straight 
line except AD; 

therefore AD is parallel to BE. 

Therefore etc. 
Q. E. D . ] 

Heiberg has proved by means of the papyrus-fragment mentioned in the 
last note that this proposition is an interpolation by some one who thought 
that there should be a proposition following 1. 39 and related to it in the same 
way as 1. 38 is related to 1. 37, and 1. 36 to 1. 35. 

PROPOSITION 4 1 . 

If a parallelogram have the same base with a triangle and 
be in the same parallels, the parallelogram is double of the 
triangle. 

For let the parallelogram ABCD have the same base BC 
with the triangle EBC, and let it be in the same parallels 
BC, AE; 

I say that the parallelogram ABCD is double of the 
triangle BEC. 

For let AC be joined. 
Then the triangle ABC is equal to 

the triangle EBC; 

for it is on the same base BC with it 
and in the same parallels BC, AE. 

['• 37] 
But the parallelogram ABCD is double of the triangle 

ABC; 
for the diameter A C bisects it; [1. 34] 

so that the parallelogram ABCD is also double of the triangle 
EBC. 

Therefore etc. 
Q. E. D. 

On this proposition Proclus (pp. 414, 15—415 , 16), "by way of practice" 
(•yv/irao-ias Ivcita), considers the area of a trapezium (a quadrilateral with only 
one pair of opposite sides parallel) in comparison with that of the triangles 
in the same parallels and having the greater and less of the parallel sides of 
the trapezium for bases respectively, and proves that the trapezium is less 
than double of the former triangle and more than double of the latter. 

H e next (pp. 415, 22—416, 14) proves the proposition that, 
If a triangle be formed by joining the middle point of either of the' non-

parallel sides to the extremities of the opposite side, the area of the trapezium is 
always double of that of the triangle. 
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Let ABCD be a trapezium in which AD, BC are the parallel sides, and 
E the middle point of one of the non-parallel sides, 
say DC. 

Join EA, EB and produce BE to meet AD 
produced in F. 

Then the triangles BEC, FED have two angles 
equal respectively, and one side CE equal to one 
side DE; 
therefore the triangles are equal in all respects. [1. 26] 

Add to each the quadrilateral ABED; 
therefore the trapezium ABCD is equal to the triangle ABE, 

that is, to twice the triangle AEB, since BE is equal to EF. [1. 38] 
The three properties proved by Proclus may be combined in one enuncia

tion thus: 
If a triangle be formed by joining the middle point of one side of a trapezium 

to the extremities of the opposite side, the area of the trapezium is (1) greater 
than, (2) equal to, or (3) less than, double the area of the triangle according as 
the side the middle point of which is taken is (1) the greater of the parallel sides, 
(2) either of the non-parallel sides, or (3) the lesser of the parallel sides. 

PROPOSITION 4 2 . 

To construct, in a given rectilineal angle, a parallelogram 
equal to a given triangle. 

Let ABC be the given triangle, and D the given recti
lineal angle ; 
thus it is required to construct in the rectilineal angle D a 
parallelogram equal to the 
triangle ABC. 

Let BC be bisected at E, 
and let AE be joined ; 
on the straight line EC, and 
at the point E on it, let the 
angle CEF be constructed 
equal to the angle D ; [1. 23] 
through A let AG be drawn parallel to EC, and [1. 31] 
through C let CG be drawn parallel to EF. 

Then FECG is a parallelogram. 
And, since BE is equal to EC, 
the triangle ABE is also equal to the triangle A EC, 

for they are on equal bases BE, EC and in the same parallels 
BC, A G; [1.38] 

therefore the triangle ABC is double of the triangle 
A EC. 



But the parallelogram FECG is also double of the triangle 
AEC, for it has the same base with it and is in the same 
parallels with it; [1. 41] 

therefore the parallelogram FECG is equal to the 
triangle ABC. 

And it has the angle CEF equal to the given angle D. 
Therefore the parallelogram FECG has been constructed 

equal to the given triangle ABC, in the angle CEF which is 
equal to D. Q. E. F. 

PROPOSITION 4 3 . 

In any parallelogram the complements of the parallelograms 
about the diameter are equal to one another. 

Let ABCD be a parallelogram, and AC its diameter ; 
and about A C let EH, FG be parallelograms, and BK, KD 

S the so-called complements ; 
I say that the complement BK is equal to the complement 

KD. 
For, since ABCD is a parallelogram, and AC its diameter, 

the triangle ABC is equal to 
10 the triangle A CD. [1. 34] 

Again, since EH is a parallelo
gram, and AK is its diameter, 

the triangle AEK is equal to 
the triangle AHK. 

15 For the same reason 
the triangle KFC is also equal to KGC. 
Now, since the triangle AEK is equal to the triangle 

AHK, 
and KFC to KGC, 

ao the triangle AEK together with KGC is equal to the triangle 
AHK together with KFC. [C. N. a] 

And the whole triangle ABC is also equal to the whole 
ADC; 
therefore the complement BK which remains is equal to the 

as complement KD which remains. [C. N. 3] 
Therefore etc. 

Q. E. u. 



1. complements, rrapaxkripiiiiara, the figures put in to fill up (interstices). 
4. and about A C . . . Euclid's phraseology here and in the next proposition implies 

that the complements as well as the other parallelograms are " about" the diagonal. The 
words are here rtpl Si rip> AT ra/uXXi)XA--/>a/i/ia |Uv (era ra E8, ZH, TA M Xeyi/ura 
vapar\riP<iimTa T4 BK, KA. The expression " the so-called complements " indicates that 
this technical use of rapH-Xifpii/uiTa was not new, though it might not be universally known. 

In the text of Proclus' commentary as we have it, the end of the note on 
1. 41, the whole of that on 1. 42, and the beginning of that on 1. 43 are 
missing. 

Proclus remarks (p. 418, 15—20) that Euclid did not need to give a 
formal definition of complement because the name was simply suggested by the 
facts; when once we have the two "parallelograms about the diameter," 
the complements are necessarily the areas remain
ing over on each side of the diameter, which fill 
up the complete parallelogram. Thus (p. 417, 
1 sqq.) the complements need not be parallelo
grams. They are so if the two "parallelograms 
about the diameter" are formed by straight lines 
drawn through one point of the diameter parallel 
to the sides of the original parallelogram, but not 
otherwise. If, as in the first of the accompanying figures, the parallelograms 
have no common point, the complements are five-sided figures as shown. 
When the parallelograms overlap, as in the second figure, Proclus regards 
the complements as being the small parallelo
grams FG, EH. But, if complements are strictly 
the areas required to fill up the original parallelo
gram, Proclus is inaccurate in describing FG, EH 
as the complements. The complements are really 
(1) the parallelogram FG minus the triangle LMN, 
and (2) the parallelogram EH minus the triangle 
KMN, respectively; the possibility that the re
spective differences may be negative merely means the possibility that the 
sum of the two parallelograms about the diameter may be together greater 
than the original parallelogram. 

In all the cases it is easy to show, as Proclus does, that the complements 
are still equal. 

PROPOSITION 44 . 

To a given straight line to apply, in a given rectilineal 
angle, a parallelogram equal to a given triangle. 

Let AB be the given straight line, C the given triangle 
and D the given rectilineal angle; 

5 thus it is required to apply to the given straight line AB, in 
an angle equal to the angle D, a parallelogram equal to the 
given triangle C. 

Let the parallelogram BEFG be constructed equal to 
the triangle C, in the angle EBG which is equal to D [1. 4 2 ] ; 

o let it be placed so that BE is in a straight line with AB; let 



H A L 

Then, since the straight line HE falls upon the parallels 
is AH, EF, 

the angles A HE, HFE are equal to two right angles. 
[1. 29] 

Therefore the angles BHG, GFE are less than two right 
angles; 
and straight lines produced indefinitely from angles less than 

20 two right angles meet; [Post. 5] 
therefore HB, EE, when produced, wilL meet. 

Let them be produced and meet at K; through the point 
K let KL be drawn parallel to either EA or EH, [1. 31] 
and let HA, GB be produced to the points L, M. 

25 Then HLKF is a parallelogram, 
HK is its diameter, and AG, ME are parallelograms, and 
LB, BF the so-called complements, about HK; 

therefore LB is equal to BF. [1. 43] 
But BF is equal to the triangle C; 

30 therefore LB is also equal to C. [C. N. 1] 
And, since the angle GBE is equal to the angle ABM, 

[ * * S ] 
while the angle GBE is equal to D, 

the angle ABM is also equal to the angle D. 
Therefore the parallelogram LB equal to the given triangle 

35 C has been applied to the given straight line AB, in the angle 
ABM which is equal to D. 

Q. E. F. 

14. since the straight line H F falls.... The verb is in the aorist (iviireotv) here and 
in similar expressions in the following propositions. 

This proposition will always remain one of the most impressive in all 
geometry when account is taken (1) of the great importance of the result 

FG be drawn through to H, and let AH be. drawn through 
A parallel to either BG or EF. [i. 31] 

Let HB be joined. 
F E K 
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obtained, the transformation of a parallelogram of any shape into another 
with the same angle and of equal area but with one side of any given 
length, e.g. a unit length, and (2) of the simplicity of the means employed, 
namely the mere application of the property that the complements of the 
"parallelograms about the diameter" of a parallelogram are equal. T h e 
marvellous ingenuity of the solution is indeed worthy of the " godlike men of 
old," as Proclus calls the discoverers of the method of "application of areas"; 
and there would seem to be no reason to doubt that the particular solution, 
like the whole theory, was Pythagorean, and not a new solution due to Euclid 
himself. 

Application of areas. 
On this proposition Proclus gives (pp. 419, 15—420, 23) a valuable note 

on the method of " application of areas " here introduced, which was one of 
the most powerful methods on which Greek geometry relied. The note runs 
as follows: 

" These things, says Eudemus (ol irtpl TOT EvSjj/nof), are ancient and are 
discoveries of the Muse of the Pythagoreans, I mean the application 0/areas 
(wapafioXri rwv x^piW), their exceeding (iirtpfiokri) and their falling-short 
(fAA«i/as). It was from the Pythagoreans that later geometers [i.e. Apollonius] 
took the names, which they again transferred to the so-called conic lines, 
designating one of these a parabola (application), another a hyperbola 
(exceeding) and another an ellipse (falling-short), whereas those godlike men 
of old saw the things signified by these names in the construction, in a plane, 
of areas upon a finite straight line. For, when you have a straight line set 
out and lay the given area exactly alongside the whole of the straight line, then 
they say that you apply (irapafid\Kti.v) the said area; when however you 
make the length of the area greater than the straight line itself, it is said to 
exceed (mtpfiaWtiv), and when you make it less, in which case, after the area 
has been drawn, there is some part of the straight line extending beyond it, 
it is said to fall short (ikKtlirav). Euclid too, in the sixth book, speaks in 
this way both of exceeding and falling-short; but in this place he needed the 
application simply, as he sought to apply to a given straight line an area .equal 
to a given triangle in order that we might have in our power, not only the 
construction (O-UO-TOO-IS) of a parallelogram equal to a given triangle, but also 
the application of it to a finite straight l ine For example, given a triangle 
with an area of 12 feet, and a straight line set out the length of which is 
4 feet, we apply to the straight line the area equal to the triangle if we take 
the whole length of 4 feet and find how many feet the breadth must be in 
order that the parallelogram may be equal to the triangle. In the particular 
case, if we find a breadth of 3 feet and multiply the length into the breadth, 
supposing that the angle set out is a right angle, we shall have the area. Such 
then is the application handed down from early times by the Pythagoreans." 

Other passages to a similar effect are quoted from Plutarch. (1) "Pytha
goras sacrificed an ox on the strength of his proposition (hid.ypap.pa.) as 
Apollodotus (?-rus) says...whether it was the theorem of the hypotenuse, viz. 
that the square on it is equal to the squares on the sides containing the 
right angle, or the problem about the application of an area." (Non posse 
suaviter vivi secundum Epicurum, c. II . ) (2) " A m o n g the most geometrical 
theorems, or rather problems, is the following: given two figures, to apply a 
third equal to the one and similar to the other, on the strength of which 
discovery they say moreover that Pythagoras sacrificed. This is indeed 
unquestionably more subtle and more scientific than the theorem which 

http://hid.ypap.pa


demonstrated that the square on the hypotenuse is equal to the squares on 
the sides about the right angle" (Symp. v m . 2, 4). 

The story of the sacrifice must (as noted by Bretschneider and Hankel) 
be given up as inconsistent with Pythagorean ritual, which forbade such 
sacrifices; but there is no reason to doubt that the first distinct formulation 
and introduction into Greek geometry of the method of application of areas 
was due to the Pythagoreans. The complete exposition of the application of 
areas, their exceeding and their falling-short, and of the construction of a 
rectilineal figure equal to one given figure and similar to another, takes us 
into the sixth Book of Eucl id ; but it will be convenient to note here the 
general features of the theory of application, exceeding and falling-short. 

T h e simple application of a parallelogram of given area to a given 
straight line as one of its sides is what we have in I. 44 and 45 ; the general 
form of the problem with regard to exceeding and falling-short may be stated 
thus: 

" T o apply to a given straight line a rectangle (or, more generally, a 
parallelogram) equal to a given rectilineal figure and (1) exceeding or 
(2) falling-short by a square (or, in the more general case, a parallelogram 
similar to a given parallelogram)." 

What is meant by saying that the applied parallelogram (1) exceeds or 
(2) falls short is that, while its base coincides and is coterminous at one end 
with the straight line, the said base (1) overlaps or (2) falls short of the 
straight line at the other end, and the portion by which the applied 
parallelogram exceeds a parallelogram of the same angle and height on the 
given straight line (exactly) as base is a parallelogram similar to a given 
parallelogram (or, in particular cases, a square). In the case where the 
parallelogram is to fall short, a 8iop«r/*o'j is necessary to express the condition 
of possibility of solution. 

We shall have occasion to see, when we come to the relative propositions 
in the second and sixth Books, that the general problem here stated is 
equivalent to that of solving geometrically a mixed quadratic equation. We 
shall see that, even by means of II. 5 and 6, we can solve geometrically the 
equations 

ax± x2 = b*, 
x* - ax = b*; 

but in vi . 28, 29 Euclid gives the equivalent of the solution of the general 
equations 

* . C 
ax + - x =? — . 

~ c m 
We are now in a position to understand the application of the terms 

parabola (application), hyperbola (exceeding) and ellipse (falling-short) to 
conic sections. These names were first so applied by Apollonius as expressing 
in each case the fundamental property of the curves as stated by him. This 
fundamental property is the geometrical equivalent of the Cartesian equation 
referred to any diameter of the conic and the tangent at its extremity as (in 
general, oblique) axes. If the parameter of the ordinates from the several 
points of the conic drawn to the given diameter be denoted by p (p being 

accordingly, in the case of the hyperbola and ellipse, equal to - y , where d is 

the length of the given diameter and d' that of its conjugate), Apollonius gives 
the properties of the three conies in the following form. 



(1) For the parabola, the square on the ordinate at any point is equal to 
a rectangle applied to / as base with altitude equal to the corresponding 
abscissa. That is to say, with the usual notation, 

f=px. 
(2) For the hyperbola and ellipse, the square on the ordinate is equal to 

the rectangle applied to / having as its width the abscissa and exceeding (for 
the hyperbola) or falling-short (for the ellipse) by a figure similar and similarly 
situated to the rectangle contained by the given diameter and p. 

x> 

That is, in the hyperbola y' =px + j j j pd, 

or f =px + ^ x'; 

and in the ellipse y*=px — ^x'. 
The form of these equations will be seen to be exactly the same as that of 

the general equations above given, and thus Apollonius' nomenclature followed 
exactly the traditional theory of application, exceeding, and falling-short. 

PROPOSITION 4 5 . 

To construct, in a given rectilineal angle, a parallelogram 
equal to a given rectilineal figure. 

Let ABCD be the given rectilineal figure and E the given 
rectilineal angle; 

5 thus it is required to construct, in the given angle E, a 
parallelogram equal to the rectilineal figure ABCD. 

Let DB be joined, and let the parallelogram EH be 
constructed equal to the triangle ABD, in the angle HKF 
which is equal to E; [1. 42] 

10 let the parallelogram GM equal to the triangle DBC be 
applied to the straight line GH, in the angle GHM which is 
equal to E. [1. 44] 

Then, since the angle E is equal to each of the angles 
HKF, GHM, 

is the angle HKF is also equal to the angle GHM. \C. N. 1] 



Let the angle KHG be added to each ; 
therefore the angles FKH, KHG are equal to the angles 
KHG, GHM. 

But the angles FKH, KHG are equal to two right angles; 
[i. 29] 

20 therefore the angles KHG, GHM are also equal to two right 
angles. 

Thus, with a straight line GH, and at the point H on it, 
two straight lines KH, HM not lying on the same side make 
the adjacent angles equal to two right angles ; 

25 therefore KH is in a straight line with HM. [1. 14] 
And, since the straight line HG falls upon the parallels 

KM, FG, the alternate angles MHG, HGF are equal to one 
another. [1. 29] 

Let the angle HGL be added to each ; 
30 therefore the angles MHG, HGL are equal to the angles 

HGF, HGL. [CM a] 
But the angies MHG, HGL are equal to two right angles; 

[1. 29] 
therefore the angles HGF, HGL are also equal to two right 
angles. [C. M. 1] 

35 Therefore FG.ia in a straight line with GL. [1. 14] 
And, since FK is equal and parallel to HG, [1. 34] 

and HG to ML also, 
KF is also equal and parallel to ML ; [C. M 1; 1.30] 
and the straight lines KM, FL join them (at their extremities); 

40 therefore KM, FL are also equal and parallel. [1. 33] 
Therefore KFLM is a parallelogram. 

And, since the triangle ABD is equal to the parallelogram 

F H < and DBC to GM, 
45 the whole rectilineal figure ABCD is equal to the whole 

parallelogram KFLM. 
Therefore the parallelogram KFLM has been constructed 

equal to the given rectilineal figure ABCD, in the angle FKM 
which is equal to the given angle E. Q. E. F. 

1, 3, 6, 45, 48. rectilineal figure, in the Greek "rectilineal" simply, without "figure," 
eiSiypafi/ioy being here used as a substantive, like the similarly formed irapaXXiiXAypa/ijuoi'. 

Transformation of areas. 
We can now take stock of how far the propositions I. 43—45 bring us in 

the matter of transformation of areas, which constitutes so important a part of 



what has been fitly called the geometrical algebra of the Greeks. We have 
now learnt how to represent any rectilineal area, which can of course be 
resolved into triangles, by a single parallelogram having one side equal to any 
given straight line and one angle equal to any given rectilineal angle. Most 
important of all such parallelograms is the rectangle, which is one of the simplest 
forms in which an area can be shown. Since a rectangle corresponds to the 
product of two magnitudes in algebra, we see that application to a given 
straight line of a rectangle equal to a given area is the geometrical equivalent 
of algebraical division of the product of two quantities by a third. Further 
than this, it enables us to add or subtract any rectilineal areas and to represent 
the sum or difference by one rectangle with one side of any given length, the 
process being the equivalent of ob faining a common factor. But one step 
still remains, the finding of a squure equal to a given rectangle, i.e. to a 
given rectilineal figure; and this step is not taken till II. 14. In general, 
the transformation of combinations of rectangles and squares into other 
combinations of rectangles and squares is the subject-matter of Book 11., with 
the exception of the expression of the sum of two squares as a single square 
which appears earlier in the other Pythagorean theorem 1. 47. Thus the 
transformation of rectilineal areas is made complete in one direction, i.e. in the 
direction of their simplest expression in terms of rectangles and squares, by the 
end of Book 11. The reverse process of transforming the simpler rectangular 
area into an equal area which shall be similar to any rectilineal figure requires, 
of course, the use of proportions, and therefore does not appear till vi . 25. 

Proclus adds to his note on this proposition the remark (pp. 422, 24— 
423, 6 ) : " I conceive that it was in consequence of this problem that the 
ancient geometers were led to investigate the squaring of the circle as well. 
For, if a parallelogram can be found equal to any rectilineal figure, it is worth 
inquiring whether it be not also possible to prove rectilineal figures equal to 
circular. And Archimedes actually proved that any circle is equal to the 
right-angled triangle which has one of its sides about the right angle [the 
perpendicular] equal to the radius of the circle and its base equal to the 
perimeter of the circle. But of this elsewhere." 

PROPOSITION 46 . 

On a given straight line to describe a square. 
Let AB be the given straight line ; c 

thus it is required to describe a square 

on the straight line AB. 

5 Let AC be drawn at right angles to D iE 

the straight line AB from the point A 
on it [1. 1 1 ] , and let AD be made equal 
to AB; 
through the point D let DE be drawn 

10 parallel to AB, A B 

and through the point B let BE be drawn parallel to AD. 
[i- 3 i ] 
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Therefore ADEB is a parallelogram ; 
therefore AB is equal to Z>_£", and ^4Z> to BE. [1. 34] 

But AB is equal to AD ; 
»5 therefore the four straight lines i M , ^4/?, Z?if, 

are equal to one another ; 
therefore the parallelogram ADEB is equilateral. 

I say next that it is also right-angled. 
For, since the straight line AD falls upon the parallels 

»AB, DE, 
the angles BAD, ADE are equal to two right angles. 

[1.29] 
But the angle BAD is right; 

therefore the angle ADE is also right. 
And in parallelogrammic areas the opposite sides and 

25 angles are equal to one another ; [1. 34] 
therefore each of the opposite angles ABE, BED is also 

right. 
Therefore ADEB is right-angled. 

And it was also proved equilateral. 
30 Therefore it is a square; and it is described on the straight 

line AB. 
Q. E. F. 

I, it 3°. Proclus (p. 423, i8sqq.) notes the difference between the word construct 
(owrrii<rtur9(u) applied by Euclid to the construction of a triangle (and, he might have added, 
of an angle) and the words describe on (dvaypaepeiv dV6) used of drawing a square on a given 
straight line as one side. The triangle (or angle) is, so to say, pieced together, while the 
describing of a square on a given straight line is the making of a figure " from " one side, 
and corresponds to the multiplication of the number representing the side by itself. 

Proclus (pp. 424—s) proves that, if squares are described on equal straight 
lines, the squares are equal; and, conversely, that, 
if two squares are equal, the straight lines are 
equal on which they are described. T h e first 
proposition is immediately obvious if we divide 
the squares into two triangles by drawing a 
diagonal in each. T h e converse is proved as 
follows. 

Place the two equal squares AF, CG so 
that AB, BC are in a straight line. Then, 
since the angles are right, FB, BG will also 
be in a straight line. Join AF, FC, CG, GA. 

Now, since the squares are equal, the 
triangles ABF, CBG are equal. 

Add to each the triangle FBC; therefore the triangles AFC, GFC are 
equal, and hence they must be in the same parallels. 



Therefore AG, CFslk parallel. 
Also, since each of the alternate angles AFG, FGC is half a right angle, 

AF, CG are parallel. 
Hence AFCG is a parallelogram; and AF, CG are equal. 
Thus the triangles ABF, CBG have two angles and one side respectively 

equal; 
therefore AB is equal to BC, and BF'to BG. 

PROPOSITION 4 7 . 

In right-angled triangles the square on the side subtending 
the right angle is equal to the squares on the sides containing 
the right angle. 

LET ABC BE A RIGHT-ANGLED TRIANGLE HAVING THE ANGLE 
sBAC RIGHT; 

I SAY THAT THE SQUARE ON BC IS EQUAL TO THE SQUARES ON 
BA, AC. 

FOR LET THERE BE DESCRIBED 
ON BC THE SQUARE BDEC, 

XOAND ON B A , AC THE SQUARES 
GB, HC; [1 .46] 

THROUGH A LET A L BE DRAWN 
PARALLEL TO EITHER BD OR CE, 

AND LET AD, EC BE JOINED. 

15 THEN, SINCE EACH OF THE 
ANGLES BAC, BAG IS RIGHT, 
IT FOLLOWS THAT WITH A STRAIGHT 
LINE B A , AND AT THE POINT A 
ON IT, THE TWO STRAIGHT LINES 

20 AC, AG NOT LYING ON THE 
SAME SIDE MAKE THE ADJACENT 
ANGLES EQUAL TO TWO RIGHT 
ANGLES; 

THEREFORE CA IS IN A STRAIGHT LINE WITH AG. 

25 FOR THE SAME REASON 

B A IS ALSO IN A STRAIGHT LINE WITH AH, 

A N D , SINCE THE ANGLE DBC IS EQUAL TO THE ANGLE FBA: FOR 

EACH IS RIGHT: 

LET THE ANGLE ABC BE ADDED TO EACH ; 

30 THEREFORE THE WHOLE ANGLE DBA IS EQUAL TO THE WHOLE 

A N G L E F B C . ' [ c m 2] 

[ 1 . 1 4 ] 



And, since DB is equal to BC, and FB to BA, 
the two sides AB, BD are equal to the two sides FB, BC 
respectively , 

35 and the angle ABD is equal to the angle FBC; 
therefore the base AD is equal to the base FC, 

and the triangle ABD is equal to the triangle FBC. [i. 4] 
Now the parallelogram BL is double of the triangle ABD, 

for they have the same base BD and are in the same parallels 
*oBD,AL. [ 1 .41 ] 

And the square GB is double of the triangle FBC, 
for they again have the same base FB and are in the same 
parallels FB, GC. [1. 41] 

[But the doubles of equals are equal to one another.] 
45 Therefore the parallelogram BL is also equal to the 

square GB. 
Similarly, if AE, BK be joined, 

the parallelogram CL can also be proved equal to the square 
HC; 

50 therefore the whole square BDEC is equal to the two 
squares GB, HC. [C. N. 2] 

And the square BDEC is described on BC, 
and the squares GB, HC on BA, A C. 

Therefore the square on the side BC is equal to the 
ss squares on the sides BA, AC. 

Therefore etc. Q. E. D. 
1. the square on, rd a*b...TtTpaywvov, the word ivaypacpiv or irayfypaptphfov being 

understood. 
subtending the right angle. Here iTorcwoiaris, "subtending," is used with the 

simple accusative [rrjv 6p8r}v yurlav) instead of being followed by 0t6 and the accusative, 
which seems to be the original and more orthodox construction. Cf. I. 18, note. 

33. the two sides A B , BD. . . . Euclid actually writes "DB, BA," and therefore the 
equal sides in the two triangles are not mentioned in corresponding order, though he adheres 
to the words Uaripa ixaripa " respectively." Here DB is equal to BC and BA to FB. 

44. [But the doubles of equals are equal to one another.] Heiberg brackets 
these words as an interpolation, since it quotes a Common Notion which is itself interpolated. 
Cf. notes on I. 37, p. 331, and on interpolated Common Notions, pp. 213—4. 

" I f we listen," says Proclus (p. 426, 6 sqq.), " t o those who wish to 
recount ancient history, we may find some of them referring this theorem to 
Pythagoras and saying that he sacrificed an ox in honour of his discovery. 
But for my part, while I admire those who first observed the truth of this 
theorem, I marvel more at the writer of the Elements, not only because he 
made it fast (leaTcSijo-aro) by a most lucid demonstration, but because he 
compelled assent to the still more general theorem by the irrefragable 
arguments of science in the sixth Book. For in that Book he proves 
generally that, in right-angled triangles, the figure on the side subtending 
the right angle is equal to the similar and similarly situated figures described 
on the sides about the right angle." 



In addition, Plutarch (in the passages quoted above in the note on 1. 44), 
Diogenes Laertius (vm. 12) and Athenaeus (x. 13) agree in attributing this 
proposition to Pythagoras. It is easy to point out, as does G. Junge ("Wann 
haben die Griechen das Irrationale entdeckt?" in Novae Symbolae Joachimicae, 
Halle a. S., 1907, pp. 221—264), that these are late witnesses, and that the 
Greek literature which we possess belonging to the first five centuries after 
Pythagoras contains no statement specifying this or any other particular great 
geometrical discovery as due to him. Ye t the distich of Apollodorus the 
"calculator," whose date (though it cannot be fixed) is at least earlier than 
that of Plutarch and presumably of Cicero, is quite definite as to the existence 
of one " famous proposition " discovered by Pythagoras, whatever it was. Nor 
does Cicero, in commenting apparently on the verses (De nat. deor. in. c. 36, 
§ 88), seem to dispute the fact of the geometrical discovery, but only the story 
of the sacrifice. Junge naturally emphasises the apparent uncertainty in the 
statements of Plutarch and Proclus. But, as I read the passages of Plutarch, 
I see nothing in them inconsistent with the supposition that Plutarch un
hesitatingly accepted as discoveries of Pythagoras both the tht-orem of the 
square of the hypotenuse and the problem of the application of an area, and 
the only doubt he felt was as to which of the two discoveries was the more 
appropriate occasion for the supposed sacrifice. There is also other evidence 
not without bearing on the question. T h e theorem is closely connected with 
the whole of the matter of Eucl. Book II., in which one of the most prominent 
features is the use of the gnomon. Now the gnomon was a well-understood 
term with the Pythagoreans (cf. the fragment of Philolaus quoted on p. 141 of 
Boeckh's Philolaos des Pythagoreers Lehren, 1819). Aristotle also {Physics 
in. 4, 203 a 10—15) clearly attributes to the Pythagoreans the placing of odd 
numbers as gnomons round successive squares beginning with 1, thereby 
forming new squares, while in another place (Categ. 14, 15 a 30) the word 
gnomon occurs in the same (obviously familiar) sense: " e.g. a square, when a 
gnomon is placed round it, is increased in size but is not altered in form." 
The inference must therefore be that practically the whole doctrine of Book II. 
is Pythagorean. Again Heron (? 3rd cent, A . D . ) , like Proclus, credits Pythagoras 
with a general rule for forming right-angled triangles with rational whole 
numbers for sides. Lastly, the "summary" of Proclus appears to credit 
Pythagoras with the discovery of the theory, or study, of irrationals (TT)V tiov 
aAdyuiv trpay/iaTtCav). But it is now more or less agreed that the reading here 
should be, not twv dkoymv, but twv dvaXoytav, or rather rwv ava Xdyov (" of 
proportionals"), and that the author intended to attribute to Pythagoras a 
theory of proportion, i.e. the (arithmetical) theory of proportion applicable 
only to commensurable magnitudes, as distinct from the theory of Eucl. 
Book v., which was due to Eudoxus. It is not however disputed that the 
Pythagoreans discovered the irrational (cf. the scholium No. 1 to Book x.). 
Now everything goes to show that this discovery of the irrational was made 
with reference to J2, the ratio of the diagonal of a square to its side. It is 
clear that this presupposes the knowledge that I. 47 is true of an isosceles 
right-angled triangle; and the fact that some triangles of which it had been 
discovered to be true were rational right-angled triangles was doubtless 
what suggested the inquiry whether the ratio between the lengths of the 
diagonal and the side of a square could also be expressed in whole numbers. 
On the whole, therefore, I see no sufficient reason to question the tradition 
that, so far as Greek geometry is concerned (the possible priority of the 
discovery of the same proposition in India will be considered later), Pythagoras 
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was the first to introduce the theorem of i. 47 and to give a general proof 
of it. 

On this assumption, how was Pythagoras led to this discovery? It has 
been suggested and commonly assumed that the Egyptians were aware that a 
triangle with its sides in the ratio 3, 4, 5 was right-angled. Cantor inferred 
this from the fact that this was precisely the triangle with which Pythagoras 
began, if we may accept the testimony of Vitruvius (ix. 2) that Pythagoras 
taught how to make a right angle by means of three lengths measured by the 
numbers 3, 4, 5. If then he took from the Egyptians the triangle 3, 4, 5, he 
presumably learnt its property from them also. Now the Egyptians must 
certainly be credited from a period at least as far back as 2000 B .C . with the 
knowledge that 4 s + 3

2 = 5". Cantor finds proof of this in a fragment of 
papyrus belonging to the time of the 12th Dynasty newly discovered at 
Kahun. In this papyrus we have extractions of square roots : e.g. that of 16 
is 4, that of 1^5- is i j , that of is »§, and the following equations can be 
traced: 

i 3 + (f)2 

8 '+ 6 2 

i 6 a + 12 2 

It will be seen that 4* + 3 s = 5 s can be derived from each of these by 
multiplying, or dividing out, by one and the same factor. We may therefore 
admit that the Egyptians knew that 3* + 4 2 = 52- But there seems to be no 
evidence that they knew that the triangle (3, 4, 5) is right-angled; indeed, 
according to the latest authority (T. Eric Peet, The Rhind Mathematical 
Papyrus, 1923), nothing in Egyptian mathematics suggests that the Egyptians 
were acquainted with this or any special cases of the Pythagorean theorem. 

How then did Pythagoras discover the general theorem ? Observing that 
3, 4, 5 was a right-angled triangle, while 3 ' + 4 2 • 5 2 , he was probably led to 

10' 
••('if 
-- 20a. 

consider whether a similar relation was true of the sides of right-angled 
triangles other than the particular one. The simplest case (geometrically) to 
investigate was that of the isosceles right-angled triangle; and the truth of the 
theorem in this particular case would easily appear from the mere construction 
of a figure. Cantor ( i 3 , p. 185) and Allman (Greek Geometry from Thales to 
Euclid, p. 29) illustrate by a figure in which the squares are drawn outwards, 
as in 1. 47, and divided by diagonals into equal triangles; but I think that the 
truth was morejikely to be /first observed from a figure of the kind suggested 
by Biirk (Das Apastamba-Sulba-Sutra in Zeitschrift der deuts hen morgenldnd. 
Gesellschaft, LV., 1901, p. 557) to explain how the Indians arrived at the 
same thing. The two figures are as shown above. When the geometrical 



consideration of the figure had shown that the isosceles right-angled triangle 
had the property in question, the investigation of the same fact from the 
arithmetical point of view would ultimately lead to the other momentous 
discovery of the irrationality of the length of the diagonal of a square expressed 
in terms of its side. 

The irrational will come up for discussion later; and our next question 
i s : Assuming that Pythagoras had observed the geometrical truth of the 
theorem in the case of the two particular triangles, and doubtless of other 
rational right-angled triangles, how did he establish it generally ? 

There is no positive evidence on this point. T w o possible lines are 
however marked out. (1) Tannery says (La GeomStrie grecque, p. 105) that 
the geometry of Pythagoras was sufficiently advanced to make it possible 
for him to prove the theorem by similar triangles. H e does not say in 
what particular manner similar triangles would be used, but their use must 
apparently have involved the use of proportions, and, in order that the proof 
should be conclusive, of the theory of proportions in its complete form 
applicable to incommensurable as well as commensurable magnitudes. Now 
Eudoxus was the first to make the theory of proportion independent of the 
hypothesis of commensurability; and as, before Eudoxus' time, this had not 
been done, any proof of the general theorem by means of proportions given 
by Pythagoras must at least have been inconclusive. But this does not 
constitute any objection to the supposition that the truth of the general 
theorem may have been discovered in such a manner; on the contrary, the 
supposition that Pythagoras proved it by means of an imperfect theory of 
proportions would better than anything else account for the fact that Euclid 
had to devise an entirely new proof, as Proclus says he did in 1. 47. This 
proof had to be independent of the theory of proportion even in its rigorous 
form, because the plan of the Elements postponed that theory to Books v. 
and vi. , while the Pythagorean theorem was required as early as Book 11. 
On the other hand, if the Pythagorean proof had been based on the doctrine 
of Books 1. and 11. only, it would scarcely have been necessary for Euclid to 
supply a new proof. 

The possible proofs by means of proportion would seem to be practically 
limited to two. 

(a) One method is to prove, from the similarity of the triangles ABC, 
DBA, that the rectangle CB, BD is equal to the 
square on BA, and, from the similarity of the 
triangles ABC, DAC, that the rectangle BC, CD 
is equal to the square on CA; whence the result 
follows by addition. 

It will be observed that this proof is in substance 
identical with that of Euclid, the only difference B D 0 
being that the equality of the two smaller squares 
to the respective rectangles is inferred by the method of Book vi . instead 
of from the relation between the areas of parallelograms and triangles on the 
same base and between the same parallels established in Book 1. It occurred 
to me whether, if Pythagoras' proof had come, even in substance, so near to 
Euclid's, Proclus would have emphasised so much as he does the originality 
of Euclid's, or would have gone so far as to say that he marvelled more at 
that proof than at the original discovery of the theorem. But on the whole 
I see no difficulty; for there can be little doubt that the proof by proportion 
is what suggested to Euclid the method of 1. 47, and the transformation of 
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the method of proportions into one based on Book i. only, effected by a 
construction and proof so extraordinarily ingenious, is a veritable tour de 
force which compels admiration, notwithstanding the ignorant strictures of 
Schopenhauer, who wanted something as obvious as the second figure in 
the case of the isosceles right-angled triangle (p. 352), and accordingly 
(Sammtlichr Werke, 111. § 39 and 1. § 15) calls Euclid's proof " a mouse-trap 
proof" and " a proof walking on stilts, nay, a mean, underhand, proof" ( "Des 
Eukleides stelzbeiniger, ja, hinterlistiger Beweis "). 

(b) T h e other possible method is this. As it would be seen that the 
triangles into which the original triangle is divided by the perpendicular from 
the right angle on the hypotenuse are similar to one another and to the whole 
triangle, while in these three triangles the two sides about the right angle in the 
original triangle, and the hypotenuse of the original triangle, are corresponding 
sides, and that the sum of the two former similar triangles is identically equal 
to the similar triangle on the hypotenuse, it might be inferred that the same 
would also be true of squares described on the corresponding three sides 
respectively, because squares as well as similar triangles are to one another in 
the duplicate ratio of corresponding sides. But the same thing is equally true 
of any similar rectilineal figures, so that this proof would practically establish 
the extended theorem of Eucl. v i . 31 , which theorem, however, Proclus 
appears to regard as being entirely Euclid's discovery. 

On the whole, the most probable supposition seems to me to be that 
Pythagoras used the first method (a) of proof by means of the theory of 
proportion as he knew it, i.e. in the defective form which was in use up to the 
date of Eudoxus. 

(2) I have pointed out the difficulty in the way of the supposition that 
Pythagoras' proof depended upon the principles of Eucl. Books 1. and 11. only. 

Were it not for this difficulty, the conjecture of Bretschneider (p. 82), followed 
by Hankel (p. 98), would be the most tempting hypothesis. According to this 
suggestion, we are to suppose a figure like that of Eucl. 11. 4 in which a, b are 
the sides of the two inner squares respectively, and a + b is the side of the 
complete square. Then f if the two complements, which are equal, are divided 
by their two diagonals into four equal triangles of sides a, b, c, we can place 
these triangles round another square of the same size as the whole square, in the 
manner shown in the second figure, so that the sides a, b of successive triangles 
make up one of the sides of the square and are arranged in cyclic order. It 
readily follows that the remainder of the square when the four triangles are 
deducted is, in the one case, a square whose side is c, and in the other the sum of 
two squares whose sides are a, b respectively. Therefore the.square on c is equal 



to the sum of the squares on a, b. Al l that can be said against this con
jectural proof is that it has no specifically Greek colouring 
but rather recalls the Indian method. Thus Bhaskara 
(bom 1 1 1 4 A . D . ; see Cantor, 1,, p. 656) simply draws 
four right-angled triangles equal to the original one in
wards, one on each side of the square on the hypotenuse, 
and says " see!" , without even adding that inspection 
shows that 

^ = 4 ~ + (a-by = a? + b*. 

Though, for the reason given, there is difficulty in supposing that 
Pythagoras used a general proof of this kind, which applies of course to right-
angled triangles with sides incommensurable as well as commensurable, there 
is no objection, I think, to supposing that the truth of the proposition in the 
case of the first rational right-angled triangles discovered, e.g. 3, 4, 5, was 
proved by a method of this sort. Where the sides are commensurable in this 
way, the squares can be divided up into small (unit) squares, which would 
much facilitate the comparison between them. That this subdivision was in 
fact resorted to in adding and subtracting squares is made probable by 
Aristotle's allusion to odd numbers as gnomons placed round unity to form 
successive squares in Physics III. 4 ; this must mean that the squares were 
represented by dots arranged in the form of a square and a gnomon formed of 
dots put round, or that (if the given square was drawn in the usual way) the 
gnomon was divided up into unit squares. Zeuthen has shown (" Theorime 
de Pylhagore," Origine de la Giomitrie scientifique in Comptes rendus du 
II"" Congris international de Philosophic, Geneve, 1904), how easily the 
proposition could be proved by a method of this kind for the triangle 3, 4, 5. 
T o admit of the two smaller squares being shown side by side, take a square 
on a line containing 7 units of length (4 + 3), and divide it up into 49 
small squares. It would be obvious that the 
whole square could be exhibited as containing £ 

four rectangles of sides 4, 3 cyclically arranged A — 
round the figure with one unit square in the 
middle. (This same figure is given by Cantor, i 3 , 
p. 680. to illustrate the method given in the H 

Chinese " Ch6u-pei".) It would be seen that 
(i) the. whole square (f2) is made up of two 

squares 3 ' and 4 J, and two rectangles 3, 4 ; 
(ii) the same square is made up of the square D 

EFGH and the halves of four of the same rect
angles 3, 4, whence the square EFGH, being equal 
to the sum of the squares 3 s and 4 2, must contain 25 unit squares and its side, 
or the diagonal of one of the rectangles, must contain 5 units of length. 

Or the result might equally be seen by observing that 
(i) the square EFGH on the diagonal of one of the rectangles is made 

up of the halves of four rectangles and the unit square in the middle, while 
(ii) the squares 3 a and 4 2 placed at adjacent corners of the large square 

make up two rectangles 3, 4 with the unit square in the middle. 
The procedure would be equally easy for any rational right-angled triangle, 

and would be a natural method of trying to prove the property when it had 



356 B O O K I [1.47 

once been empirically observed that triangles like 3, 4, 5 did in fact contain a 
right angle. 

Zeuthen has, in the same paper, shown in a most ingenious way how the 
property of the triangle 3, 4, 5 could be verified by a sort of combination of 
the second possible method by similar triangles, 
(V) on p. 354 above, with subdivision of rectangles A 
into similar small rectangles. I give the method on 
account of its interest, although it is no doubt too 
advanced to have been used by those who first 
proved the property of the particular triangle. 

Let ABC be a triangle right-angled at A, and 
such that the lengths of the sides AB, AC axe 4 and 
3 units respectively. 

Draw the perpendicular AD, divide up AB, AC 
into unit lengths, complete the rectangle on BC as 
base and with AD as altitude, and subdivide this rectangle into small 
rectangles by drawing parallels to BC, AD through the points of division of 
AB, AC. 

Now, since the diagonals of the small rectangles are all equal, each being 
of unit length, it follows by similar triangles that the small rectangles are all 
equal. And the rectangle with AB for diagonal contains 16 of the small 
rectangles, while the rectangle with diagonal A C contains 9 of them. 

But the sum of the triangles ABD, ADC is equal to the triangle ABC. 
Hence the rectangle with BC as diagonal contains 9 + 1 6 or 25 of the 

small rectangles; 
and therefore BC = 5. 

Rational right-angled triangles from the arithmetical stand
point. 

Pythagoras investigated the arithmetical problem of finding rational 
numbers which could be made the sides of right-angled triangles, or of finding 
square numbers which are the sum of two squares; and herein we find the 
beginning of the indeterminate analysis which reached so high a stage of 
development in Diophantus. Fortunately Proclus has preserved Pythagoras' 
method of solution in the following passage (pp. 428, 7—429, 8). " Certain 
methods for the discovery of triangles of this kind are handed down, one of 
which they refer to Plato, and another to Pythagoras. [The latter] starts from 
odd numbers. For it makes the odd number the smaller of the sides about 
the right angle; then it takes the square of it, subtracts unity, and makes 
half the difference the greater of the sides about the right angle; lastly it adds 
unity to this and so forms the remaining side, the hypotenuse. For example, 
taking 3, squaring it, and subtracting unity from the 9, the method takes half 
of the 8, namely 4 ; then, adding unity to it again, it makes 5, and a right-
angled triangle has been found with one side 3, another 4 and another 5. But 
the method of Plato argues from even numbers. For it takes the given even 
number and makes it one of the sides about the right angle; then, bisecting 
this number and squaring the half, it adds* unity to the square to form the 
hypotenuse, and subtracts unity from the square to form the other side about 
the right angle. For example, taking 4, the method squares half of this, or 
2, and so makes 4 ; then, subtracting unity; it produces 3, and adding unity 
it produces 5. Thus it has formed the same triangle as that which was 
obtained by the other method." 



The formula of Pythagoras amounts, if m be an odd number, to 

IH* — I tt& + 1 
the sides of the right-angled triangle being m, — - — , . Cantor 
(i3, pp. 185—6), taking up an idea of Roth (Geschichie der abendlandischen 
Philosophic, 11. 527), gives the following as a possible explanation of the way in 
which Pythagoras arrived at his formula. If c2 = a2 + b', it follows that 

ai = c,-b2 = (c + b){c-b). 

Numbers can be found satisfying the first equation if (1) c+ b and c — b are 
either both even or both odd, and if further (2) c + b and c-b are such 
numbers as, when multiplied together, produce a square number. The first 
condition is necessary because, in order that c and b may both be whole 
numbers, the sum and difference of c + b and c-b must both be even. The 
second condition is satisfied if c + b and c - b are what were called similar 
numbers (o/totot aptO/ioi); and that such numbers were most probably known 
in the time before Plato may be inferred from their appearing in Theon of 
Smyrna (Expositio rerum mathematicarum ad legendum Platonem utilium, ed. 
Hiller, p. 36, 12), who says that similar plane numbers are, first, all square 
numbers and, secondly, such oblong numbers as have the sides which contain 
them proportional. Thus 6 is an oblong number with length 3 and breadth 2 ; 
24 is another with length 6 and breadth 4. Since therefore 6 is to 3 as 4 is 
to 2, the numbers 6 and 24 are similar. 

Now the simplest case of two similar numbers is that of 1 and a", and, 
since 1 is odd, the condition (1) requires that a2, and therefore a, is also odd. 
That is, we may take 1 and (2» + i ) a and equate them respectively to c-b and 
c+b, whence we have 

t J 2 n + if-i 
2 

(2« + i )*- I 
2 + I > 

while a — zn + 1* 

A s Cantor remarks, the form in which c and b appear correspond sufficiently 
closely to the description in the text of Proclus. 

Another obvious possibility would be, instead of equating c-b to unity, to 
put c-b = 2 , in which case the similar number c+b must be equated to 
double of some square, i.e. to a number of the form 2n', or to the half of an 

(2«y 
even square number, say . This would give 

a = 2n, 
b = n*-i, 
c = n' + 1, 

which is Plato's solution, as given by Proclus. 
The two solutions supplement each other. It is interesting to observe that 

the method suggested by Roth and Cantor is very like that of Eucl. x . 
(Lemma 1 following Prop. 28). We shall come to this later, but it may be 
mentioned here that the problem is to find two square numbers such that their 
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sum is also a square. Euclid there uses the property of ii. 6 to the effect that, 
if AB is bisected at C and produced to D, 

AD.DB + BC' = CD*. 
We may write this uv = — 
where u = c+b, v = c-b. 
In order that uv may be a square, Euclid points out that u and v must be 
similar numbers, and further that u and v must be either both odd or both 
even in order that b may be a whole number. We may then put for the 
similar numbers, say, a/32 and ay', whence (if af&, ay' are either both odd or 
both even) we obtain the solution 

But I think a serious, and even fatal, objection to the conjecture of Cantor 
and Roth is the very fact that the method enables both the Pythagorean and 
the Platonic series of triangles to be deduced with equal ease. If this had 
been the case with the method used by Pythagoras, it would not, I think, have 
been left to Plato to discover the second series of such triangles. It seems to 
me therefore that Pythagoras must have used some method which would 
produce his rule only; and further it would be some less recondite method, 
suggested by direct observation rather than by argument from general 
principles. 

One solution satisfying these conditions is that of Bretschneider (p. 83), 
who suggests the following simple method. Pythagoras was certainly aware 
that the successive odd numbers are gnomons, or the differences between 
successive square numbers. It was then a simple matter to write down in 
three rows (a) the natural numbers, (b) their squares, (c) the successive odd 
numbers constituting the differences between the successive squares in (b), thus: 

1 2 3 4 5 6 7 8 9 10 11 12 13 14 
1 4 9 16 25 36 49 64 81 100 121 144 169 196 

1 3 5 7 9 1 1 ' 3 ' 5 "7 19 2 1 2 3 2 5 2 7 
Pythagoras had then only to pick out the numbers in the third row which are 
squares, and his rule would be obtained by finding the formula connecting the 
square in the third line with the two adjacent squares in the second line. But 
even this would require some little argument; and I think a still better 
suggestion, because making pure observation play a greater part, is that of 
P. Treutlein (Zeitschrift fur Mathematik und Physik, x x v m . , 1883, Hist.-litt. 
Abtheilung, pp. 209 sqq.). 

We have the best evidence (e.g. in Theon of Smyrna) of the practice of 
representing square numbers and other figured numbers, e.g. oblong, triangular, 
hexagonal, by dots or signs arranged in the shape of the particular figure. 
(Cf. Aristotle, Metaph. 1092 b 12). Thus, says Treutlein, it would be easily 
seen that any square number can be turned into the next higher square 
by putting a single row of dots round two adjacent sides, in the form of a 
gnomon (see figures on next page). 

If a is the side of a particular square, the gnomon round it is shown by 
simple inspection to contain 2a + 1 dots or units. Now, in order that 2a + 1 
may itself be a square, let us suppose 

ia + 1 = ns, 
whence « = £ ( « 2 - i ) , 

and a+ 1 = £(«"+ 1). 
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In order that a and a + i may be integral, « must be odd, and we have at 
once the Pythagorean formula 

I think Treutlein's hypothesis is shown to be the correct one by the passage 
in Aristotle's Physics already quoted, where the reference is undoubtedly to the 
Pythagoreans, and odd numbers are clearly identified with gnomons " placed 
round i ." But the ancient commentaries on the passage make the matter 
clearer still. Philoponus says: " A s a proof... the Pythagoreans refer to what 

12 

J ' 

happens with the addition of numbers; for when the odd numbers are 
successively added to a square number they keep it square and equilateral.... 
Odd numbers are accordingly called gnomons because, when added to what are 
already squares, they preserve the square form....Alexander has excellently 
said in explanation that the phrase ' when gnomons are placed round' means 
making a figure with the odd numbers (TT/V xara TOW ir«piTToi>s doitf/nous 
trxinuiToypoApiav)...for it is the practice with the Pythagoreans to represent 
things in figures (a\y]iuiToypa<pfiv).n 

The next question i s : assuming this explanation of the Pythagorean 
formula, what are we to say of the origin of Plato's ? It could of course be 
obtained as a particular case of the general formula of Eucl. x. already 
referred to; but there are two simple alternative explanations in this case also, 
( i ) Bretschneider observes that, to obtain Plato's formula, we have only to 
double the sides of the squares in the Pythagorean formula, 
for (2«)» + ( « • - ! ) • = («• + if, 
where however n is not necessarily odd. 

(2) Treutlein would explain by means of an extension of the gnomon idea. 
As, he says, the Pythagorean formula was obtained by placing a gnomon 
consisting of a single row of dots round two adjacent sides of a square, it 
would be natural to try whether another solution could not 
be found by placing round the square a gnomon consisting of 
a double row of dots. Such a gnomon would equally turn the I \ 
square into a larger square; and the question would be . . . . . 
whether the double-row gnomon itself could be a square. If • • ! . . . 
the side of the original square was a, it would easily be seen 
that the number of units in the double-row gnomon would be 4« + 4, and we 
have only to put 

4<r + 4 = 4/;", 



whence a = n*-i, 
a + 2 = n* + i, 

and we have the Platonic formula 
(2*)" + (»• - if = 

I think this is, in substance, the right explanation, but, in form, not quite 
correct. The Greeks would not, I think, have 
treated the double row as a gnomon. Their com
parison would have been between ( i ) a certain 
square plus a single-row gnomon and (2) the same 
square minus a single-row gnomon. As the • • • • • • • • • • 
application of Eucl. II. 4 to the case where the • • • ' • » » • • • • » 
segments of the side of the square are a, 1 enables 
the Pythagorean formula to be obtained as 
Treutlein obtains it, so I think that Eucl. II. 8 * * * * * * * -̂ 1 * * 
confirms the idea that the Platonic formula was . . . . . . . . J . 
obtained by comparing a square plus a gnomon 
with the same square minus a gnomon. For 11. 8 proves that 

40b + (a- b)* = (a + b)'t 

whence, substituting 1 for b, we have 
4a + (a — 1)* = (a + 1)', 

and we have only to put a = n3 to obtain Plato's formula. 

T h e "theorem of Pythagoras" in India. 

This question has been discussed anew in the last few years as_the result 
of the publication of two important papers by Albert Biirk on Das Apastamba-
Sulba-Sutra in the Zeitschrift der deutschen morgenldndischen Gesellschaft 
(in., 1901, pp. 543—591, and L V I . , 1902, pp. 327—391). The first of 
the two papers contains the introduction and the text, the second the 
translation with notes. A selection of the most important parts of the 
material was made and issued by G. Thibaut in the Journal of the Asiatic 
Society of Bengal, xi.iv., 1875, Part 1. (reprinted also at Calcutta, 1875, 
as The Sulvasutras, by G. Thibaut). Thibaut in this work gave a most 
valuable comparison of extracts from the three Sulvasutras by Baudhayana, 
Apastamba and Katyayana respectively, with a running commentary and an 
estimate of the date and originality of the geometry of the Indians. Biirk 
has however done good service by making the Apastamba-S.-S. accessible in 
its entirety and investigating the whole subject afresh. With the natural 
enthusiasm of an editor for the work he is editing, he roundly maintains, not 
only that the Pythagorean theorem was known and proved in all its generality 
by the Indians long before the date of Pythagoras (about 580—500 B . C ) , but 
that they had also discovered the irrational; and further that, so far from 
Indian geometry being indebted to the Greek, the much-travelled Pythagoras 
probably obtained his theory from India (loc. tit. L V . , p. 575 note). Three impor
tant notices and criticisms of Biirk's work have followed, by H . G. Zeuthen 
(" Thiorime de Pythagore," Origine de la Geometric scientifique, 1904, already 
quoted), by Moritz Cantor ( Vber die alteste indische Mathematik in the Archiv 
der Mathematik und Physik, vni . , 1905, pp. 63—72) and by Heinrich Vogt 
(Haben die alten Inder den Pythagoreischen Lehrsatz und das Irrationale 
gekanntl in the Bibliotheca Mathematica, v n „ 1906, pp. 6—23. See also 
Cantor's Geschichte der Mathematik, i„ pp. 635—645. 
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The general effect of the criticisms is, I think, to show the necessity for 
the greatest caution, to say the least, in accepting Biirk's conclusions. 

I proceed to give a short summary of the portions of the contents of the 
Apastamba-S.-S. which are important in the present connexion. It may be 
premised that the general object of the book is to show how to construct 
altars of certain shapes, and to vary the dimensions of altars without altering 
the form. It is a collection of rules for carrying out certain constructions. 
There are no proofs, the nearest approach to a proof being in the rule for 
obtaining the area of an isosceles trapezium, which is done by drawing a 
perpendicular from one extremity of the smaller of the two parallel sides to 
the greater, and then taking away the triangle so cut off and placing it, the 
other side up, adjacent to the other equal side Of the trapezium, thereby 
transforming the trapezium into a rectangle. It should also be observed that 
Apastamba does not speak of right-angled triangles, but of two adjacent sides 
and the diagonal of a rectangle. For brevity, I shall use the expression 
" rational rectangle " to denote a rectangle the two sides and the diagonal of 
which can be expressed in terms of rational numbers. T h e references in 
brackets are to the chapters and numbers of Apastamba's work. 

(1) Constructions of right angles by means of cords of the following 
relative lengths respectively: 

5 (i- 3. v. 3) 
(v. 3) 
( v - 3 ) 

12, 13 (v. 4) 
36, 39 (I. *, V. 2, 4) 

8, 15. 17 (v. 5) 
' 2 . 3 5 . 3 7 (v. 5) 

(2) A general enunciation of the Pythagorean theorem thus: " T h e 
diagonal of a rectangle produces [i.e. the square on the diagonal is equal to] 
the sum of what the longer and shorter sides separately produce [i.e. the 
squares on the two sides J" (1. 4) 

(3) The application of the Pythagorean theorem to a square instead of a 
rectangle [i.e. to an isosceles right-angled triangle]: " T h e diagonal of a square 
produces an area double [of the original square]/ ' (1. 5) 

(4) A n approximation to the value of J2; the diagonal of a square is 

(1 +- + — — ) times the side. (i. 6) 
\ 3 3 -4 3 - 4 - 3 4 / v ' 

(5) Application of this approximate value to the construction of a square 
with side of any length. (11. 1) 

(6) The construction of a J3, by means of the Pythagorean theorem, as 
the diagonal of a rectangle with sides a and a J 2 . (11. 3) 

(7) Remarks equivalent to the following : 
(a) a V J is the side of J {a J3)', or a > / J = J a ^ 3 . ( i i 3) 
{/>) A square on length of 1 unit gives t unit square (111. 4) 

„ „ 2 units gives 4 unit squares (m. 6) 
.. .. 3 . , 9 .. ( '"• 6) 

4 „ 2\ „ (HI. 8) 

I 3. 4, 5 
<I2, l6 , 20 

" 5 . «°. 25 
{ 5 . 
I15. 
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A square.on length of 2 i units gives 6} unit squares (in. 8) 
„ „ i unit gives 1 unit square (in. I O ) 

i » T >, ( » • • I 0 ) 

(f) Generally, the square on any length contains as many rows (of 
small, unit, squares) as the length contains units. (m. 7) 

(8) Constructions, by means of the Pythagorean theorem, of 
(a) the sum of two squares as one square, (if. 4) 
(b) the difference of two squares as one square. (11. 5) 

(9) A transformation of a rectangle into a square. (11. 7) 
[This is not directly done as by Euclid in II. 14, but the rectangle is first 

transformed into a gnomon, i.e. into the difference 
between two squares, which difference is then trans- „ „ 
formed into one square by the preceding rule. If 
ABCD be the given rectangle of which BC is the 
longer side, cut off the square A BEE, bisect the 
rectangle DE left over by HG parallel to EE, move 
the upper half DG and place it on AF as base in the 
position AK. Then the rectangle ABCD is equal to 
the gnomon which is the difference between the square 
LB and the square LF. In other words, Apastamba 
transforms the rectangle ab into the difference between 

the squares a r>d (~^~) J 

(10) An attempt at a transformation of a square (a') into a rectangle 
which shall have one side of given length (/>). (m. 1) 

[This shows no sign of such a procedure as that of Eucl. 1. 44, and indeed 
does no more than say that we must subtract ab from a' and then adapt the 
remainder a2-ab so that it may "fi t o n " to the rectangle ab. The problem 
is therefore only reduced to another of the same kind, and presumably it was 
only solved arithmetically in the case where a, b are given numerically. The 
Indian was therefore far from the general, geometrical, solution.] 

(11 ) Increase of a given square into a larger square. (111. 9) 
[This amounts to saying that you must add two rectangles (a, b) and 

another square (b*) in order to transform a square a* into a square (a + b)\ 
The formula is therefore that of Eucl. 11. 4, a' + 217* + b' = (a + i j ' . l 

T h e first important question in relation to the above is that of date. 
Biirk assigns to the Apastamba-Sulba-Sutra a date at least as early as the 5th 
or 4th century B . C . H e observes however (what is likely enough) that the 
matter of it must have been much older than the book itself. Further, as 
regards one of the constructions for right angles, that by means of cords of 
lengths 15 , 36, 39, he shows that it was known at the time of the Taittirlya-
Samhita and the Satapatha-Brahmana, still older works belonging to the 
8th century B .C. at latest. It may be that (as Biirk maintains) the discovery 
that triangles with sides (a, b, c) in rational numbers such that a' + V = <? are 
right-angled was nowhere made so early as in India. We find however in two 
ancient Chinese treatises (1 ) a statement that the diagonal of the rectangle 
(3, 4) is 5 and (2) a rule for finding the hypotenuse of a " right triangle " from 
the sides, while tradition connects both works with the name of Chou K u n g 



who died 1105 B . C (D. E. Smith, History of Mathematics, 1. pp. 30—33, it. 
p. 288). 

As regards the various " rational rectangles " used by Apastamba, it is to 
be observed that two of the seven, viz. 8, 15, 17 and 12, 35, 37, do not belong 
to the Pythagorean series, the others consist of two which belong to it, viz. 3, 
4, 5 and 5, 12, 13, and multiples of these. It is true, as remarked by 
Zeuthen (of. tit. p. 842), that the rules of n. 7 and m . 9, numbered (9) and 
(11) above respectively, would furnish the means of finding any number of 
"rational rectangles." But it would not appear that the Indians had been 
able to formulate any general rule; otherwise their list of such rectangles 
would hardly have been so meagre. Apastamba mentions seven only, really 
reducible to four (though one other, 7, 24, 25, appears in the Baudhayana-
&.-S., supposed to be older than Apastamba). These are all that Apastamba 
knew of, for he adds (v. 6): " S o many recognisable (erkennbare) constructions 
are there," implying that he knew of no other "rational rectangles" that could 
be employed. But the words also imply that the theorem of the square on 
the diagonal is also true of other rectangles not of the " recognisable " kind, 
i.e. rectangles in which the sides and the diagonal are not in the ratio of 
integers; this is indeed implied by the constructions for J 2, ^ 3 etc. up to J6 
(cf. 11. 2, VIII . s). This is all that can be said. The theorem is, it is true, 
enunciated as a general proposition, but there is no sign of anything like a 
general proof; there is nothing to show thai the assumption of its universal 
truth was founded on anything better than an imperfect induction from a 
certain number of cases, discovered empirically, of triangles with side's in the 
ratio of whole numbers in which the property (1) that the square on the 
longest side is equal to the sum of the squares on the other two sides was 
found to be always accompanied by the property (2) that the latter two sides 
include a right angle. 

It remains to consider Biirk's claim that the Indians had discovered the 
irrational. This is based upon the approximate value of ^ 2 given by 
Apastamba in his rule 1. 6 numbered (4) above. There is nothing to show 
how this was arrived at, but Thibaut's suggestion certainly seems the best and 
tnost natural. The Indians may have observed that 1 7 * = 289 is nearly 
double of 12* = 144. If so, the next question which would naturally occur to 
them would be, by how much the side 17 must be diminished in order that 
the square on it may be 288 exactly. If, in accordance with the Indian 
fashion, a gnomon with unit area were to be subtracted from a square with 
17 as side, this would approximately be secured by giving the gnomon the 
breadth ^j, for 2 x 1 7 x ^ = 1 . The side of the smaller square thus arrived 
at would be 1 7 - ^ = 1 2 + 4 + 1 - ^ , whence, dividing out by 12, we have 

But it is a far cry from this calculation of an approximate value to the 
discovery of the irrational. First, we ask, is there any sign that this value 
was known to be inexact? It comes directly after the statement (1. 6) that 
the square on the diagonal of a square is double of that square, and the rule is 
quite boldly stated without any qualification : " lengthen the unit by one-third 
and the latter by one-quarter of itself less one-thirty-fourth of this part." 
Further, the approximate value is actually used for the purpose of constructing 
a square when the side is given (11. 1). So familiar was the formula that it 
was apparently made the basis of a sub-division of measures of length. 

, approximately. 



Thibaut observes (Journal of the Asiatic Society of Bengal, X L I X . , p. 241) that, 
according to Baudhayana, the unit of length was divided into 12 fingerbrcadths, 
and that one of two divisions of the fingefbreadth was into 34 sesame-corns, and 
he adds that he has no doubt that this division, which he has not elsewhere 
met, owes its origin to the formula for J2. The result of using this sub
division would be that, in a square with side equal to 12 fingerbrcadths, the 
diagonal would be 17 fingerbrcadths less 1 sesame-corn. Is it conceivable that 
a sub-division of a measure of length would be based on an evaluation known 
to be inexact? N o doubt the first discoverer would be aware that the area of 
a gnomon with breadth S ' T and outer side 17 is not exactly equal to 1 but less 
than it by the square of or by TTVO -, a n < * therefore that, in taking that 
gnomon as the proper area to be subtracted from 17' , he was leaving out of 
account the small fraction T x y * - ; as, however, the object of the whole 
proceeding was purely practical, he would, without hesitation, ignore this as 
being of no practical importance, and, thereafter, the formula would be 
handed down and taken as a matter of course without arousing suspicion as 
to its accuracy. This supposition is confirmed by reference to the sort of 
rules which the Indians allowed themselves to regard as accurate. Thus 
Apastamba himself gives a construction for a circle equal in area to a given 
square, which is equivalent to taking IT = 309, and yet observes that it gives the 
required circle " exactly " ( in. 2), while his construction of a square equal to 
a circle, which he equally calls "exact ," makes the side of the square equal 
to x^ths of the diameter of the circle (i l l . 3), and is equivalent to taking 
w = 3-004. But, even if some who used the approximation for ^ 2 were 
conscious that it was not quite accurate (of which there is no evidence), there 
is an immeasurable difference between arrival at this consciousness and the 
discovery of the irrational. As Vogt says, three stages had to be passed 
through before the irrationality of the diagonal of a square was discovered in 
any real sense. (1) Al l values found by direct measurement or calculations 
based thereon have to be recognised as being inaccurate. Next (2) must 
supervene the conviction that it is impossible to arrive at an accurate arithmetical 
expression of the value. A n d lastly (3) the impossibility must be proved. 
Now there is no real evidence that the Indians, at the date in question, had 
even reached the first stage, still less the second or third. 

The net results then of Biirk's papers and of the criticisms to which they 
have given rise appear to be these. (1) It must be admitted that Indian 
geometry had reached the stage at which we find it in Apastamba quite 
independently of Greek influence. But (2) the old Indian geometry was 
purely empirical and practical, far removed from abstractions such as the 
irrational. The Indians had indeed, by-trial in particular cases, persuaded 
themselves of the truth of the Pythagorean theorem and enunciated it in all 
its generality; but they had not established it by scientific proof. 

Alternative proofs. 

I. The well-known proof of 1. 47 obtained by putting two squares side 
by side, with their bases continuous, and cutting off right-angled triangles 
which can then be put on again in different positions, is attributed by 
an-Nairizi to Thabit b. Qurra (826—901 A . D . ) . 

His actual construction proceeds thus. 
Let ABC be the given triangle right-angled at A. 
Construct on AB the square AD; 

produce ACto Fso that EF may be equal to AC. 
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Construct on EE the square EG, and produce DH to K so that DK 
may be equal to AC. 

It is then proved that, in the triangles 
BAC, CFG, KHG, BDK, 
the sides BA, CF, KH, BD are all equal, 
and 
the sides AC, FG, HG, DKare all equal. 

The angles included by the equal sides 
are all right angles; hence the four triangles 
are equal in all respects. [i. 4] 

Hence BC, CG, GK, KB are all equal. 
Further the angles DBK, ABC are equal; 

hence, if we add to each the angle DBC, 
the angle KBC is equal to the angle ABD 
and is therefore a right angle. 

In the same way the angle CGK is right; 
therefore BCGK is a square, i.e. the square on BC. 

Now the sum of the quadrilateral GCLH and the triangle LDB together 
with two of the equal triangles make the squares on AB, AC, and together 
with the other two make the square on BC. 

Therefore etc. 
II . Another proof is easily arrived at by taking the particular case of 

Pappus' more general proposition given below in which the given triangle 
is right-angled and the parallelograms on the sides containing the right angles 
are squares. If the figure is drawn, it will be seen that, with no more than 
one additional line inserted, it contains Thabit 's figure, so that Thabit's proof 
may have been practically derived from that of Pappus. 

III . The most interesting of the remaining proofs seems to be that 
shown in the accompanying figure. 
It is given by J. W. Miiller, Systema- K I. 
tischt Zusammenstellung der wichtigsten 
Usher bekanntcn Btweise des Pythag. 
Lehrsatzes (Nurnberg, 1819), and in 
the second edition (Mainz, 1821) of 
Ign. Hoffmann, Der Pythag. Lehr-
satz mit 32 theils bekannten theils 
neuen Beweisen [3 more in second 
edition]. It appears to come from 
one of the scientific papers of Leon
ardo da Vinci (1452—1519) . 

The triangle HKL is constructed 
on the base KH with the side KL 
equal to BC and the side LH equal 
to AB. 

Then the triangle HLK is equal in all respects to the triangle ABC, 
and to the triangle EBF. 

Now DB, BG, which bisect the angles ABE, CBF respectively, are 
in a straight line. Join BL. 

It is easily proved that the four quadrilaterals ADGC, EDGE, ABLK, 
HLBC are all equal. 

B 



Hence the hexagons ADEFGC, ABCHLKzxe equal. 
Subtracting from the former the two triangles ABC, EBF, and from the 

latter the two equal triangles ABC, HLK, we prove that 
the square CK is equal to the sum of the squares AE, CF. 

Pappus' extension of I . 47. 

In this elegant extension the triangle may be any triangle (not necessarily 
right-angled), and any parallelograms take the place of squares on two Of the 
sides. 

Pappus (iv. p. 177) enunciates the theorem as follows: 
If A B C be a triangle, and any parallelograms whatever A B E D , B C F G 

be described on A B , B C , and if DE, F G be 
produced to H , and H B be joined, the 
parallelograms A B E D , B C F G are equal 
to the parallelogram contained by A C , 
H B in an angle which is equal to the 
sum of the angles B A C , D H B . 

Produce HB to K; through A, C 
draw AL. CM parallel to HK, and join 
LM. 

Then, since ALHB is a parallelo- D 
gram, AL, HB are equal and parallel. 
Similarly MC, HB are equal and parallel. 

Therefore AL, MC are equal and A K C 
parallel; 
whence LM, A C are also equal and parallel, 

and ALMC is a parallelogram. 
Further, the angle LAC oi this parallelogram is equal to the sum of the 

angles BAC, DHB, since the angle DHB is equal to the angle LAB. 
Now, since the parallelogram DABE is equal to the parallelogram LABH 

(for they are on the same base AB and in the same parallels AB, DH), 
and likewise LABH is equal to LAKN (for they are on the same base LA 
and in the same parallels LA, HK), 

the parallelogram DABE is equal to the parallelogram LAKN. 
For the same reason, 

the parallelogram BGFC is equal to the parallelogram NKCM. 
Therefore the sum of the parallelograms DABE, BGFC is equal to the 

parallelogram LA CM, that is, to the parallelogram which is contained by A C, 
HB in an angle LAC which is equal to the sum of the angles BAC, BHD. 

" A n d this is far more general than what is proved in the Elements about 
squares in the case of right-angled (triangles)." 

Heron's proof that A L , B K , C F in Euclid's figure meet in 
a point. 

T h e final words of Proclus' note on I. 47 (p. 429, 9—15) are historically 
interesting. He says: "The demonstration by the writer of the Elements being 
clear, I consider that it is unnecessary to add anything further, and that we may 
be satisfied with what has been written, since, in fact those who have added 
anything more, like Pappus and Heron, were obliged to draw upon what is 
proved in the sixth Book, for no really useful object." These words cannot 



of course refer to the extension of 1. 47 given by Pappus; but the key to 
them, so far as Heron is concerned, is to be found in the commentary of 
an-Nairizi (pp. 175—185, ed. Besthorn-Heiberg; pp. 78—84, ed. Curtze) on 
1. 47, wherein he gives Heron's proof that the lines AL, EC, BK in Euclid's 
figure meet in a point. Heron proved this by means of three lemmas which 
would most naturally be proved from the principle of similitude as laid down 
in Book Vi., but which Heron, as a tour de force, proved on the principles of 
Book 1. only. The first lemma is to the following effect. 

If, in a triangle A B C , D E be drawn parallel to the base B C , and if A F be 
drawn from the vertex A to the middle point F of B C , then A F will also 
bisect D E . 

This is proved by drawing HK through A parallel Q' 
to DE or BC, and HDL, KEM through D, E re- V " T " / ° 
spectively parallel to A GF, and lastly joining DE, EF. \ ,' 

Then the triangles ABE, AFC are equal (being 
on equal bases), and the triangles DBF, EEC are also 
equal (being on equal bases and between the same 
parallels). 

Therefore, by subtraction, the triangles ADE, AEF B L M~~C 
are equal, and hence the parallelograms AL, AM are 
equal 

These parallelograms are between the same parallels LM, HK; therefore 
LF, EM are equal, whence DG, GE are also equal. 

The second lemma is an extension of this to the case where DE meets 
BA, CA produced beyond A. 

The third lemma proves the converse of Euclid 1. 43, that, If a paral
lelogram A B is cut into four others A D G E , D F , F G C B , C E , so that DF , 
C E are equal, the common vertex G will be on the diagonal A B . 

Heron produces A G till it meets CF in H. Then, if we join HB, we 
have to prove that AHB is one straight line. T h e 
proof is as follows. Since the areas DF, EC are 
equal, the triangles DGE, ECG are equal. 

If we add to each the triangle GCF, 
the triangles ECF, DCF are equal ; 

therefore ED, CF are parallel. 
Now it follows from 1. 34, 29 and 26 that the 

triangles AKE, GKD are equal in all respects; 
therefore EK is equal to KD. 

Hence, by the second lemma, 
CH is equal to HE. 

Therefore, in the triangles FHB, CHG, 
the two sides BF, EH are equal to the two sides GC, CH, 

and the angle BFH is equal to the angle GCH; 
hence the triangles are equal in all respects, 
and the angle BHF is equal to the angle GHC. 

Adding to each the angle GHF, we find that the angles BHF, FHG are 
equal to the angles CHG, GHF, 

and therefore to two right angles. 
Therefore AHB is a straight line. 



Heron now proceeds to prove the proposition that, in the accompanying 
figure, if AKL perpendicular to BC meet 
. E C in M, and if BM, MG be joined, 

BM, MG are in one straight line. 
Parallelograms are completed as shown 

in the figure, and the diagonals OA, FH 
of the parallelogram FH are drawn. 

Then the triangles FAH, BAC are 
clearly equal in all respects; 

therefore the angle HFA is equal to 
the angle ABC, and therefore to the angle 
CAK (since AK \s perpendicular to BC). 

But, the diagonals of the rectangle 
FH cutting one another in Y, 

FY is equal to YA, 
and the angle HFA is equal to the 

angle OAF. 
Therefore the angles OAF, CAK are D L 

equal, and accordingly 
OA, AK are in a straight line. 

Hence OM is the diagonal of SQ; 
therefore AS is equal to AQ, 

and, if we add AM to each, 
FM is equal to MH. 

But, since EC" is the diagonal of the parallelogram FN, 
FM is equal to MN. 

Therefore MH is equal to MN; 
and, by the third lemma, BM, MG are in a straight line. 

PROPOSITION 48. 

If in a triangle the square on one of the sides be equal to 
the squares on the remaining two sides of the triangle, the 
angle contained by the remaining two sides of the triangle is 
right. 

For in the triangle ABC let the square on one side BC 
be equal to the squares on the sides BA, AC; 

I say that the angle BA C is right. 

For let AD be drawn from the point A at 
right angles to the straight line AC, let AD 
be made equal to BA, and let DC be joined. 

Since DA is equal to AB, 
the square on DA is also equal to the square 
on AB. 

Let the square on A C be added to each ; 
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therefore the squares on DA, AC are equal to the squares 
on BA, AC. 

But the square on DC is equal to the squares on DA, 
AC, for the angle DAC is right; [1. 47] 
and the square on BC is equal to the squares on BA, AC, for 
this is the hypothesis ; 

therefore the square on DC is equal to the square on BC, 

so that the side DC is also equal to BC. 

And, since DA is equal to AB, 

and AC is common, 
the two sides DA, AC are equal to the two sides BA, 

AC; 
and the base DC is equal to the base BC; 

therefore the angle DAC is equal to the angle BAC. [1. 8] 

But the angle DAC is right; 

therefore the angle BAC is also right. 

Therefore etc. Q. E. D 

Proclus' note (p. 430) on this proposition, though it does not mention 
Heron's name, gives an alternative proof, which is the same as that definitely 
attributed by an-Nairizi to Heron, the only difference being that Proclus 
demonstrates two cases in full, while Heron dismisses the second with a 
"similarly." The alternative proof is another instance of the use of I. 7 as a 
means of answering objections. If, says Proclus, it be not admitted that the 
perpendicular AD may be drawn on the opposite side of A C from B, we may 
draw it on the same side as AB, in which case it is impossible that it should 
not coincide with AB. Proclus takes two cases, 
first supposing that the perpendicular falls, as AD, 
within the angle CAB, and secondly that it falls, 
as AE, outside that angle. In either case the 
absurdity results that, on the same straight line A C 
and on the same side of it, AD, DC must be re
spectively equal to AB, BC, which contradicts 1. 7. 

Much to the same effect is the note of De Morgan lhat there is here " an 
appearance of avoiding indirect demonstration by drawing the triangles on 
different sides of the base and appealing to 1. 8, because drawing them on the 
same side would make the appeal to 1. 7 (on which, however, 1. 8 is founded)." 



B O O K I I . 

D E F I N I T I O N S . 

1. Any rectangular parallelogram is said to be c o n t a i n e d 
by the two straight lines containing the right angle. 

2. And in any parallelogrammic area let any one whatever 
of the parallelograms about its diameter with the two comple
ments be called a g n o m o n . 

DEFINITION I. 

Tlav '7rapaXKrj\6ypappov opOoytoviov ir€pi€)(trrOai Xc-ycTat virb 81/0 r w rqv 
opOrjv ywviav irepi€\ov(TiZv tvOtuJUr. 

A s the full expression in Greek for " the angle BAC" is " t he angle 
contained by the (straight lines) BA, AC," TJ virb rdiv BA, A r irtpu^opivr) 
yiun'a, so the full expression for " the rectangle contained by BA, AC" 
is TO virb TIBV BA, AF irepit^optvov bpOoyiiviov. In this case too BA, A r is 
commonly abbreviated by the Greek geometers into B A I \ Thus in Archi
medes and Apollonius TO virb B A T or TO virb rwv B A r means the rectangle 
BA, A C, just as y vird B A r means the angle BA C; the gender of the article 
shows which is meant in each case. In the early Books Euclid uses the full 
expression TO virb TWV BA, A r ; but the shorter form TO virb T W B A r is found 
from Book x . onwards. Cf. x n . I t , where TO (rp^pLara) cVi rwr ©OE, E n z , 
ZPH, H2® means the segments on the eight straight lines ©O, OE, E n , HZ, 
ZP, PH, HS , 2®. 

DEFINITION 2. 

IlavTos 8c TrapaXXyjXoypdppov \<opCov T(Sr irtpl rrjy Sidp-trpov avrov irapaXXr/-
Koypdppmv i v oiroiofovv <rvv TOIS oWt irapairXi;p<u/xao-i yv<op.a>v KaXtUrBm. 

Meaning literally a thing enabling something to be known, observed or 
verified, a teller or marker, as we might say, the word gnomon (yvtip.mv) was 
first used in the sense (1) in which it appears in a passage of Herodotus (11. 109) 
stating that " the Greeks learnt the wokoi, the gnomon and the twelve parts of 
the day from the Babylonians." According to Suidas, it was Anaximander 
(611—545 B.c.) who introduced the gnomon into Greece. Whatever may be 
the details of the construction of the two instruments called the 7ro'Xos and 
the gnomon, so much is certain, that the gnomon had to do with the 
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measurement of time by shadows thrown by the sun, and that the word 
signified the placing of a staff perpendicular to the horizon. This is borne 
out by the statement of Proclus that Oenopides of Chios, who first investigated 
the problem (Eucl. 1. 12) of drawing a perpendicular from an external point 
to a given straight line, called the perpendicular a straight line drawn 
"gnomon-wise" (KOTO yviipova). Then (2) we find the 
term used of a mechanical instrument for drawing right 1 
angles, as shown in the figure annexed. This seems to be 
the meaning in Theognis 805, where it is said that the 
envoy sent to consult the oracle at Delphi should be 
" straighter (Wvrtpoi) than the ropvos, the trraBp.i\ and the 1 

gnomon," and all three words evidently denote appliances, 
the Topvos being an instrument for drawing a circle 
(probably a string stretched between a fixed and a moving point), and the 
trradp-q a plumb-line. Next (3) it was natural that the gnomon, owing to its 
shape, should become the figure which remained of a square when a smaller 
square was cut out of one corner (or the figure, as Aristotle says, which when 
added to a square increases its size but does not alter its form). We have 
seen (note on 1. 47, p. 351) that the Pythagoreans used the term in this sense, and 
further applied it, by analogy, to the series of odd numbers as having the same 
property in relation to square numbers. The earliest evidence for this is the 
fragment of Philolaus (c. 460 B.C .) already mentioned (see Boeckh, Philolaos 
des Pythagoreers Lehren, p. 141) where he says that " number makes all things 
knowable and mutually agreeing (iroroyopo OAAOXOK) in the way characteristic of 
the gnomon " (KOTO yvwpmnn <piW). As Boeckh says (p. 144), it would appear 
from the fragment that the connexion between the gnomon and the square to 
which it is added was regarded as symbolical of union and agreement, and that 
Philolaus used the idea to explain the knowledge of things, making the 
knowing embrace and grasp the known as the gnomon does the square. Cf. 
Scholium n. No. 11 (Euclid, ed. Heiberg, Vol . v. p. 2*5), which says " I t is 
to be noted that the gnomon was discovered by geometers with a view to 
brevity, while the name came from its incidental property, namely that from 
it the whole is known, whether of the whole area or of the remainder, when it 
is either placed round or taken away. In sundials too its sole function is to 
make the actual time of day known." 

The geometrical meaning of the word is extended in the definition of 
gnomon given by Euclid, where (4) the gnomon has 
the same relation to any parallelogram as it before 
had to a square. From the fact that Euclid says 
"'let" the figure described "be called a gnomon " we 
may infer that he was using the word in the wider 
sense for the first time. Later still (5) we find 
Heron of Alexandria defining a gnomon in general 
as any figure which, when added to any figure 
whatever, makes the whole figure similar to that to which it is added. In 
this definition of Heron (Def. 58) Hultsch brackets the words which make it 
apply to any number as well; b u f T h e o n of Smyrna, who explains that plane, 
triangular, square, solid and other kinds of numbers are so called after the 
likeness of the areas which they measure, does make the term in its most 
general sense apply to numbers. " A l l the successive numbers which [by 
being successively added] produce triangles or squares or polygons are called 
gnomons" (p. 3 7 , 1 1 — 1 3 , ed. Hiller). Thus the successive odd numbers added 



together make square numbers; the gnomons in the case of triangular 
numbers are the successive numbers I, 2, 3, 4 . . . ; those for pentagonal 
numbers are the series 1, 4, 7, 10. . . ( the common difference being3), and so 
on. In general, the successive gnomonic numbers tor any polygonal number, 
say of n sides, have n — 2 for their common difference (Theon of Smyrna, 
P- 34, 13—15)-

We have already seen (cf. part of the note on 1. 47 and the above note on 
the gnomon) how the Pythagoreans and later Greek mathematicians exhibited 
different kinds of numbers as forming different geometrical figures. Thus, 
says Theon of Smyrna (p. 36, 6 — n ) , "plane numbers, triangular, square 
and solid numbers, and the rest, are not so called independently ( x v p u o t ) but 
in virtue of their similarity to the areas which they measure; for 4, since it 
measures a square area, is called square by adaptation from it, and 6 is called 
oblong for the same reason." A "plane number" is similarly described as a 
number obtained by multiplying two numbers together, which two numbers 
are sometimes spoken of as " sides," sometimes as the " length" and 
" breadth " respectively, of the number which is their product. 

T h e product of two numbers was thus represented geometrically by the 
rectangle contained by the straight lines representing the two numbers 
respectively. It only needed the discovery of incommensurable or irrational 
straight lines in order to represent geometrically by a rectangle the product of 
any two quantities whatever, rational or irrational; and it was possible to ad
vance from a geometrical arithmetic to a geometrical algebra, which indeed by 
Euclid's time (and probably long before) had reached such a stage of develop
ment that it could solve the same problems as our algebra so far as they do 
not involve the manipulation of expressions of a degree higher than the 
second. In order to make the geometrical algebra so generally effective, the 
theory of proportions was essential. Thus, suppose that x, y, z etc. are 
quantities which can be represented by straight lines, while o, fi, y e ta are 
coefficients which can be expressed by ratios between straight lines. We can 
then by means of Book vi . find a single straight line d such that 

where a represents any ratio between straight lines also requires recourse to 
the sixth Book, though, e.g., if o is § or J or any submultiple of unity, or if a is 
2, 4 or any power of 2, we should not require anything beyond Book 1. for 
solving the equation. Similarly the general form of a quadratic equation 
requires Book vi . for its geometrical solution, though particular quadratic 
equations may be so solved by means of Book i t alone. 

Besides enabling us to solve geometrically these particular quadratic 
equations, Book Ii, gives the geometrical proofs of a number of algebraical 
formulae. Thus the first ten propositions give the equivalent of the several 
identities 

GEOMETRICAL ALGEBRA. 

ax + fiy + yz + .. . = d. 
T o solve the simple equation in its general form 

ax + a = b, 

1. a(b + c + d+...) = ab'+ac + ad+.. 
2. (a + b)a + (a + b)b = (a + by, 
3. (a + b) a = ab + a3, 
4. (a + b)' = 0* + ?+ tab. 
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, la + b . /a + b A 8 /a + b\* 

or ( a + £ ) ( « - / } ) + ,8* = a2, 
( 2 * + + a 2 = ( a+£) 2 , 
or<« + /8) (P-a) + o?=fJ>, 
{a + by + a* = 2 (a + b)a + P, 
or a 2 + f3a= 2a0 + ( a - / ? ) 2 , 

8. 4 (a + 3 + b> = {(a + £) + a\\ 
o r 4 a / J + ( , . - / J ) 2 = ( « + /8)2, 

o r ( a + / 8 ) 2 + ( a - / J ) 2 = 2 ( a 2 + /32), 

io. (2« + *)» + *• = 2 {«• + ( « + *)*}, 
or (a + j8)2 + ( / 8 - a ) 2 = 2(a 2 +/8 2 ) . 

The form of these identities may of course be varied according to the different 
symbols which we may use to denote particular portions of the lines given in 
Euclid's figures. They are, for the most part, simple identities, but there is no 
reason to suppose that these were the only applications of the geometrical 
algebra that Euclid and his predecessors had been able to make. We may 
infer the very contrary from the fact that Apollonius in his Conies frequently 
states without proof much more complicated propositions of the kind. 

It is important however to bear in mind that the whole procedure of 
Book II. is geometrical; rectangles and squares are shown in the figures, and 
the equality of certain combinations to other combinations is proved by those 
figures. We gather that this was the classical or standard method of proving 
such propositions, and that the algebraical method of proving them, with no 
figure except a line with points marked thereon, was a later introduction. 
Accordingly Eutocius' method of proving certain lemmas assumed by 
Apollonius (Conies, II. 23 and ill. 29) probably represents more nearly than 
Pappus' proof of the same the point of view from which Apollonius regarded 
them. 

It would appear that Heron was the first to adopt the algebraical method 
of demonstrating the propositions of Book n., beginning from the second, 
without figures, as consequences of the first proposition corresponding to 

a(b + c + d) = ab + ac + ad, 

According to an-Nairizi (ed. Curtze, p. 89), Heron explains that it is not 
possible to prove n. 1 without drawing a number of lines (i.e. without actually 
drawing the rectangles), but that the following propositions up to n. 10 
inclusive can be proved by merely drawing one line. He distinguishes two 
varieties of the method, one by dissolutio, the other by compositio, by which he 
seems to mean splitting-up of rectangles and squares, and combination of them 
into others. But in his proofs he sometimes combines the two varieties. 

When he comes to 11. I I , he says that it is not possible to do without a 
figure because the proposition is a problem, which accordingly requires an 
operation and therefore the drawing of a figure. 

The algebraical method has been preferred to Euclid's by some English 
editors; but it should not find favour with those who wish to preserve the 



essential features of Greek geometry as presented by its greatest exponents, or 
to appreciate their point of view. 

It may not be out of place to add a word with reference to the geometrical 
equivalent of the algebraical operations. The addition and subtraction of 
quantities represented in the geometrical algebra by lines is of course effected 
by producing the line to the required extent or cutting off a portion of it. The 
equivalent of multiplication is the construction of the rectangle of which the 
given lines are adjacent sides. The equivalent of the division of one quantity 
represented by a line by another quantity represented by a line is simply the 
statement of a ratio between lines on the principles of Books v. and VI. The 
division of a product of two quantities by a third is represented in the 
geometrical algebra by the finding of a rectangle with one side of a given 
length and equal to a given rectangle or square. This is the problem of 
application of areas solved in I. 44, 45. The addition and subtraction of 
products is, in the geometrical algebra, the addition and subtraction of 
rectangles or squares; the sum or difference can be transformed into a single 
rectangle by means of the application of areas to any line of given length, 
corresponding to the algebraical process of finding a common measure. Lastly, 
the extraction of the square root is, in the geometrical algebra, the finding of a 
square equal to a given rectangle, which is done in II. 14 with the help of 1. 47. 
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PROPOSITION I. 

If there be two straight lines, and one of them be cut into 
any number of segments whatever, the rectangle contained by 
the two straight lines is equal to the rectangles contained by the 
uncut straight line and each of the segments. 

5 Let A, BC be two straight lines, and let BC be cut at 
random at the points D, E ; 
I say that the rectangle contained by A, BC is equal to the 
rectangle contained by A, BD, 
that contained by A, DE and 

.0 that contained by A, EC. 
For let BF be drawn from B 

at right angles to BC; [i. n] 
let BG be made equal to A, [i. 3] 
through G let GH be drawn 

, s parallel to BC, [1. 31] 
and through D, E, C let DK, 
EL, CH be drawn parallel to 
BG. 

Then BH is equal to BK, DL, EH. 
20 Now BH is the rectangle A, BC, for it is contained by 

GB, BC, and BG is equal to A ; 
BK is the rectangle A, BD, for it is contained by GB, 

BD, and BG is equal to A ; 
and DL is the rectangle A, DE, for DK, that is BG [1. 34], 

25 is equal to A. 
Similarly also EH is the rectangle A, EC. 
Therefore the rectangle A, BC is equal to the rectangle 

A, BD, the rectangle A, DE and the rectangle A, EC. 
Therefore etc. 

Q. E. D. 
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to. t h e r e c t a n g l e A , B C . From this point onward I shall translate thus in cases where 
Euclid leaves out the word contained (reptexop-fov). Though the word "rectangle" is also 
omitted in the Greek (the neuter article being sufficient to show that the rectangle is 
meant), it cannot be dispensed with in English. De Morgan advises the use of the expres
sion " the rectangle under two lines." This does not seem to me a very good expression, 
and, if used in a translation from the Greek, it might suggest that iwi in TO UT6 meant 
under, which it does not. 

This proposition, the geometrical equivalent of the algebraical formula 
a(b + c + d + ...) = ab + ac± ad + 

can, of course, easily be extended so as to correspond to the more general 
algebraical proposition that the product of an expression consisting of any 
number of terms added together and another expression also consisting of 
any number of terms added together is equal to the sum of all the products 
obtained by multiplying each term of one expression by all the terms of the 
other expression, one after another. The geometrical proof of the more 
general proposition would be effected by means of a figure showing all the 
rectangles corresponding to the partial products, in the same way as they are 
shown in the simpler case of II. i ; the difference would be that a series of 
parallels to BC would have to be drawn as well as the series of parallels 
to BF. 

PROPOSITION 2. 

If a straight line be cut at random, the rectangle contained 
by the whole and both of the segments is equal to the square on 
the whole. 

For let the straight line AB be cut at random at the 
point C; 

I say that the rectangle contained by AB, BC together with 
the rectangle contained by BA, AC is equal 
to the square on AB. 

For let the square ADEB be described 
on A B [1. 46], and let CE be drawn through 
C parallel to either AD or BE. [1. 31] 

Then A E is equal to AF, CE. 
Now A E is the square on A B ; 

A F is the rectangle contained by BA, 
AC, for it is contained by DA, AC, and 
A D is equal to A B ; 

and CE is the rectangle AB, BC, for BE is equal to 
A B . 

Therefore the rectangle BA, AC together with the rect
angle AB, BC is equal to the square on AB. 

Therefore etc. 
Q . E . D . 
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The fact asserted in the enunciation of this proposition has already been 
used in the proof of I. 47 ; but there was no occasion in that proof to observe 
that the two rectangles BL, CL making up the square on BC are the 
rectangles contained by BC and the two parts, respectively, into which it is 
divided by the perpendicular from A on BC. It is this fact which it is 
necessary to state in this proposition, in accordance with the plan of Book 11. 

The second and third propositions are of course particular cases of the 
first They were no doubt separately enunciated by Euclid in order that they 
might be immediately available for use hereafter, instead of having to be 
deduced for the particular occasion from 11. 1. For, if they had not been thus 
separately stated, it would scarcely have been practicable to quote them later 
without explaining at the same time that they are included in 11. 1 as particular 
cases. And, though the propositions are not used by Euclid in the later 
propositions of Book 11., they are used afterwards in x m . 10 and ix . 15 
respectively; and they are of extreme importance for geometry generally, 
being constantly used by Pappus, for example, who frequently quotes the 
third proposition by the Book and number. 

Attention has been called to the fact that n. 1 is never used by Eucl id ; 
and this may seem no less remarkable than the fact that 11. 2, 3 are not again 
used in Book 11. But it is important, I think, to observe that the proofs of 
all the first ten propositions of Book n. are practically independent of each 
other, though the results are really so interwoven that they can often be 
deduced from each other in a variety of ways. What then was Euclid's 
intention, first in inserting some propositions not immediately required, and 
secondly in making the proofs of the first ten practically independent of 
each other? Surely the object was to show the power of the method of 
geometrical algebra as much as to arrive at results. From the point of view 
of illustrating the method, there can be no doubt that Euclid's procedure is 
far more instructive than the semi-algebraical substitutes which seem to find 
a good deal of favour; practically it means that, instead of relying on our 
memory of a few standard formulae, we can use the machinery given us by 
Euclid's method to prove immediately ab initio any of the propositions taken 
at random. 

Let us contrast with Euclid's plan the semi-algebraical alternative. One 
editor, for example, thinks that, as 11. 1 is not used by Euclid afterwards, it 
seems more logical to deduce from it those of the subsequent propositions 
which can be readily so deduced. Putting this idea into practice, he proves 
11. 2 and 3 by quoting 11. 1, then proves 11. 4 by means of 11. 1 and 3,11. 5 and 
6 by means of 11. 1, 3 and 4, and so on. The result is ultimately to deduce 
the whole of the first ten propositions from 11. 1, which Euclid does not use at 
a l l ; and this is to give an importance to 11. 1 which is altogether dispro
portionate and, by starting with such a narrow foundation, to make the whole 
structure of Book 11. top-heavy. 

Editors have of course been much influenced by a desire to make the 
proofs of the propositions of Book 11. easier, as they think, for schoolboys. 
But, even from this point of view, is it an improvement to deduce n. 2 and 3 
from 11. 1 as corollaries ? I doubt it. For, in the first place, Euclid's figures 
visualise the results and so make it easier to grasp their meaning; the truth 
of the propositions is made clear even to the eye. Then, in the matter of 
brevity, to which such an exaggerated importance is attached, Euclid's proof 
positively has the advantage. Counting a capital letter or a collocation of such 
as one word, I find, e.g., that Mr H. M. Taylor's proof of 11. 2 contains 
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120 words, of which 8 represent the construction. Euclid's as above trans
lated has 126 words, of which 22 are descriptive of the construction; therefore 
the actual proof by Euclid has 8 words fewer than Mr Taylor's, and the extra 
words due to the construction in Euclid are much more than atoned for by 
the advantage of picturing the result in the figure. 

T h e advantages then which Euclid's method may claim are, I think, these: 
in the case of 11. 2, 3 it produces the result more easily and clearly than does 
the alternative proof by means of 11. 1, and, in its general application, it is 
more powerful in that it makes us independent of any recollection of results. 

PROPOSITION *. 

If a straight line be cut at random, the rectangle contained 
by the whole and one of the segments is equal to the rectangle 
contained by the segments and the square on the aforesaid 
segment. 

For let the straight line A B be cut at random at C; 
I say that the rectangle contained by AB, BC is equal to the 
rectangle contained by AC, CB together 
with the square on BC. 

For let the square CDEB be de
scribed on CB ; [1. 46] 
let ED be drawn through to F, 
and through A let AF be drawn parallel 
to either CD or BE. [1. 31] 

Then A E is equal to AD, CE. 
Now A E is the rectangle contained by A B , BC, for it is 

contained by AB, BE, and BE is equal to BC; 

A D is the rectangle A C, CB, for DC is equal to CB; 

and DB is the square on CB. 
Therefore the rectangle contained by AB, BC is equal to 
the rectangle contained by AC, CB together with the square 
on BC. 

Therefore etc. 
Q. E. D . 

If we leave out of account the contents of Book 11. itself and merely look 
to the applicability of propositions to general use, this proposition and the 
preceding are, as already indicated, of great importance, and particularly so to 
the semi-algebraical method just described, which seems to have found its first 
exponents in Heron and Pappus. Thus the proposition that the difference of 
the squares on two straight lines is equal to the rectangle contained by the sum 



and the difference of the straight lines, which is generally given as equivalent to 
II. s, 6, can be proved by means of II. i , 2, 3, as shown 
by Lardner. For suppose the given straight lines are A C P 
AB, BC, the latter being measured along BA. 

, Then, by 11. 2, the square on AB is equal to the sum of the rectangles 
AB, BC and AB, AC. 

By 11. 3, the rectangle AB, BC is equal to the sum of the square on BC 
and the rectangle AC, CB. 

Therefore the square on AB is equal to the square BC together with the 
sum of the rectangles AC, AB and AC, CB. 

But, by 11. 1, the sum of the latter rectangles is equal to the rectangle 
contained by AC and the sum of AB, BC, i.e. the rectangle contained by the 
sum and difference of AB, BC. 

Hence the square en AB is equal to the square on BC and the rectangle 
contained by the sum and difference of AB, BO; 

that is, the difference of the squares on AB, BC is equal to the rectangle 
contained by the sum and difference of AB, BC. 

PROPOSITION 4. 

If a straight line be cut at random, the square on the whole 
is equal to the squares on the segments and twice the rectangle 
contained by the segments. 

For let the straight line AB be cut at random at C; 
s I say that the square on AB is equal to the squares on AC, 

CB and twice the rectangle contained 
by AC, CB. A m m 

For let the square ADEB be de
scribed on AB, [1. 46] 

10 let BD be joined ; 
through C let CF be drawn parallel to 
either AD ox EB, 
and through G let HKbe. drawn parallel 
to either AB or DE. [1. 31] r 6 

15 Then, since CF is parallel to AD, 
and BD has fallen on them, 
the exterior angle CGB is equal to the interior and opposite 
angle ADB. [1. 29] 

But the angle ADB is equal to the angle ABD, 
20 since the side BA is also equal to AD ; [1*. 5] 

therefore the angle CGB is also equal to the angle GBC, 
so that the side BC is also equal to the side CG. [1. 6] 



But CB is equal to GK, and CG to KB; [1. 34] 
therefore GK is also equal to KB; 

*S therefore CGKB is equilateral. 
I say next that it is also right-angled. 
For, since CG is parallel to BK, 

the angles KBC, GCB are equal to two right angles. 
[1. 29] 

But the angle KBC is right; 
30 therefore the angle BCG is also right, 

so that the opposite angles CGK, GKB are also right. 

Therefore CGKB is right-angled ; 
and it was also proved equilateral; 

therefore it is a square ; 
35 and it is described on CB. 

For the same reason 
HF is also a square ; 

and it is described on HG, that is AC. [1. 34] 
Therefore the squares HF, KC are the squares on A C, CB. 

4° Now, since A G is equal to GE, 
and A G is the rectangle A C, CB, for GC is equal to CB, 

therefore GE is also equal to the rectangle A C, CB. 
Therefore A G, GE are equal to twice the rectangle A C, 

CB. 
45 But the squares HF, CK are also the squares on AC, CB; 

therefore the four areas HF, CK, AG, GE are equal to 
the squares on A C, CB and twice the rectangle contained by 
AC, CB. 

But HF, CK, AG, GE are the whole ADEB, 
5° which is the square on AB. 

Therefore the square on AB is equal to the squares on 
AC, CB and twice the rectangle contained by AC, CB. 

Therefore etc. Q. E. D. 
t. t w i c e t h e rec tang le c o n t a i n e d b y the s e g m e n t s . By a curious idiom this is in 

Greek " the rectangle twice contained by the segments." Similarly " twice the rectangle 
contained by AC, CB" is expressed as " the rectangle twice contained by AC CB" (T6 US 
vrb 'TWV Ar, TB repiexofitfov 6p0oy'tbviov). 

35,38. descr ibed . 39,45. t h e s q u a r e s (before "on"). These words are not in the 
Greek, which simply says that the squares "are on " (tloiv iv6) their respective sides. 

46. areas . It is necessary to supply some substantive (the Greek leaves it to be under
stood); and I prefer " areas " to " figures." 
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The editions of the Greek text which preceded that of E. F. August 
(Berlin, 1826—9) give a second proof of this proposition introduced by the 
usual word dAAo>s or "otherwise thus." Heiberg follows August in omitting 
this proof, which is attributed to Theon, and which is indeed not worth 
reproducing, since it only differs from the genuine proof in that portion of it 
which proves that CGKB is a square. The proof that CGKB is equilateral 
is rather longer than Euclid's, and the only interesting point to notice is that, 
whereas Euclid still, as in 1. 46, seems to regard it as necessary to prove that 
all the angles of CGKB are right angles before he concludes that it is right-
angled, Theon says simply " And it also has the angle CBK right; therefore 
CK is a square." The shorter form indicates a legitimate abbreviation of the 
genuine proof; because there can be no need to repeat exactly that part of the 
proof of 1. 46 which shows that all the angles of the figure there constructed 
are right when one is. 

There is also in the Greek text a Porism which is undoubtedly interpolated: 
"From this it is manifest that in square areas the parallelograms about the 
diameter are squares." Heiberg doubted its genuineness when preparing his 
edition, and conjectured that it too may have been added by Theon ; but the 
matter is placed beyond doubt by a papyrus-fragment referred to already (see 
Heiberg, Paralipomena zu Euklid, in Hermes X X X V I I I . , 1903, p. 48) in which 
the Porism was evidently wanting. It is the only Porism in Book 11., but 
does not correspond to Proclus' remark (p. 304, 2) that " the Porism found in 
the second book belongs to a problem." Heiberg regards these words as 
referring to the Porism to iv. 15, the correct reading having probably been not 
&€VT(pu> but 6", i.e. Ttrapru,. 

The semi-algebraical proof of this proposition is very easy, and is of course 
old enough, being found in Clavius and in most later editions. It proceeds 
thus. 

By 11. 2, the square on AB is equal to the sum of the rectangles AB, AC 
and AB, CB. 

But, by 11. 3, the rectangle AB, AC is equal to the sum of the square on 
AC and the rectangle AC, CB ; 

while, by 11. 3, the rectangle AB, CB is equal to the sum of the square on 
BC and the rectangle AC, CB. 

Therefore the square on AB is equal to the sum of the squares on 
AC, CB and twice the rectangle AC, CB. 

The figure of the proposition also helps to visualise, in the orthodox 
manner, the proof of the theorem deduced above from 11. 1—3, viz. that the 
difference of the squares on two given straight lines is equal to the rectangle 
contained by the sum and the difference of the lines. 

For, if the lines be AB, BC respectively, the shorter of the lines being 
measured along BA, the figure shows that 

the square AE is equal to the sum of the square CK and the rectangles 
AF, EK; 

that is, the square on AB is equal to the sum of the square on BC and 
the rectangles AB, AC and AC, BC. 

But the rectangles AB, AC and BC, AC axe, by 11. 1, together equal to 
the rectangle contained by AC and the sum of AB, BC, 

i.e to the rectangle contained by the sum and difference of AB, BC. 
Whence the result follows as before. 



T h e proposition II. 4 can also be extended to the case where a straight 
line is divided into any number of segments; for the figure will show in like 
manner that the square on the whole line is equal to the sum of the squares 
on all the parts together with twice the rectangles contained by every pair of 
the parts. 

PROPOSITION 5. 

If a straight line be cut into equal and unequal segments, 
the rectangle contained by the unequal segments of the whole 
together with the square on the straight line between the 
points of section is equal to the square on the half. 

For let a straight line AB be cut into equal segments 
at C and into unequal segments at D ; 
I say that the rectangle contained by AD, DB together with 
the square on CD is equal to the square on CB. 

i H 

0 / 

K U N y M 

For let the square CEFB be described on CB, [1. 46] 
and let BE be joined ; 
through D let DG be drawn parallel to either CE or BF, 
through H again let KM be drawn parallel to either AB or 
EF, 
and again through A let AK be drawn parallel to either CL 
or BM. [1. 31] 

Then, since the complement CH is equal to the comple
ment HF, [1 .43] 
let DM be added to each ; 

therefore the whole CM is equal to the whole DF. 
But CM is equal to AL, 

since AC is also equal to CB;' [1. 36] 
therefore AL is also equal to DF. 

Let CH be added to each ; 
therefore the whole AH is equal to the gnomon NOP. 
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But AH is the rectangle AD, DB, for DH is equal to 
DB, 

therefore the gnomon NOP is also equal to the rectangle 
AD, DB. 

Let LG, which is equal to the square on CD, be added to 
each ; 

therefore the gnomon NOP and LG are equal to the 
rectangle contained by AD, DB and the square on CD. 

But the gnomon NOP and LG are the whole square 
CEFB, which is described on CB ; 

therefore the rectangle contained by AD, DB together 
with the square on CD is equal to the square on CB. 

Therefore etc. Q. E. D. 
3. b e t w e e n t h e p o i n t s o f sec t ion , literally "between the sections," the word being 

the same (TOU^) as that used of a conic section. 
It will be observed that the gnomon is indicated in the figure by three separate letters 

and a dotted curve. This is no doubt a clearer way of showing what exactly the gnomon is 
than the method usual in our text-books. In this particular case the figure of the MSS. has 
two M's in it, the gnomon being MNH. I have corrected the lettering to avoid confusion. 

It is easily seen that this proposition and the next give exactly the 
theorem already alluded to under the last propositions, namely that the 
difference of the squares on two straight lines is equal to the rectangle contained 
by their sum and difference. T h e two given lines are, in n. 5, the lines CB 
and CD, and their sum and difference are respectively equal to AD and DB. 
T o show that 11. 6 gives the same theorem we have only to make CD the 
greater line and CB the less, i.e. to 
draw CD1 equal to CB, measure ^ C D 8 
CB along it equal to CD, and then 1 1 

produce B C to A', making A'C equal A[ £ | 8' 
to BC, whence it is immediately clear 
that A'D' on the second line is equal 
to AD on the first, while D'B is also equal to DB, so that the rectangles 
AD, DB and A'D, DB are equal, while the difference of the squares on 
CB, CD is equal to the difference of the squares on CD, CB. 

Perhaps the most important fact about II. 5, 6 is however their bearing on 
the 

Geometrical solution of a quadratic equation. 
Suppose, in the figure of II. 5, that AB = a, DB = x; 

then ax - x2 = the rectangle AH 
= the gnomon NOP. 

Thus, if the area of the gnomon is given (=b>, say), and if a is given 
(= AB), the problem of solving the equation 

ax-x% = b% 

is, in the language of geometry, To a given straight line (a) to apply a rectangle 
which shall be equal to a given square (b3) and shall fall short by a square figure, 
i.e. to construct the rectangle AH ox the gnomon NOP. 

Now we are told by Proclus (on 1. 44) that " these propositions are ancient 
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and the discoveries of the Muse of the Pythagoreans, the application of 
areas, their exceeding and their falling-short" We can therefore hardly 
avoid crediting the Pythagoreans with the geometrical solution, based upon 
11. s, 6, of the problems corresponding to the quadratic equations which 
are directly obtainable from them. It is certain that the Pythagoreans solved 
the problem in 11. 1 1 , which corresponds to the quadratic equation 

a (a — x) = x*, 
and Simson has suggested the following easy solution of the equation now in 
question, 

ax — xi = bt, 
on exactly similar lines. 

Draw CO perpendicular to AB and equal to b; produce OC to N so 
that C / V = CB (or \a); and with O as centre 
and radius ON describe a circle cutting CB 
in D. 

Then DB (or x) is found, and therefore 
the required rectangle AH. 

For the rectangle AD, DB together with 
the square on CD is equal to the square on 
CB, [11. 5] 

i.e. to the square on OD, 
i.e. to the squares on OC, CD; [1. 47] 

whence the rectangle AD, DB is equal to the square on OC, 
or ax - x* — b*. 

It is of course a necessary condition of the possibility of a real solution 
that P must not be greater that (£«)". This condition itself can easily be 
obtained from Euclid's proposition; for, since the sum of the rectangle AD, 
DB and the square on CD is equal to the square on CB, which is constant, 
it follows that, as CD diminishes, i.e. as D moves nearer to C, the rectangle 
AD, DB increases and, when D actually coincides with C, so that CD 
vanishes, the rectangle AD, DB becomes the rectangle AC, CB, i.e. the 
square on CB, and is a maximum. It will be seen also that the geometrical 
solution of the quadratic equation derived from Euclid does not differ from 
our practice of solving a quadratic by completing the square on the side 
containing the terms in x* and x. 

But, while in this case there are two geometrically real solutions (because 
the circle described with ON as radius will not only cut CB in D but will 
also cut AC in another point E), Euclid's figure corresponds to one only of 
the two solutions. Not that there is any doubt that Euclid was aware that the 
method of solving the quadratic gives two solutions; he could not fail to see 
that x = BE satisfies the equation as well as x = BD. If however he had 
actually given us the solution of the equation, he would probably have 
omitted to specify the solution x = BE because the rectangle found by means 
of it, which would be a rectangle on the base AE (equal to BD) and with 
altitude EB (equal to AD), is really an equal rectangle to that corresponding 
to the other solution x = BD; there is therefore no real object in distinguishing 
two solutions. This is easily understood when we regard the equation as a 
statement of the problem of finding two magnitudes when their sum (a) and 
product (b2) are given, i.e. as equivalent to the simultaneous equations 

x +y = a, 



These symmetrical equations have really only one solution, as the two apparent 
solutions are simply the result of interchanging the values of x and y. This 
form of the problem was known to Euclid, as appears from the Data, Prop. 
85, which states that, If two straight lines contain a parallelogram given in 
magnitude in a given angle, and if the sum of them be given, then shall each 
of them be given. 

This proposition then enables us to solve the problem of finding a 
rectangle the area and perimeter of which are both given; and it also enables 
us to infer that, of all rectangles of given perimeter, the square has the 
greatest area, while, the more unequal the sides are, the less is the area. 

If in the figure of 11. 5 we suppose that AD = a, BD = b, we find that 
CB = (a + b)l't and CD = (a—b)J2, and we may state the result of the 
proposition in the following algebraical form 

This way of stating it (which could hardly have escaped the Pythagoreans) 
gives a ready means of obtaining the two rules, respectively attributed to the 
Pythagoreans and Plato, for finding integral square numbers which are the 
sum of two other integral square numbers. We have only to make ab a 
perfect square in the above formula. The simplest way in which this can be 
done is to put a = n*, b = 1, whence we have 

/ » • + i \ * / « » - i \ « „ 

and in order that the first two squares may be integral and therefore n, 
must be odd. Hence the Pythagorean rule. 

Suppose next that a = 2n\ b = 2, and we have 
( « » + I ) , - ( » ' - I ) , = 4»*, 

whence Plato's rule starting from an even number 2». 

PROPOSITION 6. 

If a straight line be bisected and a straight line be added 
to it in a straight line, the rectangle contained by the whole 
with the added straight line and the added straight line together 
with the square on the half is equal to the square on the 
straight line made up of the half and the added straight 
line. 

For let a straight line AB be bisected at the point C, and 
let a straight line BD be added to it in a straight line ; 

I say that the rectangle contained by AD, DB together 
with the square on CB is equal to the square on CD. 

For let the square CEFD be described on CD, [1. 46] 
and let DE be joined ; 
through the point B let BG be drawn parallel to either EC or 
DF, 
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through the point H let KM be drawn parallel to either AB 
or EF, 
and further through A let AK 
be drawn parallel to either CL 
or DM. [1. 31] 

Then, since AC is equal 
to CB, 

AL is also equal to CH. [1. 36] 
But CH is equal to HF. [1. 43] 

Therefore AL is also equal 
to HF. 

Let CM be added to each ; 

therefore the whole AM is equal to the gnomon NOP. 
But is the rectangle AD, DB, 

for Z W is equal to DB ; 
therefore the gnomon NOP is also equal to the rectangle 
AD, DB. 

Let LG, which is equal to the square on BC, be added 
to each; 

therefore the rectangle contained by AD, DB together 
with the square on CB is equal to the gnomon NOP and LG. 

But the gnomon NOP and LG are the whole square 
CEFD, which is described on CD ; 

therefore the rectangle contained by AD, DB together 
with the square on CB is equal to the square on CD. 

Therefore etc. 
Q. E. D. 

In this case the rectangle AD, DB is " a rectangle applied to a given 
straight line (AB) but exceeding by a square (the side of which is equal to 
BD)"; and the problem suggested by 11. 6 is to find a rectangle of this 
description equal to a given area, which we will, for convenience, suppose to 
be a square; i.e., in the language of geometry, to apply to a given straight 
line a rectangle which shall be equal to a given square and shall exceed by a 
square figure. 

We suppose that in Euclid's figure AB = a, BD = x; then, if the given 
square be b, the problem is to solve geometrically the equation 

ax + x3 = b*. 
The solution of a problem theoretically equivalent to the solution of a 

quadratic equation of this kind is presupposed in the fragment of Hippocrates' 
Quadrature of lunes preserved in a quotation by Simplicius (Comment, in 
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Aristot. Phys. pp. 61—68, ed. Diels) from Eudemus' History of Geometry. In 
this fragment Hippocrates (5th cent. B.C.) assumes the following construction. 

AB being the diameter and O the centre of a semicircle, and C being the 
middle point of OB and CD at right 
angles to AB, a straight line of length 
such that its square is \ \ times the square 
on the radius (i.e. of length aj%, where 
a is the radius) is to be so placed, as EF, 
between CD and the circumference AD 
.hat it "verges towards B," that is, EF 
when produced passes through B. 

Now the right-angled triangles BFC, 
BAE are similar, so that 

BF: BC=BA : BE, 
and therefore the rectangle BE, BF= rect. BA, BC 

= sq. on BO. 

In other words, EF (= a J$) being given in length, BF ( = x, say) has 
to be found such that 

(74 a + x)x = a'; 
or the quadratic equation 

74 ax + x, = a1 

has to be solved. 
A straight line of length a 74 would easily be constructed, for, in the 

figure, CEP = AC. CB^%a\ or CD = \a and a 74 is the diagonal of 
a square of which CD is the side. 

There is no doubt that Hippocrates could have solved the equation by 
the geometrical construction given below, but he may have contemplated, on 
this occasion, the merely mechanical process of placing the straight line of the 
length required between CD and the circumference AD and moving it until 
E, F, B were in a straight line. Zeuthen (Die Lehre von den Kegelschnitten 
im Altertum, pp. 270, 271) thinks this probable because, curiously enough, 
the fragment speaks immediately afterwards of "joining B to F." 

T o solve the equation 
ax + xt=b* Q 

we have to find the rectangle AH, or the 
gnomon NOP, which is equal in area to P and 
has one of the sides containing the inner right 
angle equal to CB or \a. Thus we know 
(\df and &, and we have to find, by 1. 47, 
a square equal to the sum of two given 
squares. 

T o do this Simson draws BQ at right 
angles to AB and equal to b, joins CQ and, 
with centre C and radius CQ, describes a 
circle cutting AB produced in D. Thus 
BD, or x, is found. 

Now the rectangle AD, DB together with the square on CB 
is equal to the square on CD, 
Le. to the square on CQ, 
i.e. to the squares on CB, BQ. 



Therefore the rectangle AD, DB is equal to the square on BQ, that is, 
aX + Xa = 0>. 

From Euclid's point of view there would only be one solution in this case. 
This proposition enables us also to solve the equation 

x3 — ax = 6a 

in a similar manner. 
We have only to suppose that AB = a, and AD (instead of BD) = x; then 

x2—ax = the gnomon. 
T o find the gnomon we have its area (P) and the area, CB1 or (jo) ' , by 
which the gnomon differs from CD*. Thus we can find D (and therefore 
AD or x) by the same construction as that just given. 

Converse propositions to n. 5, 6 are given by Pappus (VII . pp. 948—950) 
among his lemmas to the Conies of Apollonius to the effect that, 
(1) if D be a point dividing AB unequally, and C another point on AB 

such that the rectangle AD, DB together with the square on CD is 
equal to the square on A C, then 

AC is equal to CB; 
(2) if D be a point on AB produced, and C a point on AB such that the 

rectangle AD, DB together with the square on CB is equal to the 
square on CD, then 

AC is equal to CB. 

PROPOSITION 7. 

If a straight line be cut at random, the square on the 
whole and that on one of the segments both together are equal 
to twice the rectangle contained by the whole and the said 
segment and the square on the remaining segment. 

For let a straight line A B be cut at random at the point C; 

I say that the squares on AB, BC are equal to twice the 
rectangle contained by AB, BC and the 
square on CA. 

For let the square ADEB be 
described on AB, [1. 46] 
and let the figure be drawn. 

Then, since A G is equal to GE, [1. 43] 
let CF be added to each ; 

therefore the whole AF is equal to 
the whole CE. 

Therefore AF, CE are double of 
AF. 

But AF, CE are the gnomon KLMand the square CF; 
therefore the gnomon KLM and the square CF are double 
of AF. 



But twice the rectangle AB, BC is also double of AF; 
for BF is equal to BC; 
therefore the gnomon KLM and the square CF are equal to 
twice the rectangle AB, BC. 

Let DG, which is the square on A C, be added to each ; 
therefore the gnomon KLM and the squares BG, GD are 
equal to twice the rectangle contained by AB, BC and the 
square on AC. 

But the gnomon KLM and the squares BG, GD are the 
whole ADEB and CF, 

which are squares described on AB, BC; 
therefore the squares on AB, BC are equal to twice the 
rectangle contained by AB, BC together with the square on 
AC. 

Therefore etc. 
Q. E. D. 

An interesting variation of the form of this proposition may be obtained by 
regarding AB, BC as two given straight lines of which AB is the greater, and 
AC as the difference between the two straight lines. Thus the proposition 
shows that the squares on two straight lines are together equal to twice the 
rectangle contained by them and the square on their difference. That is, the 
square on the difference of two straight lines is equal to the sum of the squares on 
the straight lines diminished by twice the rectangle contained by them. In other 
words, just as II. 4 is the geometrical equivalent of the identity 

{a + bf = di + b* + 20b, 
so 11. 7 proves that 

(a-b)' = a* + bs-2ab. 
The addition and subtraction of these formulae give the algebraical equivalent 
of the propositions 11. 9, 10 and 11. 8 respectively; and we have accordingly 
a suggestion of alternative methods of proving those propositions. 

PROPOSITION 8. 

If a straight line be cut at random, four times the rectangle 
contained by the whole and one of the segments together with 
the square on the remaining segment is equal to the square 
described on the whole and the aforesaid segment as on one 
straight line. 

For let a straight line AB be cut at random at the point C; 
I say that four times the rectangle contained by AB, BC 

together with the square on AC is equal to the square 
described on AB, BC as on one straight line. 
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For let [the straight line] BD be produced in a straight 
line [with AB], and let BD be 
made equal to CB; 
let the sqaareAFFD be described 
on AD, and let the figure be 
drawn double. 

Then, since CB is equal to BD, 
while CB is equal to GK, and 
BD to KN, 
therefore GK is also equal to KN. 

For the same reason 
QR is also equal to RP. 

And, since BC is equal to BD, and G A - to KN, 
therefore CK is also equal to KD, and GR to AW. 

But C A ' is equal to RN, for they are complements of the 
parallelogram CP; [i. 43] 
therefore KD is also equal to GR; 
therefore the four areas DK, CK, GR, RN are equal to one 
another. 

Therefore the four are quadruple of CK. 
Again, since CB is equal to BD, 

while BD is equal to BK, that is CG, 
and CB is equal to GK, that is GQ, 

therefore CG is also equal to GQ. 
And, since CG is equal to GQ, and QR to RP, 

AG is also equal to and £?Z. to RF. [1. 36] 
But 7J/(2 is equal to QL, for they are complements of the 

parallelogram ML ; [1. 43] 
therefore AG is also equal to RF; 

therefore the four areas AG, MQ, QL, RF are equal to one 
another. 

Therefore the four are quadruple of A G. 
But the four areas CK, KD, GR, RN were proved to be 
quadruple of CK; 

therefore the eight areas, which contain the gnomon 
STU, are quadruple of AK. 

Now, since AK is the rectangle AB, BD, for BK is equal 
to BD, 
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therefore four times the rectangle AB, BD is quadruple of 
AK. 

But the gnomon STU was also proved to be quadruple 
oSAK; 

therefore four times the rectangle AB, BD is equal to the 
gnomon STU. 

Let OH, which is equal to the square on AC, be added 
to each ; 

therefore four times the rectangle AB, BD together with 
the square on AC is equal to the gnomon STU and OH. 

But the gnomon STU and OH are the whole square 
AEFD, 

which is described on AD • 
therefore four times the rectangle AB, BD together with 
the square on A C is equal to the square on AD 

But BD is equal to BC; 
therefore four times the rectangle contained by AB, BC 
together with the square on AC is equal to the square on 
AD, that is to the square described on AB and BC as on 
one straight line. 

Therefore etc. . T , . 
Q . E . D . 

This proposition is quoted by Pappus (p. 428, ed. Hultsch) and is used 
also by Euclid himself in the Data, Prop. 86. Further, it is of decided use 
in proving the fundamental property of a parabola. 

Two alternative proofs are worth giving. 
The first is that suggested by the consideration mentioned in the last 

note, though the proof is old enough, being given by Clavius and others. It 
is of the semi-algebraical type. 

Produce AB to D (in the figure of the pro- D A C B 
position), so that BD is equal to BC. 

By 11. 4, the square on AD is equal to the 
squares on AB, BD and twice the rectangle AB, 
BD, i.e. to the squares on AB, BC and twice 
the rectangle AB, BC. 

By 11. 7, the squares on AB, BC are equal to 
twice the rectangle AB, BC together with the 
square on AC. 

Therefore the square on AD is equal to four 
times the rectangle AB, BC together with the 
square on A C. 

The second proof is after the manner of Euclid but with a difference. 
Produce BA to D so that AD is equal to BC. On BD construct the square 
BEFD. 

L 1 4 L 

N P N 
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Take BG, EH, FK each equal to BC or AD, and draw ALP, HNM 
parallel to BE and GML, KPN parallel to BD. 

Then it can be shown that each of the rectangles BL, AK, FN, EM is 
equal to the rectangle AB, BC, and that PM is equal to the square on AC. 

Therefore the square on BD is equal to four times the rectangle AB, 
BC together with the square on AC. 

PROPOSITION 9. 

If a straight line be cut into equal and unequal segments, 
the squares on the unequal segments of the whole are double 
of the square on the half and of the square on the straight line 
between the points of section. 

For let a straight line AB be cut into equal segments 
at C, and into unequal segments at D; 

I say that the squares on AD, DB are double of the 
squares on AC, CD. 

For let CE be drawn from 
C at right angles to AB, 
and let it be made equal to 
either AC or CB ; 
let EA, EB be joined, 
let DF be drawn through D 
parallel to EC, 
and FG through F parallel to 
AB, 
and let AF be joined. 

Then, since AC is equal to CE, 
the angle EAC is also equal to the angle A EC. 

And, since the angle at C is right, 
the remaining angles EAC, AEC are equal to one 

right angle. [1. 32] 
And they are equal; 

therefore each of the angles CEA, CAE is half a right 
angle. 

For the same reason 
each of the angles CEB, EBC is also half a right angle; 

therefore the whole angle AEB is right. 
And, since the angle GEF is half a right angle. 



and the angle EGF is right, for it is equal to the interior and 
opposite angle ECB, [1. 29] 

the remaining angle EFG is half a right angle; [1. 32] 
therefore the angle GEE is equal to the angle EFG, 

so that the side EG is also equal to GF. [1. 6] 
Again, since the angle at B is half a right angle, 

and the angle FDB is right, for it is again equal to the interior 
and opposite angle ECB, [1. 29] 

the remaining angle BFD is half a right angle ; [1. 32] 
therefore the angle at B is equal to the angle DFB, 

so that the side FD is also equal to the side DB. [1. 6] 
Now, since AC is equal to CE, 
the square on AC is also equal to the square on CE; 

therefore the squares on AC, CE are double of the square 
on AC. 

But the square on EA is equal to the squares on AC, CE, 
for the angle ACE is right; [1. 47] 

therefore the square on EA is double of the square on A C. 
Again, since EG is equal to GF, 
the square on EG is also equal to the square on GF; 

therefore the squares on EG, GF are double of the square on 
GF. 

But the square on EF is equal to the squares on EG, GF; 
therefore the square on EF is double of the square on GF. 

But GF is equal to CD ; [j. 34] 
therefore the square on EF is double of the square on CD. 

But the square on EA is also double of the square on A C; 
therefore the squares on AE, EFare double of the squares 

on AC, CD. 
And the square on AF is equal to the squares on AE, EF, 

for the angle AEF is right; [1. 47] 
therefore the square on AF is double of the squares on A C, 
CD. • 

But the squares on AD, DF are equal to the square on 
AF, for the angle at D is right; [i. 47] 
therefore the squares on AD, DF are double of the squares 
on AC, CD. 
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A n d Z ? ^ i s equal to DB; 
therefore the squares on AD, DB are double of the squares 
on AC, CD. 

Therefore etc. 
Q. E. D. 

It is noteworthy that, while the first eight propositions of Book 11. are 
proved independently of the Pythagorean theorem I. 47, all the remaining 
propositions beginning with the 9th are proved by means of it. Also the 9th 
and 10th propositions mark a new departure in another respect; the method 
of demonstration by showing in the figures the various rectangles and squares 
to which the theorems relate is here abandoned. 

The 9th and 10th propositions are related to one another in the same way 
as the 5th and 6th; they really prove the same result which can, as in the 
earlier case, be comprised in a single enunciation thus : The sum of the squares 
on the sum and difference of two given straight lines is equal to twice the sum of 
the squares on the lines. 

T h e semi-algebraical proof of Prop. 9 is that suggested by the remark on 
the algebraical formulae given at the end of the note on II. 7. It applies 
with a very slight modification to both n. 9 and n. 10. We will put in 
brackets the variations belonging to II. 10. 
The first of the annexed lines is the figure ^ C D B 
for 11. 9 and the second for II. 10. ' 1 

By 11. 4, the square on AD is equal to A P B D 
the squares on AC, CD and twice the + 1 

rectangle AC, CD. 
By 11. 7, the squares on CB, CD (CD, CE) are equal to 

twice the rectangle CB, CD together with the square on BD. 
By addition of these equals crosswise, 

the squares on AD, DB together with twice the rectangle CB, CD are 
equal to the squares on AC, CD, CB, CD together with twice 
the rectangle AC, CD. 

But AC, CB are equal, and therefore the rectangles AC, CD and CB, 
CD are equal. 

Taking away the equals, we see that 
the squares on AD, DB are equal to the squares on AC, CD, CB, CD, 

i.e. to twice the squares on A C, CD. 
T o show also that the method of geometrical algebra illustrated by 

11. 1—8 is still effective for the purpose of 
proving 11. 9, 10, we will now prove 11. 9 in 
that manner. 

Draw squares on AD, DB respectively 
as shown in the figure. Measure DH along 
DE equal to CD, and HL along HE also 
equal to CD. 

Draw HK, LNO parallel to EF, and 
CNM parallel to DE. 

Measure NP along NO equal to CD, 
and draw PQ parallel to DE. 



Now, since AD, CD are respectively equal to DE, DH, 
HE is equal to A C or CB; 

and, since HL is equal to CD, LE is equal to DB. 
Similarly, since each of the segments EM, MQ is equal to CD, 

FQ is equal to EL or BD. 
Therefore OQ is equal to the square on DB. 
We have to prove that the squares on AD, DB are equal to twice the 

squares on AC, CD. 
Now the square on AD includes KM (the square on A C) and CH, HN 

(that is, twice the square on CD). 
Therefore we have to prove that what is left over of the square on AD 

together with the square on DB is equal to the square on A C. 
The parts left over are the rectangles CK and NE, which are equal to 

KN, PM respectively. 
But the latter with the square on DB are equal to the rectangles KN, 

PM and the square OQ, 
i.e. to the square KM, or the square on AC. 

Hence the required result follows. 

PROPOSITION IO. 

If a straight line be bisected, and a straight line be added 
to it in a straight line, the square on the whole with the added 
straight line and the square on the added straight line both 
together are double of the square on the half and of the square 
described on the straight line made up of the half and the 
added straight line as on one straight line. 

For let a straight line AB be bisected at C, and let a 
straight line BD be added to it in a straight line ; 

I say that the squares on AD, DB are double of the 
squares on AC, CD. 

For let CE be drawn from 
the point C at right angles to 
AB [i. n] , and let it be made 
equal to either A C or CB [i. 3 ] ; 

let EA, EB be joined ; 

through E let EF be drawn 
parallel to AD, 

and through D let FD be drawn 
parallel to CE. [1. 31 ] 

Then, since a straight line EF falls on the parallel straight 
lines EC, FD, 
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the angles CEF, EFD are equal to two right angles; [i. 29] 
therefore the angles FEB, EFD are less than two right 
angles. 

But straight lines produced from angles less than two 
right angles meet; [1. Post. 5] 

therefore EB, FD, if produced in the direction B, D, will 
meet. 

Let them be produced and meet at G, 
and let AG be joined. 

Then, since AC is equal to CE, 
the angle EAC is also equal to the angle A EC; [1. 5] 
and the angle at C is right; 

therefore each of the angles EAC, A EC is half a right 
angle. [1 .32] 

For the same reason 
each of the angles CEB, EBC is also half a right angle ; 

therefore the angle AEB is right. 
And, since the angle EBC is half a right angle, 

the angle DBG is also half a right angle. [1. 15] 
But the angle BDG is also right, 

for it is equal to the angle DCE, they being alternate; [1. 29] 
therefore the remaining angle DGB is half a right angle ; 

['• 32] 
therefore the angle DGB is equal to the angle DBG, 

so that the side BD is also equal to the side GD. [1. 6] 
Again, since the angle EGF is half a right angle, 

and the angle at F is right, for it is equal to the opposite 
angle, the angle at C, [1. 34] 

the remaining angle FEG is half a right angle ; [1. 32] 
therefore the angle EGF is equal to the angle FEG, 

so that the side GF is also equal to the side EF. [1. 6] 
Now, since the square on EC is equal to the square on 

CA, 
the squares on EC, CA are double of the square on CA. 

But the square on EA is equal to the squares on EC, CA; 
[••47] 

therefore the square on EA is double of the square on A C. 
[C. N. «] 
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Again, since FG is equal to EF, 
the square on EG is also equal to the square on EE; 
therefore the squares on GE, EE are double of the square on 
EF. 

But the square on EG is equal to the squares on GF, EE; 
[* 47] 

therefore the square on EG is double of the square on EE. 
And EE is equal to CD ; [i- 34] 
therefore the square on EG is double of the square on CD. 

But the square on EA was also proved double of the square 
o n ^ C ; 
therefore the squares on AE, EG are double of the squares 
on AC, CD. 

And the square on AG is equal to the squares on AE, 
EG; [1. 47] 

therefore the square on AG is double of the squares on AC, 
CD. 
But the squares on AD, DG are equal to the square on AG; 

[i- 47] 
therefore the squares on AD, DG are double of the squares 
on AC, CD. 

And DG is equal to DB; 
therefore the squares on AD, DB are double of the squares 
on AC, CD. 

Therefore etc. 
o. E. D. 

The alternative proof of this proposition by means of the principles 
exhibited in 11. 1—8 follows the lines of that 
which I have given for the preceding proposition. 

It is at once obvious from the figure that the 
square on AD includes within it twice the square 
on AC together with once the square on CD. 
What is left over is the sum of the rectangles AH, 
KE. These, which are equivalent to BH, GK, 
make up the square on CD less the square on 
BD. Adding therefore the square BG to each 
side, we have the required result. 

Another alternative proof of the theorem which 
includes both n. 9 and 10 is worth giving. T h e 
theorem states that the sum of the squares on the 
sum and difference of two given straight lines is equal to twice the sum of the 
squares on the lines. 

H 

tc1 

G 



Q H 

L K 

Let AD, DB be the two given straight lines (of which AD is the greater), 
placed so as to be in one straight line. Make A C equal to DB and com
plete the figure as shown, each of the segments CG 
and DH being equal to AC or DB. A c 

Now, AD, DB being the given straight lines, AB 
is their sum and CD is equal to their difference. 

Also AD is equal to BC. 
A n d AE is the square on AB, GK is equal to 

the square on CD, AK or EH is the square on AD, 
and BL the square on CB, while each of the small 
squares AG, BH, EK, FL is equal to the square on 
AC or DB. 

We have to prove that twice the squares on AD, 
DB are equal to the squares on AB, CD. 

Now twice the square on AD is the sum of the squares on AD, CB, 
which is equal to the sum of the squares BL, FH; and the figure shows 
these to be equal to twice the inner square GK and once the remainder of 
the large square AE excluding the two squares A G, KE, which latter squares 
are equal to twice the square on A C or DB. 

Therefore twice the squares on AD, DB are equal to twice the inner 
square GK together with once the remainder of the large square AE, that is, 
to the sum of the squares AE, GK, which are the squares on AB, CD. 

" S i d e " and " diagonal" numbers giving successive approxi
mations to J 2 . 

Zeuthen pointed out (Die Lehre von den Kegehehnitten im Altertum, 1886, 
pp. 27, 28) that 11. 9, 10 have great interest 
in connexion with a problem of indeterminate ^ g g g 
analysis which received much attention from 
the ancient Greeks. If we take the straight line AB divided at C and D as 
in 11. 9, and if we put CD = x, DB =y, the result obtained by Euclid, namely: 

AD* + DB1 = 2AC* + 2 CD*, 
or AD>-2AC=2CD'-DBt, 

becomes the formula 
(tx +yf—2 (x +yf = 2x* -y*. 

If therefore x, y be numbers which satisfy one of the two equations 

2x* —y~ = + 1, 
the formula gives us two higher numbers, x +y and 2x + y, which satisfy the 
other of the two equations. 

Euclid's propositions thus give a general proof of the very formula used 
for the formation of the succession of what were called "side" and "diagonal 
numbers." 

A s is well known, Theon of Smyrna (pp. 43, 44, ed. Hiller) describes this 
system of numbers. The unit, being the beginning of all things, must be 
potentially both a side and a diameter. Consequently we begin with two units, 
the one being the first side and the other the first diameter, and (a) from the 
sum of them, (b) from the sum of twice the first unit and once the second, we 
form two new numbers 

1 . 1 + 1 = 2, a . ' 1 + 1 = 3. 
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Of these new numbers the first is a side- and the second a diagonal-number, 
or (as we may say) 

a a = 2, ^ = 3. 
In the same way as these numbers were formed from o, = 1,0",= i , successive 
pairs of numbers are formed from a3, dt, and so on, according to the formula 

a «+i = °n + d», <4+i = 2«* + d»-
Thus «a=a + 3 = 5> <*»=a.a + 3 = 7i 

a < = c + 7 = i 2 , 4 = 2 . 5 + 7 = 1 7 , 
and so on. 

Theon states, with reference to these numbers, the general proposition that 

<*•»•= a « . ' ± 1, 
and he observes (1) that the signs alternate as successive d's and a's are taken, 
«V - aa, a being equal to - 1, «,* - 2a,1 equal to + 1, d} - 20} equal to 1, and 
so on, (2) that the sum of the squares of all the d's will be double of the sum 
of the squares of all the a's. [If the number of successive terms in each 
series is finite, it is of course necessary that the number should be even.] 
The proof, no doubt omitted because it was well known, may be put 
algebraically thus 

tin - 2<*.' = (aa._, + 4,-,)" - 2 (a,_, + //„_,)» 
= 2tfn_,' -
= -(dnJ-2a^) 
'= + (dK_£ — 2aH-2'), in like manner, 

ana so on, while </,*- 2a* = - 1. Thus the theorem is established. 
Euclid's propositions enable us to establish the theorem geometrically; 

and this fact might well be thought to confirm the conjecture that the 
investigation of the indeterminate equation 2** —y* = + 1 in the manner 
explained by Theon was no new thing but began at a period long before 
Euclid's time. N o one familiar with the truth of the proposition stated by 
Theon could have failed to observe that, as the corresponding side- and 
diagonal-numbers were successively formed, the value of d£\a£ would 
approach more and more nearly to 2, and consequently that the successive 
fractions dn/an would give nearer and nearer approximations to the value of 

19 V17 1 8 7 1 7 * 1 V 2 ! " * T> jb T' 11> Tff" 
It is fairly clear that in the famous passage of Plato's Republic (546 c ) 

about the "geometrical number" some such system of approximations is 
hinted a t Plato there contrasts the "rational diameter of five" (pirrr) STA/tcrpof 
rry* ir«/«ro8os) with the "irrational" (diameter). This was certainly taken 
from the Pythagorean theory of numbers (cf. the expression immediately 
preceding, 546 B, C iroVTa vpoo-)jyopa kou pnra 7roo9 oAAijAa dn(<f>r)vav, with the 
phrase irovro yvmorb. Kai lrordyopa dWdkoit dwtpyaXrrai in the fragment of 
Philolaus). The reference of Plato is to the following consideration. If the 
square of side 5 be taken, the diagonal is V 2 . 2 5 or This is the 
Pythagorean " irrational diameter " o f 5 ; and the " rational diameter " was 
the approximation J50 - 1, or 7. 

But the conjecture of Zeuthen, and the attribution of the whole theory of 
side- and diagonal-numbers to the Pythagoreans, have now been fully confirmed 
by the publication of Kroll's edition of Prodi Diadochi in Platonis rempublicam 
commentarii (Teubner), Vol . II . , 1901. The passages (cc. 23 and 27, pp. 24, 
25 and 27—29) which there saw the light for the first time describe the same 



system of forming side- and diagonal-numbers and definitely attribute it, as 
well as the distinction between the " rational" and " irrational diameter," to 
the Pythagoreans. Proclus further says (p. 27 ,16—22) that the property of the 
side- and diagonal-numbers " is proved graphically (ypapiuKuis) in the second 
book of the Elements by 'him' (AIR' CWVOU). For, if a straight line be bisected 
and a straight line be added to it, the square on the whole line including the 
added straight line and the square on the latter alone are double of the square on 
the half of the original straight line and of the square on the straight line made 
up of the half and of the added straight line." And this is simply Eucl. 11. 10. 
Proclus then goes on to show specifically how this proposition was used to 
prove that, with the notation above used, the diameter corresponding to the 
side a + d is 2a + d. Let AB be a side and BC equal to it, while CD is the 
diameter corresponding to AB, i.e. a straight line such that the square on it is 
double of the square on AB. (I use the figure supplied by Hultsch on p. 397 
of Kroll's VoL 11.) 

Then, by the theorem of Eucl. n. i o , the squares on AD, DC axe double 
of the squares on AB, BD. 

But the square on DC (i.e. BE) is double of the square on AB; therefore, 
by subtraction, the square on AD is double of the square on BD. 

A n d the square on DE, the diagonal corresponding to the side BD, is 
double the square of BD. 

Therefore the square on DE is equal to the square on AD, so that DE is 
equal to AD. 

That is, while the side BD is, with our notation, a + d, the corresponding 
diagonal, being equal to AD, is 2a + d. 

In the above reference by Proclus to n. 10 ar kctYov " b y him" must 
apparently mean vr EvkaciSov, " by Euclid," although Euclid's name has not 
been mentioned in the chapter; the phrase would be equivalent to saying 
" i n the second Book of the famous Elements." But, when Proclus says "this 
is proved in the second Book of the Elements," he does not imply that it had 
not been proved before; on the contrary, it is clear that the theorem had 
been proved by the Pythagoreans, and we have therefore here a confirmation 
of the inference from the part played by the gnomon and by 1. 47 in Book II. 
that the whole of the substance of that Book was Pythagorean. For further 
detailed explanation of the passages of Proclus reference should be made to 
Hultsch's note in Kroll's Vol . II. pp. 393—400, and to the separate article, 
also by Hultsch, in the Bibliotheca Mathematica i „ 1900, pp. 8—12. 

P . Bergh has an ingenious suggestion (see Zeitschrift fur Math. u. Physik 
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x x x i . Hist.-litt. Abt . p . 135, and Cantor, Geschichte der Mathematik, i „ p. 437) 
as to the way in which the formation of the successive 
side- and diagonal-numbers may have been discovered, 
namely by observation from a very simple geometrical 
figure. Let ABC be an isosceles triangle, right-angled at 
A, with sides a n . u a , . , , «"„_, respectively. If now the 
two sides AB, AC about the right angle be lengthened 
by adding <4_! to each, and the extremities D, E be 
joined, it is easily seen by means of the figure (in which 
BF, CG are perpendicular to DE) that the new diagonal 
d% is equal to 2«„_ 1 + dn_u while the equal sides a„ are, by construction, equal 
to «»_, + 4,-!. 

Important deductions from I I . 9, 10. 

I. Pappus (VII . pp. 856—8) uses n. 9, 10 for proving tne well-known 
theorem that 

The sum of the squares on two sides of a triangle is equal to twice the square 
on half the base together with twice the square on the straight line joining the 
middle point of the base to the opposite vertex. 

Let ABC be the given triangle and D the middle point of the base BC. 
Join AD, and draw AE perpendicular to BC (produced if necessary). 

C E 

Now, by 11. 9, 10, 
the squares on BE, EC are equal to twice the squares on BD, DE. 

Add to each twice the square on AE. 
Then, remembering that 

the squares on BE, EA are equal to the square on BA, 
the squares on AE, EC are equal to the square on A C, 

and the squares on AE, ED are equal to the square on AD, 
we find that 

the squares on BA, AC are equal to twice the squares on AD, BD. 
The proposition is generally proved by means of n. 12, 13, but not, I 

think, so conveniently as by the method of Pappus. 

I I . The inference was early made by Gregory of S t Vincent (1584-1667) 
and Viviani (1622-1703) that In any parallelogram the squares on the diagonals 
are together equal to the squares on the sides, or to twice the squares on adjacent 
sides. 

III . It appears that Leonhard Euler (1707-83) was the first to discover 
the corresponding theorem with reference to any quadrilateral, namely that 
In any quadrilateral the sum of the squares on the sides is equal to the sum of the 
squares on the diagonals and four times the square on the line joining the middle 



points of the diagonals. Euler seems however to have proved the property 
from the corresponding theorem for parallelograms just quoted (cf. Camerer's 
Euclid, Vol . i. pp. 468, 469) and not from the property of the triangle, though 
the latter brings out the result more easily. 

PROPOSITION I I . 

To cut a given straight line so that the rectangle contained 
by the whole and one of the segments is equal to the square on 
the remaining segment. 

Let AB be the given straight line ; 
thus it is required to cut AB so that the rectangle contained 
by the whole and one of the segments is 
equal to the square on the remaining f Q 

segment. 
For let the square ABDC be described 

on AB; [1. 46] 

let AC be bisected at the point E, and let 
BE be joined ; 
let CA be drawn through to F, and let EF 
be made equal to BE; 
let the square FH be described on AF, and 
let GH be drawn through to K. 

H B 

I say that AB has been cut at H so as to make the 
rectangle contained by AB, BH equal to the square on AH. 

For, since the straight line AC has been bisected at E, 
and FA is added to it, 

the rectangle contained by CF, FA together with the 
square on AE is equal to the square on EF. [n. 6] 

But EF is equal to EB ; 
therefore the rectangle CF, FA together with the square 

on AE is equal to the square on EB. 
But the squares on BA, AE are equal to the square on 

EB, for the angle at A is right: [1. 47] 
therefore the rectangle CF, FA together with the square 

on AE is equal to the squares on BA, AE. 
Let the square on AE be subtracted from each; 
therefore the rectangle CF, FA which remains is equal to 

the square on AB. 
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Now the rectangle CF, FA is FK, for AF is equal to 
FG; 
and the square on AB is AD ; 

therefore FK is equal to AD. 
Let AK be subtracted from each ; 
therefore FH which remains is equal to HD. 
And HD is the rectangle AB, BH, for AB is equal to 

BD; 

and FH is the square on AH; 

therefore the rectangle contained by AB, BH is equal 
to the square on HA. 

therefore the given straight line AB has been cut at H 
so as to make the rectangle contained by AB, BH equal to 
the square on HA. 

Q. E. F. 

As the solution of this problem is necessary to that of inscribing a regular 
pentagon in a circle (Eucl. iv. 10, 11 ) , we must necessarily conclude that it 
was solved by the Pythagoreans, or, in other words, that they discovered the 
geometrical solution of the quadratic equation 

a(a-x) = xi, 
or x + ax = <r. 

The solution in 11. 1 1 , too, exactly corresponds to the solution of the more 
general equation 

x' + ax^P, 
which, as shown above (pp. 387—8), Simson based upon 11. 6. Only Simson's 
solution, if applied here, gives us the point Eon CA produced and does not 
directly find the point H. It takes £ the middle point of CA, draws AB at 
right angles to CA and of length equal to CA, and then describes a circle 
with EB as radius cutting EA produced in F. The only difference between 
the solution in this case and in the more general case is that AB is here equal 
to CA instead of being equal to another given straight line b. 

As in the more general case, there is, from Euclid's point of view, only one 
solution. 

The construction shows that CF is also divided at A in the manner 
described in the enunciation, since the rectangle CF, FA is equal to the 
square on CA. 

The problem in 11. 11 reappears in vi. 30 in the form of cutting a given 
straight line in extreme and mean ratio. 

PROPOSITION 1 2 . 

In obtuse-angled triangles the square on the side subtending 
the obtuse angle is greater than the squares on the sides con
taining the obtuse angle by twice the rectangle contained by one 
of the sides about the obtuse angle, namely that on which the 



perpendicular falls, and the straight line cut off outside by the 
perpendicular towards the obtuse angle. 

Let ABC be an obtuse-angled triangle having the angle 
BAC obtuse, and let BD be drawn from the point B per
pendicular to CA produced; 

I say that the square on BC is greater than the squares 
on BA, AC by twice the rectangle con
tained by CA, AD. 

For, since the straight line CD has 
been cut at random at the point A , 
the square on DC is equal to the 
squares on CA, AD and twice the rect
angle contained by CA, AD. [n. 4] 

Let the square on DB be added to 
each; 

therefore the squares on CD, DB are equal to the squares on 
CA, AD, DB and twice the rectangle CA, AD. 

But the square on CB is equal to the squares on CD, DB, 
for the angle at D is right; [t 47] 

and the square on A B is equal to the squares on AD, 
DB; [1 .47] 

therefore the square on CB is equal to the squares on CA, AB 
and twice the rectangle contained by CA,-AD; 

so that the square on CB is greater than the squares on 
CA, A B by twice the rectangle contained by CA, AD. 

Therefore etc. Q. E. D. 

Since in this proposition and the next we have to do with the squares on 
the sides of triangles, the particular form of graphic representation of areas 
which we have had in Book 11. up to this point does not help us to visualise 
the results of the propositions in the same way, and only two lines of proof 
are possible, (1) by means of the results of certain earlier propositions in 
Book II. combined with the result of 1. 47 and (2) by means of the procedure 
in Euclid's proof of 1. 47 itself. The alternative proofs of n. 12, 13 after the 
manner of Euclid's proof of 1. 47 are therefore alone worth giving. 

These proofs appear in certain modern text-books (e.g. Mehler, Henrici and 
Treutlein, H . M. Taylor, Smith and Bryant). Smith and Bryant are not 
correct in saying (p. 142) that they cannot be traced further back than 
Lardner's Euclid (1828); they are to be found in Gregory of St. Vincent's 
work (published in 1647) Opus geometricum quadrature* circuit et sectionum 
com, Book 1. Pt. 2, Props. 44, 45 (pp. 31, 32). 

T o prove II, 12, take an obtuse-angled triangle ABC in which the angle at 
A is the obtuse angle 
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Describe squares on BC, CA, AB, as BCED, CAGE, ABKH. 
Draw AL, BM, CN, perpendicular to BC, CA, AB (produced if neces

sary), and produce them to meet the further 
sides of the squares on them in P, Q, R re
spectively. 

Join AD, CK. 
Then, as in I. 47, the triangles KBC, ABD 

are equal in all respects ; 
therefore their doubles, the parallelograms in 
the same parallels respectively, are equal; 

that is, the rectangle BP is equal to the 
rectangle BR. 

Similarly the rectangle CP is equal to the 
rectangle CQ. 

Also, if BG, CH be joined, we see that 
the triangles BAG, HAC are equal in 

all respects; 
therefore their doubles, the rectangles A Q, AR, are equal. 

Now the square on BC is equal to the sum of the rectangles BP, CP, 
i.e. to the sum of the rectangles BR, CQ, 

i.e. to the sum of the squares BH, CG and 
the rectangles AR, AQ. 

But the rectangles AR, AQ are equal, and they are respectively the 
rectangle contained by BA, ANaxiA the rectangle contained by CA, AM. 

Therefore the square on BC is equal to the squares on BA, AC together 
with twice the rectangle BA, ANor CA, AM. 

Incidentally this proof shows that the rectangle BA, AN is equal tq the 
rectangle CA, AM: a result which will be seen later on to be a particular 
case of the theorem in in. 35. 

Heron (in an-Nairizi, ed. Curtze, p. 109) gives a " c o n v e r s e " of n. i a 
related to it as 1. 48 is related to 1. 47. 

In any triangle, if the square on one of the sides is greater than the squares 
on the other two sides, the angle contained by the latter is obtuse. 

Let ABC be a triangle such that the square on BC is greater than the 
squares on BA, AC. 

Draw AD at right angles to A C and 
of length equal to AB. 

Join DC. 
Then, since DA C is a right angle, 

the square on DC is equal to the squares 
on DA, AC, [1. 47] 

i.e. to the squares on BA, A C. 
But the square on BC is greater than 

the squares on BA, AC; therefore the square on BC is greater than the 
square on DC. 

Therefore BC is greater than DC. 
Thus, in the triangles BAC, DAC, * 

the two sides BA, AC are equal to the two sides DA, A C respectively, 
but the base BC is greater than the base DC. 



Therefore the angle BAC is greater than the angle DAC; [1. 25] 
that is, the angle BA C is obtuse. 

PROPOSITION I 3. . 

In acute-angled triangles the square on the side subtending 
the acute angle is less than the squares on the sides containing 
the acute angle by twice the rectangle contained by one of the 
sides about the acute angle, namely that on which the per
pendicular jails, and the straight line cut off within by the 
perpendicular towards the acute angle. 

Let ABC be an acute-angled triangle having the angle 
at B acute, and let AD be drawn from the point A perpen
dicular to BC; 

I say that the square on AC is less than the squares on 
CB, BA by twice the rectangle contained 
by CB, BD. 

For, since the straight line CB has 
been cut at random at D, 

the squares on CB, BD are equal to 
twice the rectangle contained by CB, BD 
and the square on DC. [ii. 7] 

Let the square on DA be added to 
each; 
therefore the squares on CB, BD, DA are equal to twice 
the rectangle contained by CB, BD and the squares on AD, 
DC. 

But the square on AB is equal to the squares on BD, 
DA, for the angle at D is right; [1. 47] 
and the square on AC is equal to the squares on AD, DC; 
therefore the squares on CB, BA are equal to the square on 
A C and twice the rectangle CB, BD, 

so that the square on AC alone is less than the squares 
on CB, BA by twice the rectangle contained by CB, BD. 

Therefore etc. 
Q. E. D. 

A s the text stands, this proposition is unequivocally enunciated of acute-
angled triangles; and, as if to obviate any doubt as to whether the restriction 
was fully intended, the enunciation speaks of the rectangle contained by one 
of the sides containing the acute angle and the straight line intercepted 
within by the perpendicular towards the acute angle. On the other hand, it 



is curious that it speaks of the square on the side subtending the acute angle; 
and again the setting-out begins " let ABC be an acute-angled triangle hairing 
the angle at B acute" though the last words have no point if all the angles of 
the triangle are necessarily acute. 

It was however very early noticed, not only by Isaacus Monachus, 
Campanus, Peletarius, Clavius, Commandinus and the rest, but by the Greek 
scholiast (Heiberg, Vol . v. p. 253), that the relation between the sides of a 
triangle established by this theorem is true of the side opposite to, and the 
sides about, an acute angle respectively in any sort of triangle whether acute-
angled, right-angled or obtuse-angled. The scholiast tries to explain away the 
word " acute-angled" in the enunciation: " Since in the definitions he calls 
acute-angled the triangle which has three acute angles, you must know that he 
does not mean that here, but calls all triangles acute-angled because all have 
an acute angle, one at least, if not all. The enunciation therefore i s : ' I n any 
triangle the square on the side subtending the acute angle is less than the 
squares on the sides containing the acute angle by twice the rectangle, e tc . '" 

We may judge too by Heron's enunciation of his "converse" of the 
proposition that he would have left the word "acute-angled" out of the 
enunciation. His converse is : In any triangle in which the square on one of 
the sides is less than the squares on the other two sides, the angle contained by the 
latter sides is acute. 

If the triangle that we take is a right-angled triangle, and the perpendicular 
is drawn, not from the right angle, but from the acute angle 
not referred to in the enunciation, the proposition reduces 
to 1. 47, and this case need not detain us. 

The other cases can be proved, like 11. 12, after the 
manner of 1. 47. 

Let us take first the case where all the angles of the 
triangle are acute. 

H 

TBQ> 

J L 

D P E 
As before, if we draw ALP, BMQ, CNR perpendicular to BC, CA, AB 

and meeting the further sides of the squares on BC, CA, AB in P, Q, R, and 
if we join KC, AD, we have 

the triangles KBC, ABD equal in all respects, 
and consequently the rectangles BP, BR equal to one another. 

Similarly the rectangles CP, CQ are equal to one another. 



Next, by joining BG, CH, we prove in like manner that the rectangles AR, 
AQ are equal. 

Now the square on BC is equal to the sum of the rectangles BP, CP, 
i.e. to the sum of the rectangles BR, CQ, 
i.e. to the sum of the squares BH, CG diminished by the rectangles 

AR, AQ. 
But the rectangles AR, AQ are equal, and they are respectively the 

rectangles contained by BA, AN and by CA, AM. 
Therefore the square on BC is less than the squares on BA, AC by 

twice the rectangle BA, AN or CA, AM. 

Next suppose that we have to prove the theorem in the case where the 
triangle has an obtuse angle at A. 

Take B as the acute angle under considera
tion, so that A C is the side opposite to it. 

Now the square on CA is equal to the 
difference of the rectangles CQ, AQ, 

i.e. to the difference between CP and 
AQ, 

i.e. to the difference between the square 
BE and the sum of the rectangles 
BP, AQ, 

i.e. to the difference between the square 
BE and the sum of the rectangles 
BP, AR, 

i.e. to the difference between the sum of 
the squares BE, BH and the sum 
of the rectangles BP, BR 

(since AR is the difference between BR and BH). 
But BP, BR are equal, and they are respectively the rectangles CB, BL 

and AB, BN. 
Therefore the square on CA is less than the squares on AB, BC by twice 

the rectangle CB, BL or AB. BN. 

Heron's proof of his converse proposition (an-Nairizi, ed. Curtze, p. n o ) , 
which is also given by the Greek scholiast above quoted, 
is of course simple. For let ABC be a triangle in which 
the square on A C is less than the squares on AB, BC. 

Draw BD at right angles to BC and of length equal 
to BA. 

Join DC. 
Then, since the angle CBD is right, 

the square on DC is equal to the squares on DB, BC, 
le. to the squares on AB, BC. [1. 47] 

But the square on AC is less than the squares on 
AB, BC. 

Therefore the square on AC is less than the square on DC. 
Therefore AC is less, than DC. 

Hence in the two triangles DBC, ABC the sides about the angles DBC, 
ABC axe respectively equal, but the base DC is greater than the base AC. 
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Therefore the angle DBC (a right angle) is greater than the angle ABC 
[1. 25], which latter is therefore acute. 

It may be noted, lastly, that n. 12, 13 are supplementary to 1. 47 and 
complete the theory of the relations between the squares on the sides of any 
triangle, whether right-angled or not. 

PROPOSITION 1 4 . 

To construct a square equal to a given rectilineal figure. 
Let A be the given rectilineal figure ; 

thus it is required to construct a square equal to the rectilineal 
figure A. 

c D 
For let there be constructed the rectangular parallelogram 

BD equal to the rectilineal figure A. [1. 45] 
Then, if BE is equal to ED, that which was enjoined 

will have been done ; for a square BD has been constructed 
equal to the rectilineal figure A. 

But, if not, one of the straight lines BE, ED is greater. 
Let BE be greater, and let it be produced to F; 

let EF be made equal to ED, and let BF be bisected at G. 
With centre G and distance one of the straight lines GB, 

GF let the semicircle BHF be described; let DE be produced 
to H, and let GH be joined. 

Then, since the straight line BF has been cut into equal 
segments at G, and into unequal segments at E, 

the rectangle contained by BE, EF together with the 
square on EG is equal to the square on GF. [11. 5] 

But GF is equal to GH; 
therefore the rectangle BE, EF together with the square on 
GE is equal to the square on GH. 

But the squares on HE, EG are equal to the square on 
GH; * * [1 .47 ] 

therefore the rectangle BE, EF together with the square on 
GE is equal to the squares on HE, EG. 

Let the square on GE be subtracted from each ; 



therefore the rectangle contained by BE, EF which 
remains is equal to the square on EH. 

30 But the rectangle BE, EF is BD, for EF is equal to ED; 

therefore the parallelogram BD is equal to the square on 
HE. 

And BD is equal to the rectilineal figure A . 
Therefore the rectilineal figure A is also equal to the square 

35 which can be described on EH. 
Therefore a square, namely that which can be described 

on EH, has been constructed equal to the given rectilineal 
figure A . Q. E. F. 

7. tha t w h i c h w a s e n j o i n e d wi l l h a v e been d o n e , literally "would have been 
done," yeyovbs Sw drj to £iriTax0£v. 

35> 36. w h i c h c a n b e descr ibed , expressed by the future passive participle, ivaypaipi)-
aa[Uvtv, Ayaypa<prjtr6fi€vov. 

Heiberg (Mathematisches zu Aristotelts, p . 20) quotes as bearing on this 
proposition Aristotle's remark (De anima 11. 2, 413 a 19 : cf. Metaph. 996 b 21) 
that " squaring " (riTpayavurfUK) is better defined as the " finding of the mean 
(proportional)" than as " the making of an equilateral rectangle equal to a 
riven oblong," because the former definition states the cause, the latter the 
inclusion only. This, Heiberg thinks, implies that in the text-books which were 
in Aristotle's hands the problem of It. 14 was solved by means of proportions. 
A s a matter of fact, the actual construction is the same in 11. 14 as in vi . 1 3 ; 
and the change made by Euclid must have been confined to substituting in 
the proof of the correctness of the construction an argument based on the 
principles of Books 1. and I t instead of Book vi. 

As II. 12, 13 are supplementary to I. 47, so II. 14 completes the theory of 
transformation of areas %o far as it can be carried without the use of proportions. 
A s we have seen, the propositions 1. 42, 44, 45 enable us to construct a 
parallelogram having a given side and angle, and equal to any given rectilineal 
figure. The parallelogram can also be transformed into an equal triangle with 
the same given side and angle by making the other side about the angle twice 
the length. Thus we can, as a particular case, construct a rectangle on a 
given base (or a right-angled triangle with one of the sides about the right 
angle of given length) equal to a given square. Further, 1. 47 enables us 
to make a square equal to the sum of any number of squares or to the 
difference between any two squares. The problem still remaining unsolved is 
to transform any rectangle (as representing an area equal to that of any 
rectilineal figure) into a square of equal area. The solution of this problem, 
given in I t 14, is of course the equivalent of the extraction of the square root, 
or of the solution of the pure quadratic equation 

x3 = ab. 
Simson pointed out that, in the construction given by Euclid in this case, 

it was not necessary to put in the words " Let B E be greater," since the 
construction is not affected by the question whether BE or ED is the greater. 
This is true, but after all the words do little harm, and perhaps Euclid may 
have regarded it as conducive to clearness to have the points B, G, E, E in 
the same relative positions as the corresponding points A, C, D, B in the 
figure of 11. S which he quotes in the proof. 



E X C U R S U S I. 

PYTHAGORAS A N D T H E P Y T H A G O R E A N S . 

The problem of determining how much of the Pythagorean discoveries in 
mathematics can be attributed to Pythagoras himself is not only difficult; it 
may be said to be insoluble. Tradition on the subject is very meagre and 
uncertain, and further doubt is thrown upon it by the well-known tendency of 
the later Pythagoreans to ascribe everything to the Master himself ( a i r o s ?<pa, 
Ipse dixit). Pythagoras himself left no written exposition of his doctrines, nor 
did any of his immediate successors, not even Hippasus, about whom the 
different stories ran ( i ) that he was expelled from the school because he pub
lished doctrines of Pythagoras, and (2) that he was drowned at sea for revealing 
the construction of the dodecahedron in the sphere and claiming it as his own, 
or (as others have it) for making known the discovery of the irrational or in
commensurable. Nor is the absence of any written record of Pythagorean 
doctrines down to the time of Philolaus to be put down to a pledge of secrecy 
binding the school; at all events this did not apply to their mathematics or 
their physics; and it may be that the supposed secrecy was invented to 
account for the absence of documents. The fact seems to be that oral com
munication was the tradition of the school, while their doctrines would in the 
main be too abstruse to be understood by the generality of people outside. 
Even Aristotle felt the difficulty; he evidently knew nothing for certain about 
any ethical or physical doctrines going back to Pythagoras himself; when he 
speaks of the Pythagorean system, he always refers it to " the Pythagoreans." 
sometimes even to " the so-called Pythagoreans." 

Since my note on Eucl. I. 47 was originally written the part of Pythagoras 
in the Pythagorean mathematical discoveries has been further discussed and 
every scrap of evidence closely, and even meticulously, examined in two long 
articles by Heinrich Vogt, " Die Geometrie des Pythagoras" (Bib/iotheca 
Mathematica i x s , 1908/9, pp. 15—54) and " D i e Entstehungsgeschichte des 
Irrationalen nach Plato und anderen Quellen des 4. Jahrhunderts" (Biblio-
theca Mathematica x 8 , 1910, pp. 97—155) . These papers would not indeed 
have enabled me to modify greatly what I have written regarding the supposed 
discoveries of Pythagoras and the early Pythagoreans, because 1 have through
out been careful to give the traditions on the subject for what they are worth 
and no more, and not to build too much upon them. It is right however to 
give, in a separate note, a few details of Vogt's arguments. 

G. Junge had, in his paper " W a n n haben die Griechen das Irrationale 
entdeckt?" mentioned above (p. 351), tried to prove that Pythagoras himself 
could not have discovered the irrational; and the object of Vogt's papers is to 
go further on the same lines and to show (1) that it was only the later 
Pythagoreans who (before 410 B.C.) recognised the incommensurability of 
the diagonal with the side of a square, (2) that the theory of the irrational was 
first discovered by Theodorus, to whom Plato refers (Theaetetus 147 D ) , and 
(3) that Pythagoras himself could not have been the discoverer of any one of 



the things specifically attributed to him, namely (a) the theorem of Eucl. I. 47, 
(b) the construction of the five regular solids in the sense in which they are 
respectively constructed in Eucl. x i i i , (c) the application of an area in its 
widest sense, equivalent to the solution of a quadratic equation in its most 
general form. 

Vogt's main argument as regards (a) the theorem of 1. 47 is based on a 
new translation which he gives of the well-known passage of Proclus' note on 
the proposition (p. 426, 6—9), Twv piv laTopelv TO. dp^ala fiovkopivwv OKOVOVTOLS 

TO Oewp-qpa TOVTO €ts Ilv&iyopai' dvairtpirovTwv icrrlv evpciv Kal fiovOvTTjv k e y o v T w v 
airov «rl tt} tvpeo-ti. Vogt translates this as follows: " Unter denen, welche 
das Altertum erforschen wollen, kann man einige finden, welche denen Gehbr 
geben, die dieses Theorem auf Pythagoras zuruckfuhren und ihn als Stier-
opferer bei dieser Gelegenheit bezeichnen," " Among those who have a taste 
for research into antiquity, we can find some who give ear to those who refer 
this theorem to Pythagoras and describe him as sacrificing an ox on the 
strength of the discovery." According to this version the words TWV... 

jiovkopAvwv and the words dva.Trtp.irovTiav...Ka\...kiy6vT<i>v refer respectively to 
two different sets of persons, in fact two different generations; trie latter are 
older authorities who are supposed to be cited by the former ; the former are 
a later generation, perhaps contemporaries of Proclus, some of whom accepted 
the view of the older authorities while others did not. But this would have 
required the article TWV before dvairepirovrwv, or some such expression as 
dk\oiv TIVWV o? dva.irip.irovo'i instead of dvairtpirovTwv. Vogt's interpretation is 
therefore quite inadmissible. T h e persons denoted by dvairipirovTuiv are some 
of the persons denoted by TWV fiovkopevwv; hence Tannery's translation, to 
which mine (p. 350 above) is equivalent, is the only possible one, namely 
" S i Ton ecoute ceux qui veulent raconter l'histoire des anciens temps, on 
peut en trouver qui attribuent ce theoreme a Pythagore et lui font sacrifier un 
boeufapressa decouverte" (La Giomitrie grecque, p. 103). aKoiWrat agrees 
with the assumed subject of tipax; dvarrepirdvTwv and k t y o v r w v should, strictly 
speaking, have been d v a i r i p i r o v r a i and Xcyon-as agreeing with TWO? (the direct 
object of t-ipttv) understood, but are simply attracted into the case of /3ov-
k o p c v w v ; the construction is quite intelligible. I agree with Vogt that 
Eudemus' history contained nothing attributing the theorem to Pythagoras. 
T h e words of Proclus imply this; but I do not think that they imply (as 
Vogt maintains) any pronouncement by Proclus himself against such attribution. 
In my opinion, Proclus is simply determined not to commit himself to any 
v iew; his way of evading a decision is the sentence following, iyw Si Oavpdfa 
piv Kal Tois irpoirous eirio-TaiTas TT} TO«8« TOC Ottopyparos dkr)6(Ca, peit,oVois Si dyapat 
rbv aToixeuiynjv...; the plural TOI)S 7rparrovs eiritrTavTa? is, I hold, used for the 
very purpose of making the statement as vague as possible; he will not even 
allow it to be inferred that he attributed the discovery to any single person. 
Returning to t/ TWV dkoyiav vpaypaTiio. (Proclus, p. 65, 19), we may now 
concede (following Diels) that we should read TWV dva. kdyov ("proportionals ") 
instead of TCV d k o y w v ("irrationals") and that the author intended to attribute 
to Pythagoras a theory of proportion (the arithmetical theory applicable to 
commensurable magnitudes only) rather than the theory of irrationals. But 
I do not agree in Vogt 's contention that the theory of the irrational was first 
discovered by Theodorus. It seems to me that we have evidence to the 
contrary in the very passage of Plato referred to. Plato (Theaetetus 147 d) 
mentions ^ 3 . Ji> ••• U P t 0 v 17 as dealt with by Theodorus, but omits J 2 . 
This fact, along with Plato's allusions elsewhere to the irrationality of »/2> and 



to approximations to it, in the expressions appryros and pr/r^ Sidptrpos 1-175 
7re/j.7ra8os, as if those expressions had a well-known signification, implies that 
the discovery of the irrationality of J2 had been made before the time of 
Theodorus. The words rj i w dXoyow irp a y pa re im might well be used even 
if the reference is only to J2, because the first step would be the most 
difficult, and wpaypartia need not mean the establishment of a complete theory 
or anything more than " investigation " of a subject. 

Junge and Vogt hold that the theory of the irrational was not discovered 
by the early Pythagoreans any more than Pythagoras because, if it had been 
so discovered, an impossibly long period would intervene between the investi
gation of the particular case of J2 and the extension of the theory by 
Theodorus to the cases of J 3, 75 etc. But might not this well be due to the 
fact that in the meantime the minds of geometers were engrossed by other 
problems of importance, namely the quadrature of the circle (Hippocrates of 
Chios and his quadratures of lunes), the trisection of any angle (Hippias of Elis 
and his curve, afterwards known as the quadratrix), and the doubling of the 
cube (reduced by Hippocrates to the problem of finding two mean pro
portionals in continued proportion between two given straight lines), the last 
of which problems, which meant finding geometrically the equivalent of 7 2 > 
would naturally follow the investigation of J2 ? Now Hippias was probably 
born about 460 B .C , while Hippocrates seems to have been in Athens during 
a considerable portion of the second half of the fifth century, perhaps from 
about 450 to 430 B.C. Moreover Vogt has to get over the fact that Democritus 
(born 470/469 B.C.) wrote a book irtpi dXoymv ypappmv Kal vao-rHv, On irrational 
lines and solids (or atoms). This difficulty he seeks to overcome by maintaining 
that aXo'ycui' does not here mean " irrational" at all, but " without rat io" 
(" verhaltnislos "), in the sense that any two straight lines are "without rat io" 
because they both contain an infinite number of the indivisible (or atomic) 
lines, and therefore their ratio, being of the form 00 /oo , is indeterminate. 
But, if these were so, all lines (including commensurable lines) would be 
"without a ratio" to one another, whereas the title of Democritus' work 
clearly implies that dXoyoi ypappal are a class or classes of lines distinguished 
from other lines. The fact is that Democritus was too good a mathematician 
to have anything to do with "indivisible lines." This is confirmed by a 
scholium to Aristotle's De caelo (p. 469 b 14, Brandis) which implicitly 
denies to Democritus any theory of indivisible l ines: " of those who have 
maintained the existence of indivisibles, some, as for example Leucippus and 
Democritus, believe in indivisible bodies, others, like Xenocrates, in indivisible 
lines." Moreover Simplicius tells us that, according to Democritus himself, 
even the atoms were, in a mathematical sense, divisible further and in fact 
ad infinitum. 

Coming now to (b) the construction of the cosmic figures, 17' i w Koo-piKw 
o-xtparmv oio-Tacni (Proclus, p. 65, 20), I agree with Vogt to the following 
extent. It is unlikely that Pythagoras or even the early Pythagoreans " con
structed " the five regular solids in the sense of a complete theoretical con
struction such as we find, say, in Eucl. x m . ; and it is possible that Theaetetus 
was the first to give these constructions, whether eypauVt in Suidas' notice, 
irpcuTOS 8« TO iriWe KaXovpiva artpta. iypaxj/t, means " constructed " Or " wrote 
upon." But <niorao-« in the above phrase of Proclus may well mean something 
less than the theoretical constructions and proofs of Eucl. x m . ; it may mean, 
as Vogt says, simply the " putting together " of the figures in the same way as 
Plato puts them together in the Timaeus, i.e. by bringing a certain number of 



angles of equilateral triangles and of regular pentagons together at one point. 
There is no reason why the early Pythagoreans should not have "constructed " 
the five regular solids in this sense; in fact the supposition that they did so 
agrees well with what we know of their having put angles of certain regular 
figures together round a point (in connexion with the theorem of Eucl. i. 32) and 
shown that only three kinds of such angles would fill up the space in one plane 
round the point. But I do not agree in the apparent refusal of Vogt to credit 
the Pythagoreans with the knowledge of the theoretical construction of the 
regular pentagon as we find it in Eucl. iv. 10, n . I do not know of any 
reason for rejecting the evidence of the Scholia iv. Nos. 2 and 4 which say 
categorically that " this Book " (Book iv.) and " the whole of the theorems " 
in it (including therefore Props. 10, 11) are discoveries of the Pythagoreans. 
A n d the division of a straight line in extreme and mean ratio, on which the 
construction of the regular pentagon depends, comes in Eucl. Book 11. 
(Prop. 11) , while we have sufficient grounds for regarding the whole of the 
substance of Book 11. as Pythagorean. 

I will permit myself one more criticism on Vogt's first paper. I think he 
bases too much on the fact that it was left for Oenopides (in the period from, 
say, 470 to 450 B.C.) to discover two elementary constructions (with ruler and 
compasses only), namely that of a perpendicular to a straight line from an 
external point (Eucl. 1. 12), and that of an angle equal to a given rectilineal 
angle (Eucl. I. 23). Vogt infers that geometry must have been in a very 
rudimentary condition at the time. I do not think this follows; the explana
tion would seem to be rather that, the restriction of the instruments used 
in constructions to the ruler and compasses not having been definitely estab
lished before the time when Oenopides wrote, it had not previously occurred to 
anyone to substitute new constructions based on that principle for others 
previously in vogue. In the case of the perpendicular, for example, the con
struction would no doubt, in earlier days, have been made by means of a set 
square. 



E X C U R S U S II. 

POPULAR N A M E S FOR E U C L I D E A N PROPOSITIONS. 

Although some of these time-honoured names are familiar to most educated 
people, it seems to be impossible to trace them to their original sources, or to 
say who applied them for the first time respectively. It may be that they were 
handed down by oral tradition for long periods in each case before they found 
their way into written documents. 

We begin with 

I . 5. 
i. This proposition is in this country universally known as the Pons 

Asinorum, "Asses ' Bridge." Even in this case opinion is not unanimous as 
to the exact implication of the term. Perhaps the more general view is that 
taken in the Stanford Dictionary of Anglicised Words and Phrases (by 
C. A. M . Fennell) where the description i s : " Name of the fifth proposition 
of the first Book of Euclid, suggested by the figure and the difficulties which 
poor geometricians find in mastering it." This is certainly the equivalent of 
what I gathered, in my early days at school, from a former Fellow of St John's, 
the Reverend Anthony Bower, who was a high Wrangler in 1846 and a friend 
of Todhunter's. The " ass " on this interpretation is a synonym for " fool." 
But there is another view (as I have learnt lately) which is more complimentary 
to the ass. It is that, the figure of the proposition being like that of a trestle-
bridge, with a ramp at each end which is the more practicable the flatter the 
figure is drawn, the bridge is such that, while a horse could not surmount the 
ramp, an ass could ; in other words, the term is meant to refer to the surefooted-
ness of the ass rather than to any want of intelligence on his part. (I may 
perhaps mention that Sir George Greenhill is a strong supporter of this view.) 

A n epigram of 1780 is the earliest reference to the term in Murray's 
English Dictionary: 

"If this be rightly called the bridge of asses, 
He's not the fool that sticks but he that passes." 

The writer's own view is not too clear. He seems to imply that, while the 
inventor of the name meant that only the fool find? the bridge difficult to 
pass, the more proper view would be that, since the ass can get over, and 
" ass " is synonymous with " fool," therefore it must be the fool who can get 
over; in other words, he seems to object to the phrase as being a contradic
tion in terms. 

But we have also to take account of the fact that the French apply the 
term to 1. 47. Now in Euclid's figure for I. 47 there is no suggestion of a 
bridge, and the reference can only be to the nature of the theorem, its diffi
culty or otherwise. It is curious that the French dictionaries give two different 
explanations of Pont aux ones. Littre makes it " ce que personne ne doit ni 
ne peut ignorer; ce qui est si facile que tout le monde doit y reussir." Now 
no intelligent person could have applied the name to Eucl. 1. 47 for this 
reason, namely that it was so easy that even a fool could not help knowing it. 
Larousse is better informed; there we find "Pont aux anes, certaine difficulty, 
certaine question qui n'arrete que les ignorants, et qui sert de criterium 



pour juger l'intelligence de quelqu'un, et particulierement d'un ecolier. C'est 
ainsi que, dans les classes de mathematiques, on ne manque jamais de dire 
que le carre- de l'hypotenuse est le pont aux dnes de la geometrie. La plupart 
des dictionnaires entendent par ce mot une chose si -simple, si facile, que 
personne ne doit l'ignorer: c'est une erreur evidente" Larousse is clearly right. 
But it will be observed that, so far as it goes, Larousse's interpretation rather 
supports the first of the two alternative explanations of the meaning of "Asses ' 
Bridge" as applied to i. 5, namely that it is difficult for the fool (= "ass") to 
master. 

In the Stanford Dictionary it is added that " in logic the term was in the 
16 & applied to the conversion of propositions by the aid of a difficult 
diagram for finding middle terms " ; and if the mathematicians borrowed the 
term from logic, this again would be rather in favour of the first explanation 
of its use for 1. 5. 

I f it is permitted desipere in loco, I would add for the benefit of future 
generations (in the hope that they will still be able to appreciate the joke or, 
in the alternative, will be tempted to discuss learnedly what could possibly 
have been meant) a very topical allusion in a recent Punch (14 Oct. 1925) : 
" W h e n they film Euclid, as is suggested, we shall no doubt see a very 
thrilling rescue over the burning Pons Asinorum."—And yet it is safe to 
prophesy that the " Asses' Bridge " will outlive the " film " ! 

2. Elefuga. 
This name for Eucl. 1. 5 is mentioned by Roger Bacon (about 1250), who 

also gives an explanation of it (Opus Tertium, c. vi). H e observes that in his 
day people in general, finding no Utility in any science such as geometry, for 
example, recoiled from the idea of studying it unless they were boys forced to 
it by the rod, so that they would hardly learn so much as three or four pro
positions. Hence it is, he says, that the fifth proposition is called " Elefuga, 
id est, fuga miserorum; elegia enim Graece dicitur, Latine miseria; et elegi 
sunt miseri." That is, according to Roger Bacon, Elefuga is " flight of the 
miserable." This explanation no doubt accounts for the verses about Dul-
carnon in Chaucer's Troilus and Criseyde, III , 11. 933-5 : 

" Dulcamon called is 1 fieminge of wrecches ' ; 
I t seemeth hard, for wrecches wol not lere 
For verray slouthe or othere wilful t ecches"; 

since "fieminge of wrecches," "banishment of the miserable," is a translation 
of " fuga miserorum." Only Dulcamon is there wrongly taken to be the same 
proposition as Elefuga, i.e. i. 5, whereas, as we shall see, Dulcamon was really 
the name for the Pythagorean theorem 1. 47. 

Etymologically, Roger Bacon's explanation leaves something to be de
sired. T h e word would really seem to be an attempt to compound the two 
Greek words L\TO%, pity (or the object of pity), and <PVYRJ, flight (cf. note 
ad loc. in Skeat's edition of Chaucer). Notwithstanding the confusion of 
tongues, the object seems to be a play upon the two words Elementa and 
IKTOI, which both begin with the same three letters, and the implication is that 
"escape from the Elements " (which normally came when Prop. 5 was reached) 
was equivalent to "escape from misery" or "trouble." A better form for the 
word would perhaps be Eleufuga; and this form actually occurs in Alanus' 
Anticlaudianus, Hi, c. 6 (cited by Du Cange, Glossarium, s.v.). The word 
also occurs, according to Skeat's note, in Richard of Bury's Phtiobiblon, 
c. xiii, where it was somewhat oddly translated by J. B . Inglis in 1832 " How 
many scholars has the Helleflight of Euclid repelled !" 



I . 47-

The Pythagorean proposition about the square on the hypotenuse has 
taken even a deeper hold of the minds of men, and has been known by 
a number of names. 

1. The Theorem of the Bride (Ouipypa. TT/S vipj^rp). 
This name is found in a M S . of Georgius Pachymeres (1242-1310) in the 

Bibliotheque Nationale at Paris; there is a note to this effect by Tannery 
(La Giomitrie grecque, p. 105), but, as he says nothing more, it is probable 
that the passage gives the mere name without any explanation of it. W e 
have, however, much earlier evidence of the supposed connexion of the pro
position with marriage. Plutarch (born about 46 A . D . ) says (De /side et 
Osiride 56, p. 373 F) " W e may imagine the Egyptians (thinking of) the most 
beautiful of triangles (and) likening the nature of the All to this triangle most 
particularly, for it is this same triangle which Plato is thought to have 
employed in the Republic, when he put together the Nuptial Figure (yauijkiov 
Stdypappa)"—Bidypappa, though literally meaning "diagram " or "figure," was 
commonly used in the sense of " proposition " — " and in that triangle the per
pendicular side is 3, the base 4, and the hypotenuse, the square on which is 
equal to the sum of the squares on the sides containing (the right angle), 5. 
We must, then, liken the perpendicular to the male, the base to the female and 
the hypotenuse to the offspring of both. . . .For 3 is the first odd number and 
is perfect, 4 is the square on an even side, 2, while the 5 partly resembles the 
father and partly the mother, being the sum of 3 and 2." 

Plato used the three numbers 3, 4, 5 of the Pythagorean triangle in the 
formation of his famous Geometrical Number; but Plato himself does not call 
the triangle the Nuptial Triangle nor the number the Nuptial Number. It is 
later writers, Plutarch, Nicomachus and Iamblichus, who connect the passage 
about the Geometrical Number with marriage ; Nicomachus (Introd. Ar., 11, 
24, n ) merely alludes to " the passage in the Republic connected with the 
so-called Marriage," while Iamblichus (In Nicom., p. 82, 20 Pistelli) only 
speaks of " the Nuptial Number in the Republic." 

It would appear, then, that the name " Nuptial Figure " or " Theorem of 
the Bride " was originally used of one particular right-angled triangle, namely 
(3> 4> 5)- A ' a t e Arabian writer Beha-ad-dln (1547-1622) seems to have 
applied the term " Figure of the Br ide" to the same triangle; the Arabs 
therefore seemingly followed the Greeks. The idea underlying the use of the 
term, first for the triangle (3, 4, 5), and then for the general theorem of I. 47, 
seems to be roughly that of the two parties to a marriage becoming one, just 
as the two squares on the sides containing the right angle become the one 
square on the hypotenuse in the said theorem. 

2. The "Bride's Chair." 
The origin of this name is more obscure. It must presumably have been 

suggested by a supposed resemblance between the figure of the proposition 
and such a chair. D. E. Smith (History of Mathematics, 11, pp. 289-90) 
remarks that the " Bride's Chai r" may be so-called " because the Euclid 
figure is not unlike the chair which a slave carries on his back and in which 
the Eastern bride is sometimes transported to the ceremony," and he cites a 
note from Edouard Lucas'Rkreations Mathimatiques, 11, p. 130 : " L a demon
stration que nous venons de donner du thebreme de Pythagore sur le carre 
de l'hypotenuse ne differe pas essentialement de la demonstration hindoue, 
connue sous le nom de la Chaise de la petite mariie, que Ton rencontre dans 



louvrage de Bhascara (Bija-Ganita, §146) . " T h e figure of Bhaskara is not 
that of Euclid but that shown at the top of p 355 above ; I have however 
not been able to find the name " Bride's Chair " in Colebrooke's translation 
of the work of Bhaskara. 

Notwithstanding the apparent frivolity of the setting, I venture to suggest 
that light may be thrown on the question by a very modern version of the 
" Bride's Chai r" which appeared during or since the War in La Vie Parisienne. 
T h e illustration represents Euclid's figure for 1. 47 and, drawn over it, as on 
a frame, a poilu in full fighting kit carrying on his back his bride and his house
hold belongings. Roughly speaking, the soldier is standing (or rather walking) 
in the middle of the large square, his head and shoulders are bending to the 
right within the contour of one of the small squares, while the lady, with 
mirror and powder-puff in action, is sitting with her back to him in the right 
angle between the two smaller squares (HAG in the figure on p. 349 above) 1 . 
I am informed by Sir George Greenhill that there was also an earlier version 
"showing the chair as it is in use to-day in Cairo and Egypt, the earliest 
version of a taxi-chair, a pattern as early as Euclid and suggesting the nick
name of the proposition." This recalls to my mind the remark of a friend to 
whom I mentioned the subject and showed the figure of the proposition; he 
observed at once on seeing it " B u t I should have said it was more like a sedan 
chair," the large square suggesting to him the actual chair and the two smaller 
squares the two bearers. 

3. Dulcamon. 
This name for I, 47 appears, as above mentioned, in Chaucer's Troilus 

and Criseyde, in, 11. 930-3, where Criseyde says : 
4 1 am, til G o d me bettre minde sende, 
A t dulcamon, right at my wittes ende.' 
Quod Pandarus, ' y e , nece, wol ye here? 
Dulcamon called is " fieminge of wrecches."' 

Billingsley, too, in his edition of Euclid (1570) observes of 1. 47 that " i t hath 
bene commonly called of barbarous writers of the latter time Dulcamon." 

Dulcamon (see Skeat's note ad loc.) seems to represent the Persian and 
Arabic du 'Ikarnayn, lit. two-horned, from Pers. du, two, and karn, horn. The 
name was applied to 1. 47 because the two smaller squares stick up like two 
horns and, as the proposition is difficult, the word here takes the sense of 
" puzzle " ; hence Criseyde was " at dulcamon " because she was perplexed 
and at her wit's end. 

4. Francisci tunica = " Franciskaner Kutte," " Franciscan's cowl." 
This name is quoted by Weissenborn (Die Uebersetzungen des Euklid 

durch Campano und Zamberti, p. 42) as given in a Geometrie by one Kunze. 
The name is quite appropriate, one of the squares representing the hood 
thrown back. 

I I I . ; , 8. 
I have already mentioned the names " Goose's F o o t " (Pes anseris) and 

"Peacock 's T a i l " (Cauda pavonis) applied, suitably enough, to these pro
positions respectively. They come from Luca Paciuolo's edition of Euclid 
published in 1509 (vide Weissenborn, ibid.). 

1 Old Cambridge men will recall a picture in some respects not unlike, though less 
artistic than, the cartoon in La Vie Parisienne, I mean the painting of " T h e Man Loaded 
with Mischief" which used to be over the door of the former inn of that name on the 
St Neots Road, a short distance from Cimbridge. 



I N D E X O F G R E E K W O R D S A N D F O R M S . 
dyibviov, angle-less (figure) 187 
ddvvarov: i) els r6 AS. Axaytayi), t) 8ta rod AS. 

Sethis, 1) els r6 AS. dyovaa dwddet^ts 136 
&ki8o€i8j)$, barb-like 188 
AXoyos, irrational: ircpl A\6yuv ypap^iuv Kal 

vo.<jtQ>v, work by Democritus 413 
dfupXeta (yuvta), obtuse (angle) 181 
dftfSKvydyvtos, obtuse-angled 187 
&fMfn)sf indivisible 41, 368 
AfitplxoiXos (of curvilineal angles) 178 
afuplicvpTos 178 
avaypdipeiv &ir6 to describe on contrasted with 

to construct (ffvoT^ffaffdat) 348 
ava\v6fievos (t6ttos), Treasury of Analysis 8, 

10. 11, 138 
dvaarpotpiKds (species of locus) 330 
dvofxoiofxepris, non-uniform 40, 161-2 
dvTiffrpoipi), conversion 256-7: leading variety, 

i) irp<njyovfiiv7] or ij Kvpltas, ibid. 
avOirapKTos, non-existent 129 
A&ptoTos, indeterminate: (of lines or curves) 

160: (of problems) 129 
dxa-yvyr), reduction 135: els to ASovarov 136 
tiireipos, infinite: i} iv Air. eKfiaWofiivij of 

line or curve extending without limit and 
not "forming a figure 160-1: 4ir' Air. or 
els Atr. adverbial 190: i* Air. StatpeiffBat 
268: Aristotle on rd Aretpov 232-4 

drXoifc, simple: (of lines or curves) 161-2: 
(of surfaces) 170 

d7r6<5ei£ts, proof (one of necessary divisions of 
a proposition) 129, 130 

airT€<rdau, to meet (occasionally touch) 57 
&pp7)Tos\ irrational: of X6701137: of diameter 
^ (diagonal) 399 

aaup,{iaTos, incompatible 129 
Aa&ftirrwTOs, not-meeting, non-secant, asymp

totic 40, 161, 203 
dcrtivOeros, incomposite: (of lines) 160, 161: 

(of surfaces) 170 
Ara/cTos, unordered', (of problems) 128: (of 

irrationals) 115 
Arofioi ypo.ixp.al, "indivisible lines" 268 
ai>rd? ftpa, Ipse dixit, referring to Pythagoras 

4 " 
Aipls m segment of circle less than semicircle 187 
pAOos, depth 158-9 
pAffis, base 248-9 
yafiijXiov Sidypa/x/xa, "Figure of Marriage" 

(Plutarch), term for Pythagorean triangle 
(3.4.5)i4i7 

yeypd<p$b> 342 
yvu}p.on>) see gnomon 
ypa.fip.-r), line (or curve) q.v. 
ypap.fu.Kws, graphically 400 
SeSopJvos given, different senses 132-3: 

Euclid's StSofiiva or Data, q.v. 
SelypuiTa, illustrations, of Stoics 329 
Set 5tJ, "thus it is required," introducing 

Stoptafi6s 293 
itAypapifiamproposition (Aristotle) 252 
Statpevts'. point of division (Aristotle) 165, 

170, 171: method of division (exhaustion) 
285: Euclid's ureplStatpiffeujv 8,0.,18,87,110 

StmrrAaets, almost = dimensions 157, 158 
dto.VTa.T6v extended, i<f> ft* one way, irl 860 

two ways, irl Tpla three ways (of lines, 
surfaces and solids respectively) 158, 170 

8iAo-Ti)fj.a, distance 166, 167, 207: (of radius of 
circle) 199: (ofanangle) = divergence 176-7 

8ie£o8tK6s (of a class of loci) 330 
StifaBw, " let it be drawn through" (-=pro-

duced) 280 
8iopia/j,6s = 11) particular statement or defini

tion, one of the formal divisions of a pro
position 129: (2) statement of condition of 
possibility 128, 129,130, 131, 234, 243,293 

elffayuryij apfiovtKi), Introduction to Harmony, 
by Cleonides 17 

enaTipa iKwripa, meaning respectively248, 350 
iKfiefSX-fiffOwrav, use of, 244 
ixetvos — Euclid 400 
HBeffts, setting-out, one of formal divisions of 

proposition 129: sometimes omissible 130 
iKTbs, Kara to (of an exterior angle in sense 

of re-entrant) 263: ij iicTos ywvla, the 
exterior angle 280 

iXtKoetS-^s, spiral-shaped 159 
IXXei ipts, falling-short (with reference to 

application of areas) 36, 343-5, 383-4 
c'AAnr̂ s rp&fXkyifia, a deficient (=indeter

minate) problem 129 
•i*-a\Xd£, alternately or (adjectivally) alternate 

308 
iwota, notion, use of, 221 
ivffTaats, objection 135 
ivrbs, Kara to or ̂  ivros (ywla) of an interior 

angle 263, 280: 7) imbs koX Arevavrlov 
yuvla, the interior and opposite angle 280 

ivetetixdwrav (irtfe&yvvpx, join) 242 
irlreSov, plane in Euclid, used for surface 

also in Plato and Aristotle 169 
iiriirpoodeiv, irtrpotrBev elvat, to stand in 

front of (hiding from view) 165, 166 
irupdveta, surface (Euclid) 169 
€Tep6p.r}Kest oblong 151, 188 
eftdti, t6, the straight 159: ei>Beia {ypap.pn))t 

straight line 165-9 
evdOypafxpios, rectilineal 187: neuter as sub

stantive 346 
itpATrreadat, to touch 57 
i<papp,6fav, to coincide, i<papfi6f€<r6at, to be 

applied to 168, 224-5, H 9 
i<p€KTtK6s (of a class of loci) 330 
i<f>e£rjs, "in order" 181: of adjacent angles 

18*, 278 
detbpyjfjLa, theorem qfv.: Bewpr/pta ttjs pjjpuprjs, 

"Theorem of the Bride," = Euc l . 1.47, 417 
dvpebs (shield)=ellipse 165 
tirwov v48i) (horse-fetter), name for a certain 

curve 162-3, 176 
laofUTpwv ffXTifidrtav, repl, on isometric figures 

(Zenodorus) 26, 27, 333 
kABctos eudeTa ypafxpvf), perpendicular 181-2, 

271: "p lane" and "solid" 272 
KaQiryrfHit 20 
KaptirvXos, curved (of lines) 159 
KoraaKevfi, construction, or machinery, one of 

divisions of a proposition 129 : sometimes 
unnecessary 130 

A-araroMTj xavbvos, Sectio canonis, attributed to 
Euclid 17 

http://ypo.ixp.al
http://ypa.fip.-r
http://ypap.fu.Kws
http://dto.VTa.T6v
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KtlaQu, "let it be made" 169 
Kacanfiivr), bent (of lines) 159, 176 
Kirrpoy, centre 183,184, 199 : fi in rov KIVTOOV 

= radius 199 
KfparociSris (ywla), horn-like (angle) 177, 

178, 181 
icXav, to inflect or deflect, KticXtiodai. KeKXa.tr-

pirn, xXiois II8, 150, 159, 176, 178 
KXIOIS, inclination, 176 
KotXoyiivwy, hollow-angled figure (Zenodorus) 

»7, 188 
Kotval twotat, Common Notions ( = axioms) 

211-1: called also tA xoivd, KOIVOI Joftu 
(Aristotle) 120, i l l 

KOLVTJ wpovxelffOia, afinpfyrdto 276 
Kopvtfrij, vertex: Kara Kopvtptjv, vertical (angles) 

178 
«pfcor, ring (Heron) 163 
X^/ipa, lemma { — something assumed, \afi-

Panipevor) 133-4 
Xotxor: Xoift) ij A A Xotirrj t# BH ftnj Itv6> 245 
piptl, parts (=direction) 190, 308, 323: 

(=side) 271 
pyxos, length, 158-9 
HTfooeiMp, lune-like (of angle) 26, 201: to 

pipntMt (<rx$pa), lune 187 
pucrbt, " m i x e d " (of lines or curves) 161,162: 

(of surfaces) 170 
floras xpouXa/SoOua Wine, definition of a 

'St 
lun>bffrpo<poi £Xt£ "single-turn spiral" 1 1 1 -

3». , 164-5: in Pappus = cylindrical helix 
165 

vetioeis, inclinations, a class of problems 
15c— r: rauto, to verge 118, 150 

(vorpoeiS^s, scraper-like (of angle) 178 
hpottMp, "of the same form" 250 
tpoun,' 'similar" (of numbers) 357: (of angles) 

= equal (Thales, Aristotle) 252 
opotopqnii, uniform (of lines or curves) 40, 

161-2 
b£tia (yurla), acute (angle) 181 
b(vyibrtos, acute-angled 187 
trip fit btT(ai (or rot^irai) Q.E.D. (or F.) 57 
tpgoyilnos, right-angled: as used of quadri

laterals = rectangular 188-9 
dpoj, Spurnos, definition 143: original mean

ing of loos 143: = boundary, limit 181 
thpu, visual ray 166 
srivrn ptraXapparbiurat, " taken together in 

any manner" 181 
raoa/SoXi) ran xaplov, application of areas 36, 

343-5: contrasted with inrepfioXr) (exceed
ing) and tXXeitfiis (falling-short) 343 : rapa-
poXt) contrasted with aforaois (construction) 
343: application of terms to conies by 
Apollonius 344-5 

npi!o(os rores, 6, "the Treasury of Para
doxes" 319 

iropoXXolTTw, "fall beside" or " a w r y " 262 
wapawXr)pto/ia, complement, q.v. 
wtpas, extremity 165, 182 : ripas ovyKKe'tov 

fflosidonius' definition of figure) 183 
•np&Ktptni (of angle), Teptex&perov (of Tect-

angle), contained 370: ri Sis ripuxbptpoy, 

twice the rectangle contained 380: (of figure) 
contained or bounded 182,183,184,180,187 

ntpuptpeia, circumference 184 
Tepi0e/>7J5, circular 159 
TrepupepbypapfjLos, contained by a circumference 

of a circle or by arcs of circles 182, 184 
irXdror, breadth 158-9 
irXeowlfo!' (rpoplXripa), "(problem) in excess" 

129 
iroXos, a mathematical instrument 370 
7RO\i'7RXEI/poe, many-sided figure 187 
nopiffcurOai, to "find" or "furnish" 125 
iripitr/m, porism q.v. 
TpopXnpa, problem q.v. 
Tcporryoipxvos, leading: (of conversion) c o m 

plete 256-7: icpornyotiiuvov (Stwpnpa) leading 
(theorem) contrasted with converse 257 

irpot, in geometry, various meanings 277 
rpbraois, enunciation 129-30 
rporclvto, "propound" 128 
rsuTor, prime, two senses of, 146 
irroe-i», case 134 
pirrdt, rational 137: prrri) liiprrpos rijs rtp-

ribos ("rational diameter of 5") 399 
(ntiittw, point 155-6 
ori.tp.rt, a mathematical instrument 371 
any pa), point 156 
orotxetov, element 114-6 
orpoyySXov, 76, round (circular), in Plato 

159, 184: erpoyyoXbrns, roundness 182 
Tvpirepaofia, conclusion (of a proposition) 

129, 130 
oinrStros, composite : (of lines or curves) 160: 

(of surfaces) 170 
trivevots, convergence 282 
owloraodai, construct', special connotation 

259, 289: with bnbs 289: contrasted with 
TaoapMXXw (apply) 343 

oX*puxToypo.<ptw, oxvp-^roypatpia, represent
ing (numbers) by figures of like shape 359 

axfip-orovotovoa. or trxvfui voioOaa, forming a 
figure (of a line or curve) 160-1 

Teraypirov (of a problem), "ordered" 128 
Ttrpaywurpbs, squaring, definitions of 149-

5«, 410 
Tcrpiyavov, square: sometimes (but not in 

Euclid) any four-angled figure 188 
TtrpavXevpov, quadrilateral 187 
to/u), section, =point of section 170, 171, 278 
rorwor Oedprifia, locus-theorem 329 
t4to»: locus 319-31: room or space 1311.: 

place (where things may be found), thus 
Torof i.va\vbpevos%, 10: wapdoo^os tokos 319 

T&pvos, instrument for drawing a circle 371 
rpl-rXtupov, three-sided figure 187 
Tvxbv oypxiov, a point at random 151 
uwtpfioXii, exceeding, with reference to method 

of application of areas 36, 343-5, 386-7 
irt, in expressions for an angle ft brb BAT 

yuvla) 149, and a rectangle 370 
faroKerrai, "is by hypothesis" 303, 311 
inrorcUrtw, subtend, with acc. or i>7RO and acc. 

«4». 283, 350 
CipurpihT) ypappi), determinate line (curve), 

"forming a figure" 160 

http://KeKXa.tr-
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al-'Abbas b. Sa'Id al-Jauhari 85 
"Abthiniathus" (or " Anthisathus") 203 
A b u '1 'Abbas al-Fadl b. Hatim, see an-

Nairizi 
A b u ' Abdallah Muh. b. Mu'adh al-Jayyani 90 
A b u ' A l l al-Basrl 88 
A b u 'AH al -Hasan b. al-Hasan b. al-Haitham 

88, 89 
Abu Da'ud Sulaiman b. 'TJqba 85, 90 
Abu Ja'far al-Khazin 77, 85 
Abu Ja'far Muh. b. Muh. b. al-Hasan 

Naslraddin at-Tusi, see Nasiraddin 
Abu Muh. b. Abdalbaqi al-Bagdadi al-Faradi 

8»., 90 
A b u Muh. al-Hasan b. 'Ubaidallah b. Sulai

man b. W a h b 87 
A b u Nasr Gars al-Na'ma 90 
Abu Nasr Mansur b. 'AH b. 'Iraq 90 
A b u Nasr Muh. b. Muh. b. Tarkhan b. 

Uzlag al-Farabl 88 
A b u Sahl Wljan b. Rustam al-Kuhl 88 
Abu Sa id Sinan b. Thabit b . Qurra 88 
A b u 'Uthman ad-Dimashqi 25, 77 
A b u '1 Wafa al-Buzjani 77, 85, 86 
A b u Yusuf Ya'qub b. Ishaq b. as-Sabbah al-

Kindl 86 
A b u Yusuf Ya'qub b. Muh. ar-RazI 86 
Adjacent (t<pt(ys), meaning 181 
Aenaeas (or Aigeias) of Hierapolis 28, 311 
Aganis 27-8, 191 
Ahmad b. al-Husain al-Ahwazi al-Katib 89 
Ahmad b. 'Umar al-Karablsi 85 
al-Ahwazi 89 
Aigeias (?Aenaeas) of Hierapolis 28, 311 
Alexander- Aphrodisiensis 7 n., 29 
Algebra, geometrical, 372-4: classical method 

was that of Eucl . II. (cf. Apollonius) 373: 
preferable to semi-algebraical method 377— 
8: semi-algebraical method due to Heron 
373, and favoured by Pappus 373: geome
trical equivalents of algebraical operations 
374: algebraical equivalents of propositions 
in Book II. 372-3 

Al l b. Ahmad Abu '1 Qasim al-Antaki 86 
Allman, G . J . 135»., 318, 352 
Alternate (angles) 308 
Alternative proofs, interpolated, 58, 59 
Amaldi 175, 179-80, 193, 201, 313, 328 
Ambiguous case 306-7 
Amphinomus 125, 128, 15OR. 
Amyclas of Heraclea 117 
Analysis (and synthesis) 18: alternative 

proofs of x m . 1-5 by, 137: definitions of, 

interpolated, 138: described by Pappus 
138-9: modern studies of Greek analysis 
139: theoretical and problematical analysis 
138: Treasury of analysis (roTOf ivdkvi-
fievos) 8, 10, 11, 138: method of analysis 
and precautions necessary to 139-40: 
analysis and synthesis of problems 140-2: 
two parts of analysis (a) transformation, 
(b) resolution, and two parts of synthesis, 
(a) construction, (b) demonstration 141: 
example from Pappus 141-2: analysis 
should also reveal 8iopio/j.6s (conditions of 
possibility) 142 

Analytical method 36: supposed discovery 
of, by Plato 134, 137 

Anaximander 370 
Anchor-ring 163 
Andron 126 
Angle . Curvilineal and rectilineal, Euclid's 

definition of, 176 sq.: definition criticised 
by Syrianus 176: Aristotle's notion of 
angle as nXdon 176: Apollonius' view of, 
as contraction 176, 177: Plutarch and 
Carpus on, 177: to which category does it 
belong? quantum, Plutarch, Carpus, " A -
ganis 177, Euclid 178; quale, Aristotle 
and Eudemus 177-8: relation, Euclid 178: 
Syrianus' compromise 178 : treatise on the 
Angle by Eudemus 34, 38, 177-8: classifi
cation of angles (Geminus) 178-9: curvi
lineal and " m i x e d " angles 26, 178-9, 
horn-like (xeparoe(di)r) 177, 178, 182, 265, 
lune-like {jvnvoeiiihi) 26, 178-9, scraper-like 
{(vorpoaStp) 178: angle of A segment 253: 
angle of a semicircle 182, 253: definitions 
of angle classified 179: recent Italian views 
179-81: angle as cluster of straight lines 
or rays 180-1, defined by Veronese 180: 
as part of a plane ("angular sector") 179-
80: flat angle (Veronese etc.) 180-1, 209: 
three kinds of angles, which is prior 
(Aristotle)? 181-2: adjacent angles 181: 
alternate 308: similar ( = equal) 178, 182, 
252: vertical 278: exterior and interior 
(to a figure) 263, 280: exterior when re
entrant 263: interior and opposite 280: 
construction by Apollonius of angle equal 
to angle 296: angle in a semicircle, theorem 
of, 317-19: trisection of angle, by conchoid 
of Nicomedes 265-6, by quadratrix of 
Hippias 266, by spiral of Archimedes 367 

al-Antaki 86 
Antiphon 71*., 35 



"Anthisathus" (or " Abthiniathus") 303 
Apastamba-6ulba-Sutra 352 : evidence in, as 

to early discovery of Eucl . 1. 47 and use 
of gnomon 360-4: Btirk's claim that 
Indians had discovered the irrational 363-
4: approximation to ^2 and Thibaut's 
explanation 361, 363-4: inaccurate values 
of v in, 364 

Apollodorus "Logis t icus" 37, 319, 351 
Apol lonius: disparaged by Pappus in com

parison with Euclid 3: supposed by some 
Arabians to be author of the Elements 5: 
a " carpenter" 5 : on elementary geometry 
4 3 : on the line 159: on the angle 176: 
general definition of diameter 325 : tried to 
prove axioms 42, 62, 222-3: his "general 
treatise " 42: constructions by, for bisection 
of straight line 268, for a perpendicular 
270, for an angle equal to an angle 296: 
on parallel-axiom (?) 42-3: adaptation to 
comes of theory of application of areas 
344-5: geometrical algebra in, 373: Plane 
Loci 14, 259, 330: Planevcfaeis 151: com
parison of dodecahedron and icosahedron 
6: on the cochlias 34,42,162 : on unordered 
irrationals 42,115: 138,188,221, 222, 246, 

»49< *59. 37o, 373 
Application of areas 36, 343-5 : contrasted 

with exceeding and falling-short 343: 
complete method equivalent to geometric 
solution of mixed quadratic equation 344-5, 
383-5, 386-8: adaptation to conies (Apol
lonius) 344-5: application contrasted with 
construction (Proclus) 343 

" A q a t o n " 88 
Arabian editors and commentators 75-90 
Arabic numerals in scholia to Book x . , 

12th c , 71 
Archibald, R. C . gn., 10 
Archimedes 20, 3 1 , 116, 142: "postulates" 

in, 120,123: famous " lemma" (assumption) 
known as Postulate of Archimedes 234: 
"Porisms"in, 1 1 » . , 13: spiral of, 26, 267 : 
on straight line 166: on plane 171-2 : 225, 
*49» 37o 

Archytas 20 
Areskong, M . E . 113 
Arethas, Bishop of Caesarea 48: owned 

Bodleian MS. (B) 47-8: had famous Plato 
MS. of Patmos (Cod. Clarkianus) written 48 

Argyrus, Isaak 74 
Aristaeus 138: on conies 3: Solid Loci 16, 

329: comparison of five (regular solid) 
figures 6 

Aristotelian Problems 166, 182, 187 
Aristotle: on nature of elements 116: on 

first principles 117 sqq.: on definitions 117, 
119-20, 143-4, 146-50: on distinction be
tween hypotheses and definitions 119, 120, 
between hypotheses and postulates 118, 
119, between hypotheses and axioms 120: 
on axioms 119-21 : axioms indemon
strable 121: on definition by negation 
156-7: on points 155-6, 165: on lines, 
definitions of 158-9, classification of 159-

60: quotes Plato's definition of straight 
line 166: on definitions of surface 170: 
on the angle 176-8: on priority as between 
right and acute angles 181-2: on figure 
and definition of 182-3 : definitions of 
"squaring" 149-50,410: on parallels 190-

308-9: on gnomon.351, 355, 359: on 
attributes Kara, wavrbs and xpwrtw ko.66\ov 
319, 330, 335: on the objection 135: on 
reduction 135: on reductio ad absurdum 
136: on the infinite 333-4: supposed pos
tulate or axiom about divergent lines taken 
by Proclus from, 45, 307 : gives pre-Eucli-
dean proof of \. 5 353-3 : on theorem of 
angle in a semicircle 149: on sum of angles 
of triangle 319-21: on sum of exterior 
angles of polygon 322 : 38,45, 117, 150*1., 
181, 184, 185, 187, 188, 195, 202, 303, 
221, 222, 223, 226, 259, 262-3, 283, 411 

Arithmetical calculations in scholia to Bk. x. 
7'. 74 

al-Arjani, Ibn Rahawaihi 86 
Ashkal at-ta'sis 5 «. 
Ashraf Shamsaddin as-Samarqandi, Muh. b. 

5«. , 89 
Astaroff, Ivan 113 
Asymptotic (non-secant) lines 40, 161, 203 
Athelhard of Bath 78, 93-6 
Athenaeus 20, 351 
Athenaeus of Cyzicus 117 
August, E . F, 103 
Austin, W . 103, 11 r 
Autolycus, On the moving sphere 17 
Avicenna 77, 89 
Axioms, distinguished from postulates by 

Aristotle 118-9, by Proclus (Geminus and 
"others") 40, 121-3: Proclus on diffi
culties in distinctions 123-4: distinguished 
from hypotheses, by Aristotle 120-1, by 
Proclus 121-2: indemonstrable 121: at
tempt by Apollonius to prove 222-3 : 

= " common (things)" or "common 
opinions" in Aristotle 120, 3 3 1 : common 
to all sciences 119, 1 3 0 : called "common 
notions" in Euclid 121, 221: which are 
genuine? 221 sqq.: Proclus recognises five 
222, Heron three 222: interpolated axioms 
234, 232: Pappus' additions to axioms 
35> 323, 224, 232: axioms of congruence, 
(1) Euclid's Common Notion 4, 224-7, 
(2) modern'systems^Pasch, Veronese and 
Hilbert) 228-31: "ax iom" with Stoics — 
every simple declaratory statement 41, 221 

Bacon, Roger 94, 416 
Balbus, de mensuris 91 
Barbarin 219 
Barlaam, arithmetical commentary on Eucl . 11. 

74 
Barrow, 103, 105, 110, 111 
Base, meaning 248-9 
Basel, editioprinceps of Eucl . 100-1 
Basilides of Tyre 5, 6 
Baudhayana Sulba-Sutra 360 
Bayfius (Bai'f, Lazare)- 100 



Becker, J. K . 174 
Bees 176 
Beha-ad-din 417 
Beltrami, E . 119 
Benjamin of Lesbos 113 
Bergh, P. 400-1 
Bernard, Edward, 101 
Besthorn and Heiberg, edition of al-Hajjaj's 

translation and an-Nairizi's commentary 
22, »7». , 79 ». 

Bhaskara 35;, 41S 
Billingsley, Sir Henry 109-10, 418 
al-Birirni 90 
Bjornbo, A x e l Anthon IYN., 93 
Boccaccio 96 
Bodleian MS. (B) 47, 48 
Boeckh 351, 371 
Boethius 91, 95, 184 
Bologna MS. (b) 49 
Bolyai, J . 219 
Bolyai, W . 174-5, 219, 318 
Bolzano 167 
Boncompagni 93«., 104 n. 
Bonola, R. 202, 319 
Borelli, Giovanni Alfonso 106, 194 
Boundary (Spot) 182, 183 
Biikenhjelm, P. R. 113 
Breitkopf, Joh. Gottlieb Immanuel 97 
Bretschneider 136 »., 137, 295, 304, 344, 

354. 3S« 
Briconnet, Francois 100 
"Bride, Theorem of the,"' = Eucl . I. 47,417-8 
"Bride's Chair," name for I. 47, 417-8 
Briggs, Henry 102 
Brit. Mus. palimpsest, 7th—8th c , 50 
Bryson 8 « . 
BUrk, A . 352, 360-4 
Barklen 179 
Buteo (Borrel), Johannes 104 

Gabasilas, Nicolaus and Theodorus 72 
Caiani, Angelo 101 
Camerarius, Joachim 101 
Camerer, J . G . 103, 293 
Camorano, Rodrigo 112 
Campanus, Johannes, 3, 78, 94-96, 104, 

100, 110, 407 
Candalla, Franciscus Flussates (Francois de 

Foix, Comte de Candale) 3, 104, n o 
Cantor, Moritz 272, 304, 318, 320, 333, 

i f*) 3S5. 357-8. 360. 401 
Carduchi, L . 112 
Carpus, on Astronomy 34, 43: 45, 127, 128, 

177 
Case, technical term 134: cases interpolated 

58, 59 
Casiri 40., 17 «. 
Cassiodorus, Magnus Aurelius 92 
Cataldi, Pietro Antonio 106 
Catoptrica, attributed to Euclid, probably 

Theon's 17 : Catoptrica of Heron 21, 253 
" C a u s e " : consideration of, omitted by com

mentators 19, 45: definition should state 
cause (Aristotle) 149: cause = middle term 
(Aristotle) 149: question whether geometry 

should investigate cause (Geminus), 45, 
150 a . 

Censorious 91 
Centre, Kirrpov 184-5 
Ceria Aristotelica 35 
Chasles on Porisms of Euclid 10, 11, 14, 15 
Chaucer: Dukarnon in 416-7, 418 
Chinese, knowledge of triangle 3, 4, 5. 35* • 

" C h d u - p e i " 355 
Chou K u n g 362 
Chrysippus 330 
Cicero 91, 351 
Circ le : definition of, 183-5 : = round, orpoy-

yi\or (Plato) 184: = Tep^epbypaupMH 
(Aristotle) 184: a plane figure 183-4: 
centre of, 184-5: pole of, 185: bisected by 
diameter (Thales) 185, (Saccheri) 185-6: 
intersections with straight line 237-8, 
272-4, with another circle 238-40, 242-3, 
'93-4 

Circumference, repupipua 184 
Cissoid 161, 164, 176, 330 
Clairaut 328 
Claymundus, Joan. 101 
Clavius (Christoph Klau?) 103, 105, 194, 

»3»> 38>. 39'. 4°7 
Cleonides, Introduction to Harmony 17 
Cochlias or cochlion (cylindrical helix) 162 
Codex Leidensis 399, 1 : 22, 27 »., 79 n. 
Coets, Hendrik 109 
Commandinus 4, 101, 103, 104-5, ]°6> I , 0 > 

i n , 407: scholia included in translation 
of Elements 73: edited (with Dee) De 
diitisionibus 8, 9, n o 

Commentators on Eucl . criticised by Proclus 
19. *6, 45 

Common Notions: = axioms 62,120-1,221-2 : 
which are genuine? 221 sq.: meaning and 
appropriation of term 221: called "ax ioms" 
by Proclus 221 

Complement, TCAPWRK^PTAPO.: meaning of, 341: 
" a b o u t diameter" 341: not necessarily 
parallelograms 341: use for application of 
areas 342-3 

Composite, ovrt/ens, (of lines) 160, (of sur
faces) 170 

Conchoids 160-r, 265-6, 330 
Conclusion, ovfuripaafia.: necessary part of a 

proposition 129-30: particular conclusion 
immediately made general 131 : definition 
merely stating conclusion 149 

Congruence-Axioms or Postulates: Common 
Notion 4 in Euclid 224-5: modem systems 
of (Pasch, Veronese, Hilbert), 228-31 

Congruence theorems for triangles, recapitula
tion of, 305-6 

Conies, of Euclid 3, 16: of Aristaeus 3, 16: 
of Apollonius 3, 16: fundamental property 
as proved by Apollonius equivalent tq 
Cartesian equation 344-5 : focus-directrix 
property proved by Pappus 15 

Constantinus Lascaris 3 
Construct (ovvUrraoSai) contrasted with 

describe on 348, with apply to 343: special 
connotation 259, 289 



Construction, KaraaKtvt), one of formal di
visions of a proposition 129 : sometimes 
unnecessary 130: turns nominal into real 
definition 146: mechanical 151, 387 

Continuity, Principle of, 234 sq., 141,171,294 
Conversion, geometrical: distinct from logical 

256: "leading" and partial varieties 256-7, 
337 

Copernicus 101 
Cordonis, Mattheus 97 
Cosmic figures (= f ive regular solids) 413-4 
Cratistus 133 
Crelle, on the plane 
Ctesibius 20, 31, 39 ». 
Cunn, Samuel i n 
Curtze, Maximilian, editor of an-Nairizi 22, 

78, 92, 94, 96, 97 «. 
Curves, classification of: see line 
Cylindrical helix 161, 162, 329, 330 
Czecha, Jo. 113 

Dasypodius (Rauchfuss), Conrad 73, 102 
Data of Euclid 8, 132, 141, 385, 391 
Deahna 174 
Dechales, Claude Francois Milliet 106, 107, 

108, n o 
Dedekind's Postulate, and applications 235 -40 
Dee , John 109, n o : discovered De divisi-

onibus 8, 9 
Definition, in sense of "closer statement" 

(Stoptofibt), one of formal divisions of a 
proposition 129: may be unnecessary 130 

Definitions: Aristotle on, 117,119, 110, 143: 
a class of thesis (Aristotle) 120: distin
guished from hypotheses 119, but confused 
therewith by Proclus 121-2: must be 
assumed 117-9, but say nothing about 
existence (except in the case of a few 
primary things) 119, 143: terms for, Spot 
and opioids 143 : real and nominal defi
nitions (real=nominal plus postulate or 
proof), Mil l anticipated b y Aristotle, Sac-
cherl and Leibniz 143-5 : Aristotle's re
quirements in, 146-50, exceptions 148: 
should state cause or middle term and be 
genetic 149-50: Aristotle on unscientific 
definitions (£K P-t] icporipuv) 148-9: Euclid's 
definitions agree generally with Aristotle's 
doctrine 146 : interpolated definitions 61, 
62 : definitions of technical terms in Aris
totle and Heron, not in Euclid 150 

De levi et ponderoso, tract 18 
Demetrius Cydonius 72 
Democritus 38: treatise on irrationals 413 
D e Morgan 246, 260, 269, 284, 291, 298, 

300, 309, 313, 314, 315, 369, 376 
Desargues 193 
Describe on (avaypd<ptiy irb) contrasted with 

construct 348 
D e Zolt 328 
Diagonal (Siay&viot) 185 
" D i a g o n a l " numbers: see " S i d e - " and 

" diagonal-" numbers 
Diameter (Staperpot), of circle or parallelo

gram 185 : as applied to figures generally 

325: "rational" and " irrational" diameter 
of 5 (Plato) 399, taken from Pythagoreans 
309-400, 413 

Diets, H . 412 
Dimensions (cf. luurraVett) 157, 158: Aris

totle's view of, 158-9 
Dinostratus 117, 266 
Diodes 164 
Diodorus 203 
Diogenes Laertius 37, 305, 317, 351 
DionysiuS, friend of Heron, 21 
Diophantus 86 
Diorismus (Swpiopis) = (a) "definition" or 

"specification," a formal division of a 
proposition 129: (*) condition of possibility 
128, determines how far solution possible 
and in how many ways 130-1, 243: dio-
rismi said to have been discovered by 
Leon 116: revealed by analysis 142: in
troduced by Set Srj 293: first instances in 
Elements 234, 293 

Dippe 108 
Direction, as primary notion, discussed 179 : 

direction-theory of parallels 191-2 
Distance,StdarnpA: = radius 199: in Aristotle 

has usual general sense and m dimension 199 
Division (method of), Plato's 134 
Divisions (offigures) by Euclid 8, 9: trans

lated by Muhammad al-Bagdadl 8 i found 
(by Woepcke) in Arabic 9, and (by Dee) 
in Latin translation 8, 9: 110 

Dodecahedron in sphere 411 
Dodgson, C . L . 194, 254, 261, 313 
Dou, Jan Pieterszoon 108 
Duhamel 139, 328 
Dulcarnon, name for Eucl. 1. 47, 416, 418 

Egyptians, knowledge of 3 a + 4!I=51', 352 
Elbe, Thyra 113 
Elefuga, name for Eucl . I. 5, 416-7 
Elements: pre-Euclidean Elements, by Hip 

pocrates of Chios, Leon 116, Theudius 117: 
contributions to, by Eudoxus 1, 37, Theae-
tetus 1, 37, Hermotimus of Colophon 
117: Euclid's Elements, ultimate aims of 2, 
115-6: commentators on 19-45, Proclus 
19, 29-45 a ° d passim, Heron 20-24, an-
NairizI 21-24, Porphyry 24, Pappus 24-
27, Simplicius 28, Aenaeas (Aigeias) 28 : 
MSS. of 46-51: Theon's changes in text 
54-58: means of comparing Theonine with 
ante-Theonine text 51-53: interpolations 
before Theon's time 58-63: scholia 64-74 : 

external sources throwing light on text, 
Heron, Taurus, Sextus Empiricus, Proclus, 
Iamblichus 62-3: Arabic translations (1) 
by.al-Hajjaj 75, 76, 70, 80, 83-4, (2) by 
Ishaq and Thabit b . Qurra 75-80, '83-4, 
(3) Nasiraddin at-TusI 77-80, 84: Hebrew 
translation by Moses b. Tibbon or Jakob 
b. Machir 76: Arabian versions compared 
with Greek text 79-83, with one another 
83, 84: translation by Boethius 92 1 old 
translation of 10th c , 92: translation by 
Athelhard 93-6, Gherard of Cremona 93-4, 



Campanus 94-6, 97-110 etc., Zamberti 
98-100, Commandinus 104-5 • introduc
tion into England, 10th c , 95 : translation 
by Billii.jsley 109-10 : Greek texts, editio 
princeps 100-1, Gregory's 101-3, Peyrard's 
103, August's 103, Heiberg's/ajrzVw: trans
lations and editions generally 97-113 : on 
the nature of elements (Proclus) 114-6, 
(Menaechmus) n 4, (Aristotle) 116: Proclus 
on advantages of Euclid's Elements 115: 
immediate recognition of, 116: first princi
ples of, definitions, postulates, common 
notions (axioms) 117-24: technical terms 
in connexion with, 125-42 : no definitions 
of such technical terms 150 : sections of 
Book I. 308 

Elinuam 95 
Engel and Stackel 219, 321 
Enriques,F. 113, 157, 175,193,195,201, 313 
Enunciation (Trpbrcurii), one of formal di

visions of a proposition 129-30 
Epicureans, objection to I. 20 41, 287: 

Savile on, 287 
Equality, in sense different from that of 

congruence ( = " equivalent," Legendre) 
327-8: two senses of equal (r) "divisibly-
equal" (Hilbert) ot "equivalent by s u m " 
(Amaldi), (2) "equal in content" (Hilbert) 
or "equivalent by difference" (Amaldi) 
328: modern definition of, 228 

Eratosthenes 1: contemporary with Archi
medes 1, 2 

Errard, Jean, de Bar-Ie-Duc 108 
Erycinus 27, 290, 329 
Euclid: account of, in Proclus' summary 1; 

date 1-2: allusions to in Archimedes 1: 
(according to Proclus) a Platonist 2: taught 
at Alexandria 2 : Pappus on personality 
of, 3: story of (in Stobaeus) 3 : not "of 
Megara" 3, 4: supposed to have been 
born a't Gela 4 : Arabian traditions about, 
4, 5 : " of Tyre " 4-6: "of T i l s" 4, 5 » . : 
Arabian derivation of name ("key of 
geometry") 6 : Elements, ultimate aim of, 
2, 1 1 5 - 6 : other works, Conies 16, Pseu-
daria 7, Data 8, r32, 141 , 385, 391, On 
divisions (of figures) 8, 9, Porisms 10-15, 
Surface-loci 15, 16, Phaenomena 16, 17 , 
Optics 17, Elements of Music or Sectio 
Canonis 1 7 : on " three- and four-line 
locus" 3 : Arabian list of works 17, 18: 
bibliography 91-113 

Eudemus 29: On the Angle 34, 38, 1 7 7 - 8 : 
History of Geometry 34, 35-8, 278, 295, 
304, 317, 320, 387, 412 

Eudoxus 1, 37, 74, 116: discoverer of theory 
of proportion as. expounded generally in 
Bks. v . , v i . 137, 351: on the golden 
section 137 : founder of method of ex
haustion 234 : inventor of a certain curve, 
the hippopede, horse-fetter 163: possibly 
wrote Sphaerica 17 

Euler, Leonhard 401 
Eutocius 25, 35, 39, 142, 161, 164, 259, 317, 

3»9. 330, 373 

Exterior and interior (of angles) 263, 280 
Extremity, irlpai 182, 183 

Falk , H . 113 
al-Faradi 8 «., 90 
Figure, as viewed by Plato 182, by Aristotle 

183-3, by Euclid 183: according to Posi-
donius is confining boundary only 41, 183 : 
figures bounded by two lines classified 187: 
angle-less (&ywvtoi>) figure 187 

Figures, printing of, 97 
Fihrist 4 »., 5 «., 17, 21, 24, 25, 27 : list of 

Euclid's works in 17, 18 
Finaeus, Orontius (Oronce Fine) 101, 104 
Flauti, Vincenzo 107 
Florence MS. Laurent, x x v m . 3, (F) 47 
Flussates, see Candalla 
Forcadel, Pierre 108 
Fourier 173-4 
Francisci tunica, "Franciscan's cowl," name 

for Eucl. 1. 47, 418 
Frankland, W . B . 173, 199 
Frischauf 174 

Gartz 17 «. 
Gauss 172, 193, 194, 202, 219, 321 
Geminus: name 38-9: title of work (qn\o-

KaMa) quoted from by Proclus 39 : ele
ments of astronomy 38: comm. on Posi-
donius 39: Proclus' obligations to, 39-42: 
on postulates and axioms 122-3 : o n theo
rems and problems 128: two classifications 
of lines (or curves) 160-3: on homoeo-
meric (uniform) lines 162: on " m i x e d " 
lines (curves) and surfaces 162 : classifica
tion of surfaces 170, of angles 178-9: 
on parallels 191: on Postulate 4, 200: 
on stages of proof of theorem of I. 32, 
317-20: 27-8, 37, 44, 45, 74, 133«., 
" 3 , 265, 330 

Geometrical algebra 372-4: Euclid's method 
in Book II. evidently the classical method 
373 : preferable to semi-algebraical method 
377-8 

Georgius Pachymeres 417 
Gherard of Cremona, translator of Elements 

93-4: ofan-Nairizi's commentary 22,27 »., 
94: of tract De divisionibus 9, 10 ». 

Giordano, Vitale 106, 176 
Given, SeSofitvos, different senses, 132-3 
Gnomon: literally " that enabling (something) 

to be known" 64, 370: successive senses of, 
(1) upright marker of sundial 181,185,271-
2, introduced into Greece b y Anaximander 
370, (2) carpenter's square for drawing 
right angles 371, (3) figure placed round 
square to make larger square 351, 371, 
Indian use of gnomon in this sense 362, 
(4) use extended by Euclid to parallelograms 
3 7 1 > (5) by Heron and Theon to any figures 
371-2: Euclid's method of denoting in 
figure 383: arithmetical use of, 358-60, 
37i 

"Gnomon-wi se" (koto, yv&nova,), old name 
for perpendicular (xdeVros) 36, 181, 272 



Gotland, A . 233, 234 
" G o l d e n section"=section in extreme and 

mean ratio 137 : connexion with theory of 
irrationals 137 

" Goose's foo t" (pes anseris), name for 
Eucl . III. 7, 99, 418 

G o w , James 135 n. 
Gracilis, Stephanus 101-2 
Grandi, Guido 107 
Greenhill, Sir George 415, 418 
Gregory, David 102-3 
Gregory of St Vincent 401, 404 
Gromatici 91 95 
Grynaeus 100-1 

al-Haitham 88, 89 
al-Hajjaj b . Yusuf b. Matar, translator of the 

Elements 22, 75, 76, 79, 80, 83, 84 
Halifax, Will iam 108, 110 
Hall iwell 95 ». 
Hankel , H . 139, 141, 232, 234, 344, 354 
Harmonica of Ptolemy, C o m m . on, 17 
Harmony, Introduction to, not by Euclid 17 
llarun ar-Rashid 75 
al-Hasan h. 'Ubaidallah b. Sulaiman b. 

W a h b 87 
Hauff, J . K . F . 108 
" H e a v y and Light ," tract on, 18 
Heiberg, J . L . passim 
Helix , cylindrical 161, 162, 329, 330 
Helmholtz 226, 227 
Henrici and Treutlein 313, 404 
Henrion, Denis 108 
Herigone, Pierre 108 
Herlin, Christian 100 
Hermotimus of Colophon 1, 117 
Herodotus 37 «., 370 
" H e r o m i d e s " 158 
Heron of Alexandria, mechanicm, date of 

20-1: Heron and Vitruvius 20-1 : com
mentary on Euclid's Elements 20-4: 
direct proof of I. 25, 301 : comparison of 
areas of triangles in 1. 24, 334-5: addi
tion to I. 47, 366-8 : apparently originated 
semi-algebraical method of proving theo
rems of Book II. 373, 378: 137 ». , 159, 
163, 168, 170, 171-2, 176, 183, 184, 185, 
188, 189, 222, 223, 243, 253, 285, 287, 
299. 35'. 369.. 37'. 405, 407. 408 

Heron, Proclus instructor 29 
" H e r u n d e s " 156 
Hieronymus of Rhodes 305 
Hilbert 157, 193, 201, 228-31, 249, 313, 

3*8 
Hipparchus 4 «., 20, 30 »., 74 n. 
Hippasus 411 
Hippias of Elis 42, 265-6, 413 
Hippocrates of Chios 8 «., 29, 35, 38, 116, 

•35. ' 3 6 »-. 386-7. 4'3 
Hippopede (Jwwov iribrj), a certain curve used 

by Eudoxus 162-3, '76 
Hoffmann, Heinrich 107 
Hoffmann, John Jos. Ign. 108, 365 
Holtzmann, Wilhelm (Xylander) 107 
Homoeomeric (uniform) lines 40, 161, 162 

Hornlike (angle), KtpaToeiUjt 177, 178, 182, 
265 

Horsley, Samuel 106 
Houel, J. 219 
Hudson, John 102 
Hultsch, F . 17 »., 74, 329, 400 
Hunain b. Ishaq al-'Ibadl 75 
Hypotheses, in Plato 122: in Aristotle 118-

20: confused by Proclus with definitions 
111-2 : geometer's hypotheses not false 
(Aristotle) 119 

Hypothetical construction 199 
Hypsicles 5: author of Book XIV. 5, 6 

Iamblichus 63, 83, 417 
Ibn al-'Amid 86 
Ibn al-Haitham 88, 89 
Ibn al-Lubudl 90 
Ibn Rahawaihi al-Arjanl 86 
Ibn Sina (Avicenna) 77, 89 
"Iflaton" 88 
Incomposite (of lines) 160-1, (of surfaces) 170 
Indivisible lines (dro/tai ypappat), theory of, 

rebutted 268 
Infinite, Aristotle on the, 232-4: infinite 

division not assumed, but proved, by geo
meters 268 

Infinity, parallels meeting at, 192-3 
Ingrami, G . 175, 193, 195, 201, 227-8 
Interior and exterior (of angles) 263, 280: 

interior and opposite angle 280 
Interpolations in the Elements before Theon's 

time 58-63 : by Theon 46, 55-6: I. 40 
interpolated 338 

Irrational: discovered with reference to J1 
351, 411,412-3: claim of India to priority 
of discovery 363-4: " irrational diameter 
of 5" (Pythagoreans and Plato) 399-400, 
413: approximation to *J 1 by means of 
"side-" and "diagonal-" numbers 399— 
401, to v / 1 and J 3 in sexagesimal fractions 
74 « . : Indian approximation to J 2 361, 
363-4 : unordered irrationals (Apollonius) 
42,115: irrational ratio (Appttrot \6yot) 137 

Isaacus Monachus (or Argyrus) 73-4, 407 
Ishaq b. Hunain b. Ishaq al-'Ibadl, A b u 

Y a qub, translation of Elements by, 75-80, 
83-4 

Isma il b . Bulbul 88 
Isoperimetric (or isometric) figures : Pappus 

and Zenodorus on, 26, 27, 333 
Isosceles (i'owkeXtJs) 187: of numbers(= even) 

188: isosceles right-angled triangle 352 

Jakob b. Machir 76 
Jan, C . 17 
al-Jauharl, a l - 'Abbas b. Sa id 85 
al-Jayyani 90 
Joannes Pediasimus 72-3 
Junge, G . , on attribution of theorem of I. 47 

and discovery of irrationals to Pythagoras 
351, 411, 413 

Kastner, A . G . 78, 97, 101 
al-KarablsI 85 
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Katyayana ijulba-Sutra 360 
Keill, John 103, 110-11 
Kepler 193 
al-Khazin, A b u Ja'far 77, 85 
Killing, W . 194, 119, 115-6, 135, 141, 171 
al-Kindi 5 »., 86 
Klamroth, M . 75-84 
Klau (?), Christoph = Clavius 105 
KlUgel, G . S. 111 
Knesa, Jakob 111 
Knoche 31 »., 33*., 73 
Kroll , W . 399-400 
al-Kuhl 88 

Lambert, J. H . 111-3 
Lardner, Dionysius 111, 146, 150, 298, 

404 . 
Lascaris, Constantinus 3 
Leading theorems (as distinct from converse) 

157 : leading variety of conversion 156-7 
Leeke, John n o 
Lefevre, Jacques 100 
Legendre, Adrien Marie l i t , 169, 113-9 
Leibniz 145, 169, 176, 194 
Leiden MS. 399, 1 of al-Hajjaj and an-

Nairlzi 11 
Lemma 114; meaning 133-4: lemmas inter

polated 59-60, especially from Pappus 67 
Leodamas of Thasos 36, 134 
Leon 116 
Leonardo of Pisa 9 «., 10 
Leucippus 413 
Linderup, II. C . 113 
L i n e : Platonic definition 158: objection of 

Aristotle 158: "magnitude extended one 
w a y " (Aristotle, " Heromides") 158: 
"divisible or continuous one w a y " (Aris
totle) 158-9: "flux of point" 159: Apol
lonius on, 159: classification of lines, Plato 
and Aristotle 159-60, Heron 159-60, 
Geminus, first classification 160-1, second 
161 : straight (effleta), curved (KapwuXri), 
circular (vepipeprji), spiral-shaped (IXuco-
etSiJs), bent (KtKa.py.hyi), broken (KekXa-
ofUinj), round (orpoyy&Xoi) 159, composite 
(ofodtTot), incomposite (aoOvderos), "form
ing a figure" (oxrjfiatorotouca),determinate 
[<optop4rn), indeterminate (idptoros) 160: 
"asymptotic" or non-secant (aoiprruTos), 
secant (ovfirrtorbs) 161 : simple, "mixed" 
161-1: homoeomeric (uniform) 161-1 : 
Proclus on lines without extremities 165: 
loci on lines 319, 330 

Linear, loci 330 : problems 330 
Lionardo da Vinci , proof of I. 47 365-6 
Lippert 88 n. 
Lobachewsky, N . I. 174-5, 113, 119 
Locus-theorems (TOTIKA 0evfrt)paTa) and loci 

(T6TM) : locus defined by Proclus 319 : 
loci likened by Chrysippus to Platonic 
ideas 330-1: locus-theorems and loci (1) on 
lines (a) plane loci (straight lines and 
circles) (b) solid loci (conies), (1) on sur

faces 319: corresponding distinction be
tween plane and solid problems, to which 

Pappus adds linear problems 330: further 
distinction in Pappus between (1) ttpernxol 
(2) SietoSiKol (3) dvaOTpwptKol T6TTOL 330: 
Proclus regards locus in 1. 35, III. 11, 31 
as an area which is locus of area (parallelo
gram or triangle) 330 

Logical conversion, distinct from geometrical 
156 

Logical deductions 256, 184-5, 3 ° ° : logical 
equivalents 309, 314-5 

Lorenz, J . F . 107-8 
Loria, Gino 7 » . , r o w . , 11 «., 11 n. 
Luca Paciuolo 98-9, 100,-418 
Lucas, Edouard 418 
Lundgren, F . A . A . 113 

Machir, Jakob b . 76 
Magni , Domenico 106 
Magnitude: common definition vicious 148 
al-Mahani 85 
al-Ma'mun, Caliph 75 
Manitius, C . 38 
Mansion, P . 219 
al-Mansur, Cal iph 75 
Manuscripts of Elements 46-51 
"Marriage , Figure of" (Plutarch), name for 

Pythagorean triangle (3, 4, 5), 417 
Martianus Capella 91, 155 
Martin, T . H . 20, 29 «., 30 n. 
Mas'ud b. al-Qass al-Bagdadl 90 
Maximus Planudes, scholia and lectures on 

Elements 72 
meguar=axis 93 
Mehler, F . G . 404 
Menaechmus : story of M . and Alexander 1: 

on elements 114: 117, 125, 133". 
Menelaus 21, 23: direct proof of 1. 25 300 
Menge, H . 16». , 17 
Middle term, or cause, in geometry, illus

trated by i n . 31 149 
Mil l , J . S . 144 
" M i x e d " (lines) 161-2 : (surfaces) 162,170: 

different meanings of " m i x e d " 162 
Mocenigo, Prince 97-8 
Mollweide, C . B . 108 
Mondore (Montaureus), Pierre 102 
Moses b. Tibbon 76 
Motion, in mathematics 226 : motion with

out deformation considered by Helmholtz 
necessary to geometry 226-7, but shown 
by Veronese to be petitio principii 226-7 

Mliller, J . H . T . 189 
MUller, J . W . 365 
Muhammad (b. 'Abdalbaqi) al-Bagdadl, 

translator of De divisionibus 8 »., 90, n o 
Muh. b. A h m a d A b u 'r-Raihan al-BirQni 90 
Muh. b . Ashraf Shamsaddin as-Samarqandi 

Muh. b. 'Isa A b u 'Abdal lah al-Mahani 85 
Munich MS. of enunciations (R) 94-5 
Musa b. Muh. b. Mahmud Qadlzade ar-

Rumi 5 »., 90 
Music, Elements of (Sectio Canonis), by 

Euclid 17 
al-Musta'sim, Caliph 90 
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al-Mutawakkil , Caliph 75 

an-Nairizi, A b u '1 'Abbas al-Fadl b . Hatim, 
2 1 - 2 4 , 8 5 , 1 8 4 , 1 9 0 , 1 9 1 , 1 9 5 , 2 2 3 , 2 3 2 , 
2 5 8 , 2 7 0 , 285 , 299 , 3 0 3 , 3 2 6 , 364 , 3 6 7 , 
3 6 9 . 3 7 3 . 4 ° 5 . 4<>8 

Napoleon 103 
Nasiraddin at-TusI 4 , 5 « . , 7 7 , 84, 89, 

2 0 8 - 1 0 
Nazif b. Yumn (Yaman) al-Qass 7 6 , 7 7 , 87 
Neide, J . G . C . 1 0 3 
Nicomachus 9 2 , 4 1 7 
Nicomedes 4 2 , 1 6 0 - 1 , 2 6 5 - 6 
Nipsus, Marcus Junius 305 
Nominal and real definitions: see Definitions 
" N u p t i a l N u m b e r " = Plato's Geometrical 

Number in Republic 4 1 7 

Objection (horaoit), technical term, in 
geometry 1 3 5 , 2 5 7 , 260 , 2 6 5 : in logic 
(Aristotle) 1 3 5 

Obion? 6 3 , 1 5 1 , 188 
Oenopides of Chios 3 4 , 36 , 1 2 6 , 1 7 1 , 2 9 5 , 

3 7 » . 4 1 4 
Ofterdinger, L . F . 9 
Olympiodorus 29 
Oppermann 1 5 1 
Optics of Euclid 1 7 
Oresme, N'. 9 7 
Orontius Finaeus (Oronce Fine) 1 0 1 , 104 
Ozanam, Jaques 1 0 7 , 1 0 8 

Paciuolo, Luca 9 8 - 9 , 100 , 4 1 8 
Pamphile 3 1 7 , 3 1 9 
Pappus: contrasts Eucl id and Apollonius 3 : 

on Euclid's Porisms 1 0 - 1 4 , Surface-loci 
1 5 , 1 6 , Data 8 : on Treasury of Analysis 
8, 1 0 , 1 1 , 1 3 8 : commentary on Elements 
2 4 - 7 , partly preserved in scholia 6 6 : 
evidence of scholia as to Pappus' text 
6 6 - 7 : lemmas in Book X. interpolated 
from, 6 7 : on Analysis and Synthesis 1 3 8 - 9 , 
1 4 1 - 2 : additional axioms by, 2 5 , 2 2 3 , 224 , 
2 3 2 : on converse of Post. 4 2 5 , 201 : 
proof of I. 5 by, 2 5 4 : extension of 1. 47 
3 6 6 : semi-algebraical methods in 3 7 3 , 
3 7 8 : on loci 3 2 9 , 3 3 0 : on conchoids 1 6 1 , 
2 6 6 : on quadratrix 266 : on isoperimetric 
figures 2 6 , 2 7 , 3 3 3 : on paradoxes of 
Erycinus 2 7 , 2 9 0 : 20 , 3 9 , 1 3 3 » . , 1 3 7 , 
• 5 ' . *2S. 388 , 3 9 1 , 401 

Papyrus, Herculanensis N o . 1 0 6 1 50 , 1 8 4 : 
Oxyrhynchus 5 0 : Fayum f t , 3 3 7 , 3 3 8 : 
Rhind 304, 3 5 2 

Paradoxes, in geometry 1 8 8 : of Erycinus 
*7> 2°°> 3 * 9 : a n ancient " Budget of 
Paradoxes 3 2 9 

Parallelogram ( — parallelogrammic area), 
first introduced 3 2 5 : rectangular parallelo
gram 3 7 0 

Parallels: Aristotle on, 1 9 0 , 1 9 1 - 2 : defini
tions, by " A g a n i s " 1 9 1 , by Geminus 1 9 1 , 
Posidonius 1 9 0 , Simplicius 1 9 0 : as equi-
distants 1 9 0 - 1 , 1 9 4 : direction-theory of, 
1 9 1 - 3 , 1 9 4 : definitions classified 1 9 2 - 4 : 

Veronese's definition and postulate 1 9 4 : 
Parallel Postulate, see Postulate 5 : 
Legendre's attempt to establish theory of 
2 1 3 - 9 

Paris MSS. of Elements, (p) 4 9 : (q) 50 
Pasch, M . 1 5 7 , 228 , 250 
"Peacock's tail," name for i l l . 8 9 9 , 4 1 8 
Pediasimus, Joannes 7 2 - 3 
Peet, T . Eric 352 
Peithon 203 
Peletarius (Jacques Peletier) 1 0 3 , 1 0 4 , 249 , 

407 
Pena 104 
Perpendicular (/tdfln-ot): definition 181: 

"p lane" and "solid" 2 7 2 : perpendicular 
and obliques 291 

Perseus 4 2 , 1 6 2 - 3 
Pesch, J . G . van, De Prodifontibus 23 sqq., 

29 n. 
Petrus Montaureus (Pierre Mondor£) 102 
Peyrard and Vatican MS. 190 (P) 4 6 , 47 , 

1 0 3 : 108 
Pfleiderer, C . F . 1 6 8 , 298 
Pkaenomena of Euclid 1 6 , 17 
Philippus of Medma 1, 1 1 6 
Phillips, George T12 
Philo of Byzantium 20, 2 3 : proof of I. 8 

2 6 3 - 4 
Philolaus 3 4 , 3 5 1 , 3 7 1 , 3 9 9 , 4 1 1 
Philoponus 4 5 , 1 9 1 - 2 
Pirckenstein, A. E . Burkh. von 107 
Plane (or plane surface): Plato's definition 

of, 1 7 1 : Proclus' and Simplicius' inter
pretation of Euclid's def. 1 7 1 : possible 
origin of Euclid's def. 1 7 1 : Archimedes' 
assumption 1 7 1 , 1 7 2 : other ancient defini
tions of, in Proclus, Heron, Theon of 
Smyrna, an-Nairizi 1 7 1 - 2 : "S imson' s" 
definition and Gauss on 1 7 2 - 3 : Crelle's 
tract on, 1 7 2 - 4 : other definitions by 
Fourier 1 7 3 , Deahna 1 7 4 , J. K . Becker 
1 7 4 , Leibniz 1 7 6 , Beez 1 7 6 : evolution of, 
by Bolyai and Lobachewsky 1 7 4 - 5 : 
Enriques and Amaldi, Ingrami, Veronese 
and Hilbert on, 1 7 5 

"Plane loci" 3 2 9 - 3 0 : Plane Loci of Apol
lonius 1 4 , 2 5 9 , 330 

"Plane problems" 329 
Planudes, Maximus 73 
P la to : 1, 3, 3, 1 3 7 , 1 5 5 - 6 , 1 5 9 , 1 8 4 , 1 8 7 , 

303, 331, 4 1 1 , 4 1 7 : supposed invention of 
Analysis by, 1 3 4 : def. of straight line 1 6 5 -
6: def. of plane surface 1 7 1 : generation of 
cosmic figures by putting together triangles 
336, 4 1 3 : rule for rational right-angled 
triangles356, 3 5 7 , 3 5 9 , 360 , 3 8 5 : "rational 
diameter of 5 " 399 , 4 1 3 

"Platonic" figures 3, 4 1 3 - 4 
Playfair, John 1 0 3 , i n : " Playfair's" 

Axiom 330: used to prove I. 39 , 313, and 
Eucl . Post. 5 , 3 1 3 : comparison of Axiom 
with Pos t 5 , 3 1 3 - 4 

Pliny 333 
Plutarch 39, 3 7 , I 7 7 i 3 4 3 . 3 5 ' . 4 ' 7 
Point: Pythagorean definition of, 1 5 5 : inter-



pretation of Euclid's definition 155: Plato's 
view of, and Aristotle's criticism 155-6: 
attributes of, according to Aristotle 156: 
terms for (ony/ir), orjueiov) 156: other 
definitions by " Herundes," Posidonius 
156, Simplicius 157 : negative character of 
Euclid's def. 156: is it sufficient? 156: 
motion of, produces line 157: an-Nairizi 
on, 157: modern explanations by abstrac
tion 157 

Polybius 331 
Polygon: sum of interior angles (Proclus' 

proof) 322 : sum of exterior angles 332 
"Pons asinorum" 415-6: " Pont aux ones" 

ibid. 
Porism : two senses 13 : ( i ) = corollary 134, 

278-9 : interpolated Porisms (corollaries) 
60-1,381: (2) as used in Porisms of Euclid, 
distinguished from theorems and problems 
10, 11: account of the Porisms given by 
Pappus 10-13: modern restorations by 
Simson and Chasles 14: views of Heiberg 
11, 14, and Zeuthen 15 

Porphyry 17: commentary on Euclid 24: 
Symmikta 24, 34, 44: 136, 277, 283, 287 

Posidonius, the Stoic 20, 27, 28 »., 39, 189, 
197 : book directed against the Epicurean 
Zeno 34, 43: on parallels 40, 190: defini
tion of figure 41, 183 

Postulate, distinguished from axiom, by 
Aristotle n 8-9, by Proclus (Geminus 
and "others") 121-3: from hypothesis, 
by Aristotle 120-1, by Proclus 121-2: 
postulates in Archimedes 120, 123: 
Euclid's view of, reconcileable with 
Aristotle's 119-20, 124 : postulates do not 
confine us to ruler and compasses 124: 
Postulates 1, 2, significance of, 195-6: 
famous "Postulate of Archimedes" 234 

Postulate 4: significance of, 200 : proofs of, 
resting on other postulates 200-1, 231: 
converse true only when angles rectilineal 
(Pappus) 201 

Postulate 5: due to Euclid himself 202: 
Proclus on, 202-3 : attempts to prove, 
Ptolemy 204-6, Proclus 206-8, Nasiraddin 
at-Tiisi 208-10, Wallis 210-1, Saccheri 
211-2, Lambert 212-3: substitutes for, 
" Playfair's " axiom (in Proclus) 2 20, others 
hy Proclus 207, 220, Posidonius and 
Geminus 220, Legendre 213, 214, 320, 
Wallis 220, Carnot, Laplace, Lorenz, 
W . Bolyai, Gauss, Worpitzky, Clairaut, 
Veronese, Ingrami 220: Post. 5 proved 
from, and compared with, "Playfair 's" 
axiom 313-4: I 30 is logical equivalent 
of, 220 

Potts, Robert 112, 246 
Prime (of numbers): two senses of, 146 
Principles, First 117-124 
Problem, distinguished from theorem 124-8: 

problems classified according to number of 
solutions (a) one solution, ordered (rcray-
ntva) (b) a definite number, intermediate 
{pica) (c) an infinite number of solutions, 

unordered (4TOKTO) 128: in widest sense 
anything propounded (possible or not) but 
generally a construction which is possible 
128-9: another classification (1) problem 
in excess (r\eov&£ov), asking too much 129, 
(2) deficient problem (AXiires irpbf3\ri)m), 
giving too little 129 

Proclus : details of career 29-30: remarks 
on earlier commentators 19, 33, 45 : com
mentary on Eucl . 1, sources of, 29-45, 
object and character of, 31-2: com
mentary probably not continued, though 
continuation intended 32-3: books 
quoted by name in, 34: famous "sum
mary " 37-8: list of writers quoted 44: 
his own contributions 44-5 : character of 
MS. used by , 62, 63 : on the nature of 
elements and things elementary n 4-6: on 
advantages of Euclid's Elements, and 
their object 115-6: on first principles, 
hypotheses, postulates, axioms 121-4: on 
difficulties in three distinctions between 
postulates and axioms 123: on theorems 
and problems 124-9 : Attempt to prove 
Postulate 5 206-8: on Euc l . 1. 47, 350, 
412: on discovery of five regular solids 
413: commentary on Plato's Republic, 
allusion in, to " side-" and " diagonal-" 
numbers in connexion with Eucl . II. 9, 10 
399-400 

Proof (dir6J«{«), necessary part of pro
position 120-30 

Proposition, formal divisions of, 129-131 
Protarchus 5 
Psellus, Michael, scholia by, 70, 71 
Pseudaria of Euclid 7: Pseudographemata 7 ». 
Pseudoboethius 92 
Ptolemy I . : 1 , 2 : story of Euclid and 

Ptolemy 1 
Ptolemy I I . Phiiadelphus 20 
Ptolemy V I I . (Euergetes I I . ) , Physcon 2c 
Ptolemy, Claudius 21, 30».: Harmonica of, 

and commentary on 17: on Parallel-Pos
tulate 28 »., 34, 43, 45: attempt to prove 
it 204-6 

Punch on "Pons Asinorum"'416 
Pythagoras 4 »., 36: supposed discoverer of 

the irrational 351, 411, 413, of application 
of areas 343-4, of theorem of I. 47 343-4, 
350-4, 411, 412, of construction of five 
regular solids 413-4; story of sacrifice 37, 
343, 350: probable method of discovery of 
I. 47 and proof of, 352-5 : suggestions by 
Bretschneider and Hankel 354, by Zeuthen 
355-6: rule for forming right-angled tri
angles in rational numbers 351, 356-9, 385 

Pythagoreans 10, 36, 155,188, 379, 411-414: 
term for surface (xpoia) 169: angles of tri
angle equal to two right angles, theorem 
and proof 317-30 : three polygons which in 
contact fill space round point 318: method 
of application of areas (including exceeding 
and falling short) 343, 384, 403 : gnomon 
Pythagorean 351: "rat ional" and "ir
rational diameter of 5" 399-400, 413 



Qadlzade ar-Rumi 5» . , 90 
Q.E.D. (or F.) 57 
al-Qiftl 4»., 94 
Quadratic equation, geometrical solution of, 

383-5, 386-8: solution assumed by Hippo
crates 386-7 

Quadratrix 265-6, 330 
Quadrature (Terpayfoviofidt), definitions of, 

•49 ", 
Quadrilaterals, varieties of, 188-90 
Quintilian 333 
Qusta b. Luqa al-Ba'labakki, translator of 

" B o o k s XIV, x v " 76, 87, 88 

Radius, no Greek word for, 199 
Ramus, Petrus (Pierre de la Ramee) 104 
Ratdolt, Erhard 78, 97 
Rational (prrrbs): (of ratios) 137: "rational 

diameter of 5 "399-400, 413: rational 
right-angled triangles, see right-angled 
triangles 

Rauchfuss, see Dasypodius 
Rausenberger, O . 157, 175, 313 
ar-Razi, A b u Yusuf Ya'qub b. Muh. 86 
Rectangle: = rectangular parallelogram 370: 

"rectangle contained b y " 370 
Rectilineal angle: definitions classified 179-

8i : rectilineal figure 187: "rectilineal 
segment" 196 

Reductio ad absurdum 134: described by 
Aristotle and Proclus 136: synonyms for, 
in Aristotle 136: a variety of Analysis 
140: by exhaustion 285, 293: nominal 
avoidance of 369 

Reduction (dircrywyii), technical term, ex
plained by Aristotle and Proclus 135: 
first "reduction" of a difficult construction 
due to Hippocrates 135 

Regiomontanus (Johannes Midler of Konigs-
berg) 93. 96. •<» 

Reyher, Samuel 107 
Rhaeticus 101 
Rhind Papyrus 304, 352 
Rhomboid 62, 151, 189 
Rhombus 62, 151, meaning and derivation 

189 
Riccardi, P . 96, 112, 202 
Riemann, B . 219, 273, 274, 280 
Right angle: definition 181: drawing straight 

line at right angles to another, Apollonius' 
construction for, 270 : construction when 
drawn at extremity of second line (Heron) 
270 

Right-angled triangles, rational: rule for 
finding, by Pythagoras 356-9, by Plato 
356,357. 359. 360, 385 : discovery of rules 
b y means of gnomons 358-60 : connexion 
of rules with Eucl. II. 4, 8, 360: rational 
right-angled triangles in Apastamba 361, 

Roth 357-8 
Rouche and de Comberousse 313 
Rudd, Capt . Thos . n o 
Ruellius, Joan. (Jean Ruel) 100 
Russell, Bertrand 227, 249 

Saccheri, Gerolamo 106, 144-5, 167-8, 
185-6, 194, 197-8, 200-1 

a'id b. Mas'ud b. al-Qass 90 
athapatha-Brahmana 362 

Savile, Henry 105, 166, 245, 250, 262 
Scalene (<7Ka\ipr6s or OKaKyivrp) 187-8: of • 

numbers ( = o d d ) 188 : of cone (Apollonius) 
188 

Schessler, Chr. 107 
Scheubel, Joan. 101, 107 
Schiaparelli, G . V . 163 
Schmidt, Max C . P. 304, 319 
Scholia to Elements and MSS. of, 64-74 : 

historical information in, 64: evidence in, 
as to text 64-5, 66-7 : sometimes inter
polated in text 67 : classes of, " Schol. 
Vat ." 65-9, "Schol . Vind." 69-70: miscel
laneous 71-4: "Schol . Vat."partlyderived 
from Pappus' commentary 66: many 
scholia partly extracted from Proclus on 
Bk. I. 66, 69, 72 : numerical illustrations 
in, in Greek and Arabic numerals 71 : 
scholia by Psellus 70-1, by Maximus 
Planudes 72, Joannes Pediasimus 72-3 : 
scholia in Latin published by G. Valla, 
Commandinus, Conrad Dasypodius 73: 
scholia on Eucl. II. 13 407 

Schooten, Franz van 108 
Schopenhauer 227, 354 
Schotten, I I . 167, 174, 179, 192-3, 202 
Schumacher 321 
Schur, F . 328 
Schweikart, F . K . 219 
Scipio Vegius 99 
Sectio Canonis attributed to Euclid 17 
Section (tojutj) : = point of section 170, 171, 

383 : "the section" = "golden section" q.v. 
Segment of circle, angle of, 253 : segment 

less than semicircle called ai/>is 187 
Semicircle 186: centre of, 186 : angle of, 

•82, 253 
Seqt 304 
Serenus of Antinoeia 203 
Serle, George n o 
Setting-out (HOeoii), one of formal divisions 

of a proposition 129: may be omitted 130 
Sexagesimal fractions in scholia to Book x . 

74 
Sextus Empiricus 62, 63, 184 
Shamsaddin as-Samarqandl 5 n., 89 
"S ide -"and "diagonal-"numbers, described 

398-400: due to Pythagoreans 400: con
nexion with Eucl . II. 9, 10 398-400: use 
for approximation to *Ji 399 

Sigboto 94 
"Simi lar" ( = equal) angles 182, 252: "simi

lar" numbers 357 
Simon, Max 108, 155, 157-8, 167, 202, 

Simplicius: commentary on Euclid 27-8: 
on lunes of Hippocrates 29, 35, 386-7 : 
on Eudemus' style 35, 38 : on parallels 
190-1': 22, 167, 171, 184, 185, 197, 203, 
2*3. **4. 4'3 

Simson, Robert : on Euclid's Porisms 14: 



on M vitiations " in Elements due to Theon 
46, 103, 104, 106, i n , 148: definition 
of plane 172-3: 185, 186, 255, 259, 287, 
*93» *9°", 3 « . 3*8, 384. 387. 4<>3 

Sind b. Aft Abu 't-Taiyib 86 
Smith, D . E . 362/417 
Smith and Bryant 404 
" Solid loci" 329, 330 : Solid Loci of Aris-

taeus 16, 329 
"Sol id problems" 339, 330 
Speusippus 125 
Sphaerica, early treatise on, 17 
Spiral, **single-turn 122-3 h., 164-5: in 

Pappus = cylindrical helix 165 
Spiral of Archimedes 26, 267 
Spire (tore) or Spiric surface 163, 170; 

varieties of 163 
Spiric curves or sections, discovered by 

Perseus 161, 162-4 
Steenstra, Pybo 109 
Steiner, Jakob 193 
Steinmetz, Moritz 101 
Steinschneider, M . 8«., 76 sqq. 
Stephanus Gracilis 101-2 
Stephen Clericus 47 
Stobaeus 3 
Stoic "ax ioms" 41, 221 : illustrations (Sely-

fmra) 329 
Stolz, O . 328 
Stone, E . 105 
Straight l ine: pre-Euclidean (Platonic) de

finition 165-6 : Archimedes' assumption 
respecting, 166: Euclid's definition, inter
preted by Proclus and Simplicius 166-7 : 

language and construction of, 167, and 
conjecture as to origin 168 : other defi
nitions 168-9, m Heron 168, by Leib
niz 169, by Legendre 169: two straight 
lines cannot enclose a space 195-6, can
not have a common segment 196-9 : one 
or two cannot make a figure 169, 183: 
division of straight line into any number 
of equal parts (an-Nairizi) 326 

Stromer, Marten 113 
Studemund, W. 92 n. 
St Vincent, Gregory of, 401, 404 
Subtend, meaning and construction 249, 

283, 350 
Suidas 370 
Sulaiman b. 'Usma (or Oqba) 85, 90 
Superposition: Euclid's dislike of method 

of, 225, 249: apparently assumed by Aris
totle as legitimate 226: used by Archimedes 
225: objected to by Peletarius 249: no use 
theoretically, but merely furnishes practical 
test of equality 227 : Bertrand Russell on, 
227, 249 

Surface : Pythagorean term for, x/xud ( = col
our, or skin) 169: terms for, in Plato and 
Aristotle 169: ln-t^dpeta in Euclid (not 
4-jrLtreSov) 169: alternative definition of, in 
Aristotle 170: produced by motion of 
line 170: divisions or sections of solids 
are surfaces 170, 171: classifications of 
surfaces by Heron and Geminus 170: com

posite, incomposite, simple, mixed 170: 
spiric surfaces 163, 170: homoeomeric 
(uniform) 170: spheroids 170: plane sur
face, see plane: loci on surfaces 329, 330 

Surface-loci of Euclid 15, 16, 330: Pappus' 
lemmas on, 15, 16 

Suter, H . 8 «., 17 »., 18 «., 25 «., 78 «., 
85-90 

Suvoroff, Pr. 113 
Swinden, J . H . van 169 
Synthesis, see Analysis and Synthesis 
Syrianus 30, 44, 176, 178 

Tacquet, Andre" 103, 105, m 
Taittirlya-Samhita 362 
Tannery, P . 7 «., 37-40, 44, 160, 163, 221, 

223, 224, 225, 232, 305, 353, 412, 417 
Ta'rikh al-Hukama 4 « . 
Tartaglia, Niccolo 3, 103, 106 
Taurinus, F . A . 219 
Taurus 62, 184 
Taylor, H . M . 248, 377-8, 404 
Taylor, T h . 259 
Thabit b. Qurra, translator of Elements 

42, 75-80, 82, 84, 87, 94 : proof of I. 
47 304-5 

Thales 36, 37, 185, 252, 253, 278, 317, 
318, 319: on distance of ship from shore 
304-5 

Theaetetus 1, 37 
Theodorus Antiochita 71 
Theodorus Cabasilas 72 
Theodorus Metochita 3 
Theodorus of Cyrene 411, 412-3 
Theognis 371 
Theon of Alexandria: edition of Elements 

46: changes made by, 46: Simson on 
"vitiations" by, 46: principles for detect
ing his alterations, by comparison of P, 
ancient papyri and " T h e o n i n e " mss. 51-
3: character of changes by, 54-8 

Theon of Smyrna 172, 357, 358, 371, 398 
Theorem and problem, distinguished by 

Speusippus 125, Amphinomus 125, 128, 
Menaechmus 125, Zenodotus, Posidonius 
126, Euclid 126, Carpus 127, 128: 
views of Proclus 127-8, and of Geminus 
128: "genera l" and " not -general" (or 
partial) theorems (Proclus) 325 

Theudius of Magnesia 117 
Thibaut, B . F . 321 
Thibaut, C : O n Sulvasutras 360, 363-4 
Thompson, Thomas Perronet 112 
Thucydides 333 
Tibbon, Moses b. 76 
Tiraboschi 94 «. 
Tittel , K . 38, 39 
Todhunter, I . 112 189, 246, 258, 277, 

283, 293, 298, 307 
Tonstall , Cuthbert 100 
Tore 163 
Transformation of areas 346-7, 410 
Trapezium : Euclid's definition his own 189: 

further division into trapezia and trape
zoids (Posidonius, Heron) 189-90: a 



theorem on area of parallel-trapezium 
3 3 8 - 9 

Treasury of Analysis (ivaXviiuvot rtnrot) 
8, 1 0 , 1 1 , 1 5 8 

Trendelenburg 1 4 6 » . , 1 4 8 , 149 
Treutlein, P. 3 5 8 - 6 0 
Triangle: seven species of, 1 8 8 : "four-

sided" triangle, called also "barb-like" 
(LxiSotMt) and (by Zenodorus) itoi\i>-y<£-
viov 2 7 , 1 8 8 : construction of isosceles and 
scalene triangles 1 4 3 

Trisection of an angle 1 6 5 - 7 
at-TusT, see Naslraddin 

Unger, E. S. 1 0 8 , 1 6 9 

Vacca, Giovanni 1 1 3 
Vachtchenko-Zakhartchenko 1 1 3 
Vailati, G. 1 4 4 * 1 1 4 5 » . 
Valerius Maximus 3 
Valla, G., De expetendis el fugiendis rebus 

7 3 . 98 
Van Swinden 1 6 9 
Vatican MS. 1 9 0 (P) 4 6 , 47 
Vaux, Carta de 1 0 
Verona palimpsest 9 1 
Veronese, G. 1 5 7 , 1 6 8 , 1 7 5 , 1 8 0 , 1 9 3 - 4 , 

1 9 5 , 101, 2 2 6 - 7 , 228 , 249 , 328 
Vertical (angles) 1 7 8 
Viennese MS. (V) 48 , 4 9 
Vinci, Lionardo da 365-fl 
Vitali, G. 237 
Vitruvius 3 5 2 : Vitruvius and Heron 10, 

11 
Viviani. Vincenzo 107 , 401 

Vogt, Heinrich 360 , 3 6 4 , 4 1 1 - 4 I 4 
Vooght, C. J. 108 

Wachsmuth, C. 3 2 R . , 73 
Wallis, John 1 0 3 : edited Comm. on Ptol

emy's Harmonica 17 : attempt to prove 
Post. 5 2 1 0 - 1 

Weber (H.) and Wellstein (J.) 1 5 7 
Weissenborn, H. 78 « . , 92 « . , 94 » . , 9 5 , 

06, 97 » . , 4 1 8 
Whiston, W. i l l 
Williamson, James i l l , 1 9 3 
Witt, H. A. 1 1 3 
Woepcke, F., discovered De divisionibus in 

Arabic and published translation 9 : on 
Pappus' commentary on Elements 2 5 , 6 6 , 
7 7 : 8 5 » . , 86, 87 

Xenocrates 268 , 4 1 3 
Ximenes, Leonardo 107 
Xylander 107 

Yahya b. Khali.1 b. Barmak 75 
Yahya b. Muh. b. 'Abdan b. Abdalwahid 

(Ibn al-Lubudl) 90 
Yrinus = Heron 11 
Yuhanna b. Yusuf b. al-Harith b. el-Bitriq 

al-Qass 7 6 , 87 

Zamberti, Bartolomeo 9 8 - 1 0 0 , 1 0 1 , 104 , 106 
Zeno the Epicurean 34 , 1 9 6 , 1 9 7 , 199 , 141 
Zenodorus 26 , 2 7 , 1 8 8 , 333 
Zenodotus 1 2 6 
Zeuthen, H. G. 1 5 , 1 1 3 , 1 3 9 , 1 4 1 , 1 4 6 * . , 

«5'» 355-6. 3 6 0 , 3 6 3 . 3 8 7 , 398, 3 9 9 
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