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B O [ay any Thing in Praife of the
i B enfuing Treatife, were an A
' J sempt as needle[s and imperti
T memt, as to write a Panegyrick
on its Author. ’Tis enough that the Sub-
ject 4 Algebra ; and that it was written by
8ir Haac Newton : Thofe who know any
Thing of 1he Sciences, need not to be told
ghe Value of the former 5 nor thofe whe
bave heard any Thing of Philofophy and -
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of the laster. If any Thing could add to
vhe Efteem every Body has for the Analytick
Are, @t muft bey, thar Sir Haac bas conde-
feended to handle it 5 nor could ary Thing
‘add to the Opinion the World bas of thas
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illufbrious Author’s Merit, but thar be bt

written with [0 much Succgfs o1 t/mz: i
derful Subject. |

"Ttr true, we have alr eczdy 4 gf pat Many
Books of Algebra, and one might even fur-
wifh a mademte Library purely with Authors
on thar Subjed . But as no Body will ina-
gine that Sir Haac would b;z've taken the
Pains to compofe a new one, had he not
found all the old ones defeftive ; [o, it will
be eafily allow’d, that none was more able
than be, either to difcover the Errors and
Defelts in other Books, or to fupply and
rﬁ&zf) them in his own. . .

The Book was or:gzrm/{y wyis for the
private Ule of the Gentlemen of Cdmbrldgc,
and was deliver’d in Leftures, at the pub-
lick Schools, by the Author, then Lucafian
Profeffor in that Univerfity. Thus, not be-
 ing immediarely intended for the Prefs, the
Author had nos profecuzed bis Subject [o far
as might otherwifé have been expetted 5 nor
indesd did he ever find Leifure to ﬁ?’mg his
Work to a Conclufion : So thas iv muft be
oblerv’d, that all the Conﬂm&wm, both
Geomesrical and Mec/mmml which occur

| townrdr __



Tothe READER, i
towards the End of the Eook, do only [erve
for finding the firft two or three Figures of
Roois 5 the Author having bere only given
us the Conflrution of Cubick Aguations,
thd’ he had a Defign to bhave added, a ge-
neral Method of conflyulling Biguadratick,
and other bigher Powers, and to bave par-
sicwtarly fbown in what Manner the other
Figures of Roots were to be extvacted. In
this unfinifl’d Stave it conting’d till the Year
1907, when Mr. Whilton, the Author’s
Succeffor in the Lucalian Chair, confidering
that it was bur [mall in Bulk, and yer am-
ple in Matter, nor too wmuch crowded with
Rules and Preceprs, and yer well furnif’d
with choice Examples, ( [erving not  only
as Praxes on the Rules, but ar Inflances of
the grear Ulefulne(s of the Art itfelf 5 and,
in [bort, every Way qualify’d vo conduct the
young Student from bis firft [etting our on
this Study ) thought it Pity [o noble and
ufeful a Work fhould be doowid 1o aCollegen
Confinement, and obtain’d Leave to make
it Publick, And in order to [upply whas
the Awthor had lefs undone, fubjoyn’d the
General and truly Noble Metrhod of exivalt-
ing the Roors of Aiquarions, publifl’d by
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D, Halley in the Phiiofuphmai Tranfaéts-
ons, baving firft procuy’d bosh thofe Gemlﬁ'w
men’ s Leave for bis [o dving.

s to the publifbing a Tmnﬂmzm of thfﬁ.
Book, the Editor # of Opinion, that ’tis
enough 10 excufe his Under taking, that [uch
Great Men were concers'd in the Oviginal 3
and is perfwaded, thas the [ame Rmﬁm
which engag’d Sir Haac ro write, and Mr.

Whifton o publifb the Latin Edition, wz!ﬁ
beay him out in publifbing this Englith one :
Nor will ihe Reader vequire any farﬁber E-

vidence, that the Tranflazor bas done j‘uﬁzm‘
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that AMr. Raphf@n and Mpr. Cunn were
bath concern'd in ﬁ,?z.r Tranflation.
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Arithirietical CoMPOSITION
- and REsoLuTiON

'ISE

SOMPUTATION is either perform’d by
&t Numbers, as in Vulgar Arithretick, or by
el Species, as ufual aimong, Algebraifts. They are
2GR both built on the fame Foundations, and aim

RN at the fame End, viz. Arithwetick Definite-
oo\l 1y and Particulatly, Algebra Indefinitely and

" Univeifally ; fo that alinoft all Expreflions
that are found ofit by this Compltation, and particilarly Con=
clufions, may be call’d Theorems:” But Algebra is patticularly
excellent in this, that whereds in Arithmerick Quettions are

nly tefolv'd by proceeding from givent Quantities to the
Ezgmtities fought, «dlgebra pfocgcds,-, in a rettograde O;;der,
~HARLELCT 20 LT 1@ It = hom
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fiom the Quantities fought as if they were given; to the
Quantities given as if they were fought, to the End that we
may fome Way or other come to a Conclufion or Equationy
from which one may bring out the Quantity fought. And .
after this Way the moft difficult Problems are refolv’d, the .-

Refolutions whereof would be fought in vain from onlycom- -
mon Arithmetick. Yet .drithmecick in all its Operations 'is’
fo fubfervient to Algelra, as that they feem both but to make
oone perfect Science of Computing ; and thercfore will explain. -
them both together. Lo e

‘Whoever goes upon this Science, muft firft underfland “the”

Signification of the Terms and Notes, [or Signs] and learn:
the fundamental Operations, viz. Addirion, Sublivatiion, Malw
siplication, and Divifion 3 Exctratlion of Roots, Reduftion of Fra=
&ons, and Radical Quantities; and the Merhods of ovdering the
Terms of e Equations, and extersiinating the nnknown Quanti-
ties, (where they are more than one), Thenlet [the Learner]
proceed to exercife [or put in Pra&ice] thefe Operations, by
bringing Problems to Aquations j and, lafily, let him [learn
or] contemplate the Nature and Refolution of Aquations.

Sl mrral AW EEEEL AR 3T TR

'Of the .Q;g;féﬁ'catfmt nf : ﬁ]gﬂg Tf”" ords and Notes,

By Number we underftand not fo much a Multitude of U.
nities, as the abftradted Rario of any Quantity, to another

Quantity of the fame Kind, which we take for Unity.
[Number] 1s threefold ; integer, fraded, and furd, to which
Iaft Uity is incommenfurable. Every one underftands’ the
‘Notes of wholeNumbers, (o0, 1, 2, 3, 4, 5, 6, 7,8, 9) and the
Values of thofe Notes when more than oneare fec together, But
as Numbers plac’d on the left Hand, next before Unity, denote
‘Tens of Units, in the {econd Place Hundreds, in the third
Place Thoufands, &¢, fo Numbers fet in the firft Place after
Unity, denote tenth Parts of an Unit, in the fecond Place
hundredch Parts, in the third thoufandch Parts, ¢, and thefe
are call'd Decimal Fraftions, becaufe they always decreafe in a
Decimal Ratio § and to diftinguifh the Integess from the Deci-.
mals, we place.a Comma, ora Point, ora {eparating Lines
Thus theNumber 732 L3569 denptes feven hubdred thirty two
Units, together witly five tenth Parts, fix centefimal, or
hundredeh " Parts, and- niné millefimal, or thoufandth Pares
of Unity. - Which are' alfo written thus 732, Lség 5 or
‘thus, 732,560 ; or alfo'thus, 732 Ls6g, and {o the Number:
§71C4. 2057 fifty feven theifund one hundred and fourUnits,
S w7 togethier
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-



- F371
together with two tenth Parts, eight thoufandth Parts, and
three ten thoufandth Parts of Uniry ; and the Number 0,064
denotes fix centefimals and four millefimal Parts. The Notes
of Surds and fradted Numbers are fet down in the follow-
ing [Pages]. - o o -

When the Quantity of any Thing is unknown, or look'd
upon as indeterminate, fo that we can’t exprefs it in Numbers,
we denote it by fome Species, or by fome Letter, And if we:
confider known Quantities as indeterminate, we denote them,
for Diftin&tion fake, withthe initial [or former] Letters of the
Alphabet, as 4, b, ¢, d, &c. and the unknown ones by the fi-
nal ones, =z, y, &, &c.  Some fubflitute Confonants or great
Letters for known Quantitics, and Vowels or little Letters fox
the unknown ones, - . | -

Quantities are cither Affirmative, or greater than nothing ;
or Negative, or lefs than nothing. Thus in humane Affairs,
Pofleflions or Stock may be call'd affirmative Gaods, and Debts
m%miw oness  And fo inlocal Motion, Progreflion may be
call'd affirmative Motion, and Regreflion negative Motion ¢
becanfe the firft augments,and the other diminithes [the Length
of ] the Way made, And after the fame Manner in Geome-
try, if a Line drawn any certain Way be reckon'd for Affir-
-mative, then a Line drawn the contrary Way may be taken
for Negative : As if 4 B be drawn tothe right, and B C'to
the left ; and 4B be reckon’d Affirmative, then B C will be
Negative ; becaufe in the drawing it diminifhes 4 B, and re-
duces it either to a fhorter, as 4 C, or to none, if  chances’
to fall ppon the Point A4, or to a lefs than none, if BC be
~lopger than A4 B from which it is taken [2ide Fig. 1.] A
negative Quantity is denoted by the Sign — ; the Sign ~4-'is
prefir'd to an affirmative one 3 and . denotes an uncertain
Sign, and 7 a contrary uncertain’ one. SRR

In an ‘Aggregate of Quantities the Note 4 fignifies, - that
the Quantity it is prefix’d to, is to be added, and the Note —-,
that it is to be fubtraéted, And we ufually exprefs thefe
Notes by the. Words Plus (or amore) and Adinus (or lefs).
Thus 2-+3, or 2 more 3, denotes the Sum of the Numbers
2 and 3, thatis 5, And §—3, or 5 lefs 3, denotes the Dif-
ference which . arifes by fubduéting 3 from 5, that is 2:
And —s5--3 fignifies the Difference which arifes from fubdué-
ing 5 from 3, that is 2 ; and 6—1-}3 makes 8, AMo a-+-b:
denotes the Sum of the Quantitics 4 and b, and 4—b the Dif-
Ference which arifes by fubdu@ing b from 4 ; and g4—b-:¢ fig~
nifies the Sum of thar Difference, and of the Quantity c.
o o B 2 Suppofe



L4d .
Suppofe if abe 5, b 2, and ¢ 8, then 2--b will be 7, and
g~ 3, and a—p-4-c will be 11. Alfo'2a-+34 is 54, and
gbe—oa-~b-}34 is 214 ; for 3b—b makes 2b, and ?'rtmﬁ‘ﬁ"?
makes 24, whofe Aggregate, or Sum, is 1b-f-24, and fo in g
thers, ~Thefe Notes -~ and — are called Signs, ~ And when
meither is prefic'd, the Sign -}~ is always to be underftood,
Mulriplication, properly fo call'd, 1 that WhiCh{ is made by
Integers, as fecking a new Quantity, fo many times greater’ .
than the Multiplicand, as the Multiplyer is greater than Uni-
ty 5 but for want of a'better Word Multiplication is alfo made
Ufe of in Fra&ions and Surds, to find a new Quantity in the
* fame Ratio (whatever it be) to the Maltiplicand, as the Mul~
tiplier has to Unity., Nor is Multiplication made qnly by
abffraft Numbers, but alfo by concrere Quantities, as by Lines,
Surfaces, Local Motion, Weights, &, “as far as thefe may
be conceiv’d to cxprefs [or involve] the fame Ratio’s to fome -
other known Quantity of the fame Kind, efteern’d as Unity,
as Numbers do among themfelves, Asif the Qpantity 4 be
to be multiply’d by a Line of 12 Foot," fuppofing -2’ Line of;
2 Foot to be Unity, theré will be produc’d by that Multipli-
cation 6.4, or fix times 4, in the fame manner asif 4 were
to be multiply’d by’ the abftrat Number 6; for 6.4 isin the -
fame reafon to 4, as a Line of 12 Foot has to aLine of 2 Foot.
And o if yoy were to multiply any two Lines, 4 C and 4 D;
by one arother, take A4 B for Unity, and drdw B , and pa~
sallel to it DE, and AE will be the Produé of this Multi-
plication’; becaufe it isto AD as AC, to Unity AR, [vide
Fig. 2] Morcover, Coftom has obtain’d, ‘that the Genefis or
Defcription of a Surface, by a Line moving atright Angles
upon 'another Line, fhonld be’'called- the Muluplication of
thofe two Linies. * For tho''a Line, however multiply'd, cand
not become a Surface,” and confequently’ this Genération of a
Surface by Linesis very different from Multiplication, yet they -
‘agiee in this, that the Number of Unities in éither Line, 'muﬁ,_ |
tiply'd by the Number of “Ubities in the other,” ‘produces an
abftracted Number-of Unitjes' in' the Surface'comprehended =~
under thofe’Lines, " if the {uperficial Unity be defin’d'as itufed =
to be, wix'-a Square whofe Sides are linear Unities.” A if
the tight'Line 4 B-confift of four Unities, and AC of three;
then the Redhangle' 4 D' will donfift of *four times three, or
12 fguare Uhities, as’ from’ the Schéme will dppear, [wide’
Fig. 37} - And there is thelike Analogy of a Solid and 4 Prow'’
duct made by ‘the continual Multiplicatioh of three' Quanti= "
tigs, Aud hence it is, - that the Words 'to mubiply int, the -

CorvoE e b
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Contents a Reltangle, a Sguare, a Cube, 2 Dimenfion, a Side]
and the like, which are Geometrical Terms, are made Ufe of
in Arithmetical Operations,  For by a Sguare, or Reilangle,
or a Quantity of two Dimenfions, we do not always under-
fland a Surface, but mof} commonly a Quantity of fome other
Kind, which js produc’d by the Muitiplication of twp other
Quantities, and very often a Line which is produc’d by the
Multiplication of two other Lines. And fo we call a Cube,
or Parallelopiped, or a Quantity of three Dimenfions, that which
is produc’d by two Multiplications. . We fay likewife the Side
for a Root, and ufe Dusere in Latin inflead of AMulriply; and
fo i1 others, R Lo

A Number prefix'd before any Species, denotes that Species
~ to be fo often to be taken ; thus 24 denotes two 4's, 3b three
U’s, 154 fifteen »’s, Two or more Species, immediately con-
nected together without any Signs, denote a2 Praduét or Quan-
tity made by the Multiplication of all the Letters together.
Thus b denotes a Quantity made by multiplying « by b, and
abx denotes a Quantity made by multiplying « by &, and the
Produ& again by x. Asfuppofe, it 4 were 2, and b 3, and

v

x 5, then b would be 6, and 4bx 30.. Among Quantities

multiplying one another, take Notice, that the Sign x; or

the Word by or ints, is made Ufe of to denote the Produ&
"fometimes ; thus 3X 5, or 3 by orinto 5 denotes 15 ; but the

- chief Ufe of thefe Notes is, when compound Quantitiés are .
multiply’d together ; as if y——2b were to multiply y-4-6 ; the

Way is to draw a Line over cach Quantity, and then wiite

them thus, y—a2b into y--b, or y—2b %X y-+-b.

' Divifion 1s properly that which is made Ufe of for integer

or whole Numbers, in finding a new Quantity fo much lefs -
than the Dividend, as Unity is than the Divifor. DBut be-

caufe of the Amalogy, the Word may alfo be ufed when =z

new Quantity is fought, that ﬂ,_xa]l be in any fuch Ratio to the

Dividend, as Unity has to the Divifor, whether that Divi-

for be a Fraflion or furd Number,' or other Quantity of a-

ny other Kind. Thus to divide the Line 4 E by the Line -
AC, AB béing Unity, ' you ae to draw ED parallel to CB,
and 4 D will be the Quotient, [vide Fig.4.] Moreover, it
is call'd Diwifion, by reafon of the Simihitnde [it carries with
it] when a Re&angle is divided by a given Line as a Bafe,

-,y l\'ﬂf‘l.ﬂ“- i-]ﬁn-cxl'\‘r o 1”"‘\!‘\"'9- ‘11"!'5 u.n!h]10'
aii ‘_JJ.LILL.L LJJ‘_.].DU, |;U iV VY LA l]{?l ULe

' One Quantity below another, with a Line interpos’d, de-
notes a Quotient, or 5 Quantity. arifing by the Divifion of
L n . 1;1!_

[ RSN



L61]
¢he upper Quantity by the lower; Thus & denotes 2 Quans
tity arifing by dividing 6 by 2, that is 3 ; and { a Quantity

arifing by the Divifion of § by 8, that is one eighth Part of

the Number 5 And %.denot::s a Quantity which ari‘fe_sfby
a

dividing 2 by b ; as fuppofe 4 was 15 and b 3, then — would

b

A rova .

denote 5.  Likewife thus
by dividing ab—bb by a-}x; and fo in others.

" Thefe Sorts of Quantities are called Fraftions, and the up..
per Part is call'd by the Name of the Numerator, and the

lower is call’d the Denominator.

Sometimes the Divifor is fet before the divided Quantity;

" denotes a Quantity arifing
atx L Quantity arifing

Tor Dividend] and feparated from it by [a Mark refembling] -

an Arch of aCircle, Thus to denote the Quantity which as

. . axx ;- T
rifes by the Divifion of a3 by a—b, we write it thus,
't' o .: . ) . o
‘,.,_[;) ﬁ_’ : .
a-t-b '

fore a Fradtion, denotes the Sum of both ; thus 33 déiu‘c;’gtes
three and a half. -

If a Quantity be multiply’d by it felf] the Number of |
Fafls or Produétsis, for Shortnefs fake, fet at the Top of the

Letter, Thus for aas we write &, for aaag 4*, for ansaa afy
and for aaabl we write 43bb, or 4’ ; as, fuppole if 2 were

5 and b be 2, then 47 will be 5x5%3 or 125, and 2* will be'
5% X 5¥3 or 625, and «’l* will be §XgX§x2K2 Or 500.
Where Note, that if a Number be written immediately be-
tween two Species, it always belongs to the former ; thus the
Number 3 in the Quantity 4°bb, does not denote that Db ista
be taken thrice, but that 4 is to be thrice mulriply’d by it felf, =~
Note, moreover, that thefe Quantities are faid to beof fo

Altho’ we commonly 'denote Mul;i_p_licatibn by the immes
diate. Conjunction of the Quantities, yet an Integer, [fet] be.

C

many Dimenfions, or of fo high a Power or Digpity, as they

confift of Fadors or Quantities multiplying one another ; and

the Number fet [on forwards] at the top .[of the Letter] is ;
called the Index of thofe Powers or Dimenfions ; thos aa is

[a Quantity] of two Dimenfions, or of the 2d. Power, and "

4’ of three, as the Number 3 at the top denotes,  aa is.alla
call'd a Square, @ a Cabe, a* a{Biquadrate, or] fquared Square,
a’ a Quadrato-Cube, a° a Cubs-Cube, 4’ a Quadrato-Quadrate-
Cube, [or Squared-Squared Cube] and fo on, ‘N, B, Sir lfahagg .
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bas not bere taken any Notice of the more modern Way of expref-
fing thefe Powers, by calling the Root, op a, the firft [or fimple]
Power, a* the fecond Power, a3 the third Power, Scc. ~ And the
Quantity 4, by whofe Multiplication by it felf thefe Powers
are generated, is called their Roor, vic. it is the Square Root
of the Square #4, the Cube Root of the Cube aa4, &=~ But
when a Root, multiply’d by it felf, produces a Square, and that
Square, multiply'd again by the Root, produces a Cube ¢c. it
will'be (by the Definition- of Multiplication) as Uity to the
Root ; fo that Root to the Square, and that Square to the
‘Cube, @ and confequently the Square Root of any Quantis=
ty,will be 2 mean Proportional between Unity and that Quan-
tity, and the Cube Root the firft of two mean Proportionals,
- and the Biquadratick Root the firft of three, and foon,Where»
fore Roots have thefe two Properties or Affedtionss, firff, that
by multiplying themfelves they produce the fuperior Powers ;
odly, that they are mean Proportionals between thofe Powers
and Unity: Thus, 8 is the Square Root of the Number 64,
and 4 the Cube Root of it, is hence evident, becaufe 8 X8,
and 4X4X4 make 64, orbecaule as 1to 8, fois 8 to 64,
and 11s to 4 as 4 to 16, andas ¥6 to 64 ; and hence, if the
~ Square Root of any Line, as 4B, is to be extraéted, - proJuce
it to C, and let B be Unity ; then upon..4 ( defcribe a Semi.-
circle, and at B creét a Perpendicular, occurring to [or meet-
ing] the Circle in D; then will BD be the Root, becaufe it
is 2 mean Proportional between 4B and Unity B C, [wide
Fian ‘] | ; . | | ,
‘ ql"c? denote the Root of any Quantity, we ufe to prefix this
Note v for a Square Root, and thisy/3 if it be 2 Cube Root,
and this v4 for a Biquadratick Root, @&, Thus /64 de-
- potes 8, andv/3:64 denotes 4 ; and Vaa denotes 2y and Vax
denotes the Square Root of ax ; and v3:4axx theCube Root
of gaxx: Asif abe 3 and & 12 then Vax will be v36, or
65 and v3:qaxx will be v/'3:1428, or 12, And when chefe
Roots can’t be [exally] found, or extracted, the Quantities
are call'd Swrds, as Vax 5 or Surd Numbers, as V'12. L
- There-are fome, that to denote. the Square or firft Pover, |
make Ufe of g, and of ¢ for the Cube, gq for the Biquadrate,

el ....r-llpn‘r the ﬁﬂnr]'rafn_("n]\p A‘Frnr 'f]‘!;n Monnnr 'Fnr
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the Square, Cube, and Biquadrate of 4, they write' 44, Ar,
Agq, Ge. and for the Cube Root. of abb—x’, they vvrite
 Ycuabbmmx?, Others make Ufe of other Sogts of Notes, but
- they are now almoft out of Fathion, ~ =~ ° .
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" The Mark [or the Sign] == fignifies, that the Qut.ntmes on
each Side of it afc equal Thus x....,b denotes & to be equal

ob. .,

‘t The Note :: f gmﬁes that the Quantztles on both Sldes of"
jt ate Proportmnal Thits 4.b ¢ ¢.d fignifies, that 4 is to b
[in the fame Proportion] is ¢ to d and a.b.e: c.d,.f fig.
* pifies that 4, b, and e, areto one anof.her refpe&wely, as ¢, d;
and f, are among themfelves of that 4to ¢, b to d, and e to f,
aré in the fame Ratio, Laﬂly, ‘the Interpretauon of any
Marks or Slgns thdt may be compounded out of thefe, will
eafily be knowii by the Analogy [they bear to thefe]; ~This

i g5bb denotes three quarters of & bb and 3 ~ ﬁgmﬁes thnc:e
d
and 7Y d;’a‘ feven tlmes ik, Alfo 2% denotes the Pro«

b
du& Qf‘ Py by—- 5 and +gez,3 denotes the Prodid mada by_

that is the Quotlent arlf ug by thﬁ

multiplying &’ by ge
Divifion of gee by 4atge s and --1/ ak, that WhICIl

I
made by mulnplying Vax by —-, and 71/ * the Qu{)flent a-
; 8aviex the

fion of by d /1=
fifing by the Divifion 0 71/zzx V&3 4n ' Qﬂ‘l'//m th
Qpntient ahf' ing by the Dunﬁon of Savew by the Sum of the

gmm-—-—-ﬂ:’ -
Quantxtxes 24—[— V 22 And thiis p + denotes the Q{Joa

tient atifi g by the D1v1ﬁon of the Difﬁ.rence 3#%‘%-—-*;3 by

- the Sum 4+A. and v M an@tCu- the Root of that |
et _
V 3::za.x-—«.m

Quonf-"nt & 2a+ 26 prrw
Multiplication of that Root by the Sum za—-l—gc Thus alfo

V—Aﬂ—l—]! Annf\#pe {“‘l‘lﬂ nnhf‘ (‘\P f}\P Q'I‘HTI (':F the nl'hn..

.’lﬂl’ l W AW LAV LD i A LR v o B Nt \-IDLIL"

tmes %44 aund b}, and V ) /3; i 'H’b denotes tlfe Roo i
of the. Qum of the Quantmes a and VL aa-¥bb dﬂ+bb,» anci.

ﬂ_&__..:__.[/ 4-—{-1/ -*:m—i—bb denotes tlat Root multxply’d bl"

24

denoics the Produé”t Of the

3
and fo in other Cafc.;. |

. .
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But note, that in Complex Quantities of this Na-
ture, there is no Neceflity of giving a particuiar Actention
to, or bearinz in your Mind the Signifi:ation of each
- Letter ; it will fuflice in general co underfland, e. 7. that

V’zl“ﬂ'i‘ V% aa4-bb fignifies the Root of the Agaregate [or

Sum] of :j-a—{—i/ Fa4-+bb, whatever that Ageregate may
chaiice to be, whei Numbers or Lines are {ubflirure ! in the
Room of Letters, And thus [it is as fufficient to underfland]

T .
that __*__2__51"’(4/44_"{?:{‘__1{? fignifics the Quotient arifing hy

a— Vab

the Divifion of the Quantity V %ﬂ—l-/ i‘ﬂﬂ";ﬁ? by the

Quantity g —4/ ab, as much as if thofe Quantities were
fimple and known, though at prefent one may be igno-
rant what they are, and nor give any particular Attention
to the Conflitution or Signification of each of their Parts. -
Which T thought 1 ought here [to infinuate or] admonilh,
leaft young Beginners thould be frighted [or deterr'd]] in the
very Beginning, by the Complexnefs of the Terms.

OfADDiTIONa

THE Addition of Numbers, where they are not com-~
pounded, is [eafy and] manifeft of it felf, Thus it is
at firft Sight evident, that 7 and g, or 79, make 10, and
11-f15 make 26, But in [longer or] more compounded
Numbers, the Bufinefs is perform’d by writing the N umbers
in a2 Row downwards, or one under another, and fingly col-
le&ing the Sums of the [zefpedtive] Columns. As if the
Numbers 1357 and 172 are to be added, write either of
them (fuppofe) 312 under the other 1357, fo that the U.
- nits of the one, viz. 2, may cxa&ly fland under

‘the Units of the otber, viz, 7, and the other Num- 1357
bers of the one sxaély under the correfpondent 172
ones of the other, ziz. the flace of Tens under — ——
Tens, wiz, 7 under 5, and that of Hundreds, wiz. 1, 1529
under the Place of Hundreds of the other, viz. 2.

“Then beginning at the right Hand, fay, 2 &nd 7 make g,
which write underneath ; alfo 7 and 5 make 12;the laft of
which two Numbers, viz, 2, }::'ritc underneath, and referye

+ 4
T

LW ) ¥ 3
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in your Mind the other, wiz. 1, to be added to the two next
Nunibers, wiz. 1 and 3 ; then fay ¢ and 1 make 2, which
being added to 3 they make g, which write underneath, and
there will remain only 1, the firft Figure of the upper Row
of Numbers, which alfo muft be writ underneath ; and then
you have the whole Sum, iz, 1529. |
Thus, to add the Numbers 87899-1-13403-+835+1920
into one Saum, write them one under another, {o that all
the Units may make one Column, -the Tens another, the
Hundredths a third, and the Places of Thoufands a fourth,
and fo on.” Then fay, 5 and 3 make 8, and'8 -+ 9 make
'v7 3 then write 7 underneath, and the 1 add to the next
Rank, faying 1 and § make g, 9 - 2 make 17, and 11 9
makes 20 ; and haviog writ ‘the o underneath, ‘
* fay again as before, 2 and § makes 10, and 10 87899
- g make 19, and 19 + 4 make 23, and 23 13403
-+ 8 make 31 ; then referving 3 (in your M_emo- 1920
ry] write down 1 as before, and fayagain, 3 . gg "
- 1 make 4, 4 -F 3 make 7, and 7 47 make
14, wherefore write underneath 4, and laftly fay, 114107
1+ 2 make 3, and 3 -+ 8 make 11, which in
the laft Place write down, and you will have the Sum
of thenr all. - -
After the fame Manner we alfo add Decimals, as in the
. following Example may be feen : -

630,953
51,0807 -
30527 o
987?3037

Addition is perform’d in Algebraick Terms, [or SpeciesT
by conneéing the Quantities to be added with their proper
‘Signs ; and moreover, by uniting into one Sumthofe that can
be fo united. Thus # and b make ¢ + b; 2 and —- b make
d~1b 3 —aand —{ make —g-—0b; 74 and 9a make
7a~494; —avacand bvac make —avac 4 bVvac,,
or by ac —av/ac; forit isall one, in what Order fo-
ever they are written. o |

A fhrmative Quantities which agree in [are of the fame Sort;
of 7] Species, are united together, by adding the prefix’d Num-
-bers that are multiply’d into thofe Species, Thus 7 494"

make 164, And 11bc-+15bc make 26be. Alfo 3.

+
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»-}-r;."f make 8‘? cand 2 Mae - 7} ac make )Vﬂc and
A (A

"

64 ab —xx + YV ab—ax mke 13 VAl e %y
And in like manner, 6 3 ‘(— 7-1/ 3 mike 134 3., More.

' over, ay ac -4 b \/ﬁc make w}- b v ac, by adding toge.
gethcr 2 and b as Numbers multiplying v ac. And fo

VR ——

:aa—l- :’c /.;:m:v-—-~x3

———— e i

-+ 34 f‘f, Jax A s :L_;_
a % a - x

54 - 3¢ V3ava — o Dbecauvfe 2 24 + 3¢ and 34 make

—-l,_ A“
54 — 3¢
Aflirmative Fraclions, that have the fame Dennminator,
arc united [or added tc)gcthc:] by adding their Nunma—

' 2& at 1 ﬂt‘\a ﬂ' u":
tors, Thus y - 2nmke }, and = 29Y make DN
b b &
8aViex 17aV cx osavca
and thys ——22%. . 27E L make S hrvey |
2a -~ vex o 2a 4 Vex _ ,,,pzwl-.y(,m
b aa - b '
and - —~|— ~omake Lol
[A (' . I : '
Negative Quantiti:s ave added alterthe fame Way as A fhir-
. . o doay T1Tax
mative, Thus — 2 & ~ 3 mke vormg 5 e - 82 e T
: ) _
15 4. | | ke T )
make — =270 Vax and —- bv'axr make —— g emf v ax.
J

]mt when o Nepative Quantiry is to l'we added-to an Aflir-
mative one, the Affirmative muft be diminilh’d by a Nepa-

Tl | | _ ti.:n:r1 gt A
tive one.  Thuos, 3 and —— o make 1 A and — b
7AN

Make —mfmit 3 e a Y g anid b Vv ae make be—aV ae, And
?
note, that when rthe Negative Quanuty 1y greater than the
Aﬂuumtwv the Aggregate [or Sum | will be Megative, Thus
Tran . 44x 74 A
I

) Al T 111 k NNSIURDRREDRE - § §10 REERSTRR N | 1 R F i€ e
and 2 Vae and gV ac make —gVae,
In the Addition of a preater Number of antlrus OF

more compounded ones, it will be convenient to obferve
) ' o " . thee
L .‘.: un?w'

make
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¢he [Method or] Form of Operation we have laid down
ahave in the Addition of Numbers. As if 174x ~ 144
2 and ga - 2 —— 8, ax}_d 74— gax, were to be
added together, difpofe them fo in Columns, that the Terms
thar contain the fame Species may fland in 2 Row one un-
der another, ofx, the Numbers 3 and 2 in one Column,
the Species — 14.4,and 44, and 7 4,
in another Column, and the Species

1
EZ‘"’? TI%‘QT% 174x, and —8ax, and =—gax
wRAr T a4 + 2 iy athird; then I add the Terms of
PUECLI S L cach Column by themfelves, faying,
# == 3435 pand 3 make g, which I write un-

derneath, then 74 and 4 2 make 114,
and marenver = 144 make —3 4, which 1 alfo write under-
noith 3 Ly, — g av,and —8 44 make — 17 44, to which
17ay added makes 5. And fo the Sum comes out — 3 4
<+ 5. Afrer the fame Manner the Bufinefs is done in the

Mnedme Teaminire
follyw I8 £Xampls |

24 va Ithe—7Vae  jax g X
Fa 4 9s  15bec A 2vac T T + 6V3 + '",.;
LT NN YN
0% - IGd wl L = Y L6 IT4X 2
+,W__~..__._..._. 71/’& +W
b . >
' S
»AX
LT Y34 3
S
.m 5‘4"4'1 +';.-L, B : d-?n
.3 7{ . ﬂg +2‘23 e
‘ g’ -+ Lla o 4 2%
SN e HA N 4 TN = 28YY =4 aay B 4’
3} 4 2yy——Faay
3 L | 3 ﬂq.
3 K =3 748) A 547 e —
| 2y

St 4+ 2480 |

— 3t m24x’ 48140 Var k xx
— 2444 ghat wm 2043 Viag— yx
— 4bx} — 7345 Via ¥ £w

HEx? ot 2! Vaa b w8 =204 Vid e

Of
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Of SUBTRACTION.

"E"‘ HE Invention of the Difference of Numbers [that are])
- not too much compounded, is of it felf evident ; as if

you take ¢ from 17, there will remain 8, But in more
compounded Numbers, Subtra&ion is nerform’d by fubferib-~

(LAY A AR L ALY ASr s arm

ing [or fetting undernéath] the Subtrabend, and {ubtraéting
each of the Jower Figures from each of the upper ones. Thus
to fubtrad 63543 from 782579, having fubfirib'd 63543,
fay, 3 from ¢ and there remains 6, which write underneaths
then 4 from % and there remains 3, which write likewife
underneath ; then g from 5 and there remains nothing, which
in like manner fet underneath ; then 3 comes to be taken
from 2, but becaufe 3 is greater [than 2] you mult borrow
"1 from the next Figure §, which fet down, together with 2,
makes 12, from which 3 may be taken, and there will re-
main g, which write likewifc underneath ; and then when
befides 6 there is alfo 1 to be taken from §, add the 1 ro
the 6, and the Sum + [being taken] from 8, there will be
Yefe 1, which in like manner write underneath. .
1afily, when in the lower [Rank] of Numbers  »83579

there remains nothing to be taken from <, write 63543
underneath the 4, and fo you have the [whole] 1002 33;5
Difference 19036, =~

But efpecial Care is to be taken, that the Figures of the
Subtrahend be [plac’d] or fubferib’d in their [proper or] ho-
mogeneous Places ; wiz. the Units of the one under the U-
nits of the other, and the Tens under the Tens, and likewife
the Decimals under the Decimals, ¢¥c, as we have fhewn in
Addition, Thus, to take the Decimal 0,63 from the late-

ger 547, theyare not to be difpos'd thus ong’ but thus
. _ -

343 633 viz. To that the o’s, which fupplies the Plaze of U-

) - . . '
nits in the Decimal, muft be plac’d under the Units of the
other Number, Then o being underflood to fland in the
empty Places of the upper Number, fay, 3 from o, which
fince it cannot be, 1 ought to be borrow’d from the forego-
- ang Place,  which will make 10, from which 3 1sto be raken,

and there remains v, which write underneath. Thien thae
1 which was borrow’d  added to 6 makes 7, and this is ro

+
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b tiken From - above it ; but fince that can’t be, you muft
1in barrow 1 from the foregoing Place to make 10 ; then

an.
e i bt )
= from 10 leaves 2, which in like manner 1s to.
1 be writ underneath ; then that 1 being added to o,
5+ i makes 1, which 1 being taken from 7 leaves 6,

e yghich sgain write undemcath, Then write the
S+137  two Figures 34 (fince nothing remains to be taken
from them) underncath, and yowll have the
Remainder 546,37, ‘ l
For Exercife fake, we here fet down fome more Exam-
ples, both in Integers and Decimals ;

o P . N s PPV N "If\Ql?
1973 1975 45997+ 35:72 40,5003 309y
1541 1580 9205 1432 3078 2574

132 93 449860 21,4 43,4223 292,06

T8 2 mreater Number is to be taken from a lefs, you mufl

#:7 fubrradt the lefs from the greater, and then prefix a ne-
garive Sign to it. As if from 1441 you are to {ubtraét 1673,

cir the contrary 1 fubtra® 1441 from 1673, and to the Re-
munder 132 T prefix the Sign w—, .
In Algebraick Terms, Subtra&tion is perform’d by con-

oo

nefting the Quantitics, afrer having chang'd all the Signs of
the Subtrahend, and by uniring thole together which can be
untted, as we have done in Addition. Thus 474 from
+ 5 leaves ga—— 74 or 24; =74 from 4 o2 lcaves
+9d + 74, 011645 -+ 7a from — ga leaves — 9 g2 4,
or — 1845 and — 74 from — g4 leaves —0a + 74, or

] :‘;s

i a L a ‘ :
; 10 5~ from 5—leaves 2 —; 74/ a¢ from 24/ 4¢ leaves
e ¢

€
F 2 - .
w— 5y ac; -from 5 leaves 31; — from 3—.]eaves z—;
9 9 9 / : T
24y 348, axv, 8aven . ¥ X
- from 3«5»— leaves 5 A ) from --——fo—{i-%
1 o . '
: _2_:2-{»‘/5:&: 2»1-{74/5;\;
5 ——2‘3:3&/}.1- . aa ba . by aa
fz2aves . ——"te—— ;. from — leaves iy 4 —m [
e ex € e ¢ 7

from 24 4 b leaves 24 ;}-b--az-l-b, or 44 21:';-_'342;
w33 A 4C _from 34X Icaves 3.;;;‘»-7-.34; —}-'z\z{mﬁq,
. | oo
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‘ o . oga—ab da-+ ab .
Of  zz=d4C } - from —— lcaves
a4 4 abe—2aa +ab —aatnalb - N ——
+ , OF e soand g — xvaxn
¢ ¢

from a 4 x Vax leaves g -+ & — 4 4 :m/zz:v, or 2. Vi,
and fo in others. But where Quantities confift’ of more
Terms, the Operation may be manag'd as in Numbers, as 113

the following Examples : | |

12X + 74 Isb(:;&-z&/ac .g.w:f-!—%—.r
7%+ 9a w—11be + 74 ac Gl —lx
g & — 24 20b¢ ~= v ac A —Oxx 4 5 X
1Tax 2
: I
4.{;&-——-6‘/3-—-— -
b : 5

Of MULTIPLICATION.,

N UMBERS which arife [or are produz’d] by the Mul-
4 N tiplication of any two Numbers, not greater than g,
are to be learnt [and retain’d] in the Memory : Asthat 3
into 7 makes 35, and that 8 by ¢ makes 7z, @¢, and then
the Multiplication of greater Numbers is to be perform’d af-
ter the famz Rule-in thefe Examples,” S
f 795 is to be mulriply’d by 4, write 4 underncath, as
you fee here.  Thenfay, 4 into 5 makes 20, whofe
laft Figure, wiz, o, fet under'the 4, and yefervethe
former 2 for the next Operation.  Say morcover; 72
"4 into 9 makes 36, to which add the former2, and
there is made 38, whofe lutter Figure 8 write un- 3 18
derneath as before, and referve the former3., Laft-
ly, fay, 4 into 7 makes 28, to which add the former 3 and
there is made 31, which being alfo fer underneath, you'll
have the Number 3180, which comes our by multiplying
the whole 795 by 4. S " S
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Mareover, if 9043 be to be multiply’d by 2305, write
either of them, wiz. 230¢ under the other 9043 as before,
and multiply the upper 9243 firft by s, af‘ter the Manner
fhewn, and there will come out 43215 5 then

by o, and there wi_ll come out ccoo ; thirdly, 9043
by 3, and there will come out 27129 ; Jafily, 2305
Fy 2. and there will come out 18086, Then e
dirpnfe thefe Numbers fo coming -out ina de- gggés

feending Scries, [or under one another]] fo that 27120
the iaft Fioure of every lower Row fhall fland 8

ne Place nearer ¢ the lefr Hand than the laft 18006
o oo next fuperior Row, Then add all thefe 20844115
tooethior, and there will arife 208441715, the
Numler that is made by multiplying the whele go43 by
the whale 23¢s.

In the fune Manner Decimals are multiply'd, by Integers,

or seher Decimals, or both, as you may fee in the following

“xamples :

724 50,18 3)9025
29 2,75 0,0132
¢516 25090 78050

1448 35126 117075
20396 1C036 39025
137,9950 C,05151300

Dur note, in the Number coming out [or the Produ&t] fo
tmany Figures muft te cut'off to the right Hand for Decimals,
as there are Decimal Figures both in the Maultiplyer and
the Mulriplicand, And 1f by Chance there are not fo many
Figures in the Produ&, the deficient Places muft be fill'd up
to the left Hand with ¢'s, as here in the third Example,

Simple Algebraick Terms are multiply’'d by multiplying
the Numbers into the Numbers, and the Specics into the
Species, and by making the Produét Affirmative, if both
the Fadlors are Affirmative, or both Negzative ; and Negative
if otherwife. Thus 24 into 35, or — 2 4 into — 3b make
6ab, or 6ba ; foriris no Matter in what Order they are
Placd. Thus alfo 24 by — 3bh, or — 24 by 3 b " make
-—6ab, Andthus, 24¢ into §b¢c make 16abcee, or
16abe’; and yaxy into — 12405 % make — 844 w7
and — 16¢cy into 314y’ make w-4064¢y?; and — 4z
i ‘ ' into
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into —3v4z make 12z ¥4z, And fo 3 into — 4 make
= 12, and — 3 into — 4 make 12, _
- Fraé&ions are multiply’d, by multiplying their Numera-
tors by their Numerators, and their Denominators by their

. 2, 6 a-.
Denominators ; thus = into -37 make — ; and -~ into i
o S g 7 38 b d
Ly Ac. 4 . 6 . g ¢ ac
riake 7 5 and 25 into 3 - make 6+ =k —, OF 6 o3

g7 And 2g o3y PRI VL
L 34cy . ¢ —~ 21 dccy? g
and 39 o IOV e TmRAC? g g
2bb 4b3 8bs ¢
. — 3 Y az 1 Az 4 . ¢ .
ihto ---3—6-—- make —Ef-j/—f ; and-b.-c into 7;‘ &' make
‘- ce : '

zu:; A, Alfo 5 into_z inake -—g , ds may appear, 1f3 e Te-

duc’'d to the Form of a Fradtion, é;z’z,. -%, by making Ufe of

1544%
e

into

Unity for the Denominator. Aud thus

043 %, ab

24. make Rg pya Whence note by the Way, that.—

. ' ‘! C
a abx a4 ‘ a

and y b are the fame ; as allo - jx, and = b, allo

1 bVer g ittt

¢ x; ahd fo in others,

a - .
~ Radical Quantities of the fame Denomination (that is, if
they are both Square Roots, or both Cube Roots, or both
Biquadratick Roots, &%.) are multiply'd by multiplying the
Terms together [and placing them] under the fame Radical
Sign,  Thus v3 into +'§ makes /15 ; and the vab into
Yed makes Vabed ; and v’gayy into vV 745z makes

| 20 . 4 .
V33544y’%; and ’V‘fc—'intb foﬁé makes 1/?—6-%!-’, that is
L ¢

_aab e . - ,

T — ; and 2444z into 3b4 4z makes 64bv aazz,
r ]

o ams o x — G

that is 644bzx; and 2= into ——- makes ——

.1/.46‘ v/ﬂc'.. S e 1/:34(:6

D that

e ‘-;‘

't See the Ghapter of Notation.
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Quantities that caniift of feveral Parts, arc multiply’d by
multiplying all the Parts of the one into all the Parts of the
other, asis Thewn in the Multiplication of Numbers, T_h'US,
¢ oo ¥ into 4 makes ¢ ax, and aa. 4 24c—be into
g mikes a° -+ 24acwmaabe—3zbac+ bbe. For
44 4 24c—Dbe into — b makes w—sab—=2ach + bbe,
and into 4 makes 43~ 244¢ ~m abe, theSum whereof 18
b 24d¢ — aab—3abc 4 bbe. A Specimen of this
Sart of Muleplication, together with other like Examples,

[T i-un.no, “'!'L-’]mﬂ'ln’:li'h .
JUU iAW S R ABITRiaL ,

44 24c by | a4 b

57 e [ d-’(‘-bd_
o bl ddlic 4 blg a4l bbb
| £;+2d4£--:ﬁ‘1{c L 44+ ab

@A osac—aab—galbe 1+ bbe - sa-fz2ab A Db
A-+b 2¥ +2ay -*-—-'-%‘ﬁ-&
e o ks
e ) [ Aayy -t 24’y mmtat

a4 ab ——24y ~—daayy 4+ aty

44 Hwmbl yid2ay  —taayy -
CYT K —3fadyydgaiye—tat

24% 43
p ~
abl
2.4 —
3 + .
2axg/abl  aab
I 'f P
banx iyys
- — g Y |
Y 2 r g

Oa.x /23 34
e gaf Ly 2 b adb

€ £ ¢ ¢ &
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OFf DIviIsION,

T RIVISION is perform’d in Numbers, by feeking how
. ‘many times the Divifor is contain'd in the Dividend,
and as often fubtradting, and writing fo many Uhits in the
Quotient 3 and by repeating that Operation upon Occafion,
as often as the Divifor ean be fubtracted. Thus, to divide
63 by 7, feck how many times 7 is contain’d in 63, and
‘there will come out precifely ¢ for the Quotient ; and confe-
quently & is equal to 9. Moreover, to divide 371 by 7,
prefix the Divifor 7, and beginning at the firfl Figures of
the Dividend, coming as near .them as pofli- -
ble, {fay, how many times ¢ is contain’d in ) 371 ¢
37, and youll find g ; then writing 5 in 7 g-’i 33
the Quotient, fubtra& 5 x 7, or 35, from 37, s

and there will remain 2, to which fet the 21
laft Figure of the Dividend, wiz. 1; and’™ 2L -
then 21 will be the remaining Past of theDi- - . 0.~

vidend for the next Operation ; fay therefore o
as before, how many times 7 is conrain’d in 21 7 and the
Anfwer will be 3; wherefore writing 3 in the:Quotient, take
3 %X 7, or 21, from 21 andthere will remain 0. Whence it
is manifefl, that 53 is precifely the Mumber that arifes from
the Divifion of 371 by 7. o Lo
And thus to divide 4799 by | R

23, firft beginning with the ini- e
ti?z.l Figuresg47, E«ay, how many 23) 429 8(208 6036, &c.
times is 23 contain’d in 477 An- 4 L

fwer 2; wherefore write 2 inthe ™ I8 R
Quotient, and from 47 fubtra& oo O
2 ¥ 23, Or 46, and there will re- 19%

main 1, - to which join the next - 184

Number of the Dividend, wiz, T140

o, and youll have 19 to" work 138

upan next. Say therefore, how 5

many times is 23 contain’d in

19? Anfwer o ; wherefore write A

@ in the Quotient ; and from 19 - o200 -
fubtra& 0% 23, oro, and there | 134-

remains 19,to which join the laft B 1<%

Number 8, and you'll have 108
- to-work upon next. Wherefore

D=2 ‘ : 1Y
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in the laft Place fay, how many times is 23 contain’'d in 198
(which may be guefs'd at from -the firft Figures of each, 2
end 19, by taking notice how many times 2 is contain’'d in
10)? Tanfwer 8 ; wherefore write 8 in: the-Quotient, and,
from 108 fubtralt 8 x 2%,-;01' 184, ‘and there will remain
14 to be fasther divided by 23; and fo the Quotient will
be 208:4. And if this Fra&tion is not lik'd, - you may con-
tinue the Divifion in Decimal Fractions as far as you pleafe,
‘by. adding always a Cypher to the remaining Number, Thus
.to the Remainder 14 add o, and it becomes rqo. Then
fay, how many times 23 in 140 ? Anfwer 6 ; write there-
“fore 6 in the Quotient ; and from 140 fubtraét 6 x 23, or
138, and there will remain 2; to which fet a Cypher (or o)
a5 before, And thus the Work being continu’d as far as you
“pleafe, there will at length come out this Quotient, "viz.

208,6086, &,

After the fame Manner the 46,1) 3,5218 (0,07644

Decimal Fraétion 3,5218 is di- 322
vided, by the Decimal Fra&ion 257
46;1,and theve comesout0,07639, 2048
- &¢tw. Where note, that there 2706
muft be {o many Figures cpt off Evane
“in the Quotient, for Decimals, as o I8 o
there are more in the Jaft Divi- . 1393
dend than the Divifor: As in - M:TJ
- this: Example 5, becaufe there are 4’?7(
6 1in the L.t Dividend, viz, | b
*"3,632'1800, and 1 in'the Divifor | a2l
40.1. o

We have here fubjoin'd more Examples, for Clearncfi
ﬁlkej T, o ‘ ‘. ‘ ' Co : e !

ARAAY AmQ e e N : B
"v'-‘f'_r.‘} FASlaFd q"*"!') sz()iu ! 03 ?O ¢ 6 .ar‘(
s w
27129 | - 6s16
45215 T
0 o

| 5,18)
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50,18) 137,995 (2,75 0,0132) 0,051513 (3:902§
| 10036 | §?éf,‘ ‘
37633 o r191
35126 - 1188
- 25090 o 330
25090 | 264
o | - 660
660

L

Q

N. B, The wording of this Rale in Sir Uaac, feeming a listle
obfcure, this other equivalent Rule may be added, viz. Obferye
what is the Quality of that Fignre in the Dividend under which
the Place of Integer Units in the Divifor does or [bould ftand ;
for the [ame will be the Quality of the firfe Figure of the Quo-
tienty, £. 8 . : ' ' |

| | 345) ,00468 (3 -

In this Example, 5 being the Place. of Integer Units in the
Dividend,that fet under the Dividend, fo as to divide it, would
~ fall wnder the Figure 8, which is the Place of Hundreds of Thou-
- fandshs in’ the Dividend 5 therefore the Unis in the Quoient
“must ftand in the Place of Hundreds of Thowfandihs 5 and to
~make it do fo, four Cyphers must be plac’d before ity viz. | oocor,

.
llllll At 1 a3
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In Algebraick Terms Divifion' is pesform’d by the Refo- |

- lution of what is compounded by Multiplication,  Thus, 4}

" divided by« gives for the Quotient b, 64b divided by 24

gives 34 5 and divided by ~— 24 gives —3b, — 6ab di-

vided by 24 gives -~ 3b, and divided by — 24 gives 35,

164b¢3 divided by 340 gives 8bes. —844°2* divided

by e— 120082 gives 74x 5 Likewife —6-'di“v.idcd by 2

3

| - 35 RS
gives 3 d;v;gied by 7 slves — 3hs ivid |
’ 346 e TTEXY 6 giiaed by 2 pives L2 .
_ied by vk gwesé s ] ivi ('? , ,Y 3 gu_res‘ 5;
and reciprocally < divided I_)y,-a——'-‘2 gives, —3-? or 3. 39:5 <

divided
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isaaa

divided by 24 gives 5 and reciprocally divided by

15' ' gwes 2. Likewife /15 divided by v/ 3 gives Vg,

vabc‘d divided by s/ari gives Vab. Va'c by Vac gives
Vaa, ot 4, v/’ 3544y’ z divided by v34ayy gives v37 4y z.

va'bh divided by v—-—-—-—-d) gives Vﬂbb 12ddx1/';dbc.x:

¢ c o 704ce
..-ngdd“/r,‘&‘x’ Y L |

divided by — gives SR And fo

a4 b 1/3 x divided by a = b gives 1/:4 .x ; and reciprocally

+ b Wm dxwded

gzves avax, or divxded by 4 gwes

d1v1ded by 'sz gives zz-rb And ———
1/ A4

;T+b k
Vax

A ax
or — 3 and reciprocally dw;dcd by T glvcs 4. Dut

in Divifions of this Kind you are to take care, that the
Quantztles divided by one another be of the fume Kind,

~wiz. that Numbers be divided by Numbers, and Species by

Species, Radical Quantities by Badical Quuntitids, Nume-
sators of Fradtions by MNumerators, and Denominatoss by
- Denominaters 3 allo In Numcramrs Denominators, - and
- Radical-Quantities, the Quantitics of each Kind muft be

divided 7-“7 homoeeneons ones rm (")n:xﬂrwmn of the Tame

ik Sl AT BT #Ub“"'vhu R ' ﬂlll?-hilnﬁ l.-l e g Lulj‘\.l

Kind.]
Now if the Quantity to be davlded cannot bc dz.wded by
the Divifor [propos’ d}, it is fuflicient to write the D.lV.'LfOr

- wnderneath, with 2 Line between them, Thus to divide 4b

ab
by o, wr}te_? ; and to. d1v,1d€ ﬂ+ PRI m by Ay wnte

Mcx- And fos/ﬂ,a.m.a.x d1v1ded

PREE A

Vax.\--—-xx /dt-——m

by vew gives"' ‘/cx - gr rov Anﬂ Ad a2l

a/ﬂamzxm divided by“.emh/ﬁﬁmxv gwcs 44y ab

" sne

[/“f.:":..:‘i:?_*" And 12V'3 cﬁaﬂded by 4.7 gives 3'1/

R = KX
But

-
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Bat when thefe Quantities are Frations, multiply the
Numerator of the Dividend into the {Denominator of the
Divifor, and the Denominator into the Numerator, and the
firft Produé will be the Numerator, and the latter the De-

flominator of the Qudtient. Thus to divide —g byi write
fgié,' that is, multiply « by 4 and & by ¢. - In like Manner,
3 1 3 ives 2 And‘ 3“1/41*: divided b 2% iy
—— — — — rhe . - d Y ULV»ES
7 S O et " 5a”®
1544 oy arsam me Viage—xr -
g Yax, and dwided by =20 77" 7 gives
ce N savax
1§ 4%« ad

- ———— .- After the f&ﬁae Manrier
Scevaag—xx : b |
‘ (or'f‘; N aives “f-l . Ande¢ (aor ~£) divided by f;d ‘gives
| y I:) g | bG T - I/

%‘;.. And%divided by g gives f%-_' And 3 diviied:y%
gives -%2 . And’ + b ¥ex divided _by a gives ida Ve,

¢ ac

divided by

—_— ‘ .- 4
And 4 4 bv/ca divided by % gives ac

fr' Tuwwé‘ 3Yca g 3 oA 1 _
cd . - ax3 1 R | ’/G
. 3V — glves 2% And = 'L divided by — 2
x 3 ccd 5° 11 2 7
. 2 .
© BIVES — i?-, and fo in others, ~

A Quantity compounded of feveral Terms, is divided by
dividing each of its Terms by the Divifor. Thus 44 4

| xXx 5
3 ax =2y divided by 4 gives @' 4 g3 — . But when

the Divifor confifts alfo of feveral Terms, the Divifion is
perform’d as in Numbers, Thus to divide a2 -+ 2446
v dab —=3abc 4+ bbc by a—Db, fay, how many times is
# contain’d in 47, wiz, the fitft Term of the Divifor in the
firft Term of the Dividend? Anfwer za. Wherefore write
44 in the Quotient ; and having fubtradted #—b multiply’d
into aa, ova’ — aab from the Dividend, there will remain

AR R4AC
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BAdC - .3.1!}c 4 bbe yet to be divided, Then fay again,
how wmany timics 4 in 24ac? Anfwer 240, Wherefore
write alfo 24¢ in the Quotient, and having fubtradted ¢—p
into 2a¢, or 24ac—2abe from the afore(aid Remam’c'if:;i
there will yet remain «—abc + bbe,  WherefGre fay agdin,
how marny times 4 i1 — abe ? Anfwer —bg, and then
write — bc in the Quotient ; and hdvifig, in the laft I’lace,
fubrra@ed A4 d¢=—b 100 =—be, viz. ~—abe 4 bbe from
the Jaft Remainder, there will remain nothing ; which {hews
thar the Divifion is at an End, and the Quotient coming
out [juft] aa 4 2ac—be, e

But that thefe Operations may be duly reduc'd to the
Form which we ufe in the Divifion of Numbers, the Termsg
hath of the Dividend and the Divifor muft be difpos'd n
Order, necording to the Dimenfions of that Letter which is
[oftencht found or] judg’d moft proper ifor the [Eafe of the?
Operation ; fo that thofe Terms may ftand firlt, in whicl
that Letter is of moft Dimenfions, and thofe in the fecond
Place whofe Dimenfions aré next higheft ; dnd fo on to thofe
wherein that Letter is not at all involv’d, [or into which it
s not at all multiply’d] which Gught té ftand in the laft
Place.  Thus, in the Example we joft now brought, 1f the
Terms are difpos’d according to the Dimenfions of the Let-
tex 4, the following Diagram will fhew the Form of the

Work, iz,
‘ el 2 '
) ot ﬁ‘iicmgabc—{f bbe (aa -t 2acm=b¢

i

A’ e agh

o+ 2aac—3abc
2840 2abc

o abebbe
— abc+bbe

o 0

Where may te feen, that the Term 47, or 4 of three Dis
manfions, flands in the firft Place of ‘the Dividend, and.the

T. Qﬂﬁf v + ' . . 1 -‘ ) - ‘
demms g, in which 4 is of two Dimenfions, fland i

the fﬁCOl:ld Place2 agd fo on, The Dividend Hiiglit alfo h afé
_bcm writ Ehusi T T e R T
# _ S " ."_ ‘ .‘;I-_dg

-
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a’ iﬁb” Admagboq - bbe.

Where the Terms that fland in the fecond Place are united,

by colle&ting together [or placitig by one another] the Fa-
&ors [or Coefhctents] of the Letter [where it is] of the
fame Dimenfion.. And thus, if the Terms were to be dif
pos'd according to the Dimenfians of the Letter b, the Bu-
finefs muft be perform’d [or would fland] as in the follow-
ing Diagram, the Explication whereof we fhall here fub-
Join : ‘ )
— b4 a) bb T3 T (mep T2

— Add _-{-zfmc aa
chb—"ach
3
o 240y -+ a

T e a4 - 24dc

| mzczcb+zmc
— A +,:;5

0 0

~ Say, How many times is —J contain’d-in ¢bb ? Anfives
r—¢b,  Wherefore having writ«— ¢} in the Quotient, fub-

trat —b 4+ 4 x —¢b, ov bhc~abc, and there will re-

—=24ac : :
iigq b To this Remainder

add, if you pleafe, the .‘Quarltities fthat ftand] in the laft
S :

‘main in the _feéoiid Place

Place, viz, d in, | imes is —/
y ViZe ac and tay agan, how many_txmes 18 ~—}

—2ac
— 44
being writ in the Quotient, fubtra& b -+ 4 multiply’d by
~+ 24c ——24¢, 4+ 2ndc
P P T R
thing, Whence it is manifeft, that the Divifion is atan
rnd, the Quotient coming out ~—¢b -} 24¢ - 44, as
before.

And thus, if you were to divide 24y — gac* - yiye*
d 3¢ —2y%0c—p® —24%c0—a%yy by yy—aa—ce
I order [or place] the Quantities according to the [Dimen-
fions of the] Letter y, thus : | |

sy s Y 4 24c
contain'd in b? Anfwer -, 7 . Thefe therefore

and there will remain no-

E
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:';”:g;ﬂ % + a4 a —#44 . 4
ey g ke Ty D
Ve “ e —aac

Then T divide as in the following Diagram.

Here are added other Examples, in which you are to take
Notice, that where the Dimenfions of the Letter, which
ehiis Method of ] ordering ranges, don't always proceed in
the fame Arithmetical Progreffion, but {ometimes [inter-
vuptedly, or] by Way of Skipping, in the defedtive Places

we note | rhis Mark] 5.,

‘ o 8 °
—ddy . A AR df 4
:"’y .....) = o ¢ -"""'24 'gCF
S, —ad s T, d2ae g, bAT
J7 e d (¥ ee? Aaacg
4 —24°
o T ":"i_.-‘*f"” )
C‘i‘
4 at 2
? +aac::-7
4a e
! 7 24501
A AACCT g ac®

4k b) uax —bb (4=—b

aa <t ab’
Ou—-ﬂﬁb
WQ _D,

pr——

L m2Ay
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Jy=243-+tasy . ; o Oyt asy~iaa

Ytk —mgiaayy +3aiy—ia-
yt =24y’ 4 aayy

P P

© +24y’ —4akaayy \
+2ay’—4 adyy -+ 24’y

0 — faayy-baiy
— %—Mﬂ—l—«}y-'-%%“'
o 0 o
aﬁa»}-nb‘/z-{-lvb) L (_mé-—-'-nh/z'}-}-w

at K X K . 4k
&z4l}?éibﬁ/2+adbﬁ |
 Zatbv/2is aabb

| Z—}-n‘__bs‘/zmzaabb—-_ab‘t)lz
+ aabbAabiva -
4 aabb 4-abi Va2 + b4
0 0 o

~ Somte begin Divifign from the laft. 'I:ermg,‘ hut it comes
to the fame llung,1f, nverting the Urderof the 1erms, you
begin from the firft, There are alfo other Methods of di-
yiding, but it is fufficient to kriow the moft eafy and com-
modious, | |

Of EXTRACTION of RooTs:

EYFHEN the Square Root of any Number is to be ex-
tradted, it i$ firft to be. noted with Points in every

bther Place, beginning from Unity ; then you are to write .

down fuch a. Figure for the Quotient, or Root,. whofe Square

thall be equal to, or neareft, lefs than the Figure or Fi-

gures to the firft Point. And [then] fubtra@ing that Square,

the other Figures of the Root will be found one by one, by

dividing the Remainder by the double of the Root as far as
-eitradted; and each Time taking from that Remainder the
| E 2 | Square
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S-uare of the Figure that laft came out, and the Decuple of
we aforefaid Divifor augmented by that Figure. - ‘
Thus to extraét the Root out of 99856, firft Point it af-
ter this Manner, ;79'3-35, then feek a Number whofe Square
fhall equal the firft Figure 9, #iz. 3, and write it 1n the
Qu-tient ; and then having fubtratted from

0, 3%2, or o there will remain o 5 to which : [ .
fot down the Figures to the next Point, 2iz. 99856 (316
05 for the following Operation, Then taking 9 |
noNati-eof the laftFigure 8, fay, How many e
times is the Double of 3, or 6, contain'd Og

in the firft Figure 92 Anfwer 1 5 where- I
fore havieg writ 1 in the Quotient, fubtradt  g-s4

the Produdt of 1 X 61, or 61, from 98, and -~ 3446

there will remain 37, to which connedt the ——

Iaft Figures 56, and you'll have the Number ~ ©

2956, du which the Work is next to be car-

svid on,  Whercfore alfo negle@ing the laft Figure of this;
wiz. &, fay, How.many times is the double of 371, or 62,
cont2in’d m 375, (which is to be guels’d at from the initial
Fizures 6 and 37, by taking Notice how many times 6 is
containd in 37¢) Anfwer 6; and writing 6 in the Quoti-
enr, fudtract 6x626, or 3746, and there will remain o ;
whence it appears that the Bufinefs is done 5 the Root coms-

ing out 316.

Orherife with the Divifors fer down it will fand ths :

99856 (316
7%

698
61
62)3756
3758

[
[

And fo in okers.

And fo if you were to extract the Root out of 22198791,
firli having pointed it, feek a Number whofe Square (if it
cannot be [exactly] equail'd) thall te the next lefs Square
(or neareft) to 22, the Figures to the firft Point, and you'll

| - find
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find it to-be 47 For g%s5, or 25, .is greater than 29 ; and
4%4, or 16, lefs ; wherefore 4 will be the firft Fizure of the
Root. This therefore being |

writ in the Quotient, from . . . . -

22 take the Square 4x 4, or 22178791 (4709,43637, &
16, and to the Remainder 6 16 '

adjoin moreoves the next Fi- "~/
gures 17, and youwll have 7
617, from whofe Divifion by
the double of 4 you are to 88791
obtain the fecond Figure of 84681
the Root, wiz. negleéting the

609

- laft Figure 7, fay, how ma- 411000
ny times is 8 contain’d in 3767306
61? Anfwer v ; wherefore _ P '
write 7 in the Quotient, and 542 goo
from 617 take the Produ@t of 2,825 49
7 into 87, or 6cg, and there 6co7g100
will remain §, to which join 86513196
the two next Figures 87, and 2227
you'll have 887, by the Di- | 356190400
vifion whereof by the double 2825606169
of 47, or 94, youare to ob- S m————
mi,rclI the third Figure ; asfay, 73624231

How many times is ¢4 con- |
tain’d in 88 ? Anfwer o ; wherefore write o in the Quoti-
ent, and adjoin the two laft Figures o1, and yowll have
88791, by whofe Divifion by the double of 470, or 940,
you are to obtain the laft Figure, viz. fay, How many times
940 in 8879 ? Anfwer g ; wherefore write 9 in the Quoti-
ent, and you'll have the Root 4709,
But fince the Produ&t 9% 9409, or 84681, fubtradled from
88791, leaves 110, that is a Sign that the Number 4700
is not the Root of the Number 22178791 precifely, but
that it is a little lefs. And in this Cafe, and in others like
it, if you defire the Root fhould approach nearer, you muft
[proceed or] carsy on the Operation in Decimals, by adding
to the Remainder two Cyphers in each Operation, Thus
the Remainder 4110 having two Cyphers added toit, becomes
411000 ; by the Divifion whereof by the double of 47cg,
or 9413; you'll have the firft Decimal Figure 4. Then
having wiit 4 in ‘the Quotient, f{ubtra&t 4x94184, or
376736 from 411000, and there will remain 34264, Anfd
| | 0

¥
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fo having added ttvo more Cyphers, the Work may be tap.
ry'd on at Pleafure, the Root at length coming oiit
AT "‘é" &, _
J}‘gﬁf’;’v}gf the Root is carry'd on half-way, orabove, the
reft of the Figures may be obtain’d by Divifion alone. As
in this Example. if you had a Mind to extra& the Root ta
nine Figures, after the five former 4709,4 are extratted, the
faur Jarter may be had, by dividing the Remiainder by the
doutle of 417094 . N

And after chis Manner, if the Root of 32946 was to be
extracted 10 five Blices in Numbers @ After the Figures are:
pointed, write 1 in the Quorient, as [being the Figure]
whofe Squire 1%1, or 1, 15 the greateﬂ that 1s contain’d in
3 the Figure to the firft Point; and -
having taken lth‘e Square of 1 from 3 3'2976 (181,55
there will remain 2; then having fet 2
the two nexr Figures, wiz, 20 fo it; ¥

(viz. > 2) feek how many times thé - — .

d 'I; f! . L - . !d - ', 2)229
oudie of 1, or 2, 1scontaind il 22, <2
and yowll find indeed that it is con- _ 224
t2in’d more than 1o times ; but you are 36) 576
never to take your Divifor (¢ times, - 361

no, nor ¢ times in this Cafle ; becanfe o
the Prodd@ of 9x 29, or 261, isgreat- 302)s15 (g0, &
er than 229, from which it would be \ .'
£ be taken for fubrrafted].  Wherefore write only 8. And
then having wric 8 inn the Quatient, and {ubtraGed 8x =8,
or 224, there will remain 5 ; and having fer down to- thid
the Figures 76, feek how many tinies the double of 18, or
26, is conraindin g7, and you'll find 1, anid {6 write 1 in
the Quotione ; and having fubtradted 1 X561, or 361 from
576, there will remain 215, Lafily, t0 obtain the remiain-
ing Figures, divide this Number 215 by the double of 187,
or 362, and you'll have the Figures g9, which being writ
in the Quotient, you'll have the Root 181,59, -
Atter the fame Way Roots are alfo extracted out of De-
cimsf Numbers, Thus the Root of 329,76 is 18,159 ; and
the Root of 3,2075 is 1,8159 ; .and the Root of 0;032076
is 0,18159, and fo on,  Butthe Root of 3297,6 is 57,4247 ;
and the Root of 32,976 is 5,74247. And thus the Root
of 9,985_6 is 3,16. But the Root of 0.99856 Is 0,999279,
&, as wiil appear from the following Diagrams : .

-1

3297,60

4
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oS

3297,60 (-57,4447 - 92,9856 (3,16
25 X e 2
10) 797 . 6) 98
749 61
114) 4860 o 62) 3756
4576 | 3756
1148) 28400 : o ©
‘ 22964 |
11484) 543600
439376
-§1484 8) 8422400
8039409
382991

0998560 (0,999279

1'9)1885
©Iyor:
198) 18460
| 17901
1998) 55900
39964
19984) 1593600
1398929
| 199854) 19467100
7 17986941

1430159 o j

1 mll comprehend the Extradion of the Cubick Root,
and of all others, nnder one general Rule, confulting rather
the Eafe of the Praxis than the Expedumuﬁ]efs of it, leftl
Thould [too much]) retard [the Learner] in Things that are
‘of ‘no frequent Ufe, wiz. cvery third Figure beginning -
from Unity ls»ﬁrﬂ of all to be pointed, if the Root [to be
extraded] be a Cubjck one ; or every fifth, if it be a Qua-
drato- Cubmk for- pf} the ﬁfth Power], and then fuch a Fi-
‘gure is to be writ in the Quotierit, whofe greateft Power (i.e,
whofe Cube, if it be'a Cuobick Power, or whoie Quadrato-
Cube, if" it be thc ﬁfrh Power €7c.) fhaH cither be equal

to -
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to the Figure or Figures befo.re the firft Point, 1;)1*- next lefy
[under them?; and then having fub‘tra&ed that , pvger, the
next Figure will be found by dividing the Renulq er ang.
mented by the next Figure of the Refolvend, by “the neyt
leaft Pawer of the Quotient, multiply'd by the Index of the
Power o Le extraded, that is, by the triple Square, If the
Rast ke a Cukick one; or by .rhe' quintuple Biguadrate
[i.e. five times the Biquadrate] if the Root be of the fifth
Power, v, And having again {ubtradted the Power of
he whole Quottent from the firft Refolvend, the third Fi.
curé will be found by dividing that Remainder augmented
by the rex: Figure of the Refolvend, by the next leaft Power
of the whole Quatient, multiplyd by the Index of the
Power 1o be extradied, | S

- Thus to extraft the Cube Root of 13312053, the Num-
beris finit to Le pointed after this Manner, viz. 13312053,
Then yeuare to write the Figure 2, whofe Cube is 8, in the
[firft Place of ] the Quotdenr, as which is the next leaft
[ Cube] to the Figures 13, [which is not a perfeét Cube Num.
ber] oreo the firfl Point 5 and having fubtracted that Cube,
thore will remain 55 which being augmented by the next
Figure of the Refolvend 3, and divided by the triple Square
of the Quotient 2, by T

L.eking how many rimes 312053 (237

SR 4, OF 12, 15 CON= oy oo b tevn
tany'd 1In !;3! 1t 2I1v(s 4_ Subtrabtt 8

i T tf,’]f:‘ ﬁ:_soud Figure of 12) rem. 53 (4 or 3
the Cuotient,  Due fince - '
the Cube of the Quoti- Subtradt CQ_bﬁ 12167

ent z4,viz, 13824 would 1587) rem. 11450 (7

come out too great to be
fubtr ¢ted from the Fia o -
ruies £3312 that precced
the fecond Podue, there L
muft ony 3 be writ in the Quotient '+ “Theh the Quotient
23 beling i a feparate Paper, [or Place] multiply’d by 23
gives the Square §29, “which again ‘mulriply'd by 23 gives
the Cube 12167, and ¢his taken’ from 13312, will Jeave
1145 ; which augmented by the next Figure of the Refol-
vend o, and divided by the triple Squate of the Quotient
23, ziizf‘; by f.eking how many times 3%529, or 1587, is
tontain m 11450, it gives 7 for. the third Figure of the
Qotient, Then the Quetient 237, multiply’d by 237, gi;r'es ,
- I T 2B e

Subtra& 1331208 3
- Remains o

S

s
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the Square 56169, which again multiply’d by 23+ gives ¢he
Cube 13312043, and 'this taken from the Refolvend leaves
0. Whence it is evident that the Root fought is 237.

And fo to extra& the Quadrato-Cubical Root of 36430820,
it muft be pointed over every fifth Figure, and the Figure 3,
.whofe Quadrato-Cube [or fifthPower] 243 1s the next leaft
to 364, viz. to the firft Point, muft be writ in the Quotient,’,
Then the Quadrato-Cube 243 T “
being fubtraded from 364, s SR
there remains 121, which aug- 30430820 (3 2:3.
mented by the next Figure of 243 T
the Refolvend, wiz. 3, and dd~. - - %) 12:;3 (2 - L
vided by five times the Biqua- i
drate of the Quotient, viz.. by 33554432
feeking how many times 581, 5242880) 28765880 (5 -
or 40§, is contain'd in 1213, _ R
it gives 2 for the fecond Figure, That Quotient 32 being.
thrice multiply’d by it felf, makes the Biquadraté 1&:;432:75;_'
and this again multiply'd by 32, makes the Quadrato-Cube |
33554432, whith being fubtracted from the Refolvend leaves, -
2876388. Therefore 32 is the Integer Part of the Root,
but not the true Root ; wherefore, if you have a Mind.to
profecute the Work in Decimals, the Remainder, augment-
ed by a Cypher, muft be divided by five times-the aforefaid.
Biquadrate of the Quotient, by feeking how many times
8 X 1048576, or 5242880, is contain'd in 2876388,0, and
there will come out the third Figure, or the fich Decimal 5.
And fo by fubtratting the Quadrato-Cube of the Quoticene
32,5 from the Refolvend, and dividing the Remainder by
five times its Biquadrate, the fourth Figure may be obtain’d,
And fo on in Infinitum. | - |

When the Biguadratick Root i to be extradted, you may
extrad twice the Square Root, becaufe /# is as much as v'*®
v*, And when the Cubo-Cubick Root is to be extrafted,
you may firft excra& the Cube-Root, and then the Square-
Roat of thar Cube-Root, becaule the ¢4 is the fume ag
v/'3 ¢/ 3§ whence fome have call’d thefe Roots not Cubo-Cu-
bick "ones, bur Quadrato-Cobes. And the {ame is'to be
obferv’d in other ' Roots, whofe Indexes are not prime
Numters, R ' | o

The Extraction ‘of Roots out of fimple Algebraick Quan-
tities, is evident, even from [theNature or Marks of ] Nota-
tion it fIf; asthat vaa is 4, and that v'aacs is a¢, and

o AR ~ that
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that ngi«wc is g4c; and that v 408 'xx i 7**;;“ ‘ﬁﬂl?
3 4 gt . ,

alfo that V ulll or V4 is if, and that V 4 15 9

, e’ Yiee ¢ ¥ e K

and that 9"".‘5{? is 3-%1.1’, and that /2 is 3, and that
H . ﬁ% , S _ .
80 ‘QM, and that &/ 4 4abb is ¥ab. Moreover%

JS—— IS J———

274" R o _
ﬂlatiw/dncc? orb into Vadce, is binto ac or abe. And

- - m “

that %w’% is 3¢ ?—-‘-%—-, or 9:; % And that
| : 4 . ?; | Zx 4 bhxts
#+31¢ sbhbx s 4-{-34){ 2 m’ or 2abxx 4+ 6
¢ 8Braa < 9a ' gec |
I fay, thefe are all evident, becanfe it will appear, at firft
Sighe, that the px_'opos’d Quantities are produc d by mu]uf
plying the Roots into themfelves (as aa from axa, aacc
from 4c into ac, gaacc from 34c into 3¢, &c) But
when Quantities confift of feveral Terms, the Bufinefs is -
rerform’d as in Numbers, Thus, to extra& the Square Root
outof aa -+ 24b -+ bb, in the firft Place, write the Root of

the firlt Term aa, Viz.fi in éhs
uotient, and having fubtralted -

1% Square 4 X, there will re- ‘;:—*_- 28b b0 (at b

main 24 + bb to find the ‘Re< L

mainder of the Root by. Say o, 4 24b 00

therefore, How many times 5 . 4240 o Db

the donble of the Quotient, or = ~—-—-—-

a &, contal’'d in the firft Term of o 0

the Remminder 2402 Tanfwerh | |

[times], therefore write b in the Quodé“tﬁ and having fub N

teafled the Produ& of b into 2244, or 240 + bb, there
S Fag

R

will remain nothing., Which fhews that the. Work is fi-
nifh'd, the Root coming out 24 b, ) |

- And thus, to extraél the Rootout of 44 + 643 b+ 542 bb
— 124b3 4 4 b+, firft, fet in the Quotient the Root of the
firft Term 4+, viz, a4, and having fubtradted its Square
#axXaa, or at, there will remain 6a’h - gaabbos
124b % 4+ 45+ to find the Remainder of the Root, Say
~ therefore, How many times is 244 contain’d in 64%b 2

 Anfwer 3ab ; wherefore write 34§ in the Quotient, and .

having fubtracted the Produd@ of '3 4} into 244 -} 34b, or
64’k +9aabb, there will yet remain — daabl—12ab?
- 44% to cany on the Work, Therefore fay again, How

| | | 7 many
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. 'many times is the double of the Quotient, vizi 2444 64 b
contain’d il ewe g 4abb — Izﬂb 3, or, which is the fame
Thing, fay, How many times is the double of the firk Term
of the Quotient, or 244, contain’d in the firft Term of the
Remainder — qaabb ¢ Anfwer — 2bb.  Then having writ
— 2 bb in the Quotient, and fubtra&ed the Produ&t — abb
MO 244 + Gab— 2bby OF = 4aabb—124b% 4 4b%,
there will remain nothmg Whence it follows, that the
Root is g4 + 3ab——2bb.

a*—]—éa b—l—smbb—wrzab +4b4 (M-{-gab-—-zbb

64‘b+ tldbb-—-‘IQRb"'Jr he
o ‘+6a b—}—gzmbb ¥

o o-oq_-fmbb-"li’,db"l' be
---4.cmbb-—- mab’—}-arb“

)

And thus the Root of the annty KX AN 4 taais
x ~—ga;and tha Root of the Quantiry y+ - 4.y b 8 -4
is ¥y + 29 =2 ; and the Raot of .the Quan,nty 164% —
24402 % =+ 9 X% - 12bbxwv—164abh +-4bY s 3xx--=.
__c} a4 + 2bb, as sy appeax by the Dxagrams underneath

'xxw—-ax-{- ﬂﬂ(xwzﬂ

) PR
— D T -
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1 24.4# . ( n-—i4_ﬂ4
9% +Izbb-"‘ _I_;ff‘?l’ > +zbb
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! + 40

¢ o
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A4y F =8y s (yF2y—2

¥
o _ o .
4" r4)7 o e
o 4y o
gy —=Sy e
o o0 O

If vou would extralt the Cube Root of a* 4 3445 4

o .

wabb - b, the Operation 1§ [perform’d] thus :
a3k 3aab 4+ 34bb b3 (a —Hﬁ |

di o

-3 d.a)mc:“-%- 344k CF)

#5+3d;b‘+sdbb+b; | o
o o) -0 0 : ¢

Extraét firft the Cube Root of the firff Term 23, viz, 4,
and fet it down in the Quotient: Then, fubtrafting its Cube
4, fay, How many times is its triple Square, ot 544, con-
tain'd in the next Term of the Remainder 3440 ¢ and
therc comes out é » wherefore write b in the Quotient, and:
fubtraéting the Cube of the Quotient, there will remain o, -
Therefore a 4 b is the Root, ot

After the fame Manner, if the Cube Root is to be ex-
trated out of 2 ¢ 4+ 62 % — 4023 + 96z — 64, it will
some out 3 + 2z~ 4, And fo in higher Roots, - |

Of the RepucTioN of FRACTIONS and
© Raprear [ Quamities.] -

B YHE Redution of Fraftions and Radical Quantities is
g of Ulfein the preceding Operations, and is [of re-
ducing them] either to.the leaft Terms, or tp the fime De~
- nomination, a s,

+

9%

i
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OF the REDUCTION of FRACTIONS za tbe
| le.?ﬁ Terms.

RACTIONS are reduc’d to the ]L&ﬂ: Terms by di.
viding the Numerators and Denominators by the

Aac
greateft common Divifor, Thus the Fra&ion BT is reduc’d
. | 6 ‘

to a more Simple one ‘%; by dividing bqth aac and be by

PR | LIPS, [N 5 PRI +L Ry SR, T o1 A
C? dl.lu- " A9 ACULIL U LY & JLOLE JLILLIC LI = u_)' QL‘V]&{V'

6oy | 23
;srcducd to

b4 9::0
ng 6aa+3uc
.,2;;,;;.._...355* : 41Mdab+d!)bmﬂb‘_

- 2a+ by divxdm[,by 34. And PP S

»‘rbb

by d1v1dmg by 290. And o bccqmcs

bccomcs

by d1v1d1n;_., by « -—»-f:

4
~ And qﬁ:cr this Method the Terms after Multlphcatlon or
Divifion may be for the moft p’lrt abridg’d.  As if you
LI bdd

were to multxply ﬂ” iy ik or dw1clc it by Pt l
thcre will come caut: 3;;%’ fﬁ, ;md by Redu&ion ¢ a;:; b¢

But in thefe Cafw it is better to abbreviate the Terms be-
tore the Dpcrarmn "By dividing thofe Terms [firft] by the
greateft common D1v1for, which you would be obhgd to do
afcerwards. Thus, in the Example before us, if T divide
240 and bd4 by the common wafor by and 3¢cd and
gate by the common Divifor 3c¢¢, there wdl come out:

| ﬂlc Fradtion 22 ;—mb- to be multlply d by 3;, or to be dwxd«

f‘d by g_;{ thcre co:mng out d:‘f[’ as a’bovc, E And fo
[ f : ‘
#lto - bcwmes ﬂ-f into 3-, or &8, Aud 22 divided by E
Pk ¢ oY b

e I - becomm
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. : 44 , Aleaxy |
Lecomnes a4 divided by by or - And ~————— intg
.. a—3x 6‘ ac l .
¥ Lecomes =, into -, or — ==c. And 28 di
Ad -t ax & I X _ o
vided by Z pezomes 4 divided by 2 or 12,
3 N R

of the Invention of Divifors,

1O this Head may be referr’d the Invention of Divifors,
& by which any Quantity ma_y.be d.iv;,derd._ If. it be
fimple Quantity, «divide ic by its ]Cﬂ'ﬁ'[_)wlf{l)}:, apc_i‘ the
Quotient by its leaft Divifor, till therc. remain ?Il'llldlviﬁblcf: |
Quotient, and you will have all the prime Divifors of [that]
Quantity, Then muliiply tgether cach Pair of thefe
Divifors, each ternary [or-three] of them, each quaterna-
ry, ¢c. and you will alfo have all the compounded Divi.
{ors,  As, if all the Divifors of the Number 60 are requir’d;
divide it by 2, and the Quotient 30 by -2, and the Quotient
15 by 3, and there will remain the indivifible Quotient s,
Therefore the prime Divifors are 1, 2,2, 3,.5; . thofe.coms
posidof the Pairs 4,6, 10, 15 ; of the Ternaries 12, 20,
20 3 and. of all of them 6p.  Again, 'If all the Divifors
of the Quantity 214bb are defird, divide 1t by3, -and the
Quotient 7abb by 7, and the Quotientaf b by 4, and the
Cuoticit b6 by b, and there will remain-'thé” primé Quo-
tient b Therefore the prime Divifors are 1,3, 7,4, b, b ;
and thefe composd of thePairs 21, 34, 3, 74, 7b; ab, bb]
hofe compos'd of the Ternaries 214, ggb-,,‘,,;g_aflg, 3bb, 74 b,
7bb, abb; and thofe of the Quaterndsies 214b, 2150,
3abby7abb; thatof the Quinaries 21 4bb,  After the fame
Way all the Divifors of 24bb—6a4c dre 1, 2, 4
bb—3ac, 24, 2b) — bac, abb— 3447, 24bbi— Gaac.
If after a Quantity is divided by all its fimple Divifors,
it remains [Rill] compounded, and you fufpeét it hag fome .
compounded Divifor,  [order it-or] difpofe it according to
the Dimenfions of any of the Lettersin it, and in the Room
~of that Letter fubflirute fuzceffively - threg or more Terms.
of this Arithmetical Progreffion, wiz: 3, 2, 1, 0y ~— I, = 2,
and fet the refulting Terms together with all their Di-
vifors, ‘by the correfponding Terms of the Progreflion,
ferting down alfo the Signs of the Divifors, both Affirmative

and,
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and Negative, Then fet alfo down the Arithmietical Pro
greffions which run thro’ the Divifors of all the Numbers
proceeding from the greater Terms to the lefs, in the Ordex
that the Terms of the Progreflion 3, 2,1, 0, ~=1, ~~ 2, pro-
ceed, and whofe Terms differ either by Unity, or by fome
Number which divides the higheft Term of the Quantity
propos’d. 1f any Progreflion of this kind occurs; that Term
of it ‘which ftands in the fame Line with the Term o of the
firft Progreflion, divided by the Difference of the Terms,
. will compofe the Quantity by which you are to attempt the
Divifion, * - | |
Asif the Quantity be x? ~— xx— 104 -} 6, by {ubfii-
tuting, one by one, the Terms of this Progreflion 1, ¢, w1,
 for x, there, will arife the Numbers —4, 6, 414, which,
together with all their Divifors, I place right againft the
“Terms of the FProzreflion 1, 0, = 1; after this Manner :

] 41204 J+ 4
o}l 6jn2.3.6 {4+ 3.
w1 1141 1.2.7.34 § + 2,

“Then, becaufe the higheft Term a® is divifible by na .
Number but Unity, I feek among the Divifors a Progref-
fion whofe Terms differ by Unity, and (proceedirg from
the higheft to the loweft) detreafe as the Terms of the la-
teral Progreflion 1, 0.—1. And 1 find only one Progreflion
of this Sort, wix, 4.3-2. whofe Term therefore 43 ¥
chufe, which flands in the fame Line with the Term o of
the firft Progrefflon 1.0.-—1. and T.attempt the Divifion
by x + 3, and [find] it .fuccceds, there coming out aw —~
4% 42 o |

Again, if the Quantity be 6y¢—3y' —a21yy+ 3y
400, for y Ifubflitute fuzceffively 1.6, ~1. and-the re~
fulting Numbers 7, 20, 9, with: all their Divifors, ¥ place
by them as follows : - , |

I} 7107 | 7.
O} 20| Te2 40 5 10,20 | 4o
—Il 9lt.3.9 . - }1.

- And among the ‘Divifors I perceive there is this decreafing’
- Arithmetical Progreflion 7.4.1. - The Difference. of the
* Terms of this Progreffion, 2iz. 3. divides the higheft. Term
of the Quantity 6y+,. Wherefore I adjoin the Term -4,
_ - o \ which
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which flands [in the Row] oppofite to the Term o, divided:
by the Difference of the Terms, viz. 3, fand | attempt the
Divifion by. y - 4, or, which is the fame Thing, by 3y-+4,
and the Bufinefs fucceeds, there coming out 2y* - 33y
) Rgﬂg,. if the Quantity be 2447 =—3504% + 404" ~—
1404 + 644+ 30, the Operation will be as follows :

- 2] 4211.2.3.6.7.14.21:42 4+3.4+3 +7
I 2‘3- 1.23: Lo 4+ Tow— 1. 4+ 1,
o} 30}1.2.3.5.0.10.15.30 — ] o G, o B

- 14297 1.3.9.":11‘.27.33.99.297 et 3 g e ), e [ 1

Here are three Progreffions, whofe Terms — 1. — g, —g,
divided by the Diffexences of the Terms .2, 4, 6, give three
Divifors to be try’d a~%, 4— %, and a— L, And the
Divifion by the laft Divifor 4%, or 64— 5, fucceeds,
there coming out 444 ——54° + 4aa=—~20a~—6. '
If no Divifor occur by this Method, or npne that divides
the ant’ity Propos’d, We are to'cdnclu_de, that that Quan-
tity does not admit a Divifor of one Dimenfion.  But per-
haps it may, if it be a Quantity of” more than three Dia
. menfions, admit a Divifor of two Dimenfions. And if fo,
that Divifor will be found by this Method, Subflitute in
that Quantity for the Letter [or Species] as before, four or
more Terms of this Progreflion 3,251, 0, —1s e 2. — 3,
Add and fubtra&t fingly all the Divifors of the Numbers
that refilt to or from the Squares of the correfpondent Terms
of that Progreflion, multiply’d into fome Numeral Divifor
of the higheft Term of the Quantity propos’d, and place
right againft the Progreflion the Sums and Differences. Then
note all the collateral Progreflions which run thro’ thofe
Sums and Difference, Then fuppofe . . C to be a Term of
fuch a prime Progreffion, and I- B the Difference which a-
rifes by fubdufling T C: from the next fuperior Term which
ftands againft the Tevm 1 of the firft Progreflion, and A to
be the aforefaid Numeral Divifor of the higheft Term, and
I [to be] a Letter which is in the propos’d Quantity, then
All4 Bl C will be the Divifor to be try'd,

Thus fuppofe the propos’d Quantity tobe 4 wm a3 e 3 A1
-t 128 — 6 for 4 1 write fucceffively 3, 2, 1,0, —1, and
the Numbers that come out, 39, 6, 1o 6. w21, ~—26. I dif-
pole [or place] together with their Divifors in another Co-
lnmu in, the fame Line with them, and I add and fubtra& the

5, ' ' . “DWifOIS
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Divifors to and from the Squares of the Terms of the firfe
Progreflion, multiply’d by the Numeral Divifor of the Term
x#, which is Unity, wiz, to and from the Terms g.4.1.0.
1.4, and | difpofe likewile the Sums and Differences on the
Side. Then I write, as follows the Progreflions which occur
among the fame. Then [ makeUfe of the Termsof thefe Pro-
greflions 2 and — 3, which ftand oppofite to the Term o in
that Progreflion which is in the firft Column, fucceffively

R

31391131330 9 |#F*30 —46.510.12.22.45 | —4, 6
2] 6112 3. 64| —~212375.6 710 —2 3
I Il 1102 0. 0
of 6}re2 3. 6o —6 —3—2.—1.1.2.3.6 22
—~If2r{1.3 7211 |—20-6—2 024,822 4—6
—2 § 26} 1.2,13°25 ) 4 | —:2.~9.2.35.6.17.30 69

for - C, and T make Ufe of the Diﬁ'efences that arife by
fubtradling thefe Terms from the {uperior Terms o and o,
vize — 2 and + 3 refpedively for - B. Alfo Unity for A;

and a for /. And fo in the Room of All+ B/+C Thave
thefe two Divifors to try, 2iz. xx -+ 20 —2, and xx =

)

3% -+ 3, by both of which the Bufinefs fucceeds,

? Again, if the Quantity 3y° —6y* =37 —8yy—14y
-+ 14 be propos’d, the Operation will be as follows : Firfl,
I attempt the Buofinefs by adding and {ubtfa&ling to and from

the Squares of the Terms of the Progreflion 1,0.~—1, making
Ulfe of ‘Grﬂ-, Lut the Bufinels docs not {ucceed Where-

I_ ALA XL TR A A LAV d b Wl WS W AINT W A N ey Nl ¥ Y Rdv b b
*

-

3{170 27 . B R O &
2§ 38[1.2.19.38} 12 | —16 —7.T0.1113.14.31.50 | —7—IX
1} 10|12 50| 2 f—7—2T1.2,4.5.3.13 —7. 5
ol 14 (1.2 7ux4} 0 | —T4—7—2, —I.1.2.7.14 | 7. I
—1| 16|14 §5.10| 3 {—7 —2T.2.4 5.8.13 —7. —7
~2{Tg0 T2 : ' ——13

fore, in the room of A, T make Ufe of 3, the other Divifor
of the higheft Term ; and thefe Squares being multiply’d by
3, I add and fubtra& the Divifors to and from the Produdts,
2iz. 12.3.0. 3, and I find thefe two Progreflions in the ré-
filting Terms, me?, w7, w7, 0=, 2nd 11, §, — s =27,
‘For Expedition fake, 1 had negle&ted “the Divifors of the

Arbaemialt Tertrte remm and 1A .‘M}‘!P‘I‘PFH'I‘P! f'}‘lP p!"nﬂ'l’Fﬂ‘-
LIJULVIARIVIE A V1IALLD l\,,l CLiAVE % LW V¥ T AAWwa LA W TadAR R kWA waLA

ons being continu’d upwards and downwards, I take the next
“Terms, viz. —+ and 17 at the Top, and —7 and —13 at'
Bottom, and 1 try if thefe beiu{(;s fubducted from the N%m-
G S et
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bers. 27 and 12, which fland againft them in the 4th Cos
Tomin,[their] Differences divide thofe [INumbers | 170 and 199,
which ftand againft them in the fecond Column, And the
Difference between 27 and —7, that is, 34, divides 1703
and the Difference of 12 and w7, that is, 1, divides 190,
AMo the Difference between 12 dnd 13, that is, 10, divides
140, but the Difference between 27 f{[ld 17, that is, 2s,
~ ddes ot divide 190,  Wherefore I rejed the latter Progref-

fion, According to the former, T C is —7, and I D is
nothing ; the Terms of the Progrefion having 1o Diffe-
sence, . Wherefore the Divifor to betry’d AL+ Bl 4 C
will be 33y -+ . And the Divifion fucceeds, there com:
g ourys —2yy==~2y+2, L .
1€ .after this-Way, there can be found no Divifor which
fucceeds, we are to conclude, that the propos’d Quantity
will not admit of a Divifor of two Dimenfions, The fame
Method may be extended to the Invention of Divifors of
more Dimenfions, by feeking in the aforefaid Terms and
Differences, not Arithmetical Progreflions, but fome others,
“the fielt, fecond, and third Differences of whofe Lerms ave
in Aritlimetical Progreffion: But the Learner ought ot to
" be detain’d about them,
“Where there are two Letters in the propos’d Quantity, and
all it Terms afvend to equally high Dimenfions ; pur Unity
for one of thofe Letters, then, by the preceding Rules, feck
a Divifor, and compleat the deficient Dimenfions of chis
Divifor, by refloring that Letter for Unity, As if the
Qpantity be 6y* —cy? wm21ccyy + 3¢’y 4 20¢%,
where all the Terms are of four Dimenfions, for ¢ 1 put 1,
and the Quantity becomes 6y + w3 — 213y + 33 -+ 20,
wholfe Divifor, as above, is 3 y -+ 4.; and having campleated
the deficient Dimenfion of the laft Term by a [correfpon-
dent] Dimenfion of ¢, you have 3y 4 4¢ [for] the Divi
-for fought.  So, if the Quantity be x* — by —gbbrx
o} 12D e — 6, putting 1 for b, and. having found x
+ 24 ~~2 theDivifor of the refulting Quantity a0+ v
=gy jox— 0, | compleat its deficient Dimenfions
by {refpective] Dimenfions of b, and fo 1have xa -+ 2bx
«~ 2 b the Divifor fonght. "

Where there are three or more Letters in the Quantity
propos’d, and all its Terms afcend to the fame Dimenfions,
“the Divifor may be found by the precedent Rules; but
more expeditioufly after this Way : Scek all the Divifors
of all the Terms in which fome [one] of the lerters is

. S, Y Y not’
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not, and alfo of all the Terms in which fome other of the
Letters is not; as alfo of all the Terms in which a third,
fourth, and fiteh Letter is not, if there are fo many Letters ;
and fo run over all the Letters: And in the fame Line
with thofe Letters place the Divifors refpeétively.  Then
fee if’ in any Serics of Divifors going through all the Let-
ters, all the Parts-involving, only one Letter can be as often

- found as there arc Letters (excepting only one) in the Quan-
tity propos'd ; and {likewi(v] if the Parts ‘involving two
Letters [may be found] as often as there are Letters (¢xcept-
ing two) in the Quantity propos'd. It fo- all thofe Parts
taken together under their [proper] Signs will be the Divyi-
for fought.

As 1f there were propos’d the Quantity 1223 — 1402w
A 9N e 12b b Gbex + Bccx 4 8bY — Izb‘:}w-—-
gbee - 6¢7 5 the Divifors of one Dimenfion of the Terms
80— v2blbc—gbec 4 6¢%, in which v is not (found
out by the preceding Rules) will be 2b'w— 3¢, and 4b—6c
and of the Terms 124 4~ gcax -+ 8eca -+ 6673, 1n which
b 15 not, there will be only one Divifor 4 4 3¢5 and of
the Terms 1243 — 14 b ww— 120ba -+ 847, in which
there is not i, there will be the Divifors 2x —- b and
gx — 2 b. " I difpofe thefe Divifors in the fame Lincs with
the Letrers x,.0, ¢, as you here fee ;

x| 2be— 3 b G
bi4.x'+3¢'. a
¢ 20 —b gxe—2l

Since there arve three Letters, and cach of the Parts of the
Divifors only inyolve onc of the Letters, thofe Parts ought
to e found twice in the Serics of Divifors, Buot the Parts
4by, 6¢, 2.x, b of the Divilors g.b — 6¢ and 2 ' h,_‘o'nl;y
occur once, and are not found any where out of thoft Divi-
{org whereof they are Parts, Whercfore 1 negle@ thofe Di-
vifors, There remain only three Divifors 2b — 3¢, 42 43¢,
and 4 a«- 28, Thefe are in the Serics going through all
the Letters a, b, ¢, and cach of the Parts 26, 3¢, g0, are
found in them twice as ought to be, and that with the {ame
Signs, if' only the Signs of the Divifor 2b — 3¢ be chang'd,
and in its place you write ~ 20 -+ 2¢. For. you may
change the Signs of any Divilor, X tuke therefore all the
Parts of thefe, viz. 2b, 3¢, 4.v once [apiece] under their
* [proper] Signs, and the Aggrcga&c e 2b - 30 g ng
. v 2 ¢
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be the Divilor which was to be found, For if by this you
divide the propos’d Quantity, there will come out 3 xx
—2bx -4 260 —4bb. |
Again, if the Quantity be 124 —10ax*—9ba*
—06a %’ 4 12abx’ 4 6bbx? & 2443 xx —Baabrx
——Babbxx —oqb i wx——gaibx+ 6aabbx—124b% %
- 18b % + 1247 b+ 322ab% = 12b 7, 1 place the Divi-
fors of the Terms in which'x is not, by w; and thofe
Terms in which 4 is not, by 4 ; and thofe in which b is not, -
by b, as you here fee.  Then 1 perceive that all ¢hole that
b 2b 4boaa 4 30b. 244 4 6bb gaa-l12bD
# bbe—znaa, 2bb—6aa 4bb—124a .
a | quev—3br—2bb 1288 gba 4+ 6bD. |
p | ¥ 28 34 ——gd 6x—8a XX~ qaxs 6 A —— B AL
2NN A AX =~ 3 A4, JAN A 248 = b4

are but of one Dimenfion are to be rgjected, becaufe the

Simple ones, b. 2b. 4b. 4 24, and the Parts of the com-
pounded ones, 31 =~ 44. 6x— 84, are found but once in
all the Divifors; but there are three Letters in the propos’d

Quantity, and thole Parts involve but one, and fo ought

to be found twice. In like Mamner, the Diviforg of two

Dimenfions, «4 -+ 3bb. 244 + 6bb. 444+ 12bb. bb—
3 ade and g4bb— 1244 1 rejedt, becanlt their Parts a4q,

2dd. g4aa. bb and 4bb. involving only one Letter 4 or b,

aré not lound more than once, But the Pawts. 250 and
644 of the Divilor 25— 644, which is the only res
maining one n the Line with », and which likewife involve -
cnly one Letter, are found again [or-twice], »ix. the Part
2bb in the Divifor 4xx — 3bx -+ 2bb, and the Part 644
in the Divifor gwva + 24%~—6aa.  Morcover, thefe
three Divifors are in a Series flanding in the fame Lines
,with the three Letters x, 4, b3 and. all their Parts 25,

6ad, 4.2x, which involve only one Letter, are found twice
in them, and that under theiy proper Sighs ; but the Parts
3bx, 24x, which involve two Letters, occur-but once in -
them, Wherefore, all the divers Parts of thele three Divi-
fors, 2bb, 644, 4xx, 3bay 24%, connected under their
proper Signs,” will make the Divifors fought, #iz.: 2bb
~ 6444 g ——3bx 424y, 1 therefore «divide the
Quantity’ propos'd by this [Divifor] and there arifes 3 & ?

bt A AN o D AA Boamn A DT
— FrET v o &7 ¥F FF W .. o g! I
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1f all the Terms of any Quantity are not cqually high,
the deficient Dimenfions muft be fill'd up by the Dimenti-

et B I\F morEr n{?nmjfx Tn‘-’"l!‘lﬂ a #}\ru‘\ T*ln";hn' ‘anﬁr! 3 n;";rr'ui
Ly WAL s CLAAFREL A A LA L 2 LAl A ARel W RARL, AVILIIRVE v AL FA Y AILV/L

by the precedent Rules, the affum’d Letter is to be blotted
out. As if the Quantity be 124 c—1gbrx - 9 x
e 120 % = Ohx A 8x <} QDY e 12b e g b 4 65 als
fume any Letter, as ¢, and fill up the Dimenfions of the
Quantity proposd -by its Dimenfions, after this Munner,
1253 = 1gbxx 4 9caa == 12bbx— Obex A Scoa 4
8U v y2bbemgbce -t 601 Then having found out
its Divifor g2~ 25 -+ 3¢, blot out ¢, and you'll have the
Divifor requir’d, wviz, 4 — 20+ 2. ‘

Sometimes Divifors may be found more eafily than by
thefe Rules.  As if fome Letter in the propos'd Quantity be
of only onc Dimenfion, 'you may feek for the greateft com~
mon Divifor of the Terms in which that Letcer is found,
and of the remaining Terms in which it is not found ; -for
that Divifor will divide the whole. And if there is no
fuch common- Divifor, there will be no Divifor of the
whole.  For Example, if there be propos'd the Quantity
K e 2048 e Bagan + 18438 e o A Ao n A
Saacx— Gadc——8at, let there be fonght the conmon
Divifor of the Terms e—cx? + acvx 4 §aacw —6a’c,
in which ¢ is only of one Dimenfion, and of the remain-
ing Terms x¢wwgan’me8aaxn 4 184w —8a*, and
thit Divifor, Vize X0 2 A% — 2d4a, will divide the whole
Quantity, o ’

Bat the greateft common Divifor of two Numbers, if it
-8 not known [or docs not appeary at firft Sight, itis found
by a perperual Subtracétion of the Jefs from the greacer, and
of the Remainder from the | luft Quantity} {fubtradled ; and
that will be the fought Divifor, which leaves nothing, Thus,
to find the great ft common Divifor of the Numbers 203
and 664, fubtradt thrice 203 from 66y, and the Remainder
58 thrice from 203, and the Remuinder 29 twice fiom 58,
and there will yemain nothing 5 which fhews, that 29 15 the
Divifor foughe, ' |

Afier the fume Manner the common Divifor in Species,
when 1t is compounded, is found, *by (ubtradling cither
Quantity, or its Multiple, {rom the other ; iff thofe Quan-
titics and the Remainder be ovder'd {or rang'd} according
to the Dimenfions of any Letter, as is (hewn in Divifion,
and be'each Time manag’d by dividing them by all theix
Divifors, which are’either Simple, or divide each of ies
0 . : S L R P : T‘;’]‘.‘m5
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Terms as if it were a Simple one, Thus, to find the greateft
common Divifor of the Numerator and Denominator of this
Tradhi %t w3 aX ) = Baarx -t 184w —8a*

YAcuon - B e A 08— B4 N 64
tiply the Denominator by =, that its firfk Term may become
the Tame with the firft Term of the Numerator, Then fub.

tra& it, and there will remain — 244 % + 124 % — 844,
which being rightly order’d by dividing by ~—— 24, 1t Dbe-
comes &3 —=ba® & 4 447, . Subtra& this from the Deno-
minator, and there will remain —ax % —244% 4 247 ;
‘which again divided by w-z becomes #x = 24%— 244,
Multiply this by x, that its firft Term may become the
fame with the firft Term of the laft fubtrafted Quantity

23 = Gaax = 44, from which it is to he {likewife] fub-

tradted, and there will remain — 2 g &~ 4242 4 447,

which divided by =24, becomes alfo xx 4 24% = 244,

And fince this is the fame with the former Remainder,

and confequently being fubtradted from it, will Jeave no-

thing, it willbe the Divifor fought ; by which the propos’d

Fradion, by dividing both the Numerator and Denomi-
nator by it, may be reduc’d to a more Simple one, iz, to
 Rae—gaX -t 448 | ]

X34 ° ‘
And fo, if you have the Fra&ion
6a° 154 b—mga’co—i0dabce

| 9atb—27aabc—Gabcct 18bc
its Terms muft be firft abbreviated, by dividing the Nume-
rator by a4, and the Denominator by 35 : Then fubtra&ting
twice 34° ——gaac—2acc 4+ 6¢ from 6a' 4 1544b

, mul-

wme 440610 bec, therewill remain | 186 4, = Yobec, .
, 31
| 18¢ s 12 €

Which being order’d, by dividing each Term by b 4 6¢
- after the fame Way as if 36 4 60 was a fimple Quantity,
it becomes 344 w~2¢c,  This being multiply’d by a, fub-
tract it from 343w 9aa¢~ 24cc - 6¢ 7, and there will
, Yemain — 9aqc - 6¢%, which being again order'd by a
“Divifion by — 3¢, becomes allo 344 - 2¢¢, as before.
Wherefore 344 Zce is the Divifor fought. ~"'Which be-

ing found, divide by it the Parts of thé propos’d Fradtion,
| 24 54ab |
3abw=0b¢

and you'll have

Now,
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Now, 1f a common Divifor cannot be found after this
“Way, it is certain there is none at all ; unlefs, perhaps, it
be one of the Terms that abbreviate the Numerator and
Denominator of the Fracion :  As, if you have the Fradti-

. addd —=;rdd—~adacc +¢*

Lr.md-s-—dramd—-—-zzza‘c-}- 2¢} |
according to the Dimenfions of the 4, that the Numerator

PE— Y’ .
may become ii‘ dd e 4”, and the Denominator

-, and fo difpofe its Terms,

_ :’;i‘: d "_; 2:‘:0, This muft firft be abbreviated, by di-

viding each Term of the Numerator by 44— cc, and each
of the Denominator by 24— 2¢, juft as if 44 =c¢ and
24— 2¢ were fimple Quantities ; and fo, in Room of the .
Numerator there will come ont dd ~—¢¢, and in Room of
the Denominator 244 — ¢ ¢, from whlch thus prepard, no
comtmon Divifor can. be obtain’d, But out of the Terms
dawcc and 24— 2¢, by which both the Numerator and
Denominator are abbrev:lated, there comes out a Divifor,
viz, 4~ ¢, by which the Fra&tion may be reduc’d to this, viz.
add -4 ca’d-——ewc:.--c*

qad—2¢c¢
aa—cc and 24— 2¢ had not had a common Divifor,
the propos’d Fraétion would have been irreducible,

And this is a general Method of finding common Di-
vifors; but moft commonly they are more expeditionfly -
found by feeking all the prime Divifors of either of the
Quantities, that is, fixch as cannot be divided by others,
and then by trying if any of them will divide the other with-
ade—=gabtablee=b? -

Yy
~_to the leaft Terms, you muft find the Divifors of the Quan-
tity aa— ab, viz. 4 and a~=b; then you muft try whe-
ther either 4, or a=b, will alfo divide 4 maabs{-ably

— D without any Rcmamder.

" Now, if neither the Terms

ont a Remainder. Thus, to reduce

‘of



[48]

Of the REDUCTION of rn.ACI‘IONS to a
common Denominator.

R RACTIONS are reduc’d to a common D_enom@nato:
by multiplying the Tcrms of each by the Denominatox

of the other. Thus, having i and % , multiply the Terms

A
of one 3 by r[ and alfo the Terms of the other Tt
w11l becon ad be b T
Vil D ECOMCE — d.IlU. WLICLCUL L

bd " bd’

.- ) ab
Denominator is bd. Andthus 4 and —, of I— and =
¢’

ac ab | o .
become — and —, But where the Denoniinators have a
¢ ¢

fommon Divifor, it is fufficient to mult1p]y them a]ternate-
5

ly by the Quotients, | Thus the Fraé’cmn IJT: and m are

a’d
reduc’d to thefe m and 2% » d’ by multiplying alternately

by the Quotients ¢ and d, arifing by the Divifion of the
Denominators by the common Divifor b,

This Redu&tion is moftly of Ufe in the Addition and
Subftradtion of Fracions, which, if they have different De-
nominators, muft be ﬁ:ﬁ reduc’d to the fame | Denomina-

tor] before they can be added. Thus Z; i y by Reduéion

be . - ad<+be ab
be@ﬂtlles I‘;i \— pp O — and 4 + — becomes.
ac 4 ab il a4t 4'*:!»—-430 dmc
: . And — e — | o ___.,__ :
c be ™ bd COMS g gt
rA + x‘f- A
And o EEY 28 .

n ”'__xw ¢cc—xx becomes . And o
‘—.+ -= beuomes 4, IS 4 +.15 is. 22
DL o1 Ty OF =, that is, o

tp :
And - e 3 becomes 22 ---?m, or -2, And 3. o 3

-6 4 CoI2 12 12 4 12

b_eco;jx;cg |
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9 .5

) _ . . T ’
becomes =~ ~= =, or i, that is -.  And 3 — 4 or
. 12 12 12 3 7

: 21 . 2 X
3 4 becomes —- 4 i j OF 23, And 25— becomes
1 7 7 7 2
5t
a
2 , . . .
Whete thete ate more Fradtions [than twoj they are to

, - . Aad 2ux Ak
be added gradually. Thus, having "~ e g - 220w 25 5
2 3a  A—2
, Aa . . Ade—ax .
from - take 4, and there will remain ~Z- " to thig
X

34’ 3 A4 423

. )

2R

add

, and there will come out .
34 | 3ax
A .
from whence. laftly, take away ———, and there will re-
b3 b Y 3
A—
) A% s 0’ x 2A et
main 3 : ~+h_ .
3&!11-1""3{!3‘.3

s Andfo if yoti have

S;L____-z, firft, you are to find the Aggregate of :;g, Diz,

; .2 . . Ot
?_—-, and then to take from it =, and thete will remain I

7 | 3 231

Of the REpucTionN of RapicAr [[Quan-
tities | to their leaft Terms.

Radical [Quantity,] where the Raot of the whole catis
- % not be extradted, Is perform’d by cxtra&ing the Root
of fome Divifor [of it]), Thus 4 abe, by extralting che
Root of the Divifor a s, becames av/be.” And V48, by cx-
traéting the Root of the Divifor 14, hecomes 43,  And
Vv 48aabe, by extracting the Root of the Divifoz 164 4, be-
‘ ' 3 . e, 3
comes 4.44/3bcc.  And V"L”{)‘“ ~4a8bb -+ 4a , by ex-

o

U P Ry W T bb
tradling the Root of its Divifor f__,‘w,“__wlﬂ‘.‘.._'f'_‘l__,_.., becomes

ce

——

"q*—v-m’;)_b ) r . 1 [/ﬂﬂf)ﬂ??}?‘ﬂ . 4“0’-‘”}””?’" 9 o e B -
YabsANA £~ o ey DY €XUracting the
pprz prz
H Root
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Rost of the Divifor 2 m?—’, becomes <= ¥/, 00 - 4.7 pe
ppre pz

And 6¢§—§, by extra&ing the Root of the Divifor zi, be-

comes 224/ 3 s OT :,/ —, and by yet extralling the Root
7 2

of the Denomumtor it bekomes »-—1:’ 6, Andfo m/-, or

41/ —, by extra&mg the Root of the Denominator, becomes

a/di; And MRAJL = 1644, by ex mrfhnp' the Cube

3

Root of its Divifor 8.@ b, becomes 24 1/ b+ 24. And
not unlike [this] '3 @z, by extraling the Square Root

4
of its Divifor #4, lecomes V2 uto v ax, or by extralt-
mg the B1quadrat1ck Root of the Divifor’ at, 1t: becomes

4'\/;- And fo ‘o/a % is chang'd into 41/4x‘ or

&

. a ‘
into ax v/ —, orinto Vaxx mex.
o

Morcover, this Keduction is not only of Ulfe for abbre-
watmg s of Radical Quantities, but allo for their Addition
and Subtraction, if they agree in their Roots when they are
reduc’d to the moft fimple Formy for then they may be
added, which otherwife they cannot. Thus, V484195
by Redudion becomes 4 V3 -+ 53, that 13, 9v'3. And

V8 —— v/ E_g by Redution becomes 4.4/3 ~% ty 3y that is,

323, And thus, Vq'”’ {/‘;; basablt 4ab i’
0 £¢

by extra&ing what is Rational in it, becomes ?EEV' ab. -}
—2b 3 '

at is, m‘\/db And V84 b o+ 164"' —

¢

1/b4 -t 24b? becomes zm/b + 24 —b «/b + 2 A,
that is, 2ﬂ~—-bx/b+2a.

Of
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Of the REpUCTION of RADICAL [ Quanti-
ties ) to the fame Denomination.

¥ 7HEN you are to multiply or divide Radicals of a
¥ different Denomination, you muft [firfi] reduce them
to the fame Denomination, by prefixing that” Radical Sign
whofe Index is the leaft Number, which their Indices divide
without 2 Remainder, and by muliiplying the Quantities
under the Signs fo many times, excepting one, as that Index

- - 3 6

is become greater, For fo vax+Vaax becomes /75 o3
§ § . ‘

. e ——— o . A e a—————— - 4-

into ¥'a * x x, that is, 427 x ‘e And Va Into vax

A 4
becomes Va4 into Vax, that is, Vaiz, And v6 in-
4 A S
to -\/2— becomes ¢ 36 into {}g-, that is, ¥ 30. By

the fame Reafon, m{ be becomes vaa into ¥/be, that is;
Yaabe, And 44#/3!)& becomes ¥ 1644 into v'3b¢, that

. 3 3
is ¥/484abe. And 24v'F & 24 becomes ¥ 843 into
3

— 3 .
v'b + za, thatis, v/84°b + 164 Andfo V;c be-
ac 2T 6abb V' 364ab?

comes Ti or i And rPTR becomes VECPIIRE

orv'24b.  And fo in others.

Of the REDUCTION of RADICALS to more
fimple Radicals, by the Extradfion of Roots.

FEYHE Roots of Quantities, which are compos’d of In-
f. tegers and Radical Quadraticks, extra& thus: Let A
denote the greater Part of any Quantity, and B the leffer

Part; and é:*_ vAA—BB will be the Square of the

2

- — /T . .
A ‘ VAA B will be

greater Part of the Root ; and

_ : 2
the Square of the lefler Part, which is to be joyn’d to the
| | Hz2 greater
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greater Part with the Sign of B. As if the Quantity bﬂ

3 + v 8, by writing 3 for A, andv/8 for B, vV AA—BB =1,
and thence the Square of the greater Pare of the Root

3—-‘%— that is, 2, and thc Square of the lefs 3~ » I, that
1s, 1. Therefore the Root is 1+ 4/2. Aoam, if you are
to extrack the Root of v/32 — /24, by putting ¢'32 for A,

and 424 for B, VAA BB will =8, and thencc
’_\_»_/__2-{'1/_? n 1/32---1/8
2 E

the Squares of the Parts of the Roor. The Root therefore is

V18 —v2 After the fame manner, if, out of 24 -
2x % aa— xx you are to extra¢t the Root, for A write ad,

and for B 2x4 v 44— xx, and AA —BB will = 2* -~
4a4xx 4+ 4%, the Root whereof is ag—— 2.xx. Whence
the Square of one Part of the Root will be 44— x x,
and that of the other xa s and fo the Root [will be]

¥eb v aa—xx, Again, if you bhave 24+ gax—
2::1/:2.?:-—’;—4..1-:? by writing mz-{-—r;:lx for A, and

—-“_-b—-_-a_..__

Q#Vﬁ&—{— wx for B, AA—~BB will = 4+ 4 6a5x
4 gaaxx, whoie Root is 24 + ? Whence the Square of
the greater Part of the Root will be ag+4ay, and thar of

the leffer Part ax, and the Root v4a-- 1;21---1/;!7
Lafily, if you have 6 + V88— 12 — /24, putting

64+ 8=A,and —v 12—+ 24 =B, AA — BB

— 8 ; whence the'greater Part of the Root is 1/ -+ V'8,
that is as above 1 -+ v/ 2, and the leffer Part v/3, and confe-
quently the Root it felf - V2 —+/3. DBut where there
are more of this fort of Radical Terms, the Parts of the ,
Root' miay be fooner found, by dividing the Produdé of any
gwo of the Radicals by fome third Radical, which [fhall] pro-
duce a' Rationa) and Integér Quotient. Fm the Root of that
Quonenc wﬂl te doutle of the Part of ‘the Root fought. As

hat is, 3V2 and V2 will be

V8 X V12 VY8 X V24
;tn the laft Example‘ 1/24 = 2 ““{775“‘"“ = 4
And Vizx 4 = ¢, Therefbre the Parts of the Root,‘.

V'8
are 1,2, ¥3 as g.boye

: Lk
!

There
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There is alfo a Rule of extralling higher Roots out of
Numeral Quantities [confifting ] of two. Parts, whofe Squares
are commenfurable. Let there be the Quantity A+B.  And
its greater Part A, And the Index of the Root to be ex-
tradted ¢. Seek the leaft Number N, whofe Power N. is
[may Le] divided by AA — BB, without any Remainder,

and let the Quotient be Q.  Compute “/K—-FB XvQ in
the neareft Integer Numbers. Letit be . Divide AvQ_
by the greateft rational Divilor, - Ler the Quotient be s, and

n

let r in the ncxt greateft Incegers be [called] r. And
2
ts AV ites—n
‘ 2
vQ

extrafted,

will be the Root fonght, if the Root can be

Asif the Cube Root be to be extradted out of v'968 + 25 ;’
AA —BB will = 343; and 7, 7,4 will beits Divifors ;

thercfore N =—= 7 and Q = 1. Moreover, A +B x v Q,

or V968 4 25, having extra&ted the former Part of the

Root is a little greater than 56, and its Cube Root in the

neareft Numbers is 4 ; therefore 7 —— 4. Moreaver, AvQ,

qQr V968, by taking out whatever is Rational, becomes

2242, Therefore +/2 its Radical Part is 5, and 1,
~ 25

3 .
or -éi?- in the neareft Integer Numbers is 2, Thercfore
2

. : 2 ‘
t==2. Laftly, tsis 2¢/2, Virss—n is1, and vQ, or

g - _
V1, is 1. Therefore 24241 is the Root fought, if it can
be extrated. Itry therefore by Multiplication if the Cube
of 2v'2+41 be ¥/ 968-f-25, and it fucceeds. |

Again, if the Cube Root is to be extra&ed out of 68—
V4374 AA—BB will be — 250, whofe Divifors are
5.5,5,2. Therefore N—=§ %' 2 = 10, and Q=4. And

VA +BxvQ, or */m 1/'4374 X:a in \the neareft Inte-
gor Numbers is 7 =». Moreoyer, Av'Q, or 68v4, by

ex-
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extratting [or taking ont] what is Rational, becomes 136v/1,

r+ -'-L + I S
Therefore s — 1, and ,or 22" in the nearefl Inte-
25 2

ger Numbels is 4 =t Thewf'ore t§ =4, Vitss—n = V6,

and . VQ,_, 1/4, or «,/3 ; and fo the Root to be try'd is
4 — V6

4

1/2

Again, if the fifth Root be to be extradted out
of 20v6 -} 41v3; AA — BB will be = 3, and confe-
quently N = 3, Q== 81, r =5 ;_,__1/6 r._. I, ts=V6,

2c

Virss—n =3 and vQ = 8;, or 1/9, and fo the
Vé6+v3
Root to be try’d is ——",

But if in thefe Sorts Gf upﬁfc‘itlﬁﬁs, the Q \.Qu;uu.u,y be a
Fradtion, or its Parts have 2 common Divifor, extraét fe-
parately the Roots of the Terms, and of the Fa&ors.
As if the Cube Root be to be extradled out of v/ 242 — 12 %,
this, having reduc’d its Parts to a common Denominator,

1/98 2§

will become

. Then having extralted feparate.

1y the Cube Root of the Numerator and the Denominator,

. 2V 21 )
there will come ont —3 7, Again, if you are to ex-

V2

3 &
eract any Root out of v3993 +1/17=,78[25‘ ; divide the
Parts by the common Divifor 1/3, and there will come out

11 -+ V125, Whence the propos'd Quantity is 1/3 into
11~ V125, whofe Root will be found by extracting fcpa—

rately the Root of each Fa&or 1/3, and 11 - 125
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Of the Form of an EQUATION.

A MQUATIONS, which are either two Ranks of
4 X 4 Quantities, equal to one anaother, or one Rank taken
-equal to nothing, are to be confider’d chiefly after two
Ways ; either as the laft Conclufions to which you come in
the Refolution of Problems ; or as Means, by the Help where-
of you are to obtain [other] final Aquations, An Aqua-
tion of the formerKind is compos’d only out of one unknown
Quantity involv'd with known ones, If the Problem. be
determin’d, and propofes fomething certain to be found out.
But thofe of the latter Kind involve feveral unknown Quai-
tities, which, for that Reafon, muft bé compar’d among oné
another, and fo connected, thatout of all there may emerge
a new /quation, in which there is only one unknown
Quantity which we feek; [and] that £quation mufl be
transform’d moft commonly various Ways, untill it becomés
the moft Simple that it can, and alfo like fome of the fol-
lowing Degreesof thém, in which & denotes the Quantity
fought, according to whofe Dimenfions the Terms, as you
fee, are order'd, [or rang'd] and p, g, r, 5, [denote] any o-
ther Quantities from which, being known and determin’d,
is alfo determin'd, and may be invefligated by Methods
hereafter to be explain’d.

X ==p. OI', A m=Dozz Os

XX == px = q. Xy —px——=g =0, |

aimpxt 4 grtr. X e PR QR e = O |

x0mpxd A gxt Frat s At —pxd gt —rx—gm 0,
&c &c,

After this Manner therefore the Terms of Aquations are
to bé reduc’d, [or order’d] according to the Dimenfions of
the unknown Quantity, fo that [thofe] may be in the firft
Place, in which the unknown Quantity 1s of the moft Di-
menfions, asx, xx, ¥, x*, &, and thofe in the fecond
- Place, in which [«] is of the next greateft Dimenfion, and
fo on. As to what regards the Signs, they may ftand any
how ; and one or more of the intermediate Terms may be
fometimes wanting. Thus, x3K—10bbx+b° =0, or
%' smbbwe=b?, is an Aquation of the third Degree, and
Z+
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o iz AR 'S i‘;f;mo, is an AFquation of t?he fourth Dé:
gree, For the Degree of an /Bquation is aIWa}’S_Eﬁima?{Cd by
the greateft Dimenfion of the unknown Quantity, without
any Regard to the known ones, or to tie intermediate Terms,
But by the Defedt of the intermediate Terms, the Aquation
is moft commonly render’d much more fimple, and may be
fometimes deprefs'd to a lower Degree. For thus, % =
gxx - s is to be reckon’d an /Equation of the fecond De-
gree, becaufe it may be refolv’d into two Aquations of the
fecond Degree.  For, fuppofing #x ==y, and y being ac-
cordingly writ for xx in that Aquation, there will come
out in its flead yy =gy + 5, an Aquation of the fecond

hnl‘l‘l"ﬂﬂ = w tha FHale !)r‘”\nrﬂf\p IIT}’IF‘T"\ LY ig Fﬂ”l]d : tllP mnl’ﬂ—
ALEILE ¢ Oy UIC LS WIHICTEOL Wiitlzi §F 4 2V , L AgUa

tion x x — y alfo of the fecond Degree, will give x,

And thefe are the Conclufions to which Problems ate to
be brought, But before I go upon their Refolution, it will
be neceffary to fhew the Methods of transforming and re-
ducing Aquations into Order, and the Methods of finding
the final Aquations, 1 fhall comprize the Reduétion of -a

Simple Aquation in the following Rules, -

- Of ordering, [or managing] &c. a Simple
- A.QUATION,

Rure I. JF there are any Quantities that deflroy one 4=
~ nother, or may be joyn’d into on= by Additi-
on or Subtraétion, the Terms are that Way to be diminifh’d

[or reduc’d]. Asif you have §b—34 4 22 =54 43,
take from each Side 2 #, and add 34, and there will come

out 56 ==84 -+ x. And thus, Muzbma—{ab,
by firiking out the equivalent Quantities 2-’-3[—) ot p o2 b, be-

k4
COmMeES = == 4,

To this Rule may alfo be referr’d the Ordering [or Ma-
nagement] of the Terms of an Aquation, which is ufually
perform’d by the Tranfpofition of the Members to the con-
trary .Sides under the contrary Sign.  As if you had the
Aquation §5b == 84 - x, you areto find ; ‘take from each

‘ | Side
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Side § 4, or, which is the fame Thing, tranfpofe 84 to the
contrary Side with its Sign chang'd, and there will come
out §b w— 84—, After the fame Way, if you have
A4~ 3ay=—ab-—bb -+ by, and you areto find y ; tranf-
pole — 34y and ab — b b, fo that there may be the Terms
multiply’d By y on the one Side, and the othex Terms on the
other Side, and there will come out ga=—sb 4 bb=3ay
-+ by, whence you'll have y by the fifth Rule following, »iz.
by dividing each Part.by 34 4 b, . for there will come out

| = -:-;a_l{;—-: b —19y. And thus the Aquation sbx -4
3 |

é'_.____ﬁdm%dlﬂ'!'l%ﬂ‘rdm_ '} he dne Aavderime and  reandl

”W-__,.. [2 X2 e L W PN ’ I-JJ L Q¥ L ulubl&ll& CA R ANl [ LR - ] Y
. a4 — g} — Ad

ofition becomes %3 — x or &} X

P = 34b T abb? - 3ab

+oar

e abl '

Rure 11, If there is any Quantity by which all the Terms
of the Aquation are multiply’d, all of them muft be divid-
ed by that Quantity ; or, if all are diviled by the fame
Quantity, all muft be multiply’d by it too, Thus, having
1§bb = 24.4b 4+ 3bx, divide all the Terms by b, and
youw'll have 156 == 244 + 3% 3 then by 3, and you'll have
| by bbx  xx o2 g
-, multiply all

?

I

b —8a-+ 2 or, having — — —
5 ' -l ? B 4ac ce c

by ¢, and there comes out =

Ruie 11, If there be any irreducible Fraction, in whofe
Denominator there is found the Letter [unknown], dccord-
“ing to whofe Dimenfions the [whole] Mquation is to be
order’d [or rang’d]. all the Terms of the Aquation muft be
multiply’d by that Denominator, of by fome Divifor of it.

As if the Aquation ;“%. 4b —« be to be order'd [or

rang'd] according to », multiply all its Terms by 4 — = the

S . ' e ax
Denominator of the Fraction p—— and there comes out

A% A b by — 2% —— 2%, O ab——=bx—-—xx, and
tranfpofing each Part [you'll have] vx —=bx ——ab. And

i Al w—gab |
foif you have ————— ==y —r¢, and the Terms are to be

| 2¢y=——tiC
order’d [or rang’d] according to [the Dimenfions of ] y,
-multiply them by the Denominator 2¢y —¢¢, or, at leali;i,




rsy1

by its Divifot 2§ &=¢, that y tnay vanifh i the Denoini-
'; 3 e

and there will come out 47 koo abb

§
at =23y =36y

2

1ator, -
43 e gbb

| ) . Aemgbb
sfce, and by farther ordering =00+ 30y

! o A . ﬂd . e
==2yy. After the fame manner - A= by being

aunbb

sultiply’d by w, becomes 44 »max = #x, and el

- _:: - , 2nd multiplying firft by x », and then by 4+
a4 be—i |

. a‘bb+aab’ —masbbux .

e, it becomesg ——iee i = x4,

Rure 1V. If that [particular] Letter, according to whofe
Dimenfions the Lquation is to be order'd [or rang’d], be
involv’d with an irreducible Surd, all the other Terms are
to be tranfpos’d to the other Side, their Signs being chang’d,
and cach Part of the Lquation muft be once multiply'd by
it fcIf, if the Root be a Square one, or twice if it be a Cu-

-
2t ea _.—Am-— F e e e a- )

b S - Tl . 9 - 1, ~ AI; P ./;..-_.”.. Lo

DICA QlIey U/ (. LIS, O Olue)l i JUYUaLIOiR ¥ a'a = dd,
~+ 4 = x according to the Letter x, tranfpofe 4 to the other
Side, ahd you have v/ dd4— xx—t-—qa ; and Hiviig
fquar'd the Parts 4g~—aX =it x~~24x+44, 0¥ O=

. ! 3 . .

XX e a5y thatls, xz=a. So alfo Vaax 4+ zaxy—2}
w4 x=0, by tranfpofing w—a-+x, it becomes

Viaax 2dxm—x° =4, and miltiplying the Parts

cubically aax ;2400 — 43 a? —Saax + 4% % —

X3, or sx==qax—aa And {0y "_--‘-_-_-,Vﬂy o gy — ¥ 2y —y

having fquar'd the Parts, becomes yy = ay -+ yy — 4V ay—yy
and the Terms being ri’gh_tly tran{pos'd [it'gecomes] a Ja:__-;s;
Vay-—yy, 0ry="+"ay—7yy, and the Pasts being qgain
fquar'd yy=—ay-—yy ; and lafily, by tranfpofing 2yy==ay,
oI 2y=—a . o
Roure V. The Terms, by help of the preceding Rules,

- ) b - B
z‘lf;‘lﬂﬂ' rrh-f‘nnn’ﬂ ?rﬁi‘ "I“nr‘\a"rfj nr*nnrr?‘nn- n #he m;nﬁnn{:nn_n Y o
Bt R A A ShALEE AL ) WL ﬂul.l& \.IJ L AFAMAEE l%‘l Ly, Lile ASRLEIVINNAVILIO JL

fome one of the Letters, if the higheft 'Dimenfion of that
Letter be multiply’d by any known'Quantity, the whole ‘&-.
quation muft be divided by that Quantity, Thus, 2% =14,

: =S
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by dividing by 2, becomes y = %4 And Q; =4, by di-

e o b a4 280 e
[ — e S z
viding by = becomes = . And __ = +aac**®

b
=243 Ceqn
o gace #=4a'cc=o, by dividing by 24c—ce¢, be-

24ac _, +a’ 124 ¢

2 L k.
COMMES =~=¢(¢ ~+d4c x +zuzcc o == 0Oy O
] 2E G
s Fatdaanc aic
e N T =0
2AC—C ¢ 2 A

Ruie VI. Sometimes the Reduction may be perform’d
by dividing the Zquation by fome compounded Quantity-

For thus, 35 — 1.2'3” + 3 bey—"bbe, is reduc’d to this,
vize 3y =2¢y +be, by transferring all the Terms to the
fame Side thus, y* j_ ic y3—3bey4bbe=o0,and dividing

. by y—b, as is fhewn in the Chapter of Divifun ; for there
will come out yy + 2cy—be=0. But the Invention of
this Sort of Divifors is difficult, and is more fully taught
elfewhere, |

Rure VII. Sometimes alfo the Redu@ion is perfornd
by Extra&ion of the Ropt out of each Part of the Aqua-
tion, Asif youhave xx—=244-—0bb, having extralled

the Root on both Sides, there comes out 2= V'24a—bb,
If you have 2~ g4 — 2a4x + bb, tranfpofe 24x [to the
other Side] and there will arife ¥ — 24% =22 =0b, and
extracting the Roots of the Parts & «=a= =}, OF = b, or
x=atb. So alfo having sy =—4aa—0bb, add on cach
Side —— ax |- 4 44, and there comes out sx ~-ax -+ ;44
= %44 —bb, and extralling the Root on each Side »2 4
=4y iag—bh, or x = tat+Viaa—bbe
And thus univerfally if you have x 2 = .px.q, » will be
w_:-_n,.%p-_!_f\/ tpp.q. Where £ pandg are to be afiefied
with the fame Signs as p and ¢ in the former Aquation ;
but 4 pp muft be always made Affirmative. And this Ex-
ample is 2 Rule according to which [eor like to which} all
Quadratick Equatiens may be rgl:ﬁﬂc’d to the Form of Sm;r"
S . | - _ ple
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ple ones. Therefore, having propos'd the Kquation yy ==
2%%y
a

. .Loxw 1 w for L d
that is, write — for £ p, and — +xx forgpp.q, an
‘ 4 .

28X
-4z, to extract the Root y, compare — with p,

=
o xx g’/.«’f Lo .“d":lf

~
\
4
b3
2
=
I
|

—e |
V % 4 xx. After the fame Way, the Aquation yy—
a

ay— 2¢y -t aa = cc, by comparing z—2¢ with p, and

an—ce with g, will give yo=2a—c - 'ﬁ'/%ﬂﬁ:-—uﬂc_
Moreover, the Biquadratick XEquation #* == ——azxx

~+ab?, whofe odd Termsare wanting, by help of this

Rule becomes xx —w—2aa 42 a9 -} ab?, and extradt-

R — e
ing again the Root x = F ~~4aat v'fa*+ab’'. And
{o in others, |

And thefe are the Rules for ordering one only Equation,
the Ufe whereof, when the Analyft is fufliciently acquainted
with, fo that he knows how to difpofe any proposd Aqua-
tion according to any of the Letters contain'd in it, and to
obtain the Value of that Letter if it be of one Dimenfion,
or of its greateft Power if it be of more ; the Comparifon
of feveral Aquations among one “another will not be diffi:
cult to him, which I am now going to thew, ' |

.4

Of the Transformation of two or more AQy A-
TIONS into one, in order to exterminate the
unknown Quantities. T -

"THEN in the Solution of any Problem, there are more

¥V AEquations thaii one to comprehend the State of the
Queftion, in each of which there are feveral unknown
Quanuries ; thofe Aquations (two by two, if there are
more than two) are to be fo connected, that one.of the un-

known Quantities may be made to vanith at each of the

Dngrnﬁonn and 1o nrodies a rew Fanarian Thive nagring
S PEYALLONS, and 1o producea new A

\iLI“LAUIl. 3 .ll.uﬂ’ L=’ I.llq

e, . i
the _ngfuzﬁtlons 2x=y+ 3§, and x—y 4 2, by taking off
gf:tlual lnngs out of cq_ual Thil]gs, there will come oui;‘
S o ¥ T CERUEI R ' .xm-3o
} ' H ' 1

-
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% ==3. And you are to know, that by each Aquation- one
unknown Quantity may be taken away, and confequently,
when there are as many Aquations as unknown Quantities,
all may at length be reduc'd into one, in which there fhall
he only one Quantity unknown. DBut it there be more un-
known Quantities by one than there are Aquations, then
there will remain in the Aquation laft refulting two un-
known Quantities ; and if there are more [unknown Quan=
tities] by two than there are KEquations, then in the laft
- refulting Aquation there will remain three; and fo on.’
There may alfo, perhaps, two or more unknown Quafn-
tities be made to vanifh, by only two Aquations, As if

you have axe—bymab—az, and bx 4 by =bb 4 az;

then adding Equaj’s to Equals, there will come out #x -
bx —ab+ bb, y and z being exterminated, But fuch Cafes
either argue fome Fault to lie hid in the State of “the Que-
ftion, or that the Calculation is erroneous, or not artificial
enough. The Method by which one unknown Quantity
may be [exterminated or] taken away by each of the £qua-
tions, will appear by what follows,

The Extermination of an unknown Quantity by
an Equality of -its Values.

FHEN the Quantity to be exterminated is only of one
%Y Dimenfion in both Aquations, both its Values are
to be fought by the Rules already deliver'd, and the ong
made equal to the other. | |
Thus, putting a + x=b+y, and 22 y—=3b, thaty
may be exterminated, the firft /Aquation will give 2+ a
b —y, and the fecond will give 36— 2x =y, - There-
fore a4 x—b=3b— 2%, or by [duc] ordering x =
4b—a | ‘

r————

3 _
And thus, 2x =y, and § +x =y, give 20 =5+ %,
OF ¥ =1, - :

And qx—2by=4ab, and xy=>bb, give M;;ﬂ_b
(= ;u_-lz;’; and by [due] ordering [the Terms] [x » —

YE o 2by
bxe=—, of] x¥ e b ¥'e— — =0,
o 8 ’4 X A

Alfo
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. |
md{:v{-' ,1_5"], and b:ﬂ‘&'*—- :;:_2:2#5;

¢
K . aby -t aab %) 244C~g
by taking away #, give — 7 —— (= %) = =

bbe
and by Reduttion 33 ....-.b'-;” -~ QM.G:.. y+bbe =0,

Laflly, - y—=z=o0, and dy=x%, by taking away

. \ a -
z, give ¥ 19 (==z) -_-:—-—-Z, Or XX =t XYy ==4),

4

The fame is alfo perform'd by fubtradting either of the Va.
Jues of the unknown Quantities from the other, and making
the Remainder equal to nothing. Thus, 1o the firft of the
Examples, takeaway 35 — 24 from 4 +bx' ~— b, and thers

4b—a

Allo ﬁb.xjﬁb}

will remain 2 4 3 ¥ —g b0, Or ¥ =

The Extermination of an unknown Quantity by
fubflicuting its Value for it.

W THEN, at lealt. in one of the Equations, the Quan-

WY tity to be exterminated is only of one Dimenfion,

its Value is to be fought in that Aquation, and then to be

fubftituted in its Room in the other Aquation, Thus,

having proposd xyy=5', and ¥ < yye=by-—ax, to
3

exterminate ¥, the firft will give — — x; wherefore I fub-

L L b3
{ftitute in the fecond — in the Room of &, and there comes

]

3
out — wfr yy == by ~— %’, and by Redulion y ¢ e by © 4

ab3yy+b® =o.
But having proposd 4yy - 22y ==z’ and yz —ay = 4z,
| iz

to take away y, the fecond will give y — o Where-

a.x
A
ERSD Atz

ont + —z', And by Reduction,

R 232, 4~ 2 A By e £
28 e 24% 7 - BAZR e 24P B4 27 =00

fore for y 1 fubflitute into the firfl, and there comes

in
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Hn the like manner, having proposd 'ﬁ =z, ard ¢ j 4~

oy
zx==cc, to take away z, I {ubflitute in its Room —-;;—y in

the fecond /Equation, and there comes out ¢y - f-:-;-flm‘-:_..- £Co
But a Perfon wfed to thefe Sorts of Computations, will
oftentimes find fhorter Methods [than thefe] by which the

unknown Quantity may be exterminated.  Thus, having
bbxwebs az e
4% = =, and x = p if equal Quantities ‘are

shultiply'd by Equals, there will come out equal Quantitics,
viz. axX = abb, or x —b.

But 1 leave pamcular r Cafes of this Kind to be found out
by the Students as Occafion fhall offer.

The Extermination of an unknown Quantity
of feveral Dimenfions in each Aquation.

FHEN the Quantity to be [exterminated or] taken
away is of more than one Dinienfion in both the A~
quatmns the Value-of its greateft Power muft be fought in
both ; then, if thofe Powers are’ not the fame, the Aiqua-
tion that involves the leffer Power muft be multxply d by
the Quantity to be taken away, or by its Square, or Cube,
¢c. that it may become of the fame ‘Power with the other
HKquation, Then the Values of thofe Powers are to be made
Equa] and there will come out a new Aquation, wherethe
greateft Power or Dimenfion of the Quantity to be taken
away is diminifh'd. And by repearing this Operation, the
Quantity will at length be taken away. .

As if you have x & + 54 = 371y, and 2%y—3 *cx—-q.,
to take away x, the firt [.d*.quauon] will give x# ==

— 5 x 4-3yy, and the fecond xx—-%x;“d’. R Put

therefore 3y ywmgat = w, and fo « is reduc’d to
only one Dimenfion, and fo may be taken away by what
f 'have before fhewn, viz, by a due Redut@tion of rhe latt
Aquation there comes out gyy == 154 s= 2xyw--4, or
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K — .‘?_&4_}‘-_& 1 therefore fubftitute this Value for x in
) 15
one of {he ,&E?Iuations firft propos'd, (as 10 xx +’;§_-’°‘ =37y)
L 4 i 20
and there atifes 317"+ 72y F 16 "2 —— =3
| 4yy -k 6oy + 225 2y 15
To reduce which into Order, T multiply by 4yy-+60yy
-} 22¢, and there comes out 81y* - 72yy + 16 -+ 90y}
4~ 40y - 6743y -+ 300 =12y * + 180y° + 6753y, or
6934 —g0y: - 72yy - 40y - 316 =0-
Morcover, if you have y* —=xyy - 3 %, and )y= 22
e xy =3 ; to take away y, I multiply the latter Aquation
by 5, and you have y! —xxy—x3¥y—3%, of as many
Dimenfions as the former, Now, by making the Values of
¥ * equal to one another, I have xyy -+ 3x=—=xxy-—xyy
— 3y; where y is deprefs'd to two Dimenfions. By thig
therefore, and the moft Simple -one of the Aquations firf}
propos’d yy =xx-—ry—3, the Quantity y may be
wholly taken away by the fame Method as in the formex
- Example, |
- There. are moreover other Methods by which this may
be done, and that oftentimes more concifely, As therefore,

A an d oy 1y 4
if yp== p 2+ wx, and y_y—-__—;;zxy-{-;;; that y may

be extirpated, extraét the Root y in each, as is thewn in the

| ax T
7th Rule, and there will come out y e= ; -4 V;ﬂ - xx,
and' y =& - [/ — 4+ xx. Now, by making thefe two
Values of y equal, you'll have %= 1 V4 xs

e
3 v - i —

X | |
~ +wxx, and by rejecting  the equal Quantities

Ve 4 il] g

[ - t ‘ 5 e ] — n

— 4 xx, there will remain =, Or K == 4, and
X = a.

-+ Moreover, to take x out of the Aquations x -+ ¥ +2
. Coa

=20, and xxfyy 4 Z_m =140, take away y from the
SN ” firft
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- heft Aquation, and thete remains & —|-?T—y = 20—y

\.

-

, and

4
&

“fquaring the Parts x4 + 2yy + % = 400-— 40y -+ 3y, artd
taking away yy on Loth-Sides, there remains va-f yy +

yy _ 400 == 40 y.  Wherefore, fince 400 40y, and -

X
140 dre equal to the fume Quantities, 400 — 40y wﬂl —
140, Ory =6 3; and fo you may contract the Matter in moft
other Zquarions;

__Bur when the Quantity to be exterminated is of {v -ral
Dimenfons fometimes therc 15 tequird d very lahoiious
Calculus to exterminate it out of the Xquations; but then
the Labour will be much diminifh’d by the followmg Ex=
amples made Utk of ay Rulés:

| Rure I
" From axi+by + €==0, zmd fradprd bh=o.

x being cxtermmated there comes out

#bmbg——-ch X ab -+ b/a-—-cvx bf 4 ag +cff
KL === O»

RULE 11 |
From gi¢% -+ ba +cx+d--—o, andf:ux-%-g:t 4+ b ==0;

x being exterminated, there comes out
4/9—-bgm-2cf X ahh -+ biﬂ—-—cg---zri{ X bfh 4
c!a-—-dgxczgg-i—cff 4 3agh+bgg+ciffxdf~;o.

RULE T11;
Fromax —{-bx’—-f—cxx’-};dx"rc’ ,andf:i:xé{—.g%‘f

0
x being exterminated there comes out

de-—-bgm—zc‘f % 4@__3___—&- bh—cg=—2df X bfbbh -
agg-%—cffxcbhwdgh-}-eggm >efb*3agb+bgg+dff
b"rif/o—\—ﬂabb—{- bgb—ﬂdfg—i-cffxeffmbg-—-zﬁh

Refgg=

% R;Uﬁﬁ
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RurLe TV.
From gw +lyx-tex +ﬁd:__« o, and frt Fgxt S ha
<4 £ =o. ‘

x being exterminated, there comes out
ab-——-brr;”cf xadlob-—-—.czcbiz A ak-bh—rg—2df
X bdfh — ak 4 bbb+ 2cg +3:!f}<ét.ezlz£
drcdh—ddg—cck+ 2bdhx agg 4 off:
~t3agh-tbg gf!*dffe—-—gﬂf]c Kdd' ~—3ak—bhtcg-+df
x befk + bﬁ:-—-—zdgxbbfi e b femem Jad b —cdf
-Xﬁglr_—;o

For Example, to exterminate x out of the [Equations
s+ sx—3yy ==o, and 3xr—2xy-t4=o0: |
xefpe&wcly fubfiitute in the firft Rule for 4, b, ¢; f: Zs
and p [chefe Quantities, vize] I, §y=—33y; 3, — 2y and
4 ; and duly obferving the Signg - and -——, there arifus

4+ 10y F 8y g 4 o—by % 15 + 4))'---27)!}'
X *"33’) ==0, Or I(+ 40y 4 92yy -+ 300090y " -
69y
By the hke Reafon that y may be expung’d out of the
Equations y ' —wyy—3 2 =0, and yy -} vy —axx "-k—g
— o0, 1 fubflitute into the fecond Rule for 4, bycyd f s b, by

and a, [thefe Quantitics] 1, — a0, =343 1, &, — X x
3, 'md ¥ refpc&wely, md thcrc comes ont 3 = -4 xw

o —

xgwétxwi-x‘qu-}—v’ +6"n>’--—-3x+.x.v:
A gaa X w4 ox — 347 w3 X ---gx = O
Then blotting out the fuperfluous Quantities dﬂd mu rtply-
ing | you have 27--19.%'&:—!— qat, g A4t e

— (8t~ 120" = c. And oxdermf’ (duely) w“ ?3
— 4% XX 27 == O,

Fitherto [we have diftoms'd] of taking away one un-
known Quantity out of two Equations, Now, if feveral
are to be taken out of feveral, the Bufines muft be done by

dmrccs Out of the quudtmm. ax ==y%, X + y=2, and
| =y -+ 3z if the Quantity y is to be found, f'rﬁ take

Ollt oanie of the Quantxtxcs x or z, fuppofe x, by fubﬁxrutmg

for it,its Vd ae 22 (Fonnd by the firft Fquation) in the fe-
cond
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cond and third Equatiors, and thzn you will have by
. : &

YR s

by ==z, and i%« = ¥ -} 3z, out of which take away =

as above,

Of the Method of taking awway any Number of
Surd Quantitics out of Aquations.

¥ Itherto may be referred the Extermination of Surd
il Quantities, by making them equal to any [other] Let-

| \ !
ters, As if you have vay —— \/M-—-'n'y: 244+ Vagy,

by writing ¢ for vay, and v for vas—ay, and x for the

3
Vayy. you'll have the Aquations t — v =24 -+ 2, fr=ay,
YV =4a— gy, andx’ =ayy, out of which taking away
by degrees ¢, v, and ¥, there will refult an Aquation en-
tirely free from Surdity,

How # Queflion may be bronghr to an Lquation.

FTER the Learner has been fome Time exercifed iy
managing and transforming Aquations, Order requires
that he fhould try his Skill in bringing Queflions to an £-
quation. And any Queftion being. propofed, his Skill is
particularly required to denote all its Conditions by fo many
Aquations, To do which, he muft firft confider whether
the Propofitions or Sentences in which it is exprefs'd, be ail
of them fir to be denoted in Algebraick Terms, - juft ‘as we
exprefs our Conceptinons in Latin or Greek Charadters, And
if fo; (as will happen in Queftions converfant about Num-
bers or abfira® Quantitics) then let him give Names to
both known and uwnknown Quantities, as far as Occafion
.requires, " And the Conditions thus tranflated to Algebraick
Terms will give as many Aquitions as are neceffary to
folve it. ‘ |
As if there are required three Numbers in continmal Pro-
portion whofe Sumis 20, and the Sum of their Squares 140 ;
putting #, y, and z for the Names of the three Numbers
fought, the Queftion will be tranflated out of the Verbalto

ghe Symbolical Expreflion, as follows: N
- ' K2 | - The
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The Queftion in Words. ‘ f‘?"_/:e faine in Symbols.

There are fought three Nom-

bers on thefe Conditions :
That they fhall be continu- | o
Al ,' ,x_-..u:a.,nl Kiyriyiz, Of rnz=) Y-
, duy perUJ T1{idds .
That the Sum fhall be 20. 24y + 2 = 20

nd the Sum of their Squares ' '
A | g 2241y 4 22= 140,

140

X, ¥,

Aud fo the Queflion is brought to [thefe] Aquations,
viz, xz =17y, *-+z 4+ 3y=20, and xx 4 yy-Fz2
— 140, by the Help whereof », y, and z, are to be found by -
-the Rules deliver'd above,

But you muft note, That the Solutions of Queftions are
(for the moft part) fo much the more expedite and artificial,
by how fewer unknown Quantities you have at firft, Thus,
in the Queflion propos'd, putting x for the firft Number,

and y for the fecbnd, 72 will be the third Proportional ;
- X

which then being put f:ox the third Number, I bring the
Queflion into Aquations, as follows |

The Dneftion in Word s o Sywbdlically,

There are fought three Num- ¥y

. R fie} . (x s A a
bers in- continmal Propor- | (%275 x'°)
tion, B

WhofeSum is20. . |*F) +’—§-’ = 20,

And the Sum of their Squares NI
© 140. | ' “e ) FN»"G“M'O'

You have thercfore the Aquations = -y —}-‘J’-J-’-:.-_:20‘jl

1

and xx -+ yy +%;—; 140, by the Reduftion whereof A;I

and y are to be determined. :

Take another Example, A certain Merchant encreafes hig
Efate yearly by a thivd Part, abating 100! which he fpends
;':':ear]y itr his Family ; and after three Yeurs he finds his
£ftare doubled,  Query, What fic is worth ¢ ;

o S - To
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To refolve this, you muft know there are for lic hid] fe-

weral Propoﬁuons, which are zll thus found out and laid
“down,

In. Englifts ' [ : direbraically.

A Merchant has an E-
Ttatesm— - X

. Out of which the firft
Year he e};pends 100/, % -— 100,

And augments the reft by X~ 100 4% — 403
one third, -——=—— %#—100 - ey OF
, ' _ _ 2 2
And the fecand Yesr ex- 4% — 400 41— 700
pends 10q /. , T = 100, OF S
And augmednts the reft: 4x - 7qp:‘~4x-—.. oo 16y — 2800
b a thir —— e — R - 01" *
And fo the third Year 16x— 2800 162 — 37050,
ends 100 fo ——— : — Y00, Or 2
EXP 9 3 9
16x — 3700 - 16x — 3700
And by the reft galns 9 -+ g y OF
likewife one third Part 64x — 14800 '
27 B

And he beqomes (;at 4% i 14800
length]) twice as rich , ———
a® at firlt — e *;

— X,

Therefore the Queftion is brought to this Aquation;
64.x — 14800 |
27 . .
find x5 wiz. Multiply it by 27, and youhave 64 x == 14800
=84 x; fobtrad 54, and there remains 102 — 14800,
=0, Or I0X¥=14830, and dividing by 10, you have
x = 1480. Wherefore, 1480 1. was his E(’cate at firft, as
alfo hlS Profit or Gain fince.

You fee therefore, that to the Solution of Queftions whmh '
anly regard Numbers or the abftracted Relations of ‘Quan-
titics, there is fcarce any Thing clfe required than that the
Problem be tranflated out of the Englifh, or.any othey
Tongue itis pIOPos ‘din, into the Algebraical Languagc that,

. is,

—~— 2 %, by the Reduttion whereof jrou are to

b
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is, into Charadters fit to denote oiir Conceptions of the Re.
lations of Quantities. But it may fometimes happen, thae
the Langunge [or the Words] wherein the State of the Que-
ftion is exprefe’d, may feem unfit to_be turn'd into the Al.
gebraical Language ; bur making Ufe of a few Changes,
and artending to the Senfe rather than the Sound of the
Words, the Verfion wi'l become eafy, Thus, the Forms of
Speech among [feveral] Nations have thuir proper Idioms ,
which, where they happrn, the Tranflation-out of one into
another is not to be made literally, but to be determin’d by
the Senfe. Rut that I may illuftrate thefe Sorts of Problems,
and make familiar the Method of reducing them to £qua-
tions ; and fince Arts are muore eafily learn’d by LExamples
than Precepts, 1 have thought fir to adjoin. the Solutions of

the following Problems,

Prorrem I Having given the Sum of two Numbers
(), and the Difference of their Squares (0), 'to find the
Mumbers # '

Let the leaft of them be [calld] x, the other will be
a—2, and their Squires v a, and 24-—2ax + xx the
Difference, whereof 2 4= 242 is {uppos'd b. Therefore,
aa—2ax =b, and then by Redu&tion 44 —b-=24x, or

ad-—-b -1 b, - : ,
——— (z=m—4~— ) =u. For Example, if the Sum of
24 2 24 -

the Numbers, or 4, be 8, and the Difference of the Squares,
1 b,

or b, be 16 ; S4— will be (=4—1) =3=w, and

x5, Wherefore the Numbers are 3 and 5.

Prorrrom I, To find three - Quantities, &, y, andz,
the Sum of any two of whicly fhall be given,
" the Sum of two of them, viz. xand ¥, be a5 of rand
z, b3 and of y andx, ¢ ; there will be had three Equations
to determine the three Quantitics fonghe, & vy, and =z, viz,
Wy Za, vt w=b andy4 z=—¢ Now, that two
of the unknown Quantities, @iz, y and z *may be extermi-
nated, take away » on both Sides in the firft and fecond
Aquation,and you'll have y = 4 %, and z = b —a, which
Values fu flitute for y and = in the third [£quation], and
there will come out 4 — % -}~ b == x == ¢, and by Reduéti-

. a4 - b - . : .
ON X —:—t-—m-_; and having found x, the Aquations
5 ‘

above y == 4 =2, and z == b =1, will givey and z.
- . o EXAMPLE,
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Exampre. If the Sam of xand y be g, of x and Ty
10, and ) and =, 13 ; then, in the Va.lue&. of x, y, and st.,

s

WIltC B tul Ay 10 ﬁ)r U and ]3 fur c and yuu“ ha.v‘t.. 4 'T'
a4 b
2

-y

bromg=—=6, and conﬁqucnt]y % ( = 3 Y

(= a=x) =0, and 2 (—-— b x) =

Pronrrm NI To divide a given QJJ'Intlfy into as many
Parts as you pleafe, fo that the greater Parts may exceed the
Jeaft by [any] given Differences.

Let (#) be'a Quantity to be divided into four fuch quts
and its Arft or leaft Part call x, and the Excefs of the fecond
Puart above this call b, and of the third Part ¢, and of the
fourth d; and x 4 b wwill be thc fecond Llrt, % + ¢ the
third, and %-4-d the fourth, the Aggregate of all which
4 .,}_ b + ¢ 4 4 is equal to the whole Linc 4, Take away
on both Sides b +}- ¢ =t d and thcw Temaing 4% —a—b

Ars ) e g d
e ¢ e ], OF % 2= .
4

Examprr, Let thgre be propofed a Line of 20 Foot, o
to be diviled mro tour Parts, that the Excefs of the fec ond
above the firft Past fhall be-2 Foot, of the third 3 Foor,
and of the fourth feven I'm)t, and the four Pasts ‘witl be

G b e 2O g G
X (: - 9 Ol‘. - 2 . :::;2, AN "lhb

4..
e, ¥ o=y, ada-td=9  After the fume Mun-
ner a Quantity is durldcd inro more Parts on the fume
Conditions.

Proerem IV, A Perfon being willing to diftribute
fome Money among fomne Begpars, wanted cwht Penee: to
give three Pence a peice to them ;5 he chercfore gave to each
ewo Pence, and had three Pence xcumimmr over and above,
To find ¢he Number of the Beggars, :

Let the Number of the lwsrmw he w, and there will be
wanting eight Pence to give : al] 3 LNmnbu*ol_J Pence, he

b

las thercfore g8 Pence; oot of thefe he gives 2 v

ol e -

Pence, and the remaining Pence 4w 8 axe thice, That is,
.1"'“""'8"‘"*"’ 01' Mwllo

-

Pro-
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Proprem V. If two Poft-Boys, Aand B, at 50 Miles

Diftance from ane another, meet in the Mormng‘ of whom-
A rides v Miles in two Hours and B §Miles in three Hours,
and B fets out one Hour later ‘than A; to find what Num-
ber of Miles -4 will ride before he mects B,

Call that Length x, and you'll have 59— x, the Len gth
of B’s Journey. And fince A travcls 7 Milesin two Hourv

he will make the Space % in A_/,-- Hours, becaufle ¥ Miles : 2

Hours :: & Miles : 2 Hours, And fo, fince Brides $ Mileg

i 7 . o |
in 3 Hours, he will defcribe his Space [or ride his Journey))

59 = in 177 — 3 3% ‘Hours. Mow, fince the Difference

of thefe Times is one Hour, to the End they may become

equil, add that Difference to the fhorter Time 177 :—3—},
and you'll have I+ .I_Zlfé—'_if 3;, and. by Reduction

35— &, bor, mn ltiplying by 8 you have 185 — 3% —
6 A

20, “Then multiplying alfo by 7 you have 1295 — 212

= 1bx, or 129~,-—37x ~ And, lafily, dwuhng hy 37,

there arifes 35 = Therefore, 35 Miles s the Diftance

that 4 muft ride before he meets B

The [ame wiore genevally,
Having given the [Velacities] Celerities [or Swifinefles]

of two moveable Bodies, 4 and B, tending. o the fame
Place, together with the fnterval [or Diftance] of the Places

and Times from and in which t]ey begin to move ; to de~

termine the Place they fhall meet in,

Suppofe, the Velocity of the Body A to be ﬁn_h that it
fhall pafs over the Space ¢ in the Time f; and of the Body
B to be fuch as fhall pafs over the Space 4 in the Time g ;

and that the Interval of the Places is e, and  the Iuterval_

of* the Times in which they begin to move,

"Casr L Then if both tend to the fame Placé, [or the
fame Way] and A be the Body that, 2¢ the Begmnmg of
the Motion, is fartheft diffant from the Place they tend to:

"

Cz.
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call that Diftance », and fubtra& from it the Difiance e, and

thete

Sn

uril! I:"ﬂlqip at . n Far tha TR :mA [l T . |
W Liliainn AL -— L0 100 (00 AIN4dnce 0f 5 irom the

Place it tends to.  And fince A pafles through the Space ¢
inthe Time f, the Time in which it will pafs over the

n e

: : x ‘
Space x will be f—n, becaufe the Space ¢ is to the Time £,

¢
£ . S
as the Space x to the Time - *. And fo, fince B pafies the
. « : C
Space d in [the Time] g, the Time ln which it will pafs

; X mm— -
the Space & —~e will be ‘{“{—-—d-—ga.—. - Now fince the Difference

of thefe Times is fuppofed b, that they may become équal,
add ) 1o the thorter Time,; 2iz to the Time fv if B begins

L‘ .
to move firfl, and yow'll have ]—(; + b= gxz-{g e, and by

f-‘%-'ii—;f, or 82 +db =, DButif 4 begins
- g ——— ) '

Reduétion

to move firft, add b to the Time g-“ff, and you'll

have fe h -+ gr — &¢ , and by Rednétion

Cast 1L - If the moveable Bodies meet, and x, as bes
fore, be made the initial Diftance of the movcable Body
4 from the Place it is to move to, then ¢ — & will be the
initial Diftance of the Body B from the fame Place ; and

{% the Time i which 4 will deferibe the Diffance %, and
p |

¢ —x, To the -leﬁ'el; of whiéhTimes, as above, add the

: . a, . )
Difference f, viz. to the Time 1 if B begin firft to move,
L

: % —_—gx .
and o you'll haven%— -+ b xgig——", and by Reduflion

cge—cdh . AR s
cg+df | L XAMPLE



[ 74 ]

ExaMmprLe I, If the Sun moves every Day otie Deggee,
and the Moon thirteen, and at a certain Time the Sun be
at the Beginning of Gincer, and, inthree Days after, the
Moon in the Beginning of Aries, the Place of their next
following Conjundtion is demanded. Anfwer in 10d Deg,
of Cancer. For fince they bath are going towards the fame
Parts, and the Motion of the Moon, which is farcher diftant

from the Conjunction, hath a later Epocha, the Moon will
be A, the Sun B, and W the Length of the Moon’s
Way, which, if you w:ﬁ:c 13 for ¢, 1 forf, d, and g, 9o
' I3XIX 04 I13XIX3
I3XI—1X%X1I

for ¢, and 3 for b, will become

that is, ]-ffg, or rcc: Degrees ; and then add thefe De-
12

?

grees to the Beginning of Arics, and there will come out
10.- Deg, of Cancer,

Exampre 11. If two Pofi-Boys, 4and B, being in
the Morning 5o Miles afunder, fet our to meet each other,
and A goes 7 Milics in 2 Hours, and B 8 Miles in 3 Hours,
and B begins his Journey 1 Hour Jater than A, it is de-
manded how far 4 will have gone before he meets B, An-
fiver, 35 Miles, For fince they go towards cach other, and

A fets out firft, c—‘%_ cedh will Le the Length of his Jour.

1 L 4

df
ney ; and writing 7 for ¢, 2 for f, 8 for d, 3 for g, 59 for

e, and 1 for h, this will become 7¥3X59 + 7)<8)“, that
' . 7¥3 -+ 8xz2

. 1203

37 R : |
Proerem VI Giving the Power of any Agent, to find
how many fuch Agents will perform a given Effe@ 4 ina
given Time b, - o

Let the Power of the Agent be fuch that it can proluce
the Effect ¢ inthe Time 4, and it will be as the Time 4 to
the Time b, fo the Effe& ¢ which that Agent can produce
in the Time 4 to the Effect which he can produce in the

Time b, which then will be %,r._ Again,“_as the Effe& of

one Agent b ; to the Effe@ of all 4; fo that fingle Agent
- ' | | ) - to
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to all the Agents ; and thus the Number of the Agents will

ad
be Z‘;.

ExamprLe. If aScribe can in 8 Days write 15 Sheets,
how many fuch Scribes muft there'be to write 405 Sheets in
-9 Days?  Anfwer 24, For if ‘8 be fubflituted for d, 15 for

ad .

"¢, 405 for 4, and g for b, the Number » will become
M, that s, 33@, or 24, |
9X1g 125 _

Prosrem VII, The Fowes of feveral Agents being
given, to determine x the Time, wherein they will joynty
perform a given Bffe&@ 4. | L

Let the Forces of the Agents 4, B, C be fuppofed, which
in the Times ¢, f, g can produce the Effedts 4; b, ¢ refpective~
ly ;5 and thefe in the Time a will produce the Effedls ‘z—eﬁ,

b : | -
2 IE . wherefore is g+lj—f+cf —=d, and by Re-
£’z e f g

dudti —T T

ué’rx(}_nx_%_‘_%_‘_é_. | |

ExaMmpre. Three Workmen can do a Piece of Work
in certain Times, viz, .4 once in 3 Weeks, B thrice in §
Weeks, and C five times in 12 Weeks., It is defired to
know in what Time they can finifh it joyntly ? Here then
are the Forces of the Agents 4, B, C, which in the Times
3, 8. 12 can produce the Effe&s 1, 3, 5 refpeétively, and
the Time is fonght wherein they can do one Effect. Where-
fore, fora, b, c,d,e,f,g write 1,3,8,1,3,8,12, amnd

‘there will arife » = - T f ey or...yi of a Week, that is, -
[allowing 6 workings Da}?s to a Wéek,” and rz Hous to
each Day] 5 Days and 4 Hours, the Time wherein they will

Joyntly finiih it.

~ ProsLeM VIIL So, to compound unlike Mixtures of
two or more Things, that the Things mix'd together may
have a given Ratio to one anothes,” - -

L2 et
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Let the given Quantity of one Mixtwre be d.A - e B -,
fC, the fame Quantity of another Mixture g A+ 5B+ kC,
and the fame of a third {4 -} m B - n G, where A, B, c:
denote the Things mix’d, and d, e, f, g, n, @c. the Pmpor-
tions of the fame inthe Mlxturcs. And let p A ~+qB-4rC
be the Mixture which muft.be compos'd of the three Mix-
tores ; and fuppofe w,y, and z to be the Numbers, by whuh‘ _
if the three given Mixtures be rcfpe&wtly multiply d, thul
Suiitt will become pd 4 g B~ vC, - | ‘

rfx‘A-—}-e.mB—}—f . L

Therefo:rcxs +.gy/:1 -+}1yB~} UC =pA+qB+rC
@"’rluﬂﬂ'mmbﬂ"ﬁéLl‘ T

And- then nuking da - g JAlz=p; ex byt mz
w= gy and fa- éy—{—nz,-—-r ancl by Redu&ion & —

p-—-—cry-—-lz, r—fby—nz

. And again, the ‘Equations

d = _ |
pmg*}'mlz' q—-bymwm and qr--ij-——mz,:_r-——l’y-—-—nz:
/ 4 7 1 d e | f )
Ao ep—--dq ddmz—¢ :E Wy
by Redattion give = — “eg—db En=

- _“‘ _ '____I .

rq—°r 7 : rrn%_ ,mms wh:ch if abbrcwated by wxit‘ing
-'-—8 w

o for ep—dg, p for dm—cl, » for prr-——cih § for

fn—f—-et. (foren-u--fm. andf}for ‘/'J--ci wﬂ]becr:)mc,

(T S

"Q]” -‘é:-“-(”-il E " BC-—-—*/'J“ o
'“"“‘*"“"‘*‘" 5 :m.'."‘é"—-, and by Redu&mn ——-———:-%—b__ ng\r@g

. -Bx - ———s —
: rund % puim_% ﬁ =, zmlp H{; }z = &,

LR AMPLI. I Lhcre were thrcc Mutuut of Metals mL]t*
ed dowp together 3 of the firft of whicha Poand [Averdu-
- pois) conitans of Silver § 12, of Brafs 2 1, and of Tin ?;3 ;

ofthe fecond, -a Pound contains of § 11va 5 1.0f Brafs 5 12,
cand of Jdin 3 ) am} a, Pound of the third contains of Brafs
i 141 of T §'2; and no Silver 3 and let thefe Mixtares be

‘16" 1o bet 'compmmded that 2 Pound of the Compofieion

may contam of ‘}ﬂvcr §4, of Bmﬁ, g, and of Tin 3.1
~ Bor dy e, s gy by K3 l’,!(ﬁ,.ﬂ, > Gy 7y WIS L:,;, 5 Xy 12,
"33 9,14, 25 4, 9y 3 refpectvely,: and o will be (—_;__— ep
I X~ 12 % 9) =104, and, P (‘mdm--—el—

Y2 X e [ X Q) ;;;;168 and fo; =43, =24, {
== 40,
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.,-—_-~40 and 0= 33 And therefore z (-...Btz:‘;i "-'-.::.
5432-1—3432 I m-}-&z_ ,—-—-:04—}-0

O; == —_— =
57°o-—-4344) ’7( —143 )

. 11?

2oand x (-..._ L’“:;gi’ Wk’ = )__J_.. ‘Where-

fore, if there be mix'd ;- Parts of a Pound of the fecond
Mixture, g_- Parts of a Pound of the third, and nothing of
the firfi, the Aggregate will be a Pound, containing four
Ounces of Silver, nine of Brafs and three of Tin,

Progrem IX. The Prices of feveral Mxxtures of the
fam.e Things, and the Proportions of the Things mix'd to-
gether being. given, to determme the Price of eauh of the
Thmgs mix'd. -

Of each of 'thé Things .4, B, C, let the Price of the
Mixtore 44+ g B-HC be{) oF the Mixtore ¢ 44 5 B
- mC the Pnce 9, and of the Mixture f4+4 2B -} # C the
Price 7, and of ‘thofe Things 4, B, G let the Prices x, 7, z.
be demanded, For the’ lhlngszfi' B C fubflitute their Prices

%, ¥, z, and.there will arife the quuatmns dx 4 o 27 -+ Iz
=P, e +hy 4 mz=q, and fx-bytnz=7r; from
which, by proceeding as iu the forcgomg P:oblem “there

bo - 38 et pa
will in like ‘manner bc 8ot TR =z, ~ T 7 and:

P— gy-—-—-lz:

, ExaAmpir. One bought 40 Buﬂle]s of Wneat, 24 Bu-
ﬂuels of Barley,  and 20 ‘Bufhels of Oats together for 15 -
Pounds 12 Slu]hn s, Again, he bought of the fame Grain
26 Bulhels of Wheat 30 Bulhels of barley, and ¢ Buthels
of Oats rogether, for 16 Pounds:  And thirdly, he bought of
the like kind of Grain; 24 Bufhels of Wheat, 120 Bufhels
‘of Barley, and 100 BuﬂleTs of Oats together, for 3.4 Pounds,

It is demanded ‘at what Rate a Bufhel of each of “the Grains
‘ought to be ‘valued, ~ Anfwer, a Bufhel of Wheat at g Shil--
lings, of Barley at 3 Shillings, and of Qats at 2 Shillings,
‘For inftead of d, g, [ e, byms f b, w5 p, 4,7, bY writing
xefpe&tively: 40, 24, 203 26, 30, 50 524, 120, 100 5 18+,
16, and 34, there arifes a (=ip-~dg=26X 14340
% 16) = 234%) , and p (== dm —el = 40 X 50— 26 ¥ 20)
521480, and thua ¥ e— 576 & =500, { = 1400&
TN a all

-'if.x.'
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o - >
and § = ~- 2900, Then =z (3 ;%"_‘_"‘g;"a' =
562460—288000 274560 )_'__L . (__.__tf«
~~B06405--3592000 = 27456¢0 EER AN
o T2 and x’( —-g_'y-—mlz,
e . — 1 =

e 576 4 B
15+ ':;" 2y 1, Theref'oxe a Bufhel of Wheat coft

1 15, or 5 Shillings, a Bufhel of Bar]ey - 16, or 3 Shillings,
dllj ’a Buthel of Oats .2 - ik, or 2 Shillings,

ProrreM X. There being given the fpecifick Gravity
both of the Mixture and the [two] Things mixd, to find
the Proportion of the mix’d Things to one ancther

Tete be the fpecifick Gravity of the Mixture A + B 4 the
fpecifick Gravity of 4, and b the fpecifick Grayity of B,
and f{ince the abfolute Grawty, or the Weight, is compofed of
the Bulk of the Body and the {pecifick Gravity, 2.4 will be
the Weight of 4, bB of B, and e A+ ¢ B the Weight of

the Mixture 4 4+ B ; and therefore 4 A4 4+ bB=e¢A-+e¢B;
and from thence « Ao—tA—eB—bB; ; and confequent!y
¢—bia——e:; 4:p.

ExamMprs, Suppofe the Gramty [or fpecifick Weight]
of Gold to be as 19, and of Silver as 10%, and [King]
Hiero’s Crown as 17 ; and [63::2]::10:3 (e»-»-b A—
::4: B):: Bulk of Gold in the Crown : Balk of Sijver, or
19:3 31 (119X 10 : 105X 3 1taK er—brs b)(u-—e)

: as the Weight of Gold in the Crwwn to..the Weight of

Sllver, and 221 : 31 1 ¢ as the Weight of the Crown to the
Weight of the Silver, - |

Prosrem XL If the Number of Oxen 4 eat up the
Meadow b in the Time ¢: and the Number of Oxen d eat
up as good a Piece of Pafture ¢ in the Time/, and the Grafs

grows nmformiy to find how many Oxen w111 eat up the
fike Paftore F4 in the Time 5,

If the Oxen 4in the T1m'= ¢ eat up the Paﬁurc b then

by Proportmn the Oxen -ba in tbr. fame T;;me ¢, ot thc

OIen b}.a m thc Time §, or the Oxen Ew in the Tlme b.

Cwill
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will eat up the Paflure ¢ ; fuppofing the Grafs did not graw
. [atall} after the Time ¢.  But fince,” by reafon of the

Growth of the Grafs; all the Oxen d in the Time fcan eat
up only the Meadow ¢, therefore that Growth of the Grafs
in the Meadow ¢, in the Time f~—c, will be fo much as

alone would be ‘fmﬁicient to feed the Oxen d -.-"-li-; the

Time f, that is as mach as would fuffice to feed the Oxen

d ' A .
Zi - 555— in the Time b. And in the Time hw-¢, by Pro-

portion, fo much wounld be the Growth of the Gfafs as
would be fufficient to feed the Oxen 'l?..:f into ‘i-f bk

| f—c b~ bk
or bdfb-»-—emb——-bdcf—l—gec;. Add this Increment .

bfh —beh
to the Oxen %5%, .and there will come out
bdfb'm”“bmbdqf Tecfs the Number of Oxen which
bfh—bch ?

the Pafture ¢ will fuffice to feed in the Time b And fo by
[in] Proportion the Meadow g will fuffice to feed the Oxenn
ghdfh—ecagh—bdcgf -t ecfga

“befh—bceh : during the fame

Time b. |
ExamprLe. If 12 Ogeneatup 3%+ Acres of Pafture in
4 Weeks, and 21 Oxen eat up 10 Acresof like Pafture in
o Weeks ; to find how many Oxen will eat up ?6 Acres'in
18 Weeks? Anfwer 36 ; for that Number will be found
bdfgh—ccagh—bdcgf -t ecfga
| : befh—beceh -
the Numbers 12, 31, 4, 21, 10, 9, 36, and 18 for the Let-
ters 4, b, ¢, d, ¢, f, g, and b refpe@ively ; but the Solution,
perhaps, will be no lefs expedite, if it be brought out from
the firft Principles, in Form of the precedent literal Solution,
- Asif 12 Oxenin ¢4 Weeks eat up 3+ Aczes, then by Pro-
portion 36 Oxen in 4 Weeks, or 16 Oxen in 9 Weeks, or
8 Oxen in 18 Weeks, will eat up 10 Acres, on Suppofition
that the Grafs did not grow. But fince by reafon of the
Growth of the Grafs 21 Oxen in 9 Weeks can eat up-only
10 Acres, that Growth of the Grafs in 10 Acres for the. laft
3 Weeks will be as much as would be fufficient to feed §°
co. T T T T Oxen,

by fubftituting in
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Oxen, that. is the Excefs of 21 above 16 for 9 Weeks, of,
what is the {fame Thing, to feed & Oxen for 18 Wecks, .
Andin 14 Weeks (the Excefs of 18 above the firft 4) the
Increafe of the Grafs, by Analogy, will be fuch, as to'be
fufficient to-feed 7 Oxen -for 18 Weeks : Add thefe 4 Oxen,
which the Growth of the Grafs alone would fuffice to feed,
to the 8, which the Grafs without Growth after 4 Weeks
would feed, and the Sum will be 15 Oxen.  And, lafily, if
10 Acres fuffice to feed 15 Oxen for 18 Weeks, then, in
" Proportion, 24 Acres would fuffice 36 Oxen for the fame

Time, . ‘ A

Prorrem XII. Having given the Magnitudes and Mo.
tions of Spherical Bodies perfedily elaftick, moving in the
fame righe [ine, and meeting one another, to determine
their Motions after Reflexion,

The Refolution of this Queftion depends onr thefe Condi-
tions, that each Body will fuffer as much by Re-aétion ag
the AQion of each is vpon the other, and that they muft
recede from each other afrer Reflexion with the fame Velo-
city or Swiftnefs as they met before it.  Thefe Things being

fuppos'd, . let the Velocity of the Bodies 4 and B, be 4 and
b refpeStively : and their Motions (as being compos’d of
their Bulk and Velocity topether) will be 2.4 and b B, And
if the Bodies tend the fame Way, and .4 moving more
{wiftly follows By, make a the Decrement of the Motion
a A4, and the Increment of the Motion b5 arifing by the

Percuflion ; and the Motions after Reflexion will be z.4—»

dahs AT RAILBRLAED Teimwld A was e Lhenm

T btz

..a'nd bB+4x; a!_nd’the Celerities = and =

" whofe Difference is = to a——1b the Difference of the Ce-
lerities before Reflexion,  Therefore there arifes this Aqua-

tion bB—""x_..__'ﬂﬁ"_x::awb, and thence by Re-
o 24 A8 — 2bAB
A4B

, Wwhich Being {ub-

duction & becomes

. . o ad ey LB A
flituted for x in the Celerities and — 2

there comes qut ,;'-_,4....:; i '; 208 for the Celerity of 4,
and 22—V AT DE ¢ the Celerity of B afier R
and -~ x"i"‘rB_W v the Celerity’ of arml e«-‘

Aexion. , | |
1 | " But
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But if the Bodics ‘meet, then changing the Sign of b, the

Velocities af'rgr Reflexion .Wil] he & A -:4 QA j -1;— 2D B’- and
gdA:};z_Ab_ hB , either of which, if they come out, by

Chance, Negative, it argues that Motion, after Reflexion, to
tend a contrary Way to that which 4 tended to before Re-~
flexion. Which is alfo to be underflood of A's Motion in
the former Cafe, : '

Exampre. If the homogencous Bodies [or Bodies :of
the fame Sort] .4 of 3 Pound with § Degrees of Velocity,
and B a Body of 9 Pounds with 2 Degrees of Velocity,
tend the fame Way ; then for 4, 4, B, and b, write 3, 8, 9,

and 2 ; and-(ﬂﬂ_ﬂB_}-sz

| P

turn back with one Degree of Velacity after Reflexion,. and
B will go on with g Degrees.

becomes — 1, and

Prosrem XIII. To find 3 Numbers in contingal Pro-
portion, whofe Sum fhall be 20, and the Sum of their
Squares 1407 | |

Make the firft of the Numbers — x, and the fecond =y,

and the third will be '23, and confequently z‘-—i— 5 +3’_£

And b}r Reduétion

S ke e T Ry S 4

RS TV SRV S
== 20; atd xx-rjyy 1T .

v F1 stpymo it w E N sady=a

Now to exterminate z, for 4, b, ¢,d, es f, £,5, in the third
Rule, fubflitute refpedively 1,0, y7y = 140,0, %" ; T,y
w20, and yy ; and there will come out —yy+ 230 Xy ¢
: F 27y —40y X 260y*— 40y° 1 +3y* Xy*:— 29
% 7° — a0y’ ~& 4coy* : = 0 ; and by Multiplication
Iézzo y° -i 304;‘; }'A‘.r :yo, or y== ,62% Which is found more
fhott by another Method before, * but not fo obvious as this.
‘Moreover, to find- x, {ubflitute 6% for y in the /quation:
xx i go o +*7ymo? 9‘_nd there will arife ww — 1374

Mo sfaed
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“}-422 =0, OF vxm= 13} 2 423, and having extradted the
Root x =63 -}, or —v35.; viz. 67+ V37 1 the
. N L 41_ 1 AT 13“'3" 1. 41 3 I A/
greateft of the three INumbers tought, and 65 and V2L,
the leat. For x denotes ambiguonily either of the extreme
 Numbers, and thence there will come out two Values, cither

’ _ )
of which may te x, the other being 22

.
'vv

The fame otherwife, Putting the _Nmﬁbers.x, y, and 24

X
20

as before, you'll have & -y -\-—2% 3= 20, OF AX== y X

— 73y, and extrafing the Root x=10—%y -+ |
¥100— 10y —2yy for the firft Number : Take away
1Y

-
1

this and y from 20, and there remains =% = 10 ~= Ly

A/ 100 — 10y —2yy the third Nomber. And the Sum

Fq¥) : . .
of the Squarves arifing from thefle 3 Nuwibers 18 400
— 407y, and {0 40040y = 140, OF y==6%. And ha-
ving found the mean Numbey 6%, fubflitute it for y in
the firft and third Number above found ; and the firft will

become 67 + '3+, and the third 63 —¢/3%, as before.
Pronrem X1V, To find 4 Numbers in continual Pro.
portion, the 2 Means whereof together make 12, and the 2

~ Extremes 20.
Let x be the fecond Number, and r2—~—x will be the

. XA - f =—— 24 X
third, T the firft ; and 144 i’-» ok the fourth ;

X 1 1424 & - 2%
2 — X x o
by Redu@ion % == 122 — 304, of & z=6 -+ /52, Which
being found, the other Numbers are given from thofe
‘above.,

Prorrem XV, Tofind 4 Numbers continually propor-
tional;, whereof the Sum 4 is given, and [al(o] the Sum of
their Squaves b. B | ‘

- Altho’ we ought for the moft Part to feck the Quantities
requir’d jmmediately, yet i -there arc 2 that are ambiguous,
that is, that involve both the fame Conditions, as here the
2 Means and 2 Extremes of the 4 Proportionals) the beft
Way is to feck other Quantities that are not ambiguous,

and confequently- 1 = 20. And
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by which thefe may be determin’d, as fuppofe their Sum,
or Difference, or Reftangle, Letus therefore make the Sum
of the 2 mean Numbers to be s, and the Re@angle , and
the Sum of the Excremes will be 4—s, and the Refangle r,
becanfe of the Proportionality,. Now that from hence thefe -
4 Num'ers may be found, mike x the firft, and y the fecond,
and sy will be the third, and 4 — s— 2 the fourth, and
~ the Re&angle under the Means 5y=-yy =1, and thence one

Mean y —is+ 4/ 7 theother s—ym L5 e v/ I 55 m 10
Alfo, the Reftangle under the Extremes a4 — s x— 22 == 7,

‘ a3 §§ 245+ aa -

and thence one Extreme 2 — - [/ - m Py

, : 2 4+
and the other 4....._,.___‘,“_._“"'"’ _,’/u—-—z.qj - aa

' L . ) .

- The Sum of the Sqirares of thefe 4 Numbers is 2.55—=
2454 ag~ 47, which is == b, ~Therefore r-—3% 55— %
as~%aa—21) which being fubftitated for », there come |
out the 4 Numbers as follows ' |

. . . N '/- 1 . N 3-
The 2 Means {'z‘«' B A Ll R T i ol S Rt L

ey 7o

%--fﬁﬁ/f;bma:}u-i—%(um%dm

A A5 T
; R — o '{‘ ¥ _;;bw-;r.ff
The 2 Extremcs . o
o T e A b Ly
2

Yet there remains the Valoe of s to be {’ound.‘- ‘Whercu';
fore, to abbreyiate the Terms, for thefe Quantitics fub-
ftirate, and the 4 Proportionals will be .

' A= $

ST by |
getr o
gS—P
a3
. 2 | _ ‘ |
.and make the Redtangle under the fecond and fourth equal
to the Square of the third, fince this Condition of the Quefti-

a § e 0.8 '
—5qst

onis not yet farisfy’d, and you'll have .

pA-—=ps —pg = % " - 05 ppe Make- alfo the Reftangle
2 N M 2 ~° undex
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under the firft and third equal to the Squate of the feccm&
a5 e— ;:+ Las p;z—+—p£

quz“
+p:+p; Take the firft of thele 'Ezquatmns from the'l
latter, and there will remain gs——pa—-ps=2ps, or gs=
pa-tps Reftore now +/Ehmiss+ Las—2Laa in the
Place of p, and /% "“b--;f.r.f in the Place of ¢, and you'll
have .w/ hren 255 == £+: V‘b-——zur}-zmmgm

and by fquanng 55~—-———-s-l— aa—Lh, or .f--»-—-;‘;;
a

and you "I have

'Jr V bb - 1 244 -»-- 1 b which bc::mg found the 4 Num-

bers fought are gwen from what has been fThewn above.

- Pronrem XVIL If an annual Penfion of the [Number
ot ] Pounds 4, to be paid in the five next following Years,
be bought for the ready Money ¢, to find what the Com.
pound Intereft of too I per Apnum will amount to ?

Make 1~ the Compound Intereft of the Money x for .
a Year, that is, that the Money 1 to be paid after one Year
is worth « in ready Money ;' and, by Proportion, the Mo-
ney « to be paid after one Year will be worth 42 in ready
Money, and after 5 Years [it will be worth] asx and
after 3 Years ax?, and after Years ax*, and after
Years ax'. Add thefe g Terms, and youll have ax°

d.’c4~[-d x? +az.m,+¢m-_=c, (o) o x‘ +x“ +oc= +x‘-{
& -—-Z— an Aquation of g Dimenfi ons, by He!p of wnch.

when a is found hy the RuIes to be taught hereaﬁ:er pug
X:71::100 1y, and y—100 will be the Compound Inte-
- xefl of 1001, per Annum,

1t is [will be] fufficient to have given thefe Inflances i in
Queftions where only the Proportions of Quantities are to
be confider’d, without the Pofiuons of Lines : Let us now
procecd to the Solutions of (.:cometrxcal Problems.

| Hm
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How Geometrical Queftions may be reduc’d to
Aquations. |

Eometrical Queftions may be reduc’'d fometimesito A«
quations with as much Eafe, and by the fame Laws,
as thofe we have propos’d concerning abftradted Quantities,
As if the right Line 4 B be to be cut [or divided] in mean .
and extreme Proportion {or Reafon] in-(, that is, fo that
- BE, the Square of the greateft Part, fhall be equal to the
Re&angle BD contain’d under the whole, and the leaft’
Parr 5 having put A B—q, and BC=x, then will AC —
ar—gx, and x4 into 42 ; an Aquation which by Re-
dudlion gives &« - L4~} ﬁ/—f;ﬂ a. [Vide Figure 6.7 -

But in Geometrical [Cafes or] Affairs which more fre-
quently occury they fo much depend-on the various Pofiti-
ons and complex Relations of Lines, that they require fome
farther Invention and Artifice to bring them into Algebraick
. Terms, And tho’ it is difficult to preferibe any Thing in
thefe Sorts of Cafes, and every Perfon’s own Genius ought
~ to be his Rule [or Guide] in thele Operations ; yet I'll en-
- deavour to fhew the Way to Leamers. You are to know
 therefore, that Queftions about the fame Lines, related after

- any definite Manner to one another, may be varioufly pro-
pos'd, by making different Quantities the [ Ouefra] or
Things fought, from different [Dat4] or Things given. But
of what Data or Quefita foever the Queflion be propos’d,
its Solution will follow the fame Way by an Analytick Se~
ries, without any other Variation of Circumfiance befides
the feign'd Species of Lines, or the Names by which we
are }'lufed to diftinguilh the given Quantities from thofe
foupht, ‘ o . SRR

| i\s if the Queftion be of an afeeles CBD infcrib’d in =
Circle, whofe Sides B(C, B D, and Bafe C]), aze to be com-
par'd with the Diameter of the Circle 4B. This may ei-
ther be propos’d of the Inveftigation of the Diameterfrom
- the given Sides and Bafe, or of the Invefligation of the
Bafis from the given Sides and Diameter ;- or laflly, of
the Inveftigatiqn of the Sides from the given Bafe and Dia-~
meter ; but however it be propos’d, ‘it will be reduc’d to an
Kquation by the fame Series of an Analyfis, [Fide Figure7.]
Viz, If the Diameter be fought, 1 pnt AB=x, CD=a,
and BCor BD=b Then (having drawn .4C) by reafon
i..‘- N7 . : ' . : - . I QE
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of the fimilar Triangles ABC, and CBE, 4B will be to
BGC::BC: BE, or x:b: ‘b :BE. Wherefore BE =
bb

o Morc-over, CEis=4CD,orto 143 s and by reafon of
| the right Angle CE B, CL‘Q -+ B Eq,=— B (g, that is, § aa -}
—— —bb ‘Which ;Equatmn, by Reduétmn, will gure the
xx

Quantity x fought,

But it the  Dafe be fought, - pnt AB-—« ¢y €D =, and
BCor BD b Then (AC bcing drawn) becaufe of the:
fimilar Tnaugles ABC and CBE, 'there is AB:BC:

b
EC;BE oreibiib: [)’E Wheretorebb—~%—; and
alfo CE=3CD, or 34 “And becaufe the Angle CEBis
right, C‘Eq—-}-B!:q BCq, that 1s, fxx —-~—--bb

an quuatmn which will give by Reduction the foua it Quan-_
nt X

But if the Side BCor BD be fought, put ABw ¢, CD =a,
and BCor BD=—x And (4C being drawn a8 before) .
by reafon of the fimilar 1nausles ABC and CBE, AB
isto BC:: BC:BE, ore ta i BE, WimrntoreBE‘

XX .
— S Moreover CEis = ILC.D or fiy and by reafon’

of the nght Angle CEB, CEg-»}-PEq.___BCq, that 19"

Zaa -+- == PR and the JEquanon by Reduéhon wzll

. glve the Quantity fought viz. x.

You fee therefore that in every Cafe, the Ctlculus, by
which you come to the Aquation, is the fame every where,
and brings out the fame ji:quauon excepting only that i
have denoted the Lines by different Letters according as |
made the Data and Quafira [different]. And from different
Data and: Quafia there  arifes a Diveérfity in the Redudtion
of the /Equatxon found : For the Reduéhon of the Aqua-

tion 3— aa -1- ——1: ==bb, m ordcr to obtain x—-«m o

"/ g bb—an
the Value of AB 13 dlff‘uent; from the Rcdu&s,ou of thy

: b
Equatmn 4.9:.::-{« — e l';!), m order to obtam x—-—g:
b

4/ cs---bb the Value Qf' CD 5 and the Redu&mn of ‘the
quua.«
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. L4 : .
Kquation jaa - -=ar very different to obtain & =

.ﬁ/ﬁ—:—ciﬁ%/ccwm the Value of EC or BD§ (as well

b+ o
as this alfo, £44 - — = bb, to bring out ¢, 4, or b, ought

to be reduc'd after different Methods) but there was no Dif.
ference in the Inveftigation of thefe Aquations, 'And hence
it is that [ Analyfts] order us to make no Difference between
the given and fought Quantities. For fince the fame Com-
putation agrees to any Cafe of the given and fought Quan-
tities, it is convenient that they fhould be conceiv’d and
compar'd without any Difference, that we may the more
rightly judge of the Methods of computing them; or ra-
ther it is convenient that you fhould imagine, that the
Queftion is propos’d of thofe [Data and Quefita] given and
fought Quantities, by which you think it is moft eafy for
you to make out your Aquation, o _;
Having therefore any Problem propos’d, compare the
Quantitics which it involves, and making no Difference be-
tween the given and fought ones, confider how they depend
one upon another, that you may know what [Quantities]
if they are affum’d, will, by proceeding Synthetically, give
the reft. To do which, there is 1o need that you fhould at
firft of all confider how they may be deduc’d from one ano-
ther Algebraically ; but this general Confideration will fuf-
fice, that they may be fome how or other deduc’d by.a di-
re@ Connexion [with one another]. o
For Example, If the Queftion be put of the Diamcter of
the Circle 4D, and the three Lines A8, BC, and CD
infcrib’d in a Semi-circle, and from the reft given. you are
to find BC; at firft Sight it is manifeft, that the Diameter
AD determines the Semi-circle, and then, that the Lines
A B and CD by Infcriprion determine the Points B and C,
and confequently the Quantity fought BC, and that by 'a
dire&t Connexion ; and yet after what Manner 2 Cis to be
had from thefe Data [or given Quantities] is not fo evident
to be found by an Ahalyfis. The fame Thing is alfo to-be
underflood of 4B or CD if they were to be fought from
the other Datg. [Fide Figure 8.] Now, if AD were to
be found from the given Quauntities 4B, B(C and CD, it
is equally evident it could-not be done Synthetically ;- for
the Diftance of the Points 4 and D depends on'the Angles
| i - o B and
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B and C, and thofe Angles on the Circle in which the given
‘Lines dre to beinferib’'d, and that Circle is not given with.
- out knowing the Diameter 4 D. The Nature of the Thin
- therefore requires, that .4 D be fought, not Synthetically,
but by afluming it [as given] to make thence a Regreflion
to the Quantities given. -
When you fhall have throughly perceiv’d the different
Orderings [of the Procefs] by which the Terms of the Que-
“{flion may be explain’d, make Ulfe of any of the Synthetical
TMethods] by afluming Lines as given, from which you can
form an eafly Procefs to others, tho' [the Regreffion] to
them may be very difficult.  For the Computation, tho® i¢
mavy proceed thre’ various Mediums, yet will begin [r_‘sriui!

-aale L TR F P ¥ Cwd, Al el At R m s A e EE S

. nally] from thofe [or.fuch] Lines ; and will be fooner per-
“form’d by {uppofing the Queltion to befich, as if'it was pro-
- pos’d of thofe Data, and fome Quantity fonght that would
eafily come out from them, than by thinking of the Que-
flion [in the Terms or Senfe] it is really propos’d in.  Thus
in the propos'd Example, if from the reft of the Quantities
given you -were to find 4D : When I perceive that it can-
“not be done Synthetically, but yet that if it was done fo, |
could proceed in my Ratiocination on it in a dire& Con.
~nexion [from one Thing] to others, T affume 4D as given,
-and then I begin to compute as if it was given indeed, and
fome of the other Quantities, wix, fome of the given ones,
as AB, BC, or CD, were fought, And by this Method,
by carrying on the Computation from the Quantitics af-
Tum’d after this Way to the others, as the Relations of the
‘Lires [to one another] direct, - there will always be ob-
tain’d an Aquation between two Values of fome one Quan-
tity, whether one of thofe Values be a Letter fct downas a
[ Reprefentation or] Name at the BReginning of the Work
for that Quantity, and the other a Value of it found ont
by Computation, or whether.both be found by a Computa- -
tion made after different Ways. .
But when yoo have compar’d the Terms of the Queftion
thus generally, there 1s more Art and Invention requir'd to
find out the particular Connexions or Relations of the Lines
~that fhall acccmmodate them to [or render them fit for]
Computation, For thofe Things, which to a Perfon that
~does not fo thoroughly confidex them, may feem to be im-
~mediately and by a very near Relation conne@ed together,
when . we have a Mind to exprefs that Relation Algebrai-
cally, require a great deal more round-abount Pi:oc'eeclingci
an
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and oblige you to begin your Schemes anew, #nd carry on
your Compuration Step by Step; as may appear by finding’
BC from AD. 4B, and CD. For youare only to proceed
by fuzh Propofitions or Enunciations that can fidly be repre~
fented in Algebraick Terms, whereof in particular you have®
fome from [Encl] Ax.19. Prop. 4. Boak 6. and Prop. 47.
of the firft.
" In the firft Place thercfore, the Cienlus may be affifted
by the Addition and Subtraétion of Lincs, fo that from the
* Values of the Parts you may find the Values of the whole,
or from the Valuc of the whols and one of the Parts you
may obtaiu the Value of the otiier Part, - "
In the fecond Place, the Calculus is promoted by the-
Proportionality of Lines; for we fuppofe (as above) that
the Re&angle of the mean Terms, divided by either of the’
Extremes, gives the Value of the other; or, which is the
fame Thing, if the Values of all four of the Proportionals are-
firft had, we make an Equality[or Equition] between the'Re-"
&tangles of the Extremes and Means.  But'the Proportionality*
of Lines is beft found out by the Similarity of Triangles,:
which, asit is known by the Equality of their Angles, the
Analyft ought in particular to be converfant in comparing”
them, and confequently not to be ignorant of Euzl, Prop, 5,
13,15, 29, and 32 of the firlt Book, and of Prop. s, 5, 6,
7,and 8 of the fixth Book, and of the 20, 21, 22, 27, and.
31 of the third Book of his Elems. To which alfo may be-
added the 3d Prep, of the fixth Book, wherein, from the
Proportion of the Sides is inferr'd the Equality of" the An--
gles, and' e contra.  Somctimes likewife the 26 and 3yth-
Prop. of the third Book will do the fame Thing, .
In the third Place, [the Caiculos] is promoted by the Ad-
dition or Subtra&ion of Squares, wiz. In right angled Trian-
gles we add the Squares  of the leffer Sides to obtain the:
Square of the greater, or from the Square of the greater Side -
we fubtraé the Square of one of the leffer, to obtain the-
Square of the other ' I
And on thefe few Foundations (if we add to them
Prop. 1. of the 6th Elem. when the Bufinefs relates to Super-®
ficics, as alfo fome Propofitions taken out of the rrth and:
12th of Euclid, when Solids come in Qucftion, the whole
Analytick Art, as to right-lined Geometry, depends.. More="
over, all the Difficulties of Problems may be'réduc’d to the
fole Compofition of Lines ont”of Pars; “and the Similarity’
of Triangles; fo that there is’-ig"()ccaﬁoh to 'make Ufeioﬁ
T ' | other
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other Theorems; becaule they may all be refolv’d into thefe
two, a;ric’l confequently into the Solutions thaf tiay be drawn
from them, - And, for an Inftince of this, I have fubjoin'd
a Problem about letting fall a Perpendicular upon the Bafe
of an oblique-angled Triangle, [whichis] folv'd without
the Help of the 47th Prop. of the firft Book of Eucl. Bue
altho’ it may be of [grear] Ule ot to be ignotant of the
moft fimple Principles on which theSolutions of Problems.
depend, and tho’ by only their Help any [Problems] may
be folv’d ; yet, for Expedition fake, it will be convenient
tiotonly that the 47th Prop. of the firft Book of Eucl. whofe
Ufe is moft frequent, but alfo that ether Theorems fhould |
fometimes be made Ufe of | o
~As if [for Example] a Perpendicular being let fall upon
the Bafe of an oblique angled Triangle, the Queflion were
(for the fuke of promoting Algebraick Calculus) to find the
Segments of the Bafe; here it would be of Ufe to know,
that the Difference of the Squares of the Sides is equal to
the double Redtangle under the Bafe, and the Diflance of the
Perpendicular from the Middle of the Bafis.., o
If the Vertical Angle of any Triangle e bifedted, it will
not,orily be of Ufe to know, that the Bafe may be divided
- it Proportion to the Sides, but alfo, that the Difterence of
the Re&angles made by the Sides, and the Segments of the.
. gafé_ is equal to the Square of the Liné that bifes the
ogle, -~ . o
]%' the Prqblem relate to Figures dnforibd in a Circle,
this Theorern will frequently be of Ufe, wiz. that in any
. quadrilateral Figure inferib’d in a Circle, the Reétangle of
the Diagonals is equal to the Sum of the Reflungles of the

\ .

oppofite Sides. . ] 3 S T
The Analyft may obferve feveral Theorems of this Nature
in his Pradtice; and referve them for his Ufe ; but let him
ufe them fparingly, if he can, with cqual Facility, or nat
mmuch mote Difficulty, hammer out the Solution from more
fimple Principles of Computation, .~ - -
. Wherefore let Him take efpecial Notice of the thrce Prin-
ciples firft propos'd, as being mare known, more fimple, more.
- genenal, but a few, and yet fufficient for all [Problems], -
- and et him endeavour to reduce all Difficulties to them be-
fore others, . A
. But that théfe Theorems may be. accommodated to the
Solution_ af Problerhs; the Schemes are oft times to be Far-.
fHer ¢onfivafled, by prodieing out foine of thic Lines all
| ‘ | | they
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they cut others, or become of an affign’d Length ; or by
drawing Lines parallel or perpendicular from fome remarka-
ble Point, or by conjoining fome remarkable Points ; as alfo
fometimes by conftrufling after other Methods, according ag
the State of the Problem, and the Theorems which are
made Ufe of to folve it, hall require. As for Example, -
If two Lines that do not meet each other, make given Ane
gles with a certain third Line, perhaps we produce them fo,
that when they concur, or meet, they fhall form a Triangle'?
whofe Angles, and eonfequently the Reafons of their Sides,’
fhall be given ; or, if any Augle is given, or be equal to
any one, we often complete it into a Triangle given in Spe-
cie, or fimilar to.fome other, and that by producing fome of
the Lines in the Scheme, or by drawing a Line {ubtending an
Angle, 1If the Triangle be an oblique angled one, we often
refolve it into two righe angled ones, by letting fall a Per~
pendicalar, If the Bufine(s concerns. multilateral {or many
fided] Figures, we refolve them into Triangles, by drawing
Diagonal Lines; and fo in others ; always aiming at this
End, wiz. that the Scheme may be refolv'd either into given,
or fimilar, or right angled Triangles, Thus, in the Exam.
ple propos'd, Idraw the Diagonal B D, that the Trapezium
ABCD may be refolv’d into the two Triangles; A4 BD a
right angled one, and B DC an oblique angled one. [Fide
Figure 9.] ‘Then I refolve the oblique angled one into two
right ‘angled Triangies, by letting fall a Perpendicular from
any of its Angles, B C or D, upon the oppofire Side ; as from
B upon C D producd to E, that BE may meet it perpen-
dicularly. But fince the Angles BAD and BCD make in
the mean while two right ones (by 22 Prep. 3 Elem.) as
well as BCE and B(CD, 1 perceive the Angles BAD -
~and BCE to be equal ; confequently the Triangles BCE
and D.AB to be imilar, And fo 1 fee that the Computa-
‘tion (by afluming 4D, 4B, and BCas if ¢ D were fought)
‘may be thos carty'd on, viz. A D and 4B (by reafon of |
the right angled Triangle 4 B D) give you BD. 4D,
AB, BD, aod BC (by reafon of the fimilar Triangles
ABD and CEB) give BE aund CE. B.Iand BE (by
reafon of the right angled Triangle BE D) give ED; and
ED~—EC gives CD.  Whence there will be obtain’d an
Aquation betvieen the Value of CD fo found out, and the
[fmall Algebraick] Letter that denotes it. ‘'We may alfo. .
(and for the greateft Part it is better {o to do, than to fol-
low the Work too-far in one continued Sexics) begin the
T T "Nz 77 Com-
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Gomputatmn from: d1ﬁ'ment Principles, ‘or at.lcaft promote
it by divers Methods .to any one and the fame Conclufion,
that at length there may be obtain’d two Values ot any
the fame Quantity, which may - be made. qul to one ano-
ther, Thus, 4D, 4B, and. BC, give BD, BE, and CE
" as befare ; then CD+C:5 1ves ED: 'md ldﬂl? BD,
and ED (by reafon of the 'rlg It angled Trlangle BE D)
ive BE. You might alfo very well form the. Camputation,
thus, that the Values of thofe Quantities fhould be fought
between which any other known Relation mterceeds and
then that Relation will bring it to an Aquation. Thus
fince the Relation between .the Lines BD, DC, BC, and
‘CE, is manifeft from the yath Prop. of the. fecond BooL of
the Elem viz, that BDg.— Blyq —(CDg=2CD%x CE:
1 feek B Dg from the affom’d AD and A B ; and CE from
the aﬂumd AD, 4B, and B, And, ]a[ﬂy, affuming CD
I muke BD -—-—BC —-—-(Dq—-*2(’D>< CE. After fuch
Ways, and hd by thef‘e Sorts of Confultations, you ought
always to take care of the Series of the Analyfis, a, and of the
"Scheme to be confirudted in order to 1, at once,

Hence, 1 belicve. it will be ma.mf'eﬁ what Geometricians
mean, when they bi) you imagine that to be already done
which # fought, For making no Difference between the
known and wnknown Quantities, you may aflume any of
them to begin your Computation from, as much as if all
had [indeed] been known by a prevmus Solution, and yop
were no longer to confule che Solation of the Pxoblem bue -
only the Proof of that Solution. Thus, in the firft of the
.three Ways of computing already deﬁ_nde altho’ perhaps
AD bereally fought, . yet 1 imagine ¢ D to be the Quan-
ticy fought, as.if } had a -mind to try whether its Value
“derivid from AD will cotixide with [or be equal to] its,
‘Quantity before kitown, So alfo in the two laft Methods
I don’e propofe, as my Aim, any Quantity to be foughr,
- but only fome how or other to bring out an Aquation from

the Relations of the Lines: And, for fike of rhat Bufinels
E nﬂ‘nrnp a” rrhp [:nmﬂ A N 4 p ne' an f‘ n o 1oty ever

F LI A LTy .u\.., (29 31 ﬂ‘l nuuwu

as much as if (the Q_u;ﬂmn bemg before folv’ d) the Bufi-
‘nefs was to emquire whether fuch and fuch Lines would fa-
tisfy the Conditions of ir, by {falling in or) agreeing with
any %Fruations which tlie Rchtmns o[' the Lmes can exhi-
bir, 1 enter'd upon the Dumlub at m‘lt \1gnr. after this
Way, and with fuch [Sort of ] Confultations 5 but when X
amive atan fKquation, 1 change my Method, and endeavour
C g . ' : 2‘0
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to find the Quantity fouszht by the Redution and Solution
of that Fquation,” Thus, laftly, we affume often more
~ Quantitics as kndwn, than whacare exprefs'd in the State of
the Queftion. Of this you may fee an eminent Example
in the 42d of the following Problems, where I have affum’d
‘4, by and ¢, in the Aquation a4 -+ b - cx* —=yy for deter-
mining the Conick Se&tion ; as alfo the other Linesr, s, ¢, 2,
of which the Problem, as it is propos’d, hints nothing. For
you may affume any Quantities by the Help whereof it is
poffible to come to Aquations ; only taking this Care, that
you cbtain as many Alquarions from them as you aflume
Quuantities really unknown,

. After you have confulted your Method of Computation,.

- and drawn up your Scheme, give Names to the Quantities
that enter into the Computation, (that is, from which be-
ing aflum’d the Values of others ave to be deriv'd, tll at
 laft you come to an Aiquation) chufing fuch as involve all

the Conditions of the Problem, and feem accommodated
before others to the Bufinefs, and that fhall render the Con-
clufion (as fir as you can guefs) more fimple, but yet not
more than what thall be fuflicient for your Purpofe. Where-
fore, don’t give proper Names to Quantities which may be
denominated from Names already given. . Thus, from =z
whole Line given and its Parts, from the three Sides of a
right angled Triangle, and from three or four Proportionals,
fome one of the leaft confiderable we leave without a Name,
becaufe its Value may be deriv’d from the Names of the
reft, As in the Example already brought, if I make 4D
=4, and 4 B=a. { denote BD by no Letter, becaunfe. it
'is the third Side of a rizht angled Triangle 4 B D, and con-
fequently its Value is +/wa —aa. Then if T fay BC=1,
" fince the Triangles D A B and BCE are fimilar, and thence
the Lines AD: . AB:: BC: CE proportional, to three
whereof, wiz, to AD, AB, and BC there are already
Names given ; for that reafon 1 leave the fourth CE with-

ab ...
outa Name, and in its room I make Ufe of — diftover'd

%
from the forrgoing Proportionality, And fo it DC be called
¢, 1 give no Name to' D E, becaufe from its Parts, DC and

- CE, or¢ and ?, its Value ¢ + % comes out, [Fide Fi-
gwre10] |

But
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But while T am talking of thefe Things, the Problem is
almoft reduc’d to an AEquation: For, after the aforefaid
Letters are fet down for the Species of the“’princip;ll Lines,
there remains nothing elfe to be done, bnt that out of thofe:
Species the Values of other Liries be made out according to
a preconceiv’d Method, till after fome forefeen Way they
come to an Alquarion, And I can fee mothing wanting in
this Cafe, except that by [means of ] the right angled Tri-
angles BCE and BDE T can brin_g-oulfba. double Value of
BE, vin. BCq~— CEyq (ar .bb‘wﬁ?{;—; == B Eq ; as alfo

BDg~DEg (or xx-——-a'd—v—_-.cc:——-?f—b—‘? — &fi-b—;b

x oxxd T
B Eg. And hence (blotting out on both Sides f:—b;é) 1 Ihalj

2abe

have the Aquation bb — x¥& —~~dg-—¢¢ee-—--3 which
. X
. o aa '
being reduc'd, becomes wt = -+ bbx + 24bc,
| = - ce -

But fince I have reckon’d up feveral Methods for the So.
lution of this Problem, and thofe not much unlike [one
another] in the precedent [Paragraphs), of which that
taken from Prop. 12. of the fecond Book of the Elem. be.
ing {omething cleverer than the reft, we will here fubjoin it,
Make therefore 40 =x, AB=a, B(=l, and CD=xy,
and you'll have BDg —xax—4a 4, and CE — %9 as before,
. Thefe Species therefore being fubftituted in the Theorem for -
. BDg —BCg—CDg=2CD x(E, there will arife ax —
s 24be 2 vy ad.
an=—bboe—ce=2""", and after Reduflion, x* = -} bb
c - x ; . e
A+ 2abe, as before, ' . |

Bur that it may appear how great a Varjety there s in
the Invention of Solutions, and that it is not very difficule
for a.pradent Geomefrician to lght upon them, I have
theught fit to teach [or thew] other Ways of doing the -
fame Thing, And having drawn the Diagonal 5D, if in
raom ‘_of ;nth'e Perpendicular B E, which before was let fall
from tie Point B upon the Side D ¢, you now let fall a-Per
pendicular from the Point D npon the Side B(, or from

: ' T the
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the Point C upon the Side B D, by which the oblique angled
Triangle BCD may any how be refolvid into two righe
angled Triangles, you may come almoft by the fame Me-
thods I have already deferib'd to an Fquation.  And there
are other Mcthods very different from thefe ; as if there are
~drawn two Diagonals, 4C and BD, BD will be given by
afluming AD and A4 B ; as allo AC by afluming 4D and
CD; then, by the known Theorem of Quadrilateral Pi.
gures infcrib'd in a Circle, wiz, That AD x BC+ AB %
CD is =A4Cx B D, youll obtain an Equation, [Pide. Fi+
gure 11.] Suppofe therefore remaining the Names of the
Lines 4D, A5, BC, CD, wix. x, a,b,¢, BD will be e
Vxxean, and 4C= vy x=cc, by the gyth Prop. of
the firh Elers. and thefe Species of the Lihes being fubfti-
tutéd in the Theorem we juft now mention'd, there will

come out #b + a¢ = /Zxomcc X ¥ &% —4a4 The Parts
of which Aquation heing fquar’d and reduc’d, youw’ll again

a4 |
Have 2% ===} Db ¥ -4 24be.
~+ce - | | R |

But, moreover, that it may be manifeft after what Man-
ner the Solntions drawn from that Theorem may be thence
reduc’d to only the Similarity of Triangles, exe& BH per-
pendicular to BC, and meeting A4 C in H, and there will be
form’d the Triangles BCH, B D A f{imilar, by reafon of
the right Angles at B, and equal Angles as C and D, (by
the 21.3. Elem.) as alfo the Triangles BCD, B H A [which-
are alfo] fimilar, by reafon of the equal Aogles-both at B,
(as may appear by taking away the common Angle DBH
from the two right ones) as allo at Dand A (by 21,3
Elemn.) You may fee therefore, that from the Proportiona-
lity BD: AD::BC: HC, there is given the Line H(;
as alfo AH from the Proportionality BD :+CB:: 4B
: 4 H, Whence fince A H + HC=AC, you havean £-
'qﬂa-‘tion. The Names therefore aforefaid of the Lines re-
maining, wiz. &, 4, b, ¢, as alfo the Values of the Lines AC
and BD, viz. ¥/¥wv=cc and v'zx —aa, the  firfk Pro-

xb __
portionality will give H( = __‘__:: ==, and the fecond
| o R ’V.ﬂcx-:-—-a;z - .
- will give AH 2 — o, 'Wh¢n6¢,'byreai’01§ of AH

Vﬁ‘mﬂﬁ

4 HC
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- bxAac
*}—HC AC youl] hamx/

T, Sl e

T e ‘\/xtc-—-cc‘, an

R I

ﬁiquanon which (hy .multiplying by v/ ax —ag, and by
fquaring) will be reduc’d to a Form often deﬁnb d in the-
- preceding Pages. :
¢ But that it may yet Earther appear what a Plenty of So~
tutions :may be found, produce BC and 4D till they meet
in F; -and the Trmuglr,s ABE and CD F will be ﬁrmlar |
becauﬁe the Angle at F is common, and the Angles A8 F
and CDF (while they compleat the Angle CD A to two
right ones, by 13, 1. and 22,3 Elm.) are equal, [Fide
Flgure 12.] ‘Wherefore, if bcildes the four ]qrms which.
compofe the Queftion, there was given AF, the Proportion;
AB: /IF £ CD: GF wonld give CF, Alfo AF e AD
would give DF and the Proportton CD:DF:: AB:BF
would ’ gwe B F ; whence (fince BFE~—CF= [s’ C) there
would arife an Equation. But fince there are affum’d two
unknown Quantities as if they were given, there remains.
another Aquation to be found. I let fall thexefore BG ac‘
right Angles ypon 4F, and the Propostion AD: AB::
AB i AG will give AG whichi being had, the Theorem
inthe 13, 2 Encl. iz, ’that BFq =+ 2FA(J MABq 4
AFq will give another Hquation. 4, b, ¢, & remaining
thereﬁore as before, and makmb AF = y, you'| 11 have (by :

mfﬂmg on thc Steps alrt,ady Jzud dowu) 20 CF. y—xz='

e b st

DI "’"X,‘?»-}"F Andthenceymw'xd_. 7 .b',‘

0 C ' ‘z

thn. ﬁrﬂ ﬁiquatmn A]I’o uﬁli bc-—wi{ G and confeu.’?

)‘J’ i:y*{'«d.x -If-%gz———ﬂav{—yy for |
the feu.onnl ri‘qti&tmn Which two, by Redution, will qwcu
#he Fquation fought, viz.. The Value of y faund by the firft:

ab aax.
Zquation is —-——i

'quend y =

. ;- which bemg fubflituted in the fe='

aa~—cec
cond, wﬂl ‘give'an Aquation, from which nghtly order'd’
: B dd 'i : .
will come out '} e= A bb 2+t 24 bey as bcfore
Age

And
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And fo, if 4B and D C are produc’d till they meet one
another, the Solution wili be much the fame, unlefs perhaps
it be fomething eafier. Wherefore I will {ubjoyn another
Specimen of this [Problem] from a Fountain very unlike
the former, wiz. by feeking the Area of the Quadrilateral
Figure propos’d, and that doubly. 1 draw therefore the
Diagonal BD, that the Quadrilateral Figure may be re-
folv'd into two Triangles, Then ufing the Names of the

Lines #, 4, b, ¢, as before, ¥ find BD = ' xx—aa, and

g,m/;-?-m (= 3 4B % BD) the Area of the Triangle
ABD. Moreover, having let fall B E perpendicularly upon
CD youll have (by reafon of the fimilar Triangles 4B D,

BCE) AD:BD \::BC":'BE, and confequently BE = ,‘Z

A
14

b

¥ e 2x

BE) will be the Area of the Triangle BCD. Now, by
' ax-+be _

&% g—aa. 'Whereﬁjre_alfo ““*@/x.rn-—-aa'(:g-CDx

adding thefe Area’s, there will arife —
the Area of the whole Quadrilateral, After the fame Way,
by drawing the Diagonal 4C, and feeking the Area’s of the
Triangles ACD and ACB, and adding them, there will
again be obtam’d the Area of the Quadrilateral Figure

cxbba Wherefore, by making thefe Area’s
equal, and multiplying both by 2%, you'll have 4 - be
Vxg—an = cx-+ ba ¥ ¥x—cc, an Aquation” which,
by fquaring and dividing by 442 —ccx, will be reduc’d to

. Ad
the Form already often found out, 23 -+ bb x4 24bc.
N e
~ Hence it may appear how grgat a Plenty of Solutions may
be had, and rhat fome Ways 3#¥e much more neat than o=
thers, 'Wherefore, if the Method you take from your firft
‘Thoughts,for folving a Problem,be but ill accommodated to
Computation, you muft again confider the Relations of the
Lines, till you fhall have hit on a Way as fit and elegant ag
poffible. For thofe Ways that offer themfelves it firft Sighe,
may create {officient Trouble, perhaps, if they are made Ufe

of, Thus, in the Problem wse have been wpon, nothing
. | would
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would have beent more difficult than to have fallen upon the

followinyg Method inftead of one of the precedent ones,
[Vide Figure 13.] Having let f211 BR and CS perpendicy-
lar to A D, as allo CT to BR, the Figure will be refolv’d
into right anpled Triangles, And it may be feen, that AD
and AR give AR, AD and CD give §D, AD_ — AR
w—SD gives. RS 0or TC, Alfo 4B and AR give BR,
D and SD give CS or TR, and BR—T R gives BT,
iaﬁly, BT and TC give B C, whence an Aquation will be
obtain'd. But if any one fhould go to compute after this
Rate, he wonld fall into Jarger [and more perplex’d] Alge-
‘Biaick Ternis than are any of the former, and more difficult
to be brought to a final Aquation. IR

So much for the Solution of Problems in right lined Geo-
metry; unlefs it may perhaps be worth while to note miore-
over, that whea Angles, or Pofitions of Lines exprefs'd by

ﬁﬁg]es‘ eniter the State of_ the Que{’c_i’on, Lines, or the Pro-
: £ Lines ought to be ufed inflead of Agm]gs’ viz.

Ty ramb-rATIC M
LI LALAISD AJA dukdswid o

fuch as may be deriv'd from given Angles by a Trigénome-
trical Calcylation ; or from which being found, the Angles
Tought [will] come out by the fame Calculus. Sevéra] In-
frances of which inay be feen in the following Pages.,

As for what belongs to the Geometry of ‘Curve Lines,
we ufe to denote them, either by defcribing them by the
local Motion of right Lines, or by ufing /Equations indefi-
nitely expreffing the Relation of right Lines difpos’d [in
order] according to fome cértain Law, and ending at the
Curve Lines, The Antients did the fame by the Se&ions of
Solids, but lefs commodioufly. But the Computations that
regard Curves deferib'd after the firft Way, are no otherwife
perfornrd than in the precedent [Pages] Asif 4X( bea
Curve Line deferib’d by K the Vertical Point of the Square
A K ¢, whereof ane Leg A4 K fireely {lides through the Point
A given by Pofition, while the other K¢ of a determinate
Yenuth is cany'd along the right Line 4D alfo given by
Fofition, and youare to ¥hd the Point C-in which any
right Line CD given [alfo] by Pofirion fhall .cat this
Curve : | draw the'right Lines "4 C, CF, which may reprefent
the Square in the Pofition fought, and the Relation of the
Lines (without any Difference [or Regard] of what is given
or fought, “or any Refpe& had to the Cuarve) being confi-
der'd, 1 perccive the Dependency of the others upon € F and
any of thefe four, viz. BC, BE, AF, and .AC to. be Syn.
thecical, two whereof I thercfore aflume, as C Pz=4q, and

N GRB

S R i R AW &
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CB=w, and beginning the Computation from thence, §

| x
prefently obtain BF —+/a4a—zxx, and ﬁB‘"’"‘-T”f
ﬁdmxx’

by reafon of the right Angle CBF, and that the Lines BF

:BC::BC: AB are continual Proportionals, Moreover

from the given Pofition of ¢ D, 4D is given, which i

therefore call b, there is alfo given the reafon of BC to
£x

Z?D, which ¥ make as 4 to¢, and youhave B D = s and
AB:bm‘f. (Vide Figare 14.] Therefore ;,..,..%i‘ =

%X
m, an KEquation which (by fquaring its Parts and
-multiplying by g4—x2) will be reduc'd to this Form,
_ obdew T euaaabdes +abbad.

dd+ec

Whence, lafily, from the given Quantities 4, b, d, and ¢,
x may to be found by Rules hereafter to be given, and at
that Interval [or Diftance] x or BC, a right Line drawn
parallel to 4D will cut CD in the Point fought C,

x?

Now, if we don’t ufe Geometrical Defcriptions but -
quations to denote the Curve Lines by, the Computations
will thereby become as much fhoxter and eafier, as the gai-
ing of thofe Aquations can make them. As if the Inter.
{e@ion C of the given Ellipfis 4CE with che right Line
CD given by Pofition, be fought. To denote the Ellipfis, I

‘ , . ) r
take fome known Kquation proper 9 if, a8 rx‘s— —tx

. g
— ¥, where x is indefinitely put for any Part of the Axis
Abor 4B, and y for the Perpendicular bc or BC' termi-
nated at the Curve; and r and g are given from the given
Species of the Ellipfis. {Fide Figare 15.], Since therefore
CD is given by Pofition, .4 D will be alfo given, which
call 43 and B D will be 2—x ; alfo the Angle ADC will
be given, and thence the Reafon of B D to BC, which call
1toe, and BC (y) will be =ea——ex, whofe Square

| .
eean=—2¢cax ~+ rexx will be equal to rx-— —xw. And
| Oz thence
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‘-ﬁxence by Redution there will arife aw = ee - y
?

) aeet Lrtevar i:;f;___.f.%’:
o) 3 %‘;'..: - °
| ce -t %— |
Moreover, altho’ a Curve be denoted by a Geometrical
Defcription, or by a Setion of a Solid, yer thence an Aqua-
tion may be obtain’d, which fhall define the Nature of the
Curve, and confequently all the Difficuliies of Problems
propos’d about it may be reduc’d hither. o

Tl - L1 O mmee e am ) = AN
1hus, i the former Examplie, it ADb

t=
i
BC y, the third Proportional BF will be '»g , whofe Square,
together with the Square of BC, is equal to C Fg, that is,
; .

1a
I

iff’%’jj:d‘z" Dr_y4+ XX YYe=dary, And this is an

Aiquation by which every Point C of the Curve 4 K, a.
greeing or correfponding to any Length of the Bafe (and
confequently the ‘Curve it 1elf) is defin’d, and from whence
confequently you may obtain the Solutions of Problems pro-
pos'd cancerning this Curve, |

~ Afier the fame Manner almofi, when aCurve is not given
in Specie, but propos’d to be determin’d, you may feign an
‘Hquation ar Pleafure, that may generally contain its Na-
rure, and affume this to denote it as if it was given, that
from its Affomption you can any Way come to Aquations
'by which the Aflamptions may be determin’d ; Examples
whereof yon have in fome of the following Problems, which
1 bave colleted for 2 more full ufration of this DoGrine,
snd which I now proceed to deliver,

- Pro-
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Prosrem L

Having a_finite right Line BC given, from
whofe Ends the two right Lines BA, CA are
drawn with the given Angles ABC, ACB; to
find AD the Height of the Concourfe A, {or
the Point of their Meeting]| abeve the given
Line BC. [Vide Figure 16.7] |

R A AkeBe—4, and 4D~y ;andfincethe Angle ABD
IV | is given, there will be given (from the Table of “ines
or Tangents) the Ratio between the Lines 4 D and B D which
make asd to e. Therefored:e:: AD (y): BD, Where-

fore BD = f-;. In like Manner, by reafon of -the given
Angle_ ACD there will be given' the Ratio between 4 D

and DC, which mike as'd to'f, and youw'll have DC :..e%%

But BD-+ DC =BG, thatis, < 12 0. Which re

duc’d by multiplying both Pats of dt’he Kquation by d, and
a S

. . ‘+fu ;
| PropLeEm IL

dividing by e-}-f, becomes y =

“The Sides AB, AC of the Triangle ABC being

given, and alfo the Bafe BC, which the Per-
pendicular AD [let fall] from the Vertical
Angle cuts in D, to find the Segments BD and
DC. [Vide Figure 17.] CL

ET ABz=a, AC—b, BC=¢, and BD =, and DC

will = ¢ ~x. Now fince 4 Bg~~B Dg (442 2) 1=

ADq; and ALqeD Cq (bb —ce=- 268 =2 &) == A4 Dg;

youll have 44emxtbb—cc-}-2cx—2xx; which by

‘ ag—bbA-cc .
¢

Reduétion becomes

But
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But that it may appear that all the Difficulties of all Pro.
blems may be refolv’d by only the Proportionality of Lines,
without the Help of the 47 of 1 Eucl. althp’ not mthout;_
yound-about Methods, 1 thought fit to fubjoyn the follow-
g Solution of this Problem aver and above, - Brom the
Point D let fall the Perpendicalar DE upon the Side 4 B
and the Names of the Lines, alrcady given, remaining, you it
have 4B:BD::BD:iBE, =

Wi x"-‘ff; AndBA-—-BE( -«-—-“-)—-—-EAaIfoEA

AD: AD AB, and confequently E 4 x A B (44— x x)
zre .ADq And fo by reafoning about the Triangle’ 4¢ D,
there wul be found again. ADg = bbe=cp -2 CR ity

b b
Whence you wxll obta:_m as before x = f_‘“-. e

oo T
2¢

PROBLEM HI

Tbﬂ' Area and Perimeter " f the Habr d?zg[ed
Triangle ABC being given, 1o ﬁﬂfi the Iij:pm
zfaenu/é BC. [VideFigure 18.]

BT the Per;meter be [called] ¢, the Area bb, make BE€

4 =z, and AC—y ;then will 4B = \/xo;wyy; whence
agun “the Perimeter (BC' 4 AC 4+ AB) is’x +'y +

v/ %x —yy, and the Area (3 ACx AR) is 2y v xx—yy
z=bb.  Therefore a -}y —l--"v/xk‘—-—‘yj’ a, -and %J’

2bb

J’
2b e
whereiore i wnte — for 't/ X Xy y in the foxmm fﬁqua-

The Iatter\ of thefe Jéﬂquatmns gives 1/ Ex——yy =

tion, that che Afymmetry may be taken away ;; and there

comes out % -y~ %—b == 4, OF mu]tlplymg by y, and of-

dering [the Equatlon] Yy @Y 2y e 2 1 Moreover
from the Parts of the former quuatlon i take away ¥ —[~ b2
:and there remains v/, XYY = 4 — ey, “and fquarmg
the Parts to take away again’ the Aﬂymmetry, there comes
OUL &% —— §Y o= a4 == 24% v 24) 22 | 220Y )
which orderd and divided by 2, becones Yy =ay—%y

4 ad
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g~ taa, laflly, making an Equality between the o
Values ofy)r, I have 4y xy — zbbbb—-—- 8y ==Y - 4.2 e

a4, whlch reduc’d becomes £ 42— — =

.

The fame othermife.

Let  the Perimeter = a, the Area = b, and B C-—-x
10 AR 23— . ?

dlld -”*—'" LA A s INOW ﬂuu, e A pl__,q_; .lb"-'-
ACq—\-ABq, and 4bb——zAC>< AB, xx-—l—/4bb will —
ACq - ABg - 24C % AR — to the Square of AC 4 4B

== to the Square of 24— W= g a4~ gux 4 xx, That is,
oy —’r4bb == 4 A v 44,1 +a.v which reducdbecomes

'j“ —— -"": .T..

]
PROBLEM IV

H/zwng given the Area, _Perzmeter and one 0f
the Angles A of any T:mwgle AB C, to dc’tﬁ'r-
mine the refl. [ Vide Flgure 19.]

ET the Perimetér be iy and the A“rea--- bb, and from
either of the unknown’ Angles as C, let fall the Perpen-
“dicatar CD to the oppofite Side 4B ; ;. and by reafon of the
given Angle 4, AC will be 'to CD inagiven Ratio, fup-

pofeasd to e Call therofore AC =z, and CD will 1= 57,

d b
by wlml fdlwde the doub]e Area, and there will come out
._2_,%}55%- o AB. Add AD (viza ‘b/ACqJ—CDq, or - dm}c

c:x j 3

*\/ dd,-.-rr-e e) and there W.ll] ‘come out BDm 2f£d 4 %

Vidd=—vce dd---ee, to the Sqﬂare whcreof add CDg, and there wxll
4b“'dd,+ +4M MddwcgmBCg Moreover,

ei‘
frofn thc ‘I’grxmeter taka away ACand AB, and there wxll

~ rcmain a mxjwfi == BC, the Square whereof ﬂﬂm

T
aar+m---v~;—;~ et make eq o
e

aufe
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the Square before found ; and negleamg the Equivalents,
..... 11 have +27 Vdd—ee = 44bbd

JUU 13 dlLaVw e st e t

4—“"{ And this, by affluming qaf for the given Terms

£
» +4be4 455

AL puen 24
WHW-"

.

/dd—rce; and by reducmg becomes
2bbd

m NPT PaCLLY

The fame Equatmn would Have come out alfo by feekmg
the Leg 4B ; forthe Sides 4B and 4C are indifferently *
alike to all the Conditions of the Problem. Wherefore :f

ACbemademwaffmsz, AB will = f -+

S 2
Xx = 2 8 —

V ff — "— and reciprocally ; and the Sum of thefe 2f

fubtracted from the Perimeter, leaves the thu:d Side Bc.....
a—21f . |

PROBLEM Y.

-Hﬂmng gzven the Alt:mde Bafe, zmd Sum of
the Sides, to find the Trmﬂgle.

-ET the Altitude €D — «, half ‘the Bafis 4B — =b, half
the Sum of the Sides == ¢, and their Seml-dlffercncew—- T

and the greater Side as BC-——-c-}- z, and the lefler A C---
¢z, Subtract CDq from (Bg, and alfo from 4Gy, and
hence will BD = v/co 4 202 + 2% —dd, and thence
AD =V cc—20% -+ 2z —da. Subtrat alfo 4B trom B D,
and AD will again = v¢ce F 20z - mz.-«-vaa—-»:ab
Having now fquared the Values of 4D, and order'd the

Terms, there willarifebb4-¢ z..wbs/cc 202 wT A a,
Again, by {quaring and reducing into Order, you’ll obtain
cmm-—-bbz.z.-~bbcr-bbm — b+, And zw--b ‘

5/ £ e P Wlxem:c the S;.des are gwen.

PRO.
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Prosrem VL

Having given the Bafe AB, and the Sum of the
Sides AC - BC, and alfo the Vertical Augle
C to determine the Sides. { Vide Figure 20.]

' K" Akc the Bafe —a, half the Sum of the Sides = b, and
halt’ the Difference-—x, and the greater Side BC will be

== b x, and the lefler 4C — b— a. From either of the
unknown Angles 4 let fall the Perpendicular A D to the
oppefite Side BC, and by reafon of the given Angle C theré
will be given the Ratio of 4C to C D, fuppofe asd to e,

and then CD will :Pb:ex Alfo, by 11. 2 Elews,
ACq— ABg + B(Cq . 2bb -t 2xv—aa |
T —, that Is, - g R = CD;

“and fo you have an Aquation between the Values of CD,
‘And this reduc’d, 2 becomes — ’/rl'.dlﬂl + 25’bb-2f1b!)?

. od - 2e
whence the Sides are given.

If the Angles at the Bafe were fought, the Conclufion
would be more neat, as draw E C bife€ting the given Angle
and meeting the Bale in E ; and AB: AC-+BC (:: AE
: AC) :: Sine Angle ACE : Sine Angle AEC; and if from
the Angle 4 EC, and alfo from its Co mplement BEC you
fobtradt £ the Angle C, there will be lefe the Angles 4 BC
and B.4(

ProsieEm VIL

Huving given the Sides of any Parallelogram
AB, BD, DC, and AC, and one of the Di-
agonals BC, 1o find the other Diagonal A D.
[Vide Figure 21.7]

ET E be the Concourfe of the Diagonals, and to the
1 ¢ Diagonal BC let fall the Perpendicular 4F, and by
the 13. 2 Elem, 4G Tf}?‘ém{_ By CF. And alfo

3 ACq
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Gy M—~A§%+ E qu CF., Wherefore fince EC=£BCand
2 ,
4 ACg— ABg+BCy  ACq—3ADg-3BCy
and having reduc’d, 4D =42 ACq -+ 2.4 B3 — BCy.
Whence, by the by, inany Parallelogram, the Sum of
the Squares of the Sides is equal to the Sum of the Squares

of the Diagonals.

L Prosrem VIIL |
sz&)é'ng given the Angles of the Trapezium
- ABCD; alfy its Perimeter and dArea, to deter-

mine the Sides. [ Vide Figure 22.] '
FyRoduce any two of the Sides ABand D C till they meet
in E, and let AB—x, and BC=y, and becaufe all

_e Angles are given, there are given the Ratio’s of B(C
to CE and B E, which make d to ¢ and f ; and CE will be

. e_:y T oy o j X s T A PP | f__y
e @A b £ o -(T and conicquently AL —=x -1 7[,;

b

There are alfo given the Ratio’s of AE to AD, and of
AE to DE; which make asg'tod, and as htod; and

AD will :-._,-dx.{-'fy, and ED:dx:-fy

» and confes

quently szi%ﬁ?fw ‘.;_IZ', and the Sum of ;all the

Sides x4+ y -+ dx = fy 4 dx+fy_ f} ; which, fince it

is given, call it 4, and the Terms will be abbreviated by
writing, f -for the given 1 -+ Z—-—i— -g, and—g- for the given
pxtqy

r

1 - ;:T +.£ — 5., and you'll llage the Equation
= A

Moreover, by Reafon of all the Angles given, there is
given the [Ratio or] Reafon of B(y to the Triangle BCE,

which make as m to », and the Triangle BCE m—?—i‘ 7Ys
w7’

There 18 mifo piven tlie Ratio of A4Eq to the Triangle
o ADE;
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ADE; which make as m to d ; and the Triangle ADE
will be — ad +ﬁ2-;ld f2y -+ 113y . ?'Where'foré, fince tﬂg
Area AC, which is t}?z Difference of thofe Triangles, is
itbe bbh, and’ ddxx+ 2 dij + ffyy‘”'d@.}
\ 794 .

T b Rl you e e s, fom Lo

ra—qy

P
A=Y -
; 17 for » in the laﬁ, there comes out

drraa— 2dqray-:-dgayy + 2afry— 2{qyy + ffyy == dnyy —
ppm pm ‘ dm -
bb 5 and the Terms being abbreviated by writing s for the
{!q_q._. 2_.@ 4 }f_.f ”;“-n and — ,rt‘ for thé
e p 47 | |
. d(lgr ary . ‘ .
givenn — —— 4+ —  and stv for the given bhom oo

PP p .
d;VPM, there arilesyy—2¢y -t tv, ory=t¢ -i—_f'%/tr(.-—{- tu}‘

given, let

Hquation above gives =%, and by writing

given Quantity

™ -
ProBLEM IX.

To furround the Fifb-Pond ABCD with o Walk

 ABCDEFGH of a given drea, and of
the [ame Breadth every where. [ Vide Fi-
gure 23. | | I

ET the Breadth of the Walk be #, and its Area 4 4.
| And, letting fall the Perpendiculars 4K, BL, B M,
CN, CO, DP, D Q, A1, from the Points 4, B, C, D;-to
the Lines EF, FG, G H,and HE, to divide the Walk 1nto
the four Trapezia [K, L M, NO, P Q, and into the four
Parallclograms AL, BN, CP, DI, of the latitude x, and
of the fame Length with the Sides of the given Trapezium,
Lect therefore the Sum of the Sides (A B~ BCH CD 4=
D A)=b, and the Sum of the Parallelograms will be

provel /- PO

P2 | More
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 Moreover, having drawn AE, BF, CG, DH ; fince
A1 is == AK, the Angle AF ! will be — Angle AEK
g=t 1 EKR, or + DAR. Therefore the Angle AE 1 is given,
and confequently the Ratio of 4/ to [ E, which make ag

dtoe, and IE will be == 7. Multiply this into 4 47,
ar £ x, and the Area of the Triangle 4E 7 will be = -'-9_.;'_:0

But by reaflon -of equal Angles and Sides, the Triangles
AE 1 and' A E K are equal, and confequently the Trapezi-
‘um [ K (= 2Trang, AE) m_e--":fw.
putting BL: LF::d :f,and CN; NG ::d:g, and DP
c:DH::d:h, (for thofe Reafons are allo given from the
given Angles B, ,and D) you'll have the Trapezium L 24
%»-;f{’f, NOng-'?, and P () - /—Jigf Wherefore f“-:x
% x  hxx  px N
~+ f:; +£Z .+ —s O -E——d?—, by writing p f'o; e +f
-z -+ b will be equal to the four Trapezioms K-+ L M
e NO - P Q5 and confequently [%f + bx will be equal
to the whole Walk 4o, Which Equation, by dividing all
e:he Terms by —3, ‘and extracting its Rpot, & will becomp
P db+ /bzbdd T 424Pd AL e Breadth of the

' : p @, -
Walk be.pig thus found, it is eafy to defcribe it.

In like manner, by

Lad 2

| | ProBLEM X, |
From the given Point C, to draw the right Line
- CF, which [1ogether] with two other right
. Lines AE ezn&_’g AF given by Pofifion, [hall
i gemprebend [ or eonftitute ) the Triangle A EF
- of a ‘géfua;n Mdgm'tg’fzde. [[Vide Figure 24.7]
T RYRAW D pusallel to AE, and CB and EG perpen-
L/ dicular to AF, and let AD —=a, CB==b, and AF
i % aid tg,he Area, of i;l}e Toangle AEF=gq, _m;c(l:a;%%
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veafon of the proportional Quantities DF : AF (::DC:
“dE) ::CB: EG, thatis; atx:x::b: b will be

a— x
bx : . .
pateri E GI') Multiply this into £ AF, and there will
come out w—f—x—"., the Q\uar‘xtity of the Atea 4 EF, which
24~}2x - .
is —cc, And {o the Aquation being oxiglfr'd [rightly] xx
will = 20¢x —b{— zemj or xe 6 -+ 1/0“1:1—.2003!7.

After the fame Manner a right Line may be drawn thro’
a given Point, which fhall divide any Triangle or Trapezi-
um in a given Ratio.

Proerem XL

-— ~T A

To determine the Point C in the given right
Line DF, from which the right Lines AC
and BC drawn to rwo other Points A and B
given by Poficion, (ball have a given Diffe-
‘rence. [ Vide Figure 25.7 |

ROM the given Points let fall the Perpendiculars 4D
F and B F to the given right Line, and make 4D — 4,

BF=b DF=¢, DCe=x, and AC will = v'aa + xx,
£C=x=—c, and BC="bb-+t xx— 2cx tcc. Now
let their given Difference be d, 4C being greater than BC x
VMaatxx—d will = Vb xx—200-cc. And
fouaring the Parts aa-+ 2x 4+ dd—2dvsa -+ 22 —bb
+ xx—2cx-ce. And reducing, and for Abbreviation
fake, writing 2ee¢ inflead of .the given [Quantities] 4«
v+ dd—bb—=cc, there will come out ee-cxr=—dx
v a4+ xx. And again, having fquared the Parts ¢+
2ceex tocxx—=ddast ddxx, And the Aquation

. , 2eecx et ——aqadd | :
being reducd 14—.;-7. R P or

eect Verdd —aad* -+ aaddec

The
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The Problem will be refolv’d after the {ame Way, if the
Sum of the Lines AC and BC, or the Sum of the Difference
of their Squares, or the Proportion or Reftangle, or the
Angle comprehended by them be given : Orallo, if inftead
of the right Line D, you make Ufe of the Circumference -
of a Circle, or any other Curve Line, fo the Calculation (in
this {aft Cafe efpécially) relates to the Line that joyns the
Points 4 and B. ‘

Prosrewm XL

o0 determine the Point Z, from which if four
pight Lines ZA, ZB, ZC, and ZD are drawn
at given Angles to four right Lines given by
Pofition, viz. FA, EB, FC, GD, the Reifan-

gle of two of the given Lines ZA and ZB,

and the Sum of the other two ZC and ZB
may be given. [[Vide Figure 26.]

¥ “Rom among the Lines chufe one, as F4, given by Pofi-
L tion, as alfo another, Z.4, not given by Pofition, and
which is drawn to it, from the Lengths whereof the Point
Z may be determin’d, and preduce the other Lines given
by Pofition till they meet thefe, or be produc’d farther out
if there be Ocafion, as you fee [here]. ~And haviog made
Ed=—uw, and 4Z =y, by reafon of the given Angles of
the Iriangles 4EH, there will be given the Ratio of AE
to AH, which make as ptoq, and 4H will be — qf,

Add .Qil'Z, and Z H will be = y - 2% Aund th‘e'nce_,: fince
~ . :

by reafon of the given Angles of the ”"l"-"-rianglc HZ B, there

15 given the Ratio of HZ to BZ, if that be made-as s to
o py~-am ' . S

p youll have Z B =* ’m-:g-i-n . Moreover, if the given EF

be called 4, AF will == 4+, and thence, if by .)reafon_ of
the given Angles of the Triangle 4F!, AF be made

to A/ in the fame Ratio as p ror, A} will become
o Ry ; - ‘ .
== P Take this from A4Z and there will remain

1z
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P R wonm

JZ =y~ -, And by reafon of the given Angles of
the Trianole 7107  if won moke 77 #0 Z( in the fame
J L= 4 X 5= £ g AL JULL Hi2anb g 40 LY L4 s A L Ldliib

Ratio as zzto p, Z( will become = ! 1)!--“:: + ”:. After

the fame Way, if you make EG=—=b AG:AK::]:;,
cand ZK:ZD::p:], there will be obtain'd ZD —
' Jb-'--.fx‘-—-'[j

P ) -
- Now, from the State of the Queftion, it the Sum of the
two [Lines] ZC and ZD, P)"'"“'?id -+ rx+ Jb—*—.fxnf-—[y

. # P
- be made equal to any given one ; and the Reftangle of the
£y —: 7%} be made

other two

==gg, youll have two A-

quations for determining » and y. By the latter there comes

out x == B L)) , and by writing this Value of # in

9
- the room of that in the former Aquation, therc will come
 py— - L dbhe—ly — Y
p— Tﬂ_,r?‘ﬂgg ’”PJ'J+J Ly SnEL JPU

" may . P - Pq)

" e=f3 and by Reduftion yy = .
apqry—Dbmasy Y fmpay -t ggmns—gonpr
ppg—ppr—mpq -t mps bgset forp.
e .. apgr-—bmqgs-+ fmpqg
| Abbreviation fake, writing 25 for Pﬁ ;mppr—mmlq+'mps’
T ggmnjmggpnr ’11 hc —t
J gndkizfor PYP I you | e yy =
ohy-\-kky ory—=b+ ' hh-+kk Andfincey is known

nEETPYY

: and for

by means of this Aiquation, the Aquation 2
will give ». Which is fufficient to determine the Point z.
After the fame Way a Point is determin’d [or may be de~
termin’d’] From which other right Lines may be drawn to
~ more or fewer right Lines given by Pofition, fo that the Sum,
or Diffexence, or ReQangle of fome of them may be given,
or may be made equal to the Sum, or Difference, or Ret”cm}«
gle of the reft, or that they may have any other aiﬁgnd

Conditions,

"PRO-
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Prosrem XIIL

To [ubtend the right dngle EAF with the right
Line EF given in Magnitude, which (ball
pafs through the given Point C, [ which fball

be) wquidiflant from the Lines that compre-
bend the right Angle (when they ave produc’d).
[ Vide Figure 27.]

£ NOmplete the Square ABC D, and bife& the Line E F
inG. Thencal CBorCD a3 EGor FG, by and
CG,x; and CE will = x—Db, and CF =ax b Then

fince CFg —B(g=BFg, BF will — v wx+2 bbb —aa
Laflly, by reafon of the fimilar Triangles CDE, FBC,
CE:CD ::CF‘:___BjF, orx~—biaiix-tb:

1/:;-1-717&:{— bhw—an. Whence ax-abeex b x

& wx 4+ 2bx -+ bb—aa. FEach part of, which Aquation
being fquar'd, and the Terms that cotme out being reduc’d

" 2aa . +t24abb

- ] 4 — , .
into Order, there comes out x* — +2bb R VA

s

And extracting the Root as in Quadratick Equations, there
comes out &% c=zaa-+bb-+vat-+aaabb 5 and confe.

quent]y x:Vﬂd+bb+Vﬂ4 "{"444[)5. And CG being

thus found, gives C'E or CF, which, by determining the
Point E or F, fatisfics the Problem.

The fame otherwife,

)

Let CE be =, CD=xs, and EF=b ; and CF will

be =x-+b, and BFe vxa-fbb + 2bx—aa. And

thenfince CE:CD:: CF 1 BF, orx:a::2+b:

‘V/ﬁ"f 4 2bx - bbe—aa, ax - al will be —x ¥ |

v xx 4 2bx 4 bb—aa. The Parts of this Hquation

being fguar'd, and the Terms reduc’d into Order, there

will come out x4 -4 2bx? i :Lxx-—-zaabxwmbb::o,

-a Biquadratick /Equation, the Inveftigation of the Root of

which is more difficult than in the former Cafe. Butit
' may
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may be thus inveftigated ; put a*-f 252° ' ax
2aabxta* ==aabb-} 4+, and extrading the Root on
both Sides xx ‘b spa=t a4 aa + bb: «

Hence 1 have an Opportunity of giving a Rule for the
Election of Terms for the. Caleulus, wiz. when there hap-
pens to be fuch an Affinity or Similitude of the Relation of
two Terms to the other Terms of the Queftion, that you
fhould be oblig'd in making Ufe of ecicher of them to bring

- out Equations cxa&ly alike; or that both, if they are made
Ulfe of together, fhall bring out the fame Dimenfions and -
- the fame Form in the final Equation, (only excepting pers
haps the Signs - and —, which will be eafily [and reas
dily] fecn) then it will be the beft Way to make Ufe of
neither of them, bur in their room to chufe fome third,
- which fhall bear a like Relation to both, “as fuppofe the halfl
Sum, or half Difference, or perhaps ‘a mean Proportional,
or any other Quantity related to both indifferently and
without a like [before made Ufe of . Yhus, in the prece~
dent Problem, when I fee the Line EF alike related to both
A B and A4 D, (which will be evident if yon alfo draw EF
in the Angle BAH ) and therefore ¥ can by no Reafon be
perfwaded why ED fhould be rather made Ufe of than
BF, or AE rather than AF, or CE rather than CF for
the Quantity fought : Wherefore, in thie room of the Points
Cand F, from whence rthis Ambiguity comes, (in the for-
mer Solution) 1 made Ule of the intermediate [Point] G,
which has [or bears] a like Relation to both the Lines A8
and 4 D. Then from this Point G, I did riot let fall a Per-
pendicular to A F for finding the Quantity fought, becavfe
I might by the fame Ratio have let ane fall to 4D, Aund
therefore T lec it fall upon neither CB nor CD, but propos'd
CG for the Quantity fought, which' does not admit'of a.
like ;; and {o 1 obtain’d a Biquadratick Aguavion without,
the odd Terms. . :
I might alfo (taking Notice that the Point G lies in the
Periphery of a Cixcle deferib’d from the Center 4, by the
Radius EG) bave let full the Perpendicular G K upon the
Diagonal AC, and have fonght 4K or C K, (as which bear
alfo a like Relation to both A48 and .4 D) and fo I {hould
have fal’n upon a Quadratick Aquation, wiz, yy=j}ey
~+4bb, making AK =7y, AC=¢, and 4G =b, And
- AK being {o found, there muft have heen ereéted the Fers

Q. pendicular

R

2
=
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pendicular KG mecting the aforefaid Circle in G, thro’
which CF would pafs, o
- Taking particolar Notice of this Rule in Prob. § and 6,
where the Sides BC and AC were to be determin’d, | ra-
ther fought the Semi-difference than cicher of them, But
the Ufefulnefs of this Rule will be more evident from the

following Problem,
ProsrLEM XIV.

So to inferibe the right Line D C of a given
- Length in the given Conick Seition DAC,
that it may pafs through the Point G given

.. &by Pofition. [ Vide Figure 28.]

T ET AF be the Axis of the Curve, and from the Pointg
{ , D, G,and Clet fall to it the Perpendiculars D H, GE,
CB. Now to determine the Pofition of the right Line -
D, it may be propos’d to find out the Point D or C; but
fince thefe are related, and fo alike, that there would be the
like Operation in determining either of them, whether ¥
were to feek CG, CB, or 4B or their likes, DG, D H, or
A H ; therefore T look after a third Poine, ' that regards D
and ( alike, and at the fame time determines them, ~ And
fec F to be fuch a Point. o y "
Now let AE=a, EG=b, DC=¢, and EF—x;
and befides, fince the Relation between 4B and BC in the
KEquation, 1 fuppofe, given for determining the Conick
Section, let 48 =1, BC=y, and FB will be = & = g 4. ,
And-becaufe GE; EF: : CB:FB, FEB will again be —
L5 Therefore, #—a-+=="". Thefe Things being
thus laid down, take away «, by the Equation that denotes.
[or exprefles] the Curve. As if the Curve be'a Paraboly
exprefs'd by the £quation rx==yy, write %y for % 5 and
~t}_1ere will arif'e%z —d :::J-’-;a and extradting the Root

Y= — t g s 4 ar=rz.  Whenee it i.s‘ evid;}pt,__‘.
that
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rrag | - '
77 - 4ar — g4 rz, is the Difference of the double

+ Value of y, that is, of the Lines «}- BCand — DH, and |
confequently - (havmg letfall D K perpendicular upon CB)
that Difference is equal to CK. But FG: GE:: DC:

CK, that is, Vbt 2z : b ’/rr z‘+44r-—-—4rzv

And by multiplying the Squares of the Means, and alfo the
Squares of the Extreams into one another, and ordering
Hw Pmdu&s there will arife z* == '

St ﬂbb ozaech c«b4
_4._bbr=:.3 ___:Ib-br:z:z.—{— 4[7_‘%; +4‘b14ccr'

, an Kquation
rr

of four Dimenfions, which would have rifen to one of
eight Dimenfions if 1 had fought éither CG; or CB, or
AB.

PRGBEEM XV. -

To multiply or divide a given Angle by 4 given
- Number. [V1de Figure 29.7]

}N any An le PAG inferibe the Lines AB; BC, CD,

ram s FM PR P N T snaath .| ]1 T ot sves !‘-u-.
LAy Ul U.l. ﬂny tNe 1ame- Len Cid, and tne xua.usu;a

leC BCD CDE, DEF, &%, will be Hafeeles, andk con- -
fequantly by the 32 I. Enel. the Angle CBD "will be ==
Angle A4 ACB =2 Angle 4, and the Angle DCE =
Angle 44 ADC= 3 Angle A" and the Angle ED F=
A AE D= 4 Angle 4, and the Angle FEG =5 Angle
A, and {o onwards. Now, making 4B, BC; GD, 6:5"5' thc
Radii of e qual Circles, the Perpend1cu1ars B K, C L, DM,

. let Fall upon A C' BD, CE, &vc. will be the Sines of
thofe Angles, and A I( BL, C M D N, @, will be their
Sines Complement to a nght one ; Or makmg A B the Di-
ameter, the Lines 4K, BL, CM, &¢. will be Chords,
Let thErefore AB =27, and AX ==, then work thus

AB: AK:: AC: AL

. xx
ar: X I

)
2
N
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ﬂLo—n AB , ,
And g — B L, the Duplication,
— - O .
r .

'"AB: AK :: AD (2 AL— AB) : AM.

, 22X x3
rr
M -u—»A C 2 |
And ; .= C M, the Triplication,

ry

4B : AK: * AE (24 M~ AC): AN,
_ - 2x’ pd . 232
ZT:."L‘ ::—-—-—-—"4..%‘2"“:""""—""79

4B : AK:: AF (2 AN—AD): 4O,
2x° 6xx X
271 ¥ 17— + 27 wwaw——l-%-x.

A O —AE
And 53 s x§ == EO, the Quintuplication,

'ﬂ--nw-—-—-—-—

re oy

And fo onwards. Now if you would divide an | Angle

into any Number of Parts, put g for BL, CM, DN, @.
and you'll have xx =~ 277 = gr for the Blfeéhon AR —
3rraz=gr* for the TrifeCtion ; xx xx — 4,rrx.x ~+ 3r4
e=qr} for the Quadnfection ; xxxx x—griet + 5?- x
e grﬂ for the Qumque&xon, &

Pro-
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Prosrem XVL

) : e
To determine the Pofition of a Comet’s Conrfe [or
Way) that moves uniformly in a right Line,
[as]) BD, from three Obj&r«mriom:' [Vide
- Figure 30. | -

Uppofe A to be the Eye of the Speftator, B the Place of
‘the Comet in the firft Obfervation, C in the fecond,
and D in the third ; the Inclination of the Line B D to the
Line A B is to be found. From the Obfervations therefore
there are given the Angles BAC, BAD ; and confequently
if BH be drawn perpendicular to 4B, and meeting 4C
_and AD in E and F, afluming any how A B, there will be
given BE and BF, viz. the Tangents of the Angles in re-
{pe&t of the Radius 4B. Make therefore 48—4, BE—b,
and BF —c. Moreover, from the given Intervals [or Di-
ftances] of the Obfervations, there will be given the Ratio
of BC to B D, which, if it be made asbtoe, and DG
be drawn parallel to AC, fince BE isto BG in the fame
Ratio, and BE was call’d b, BG will be = ¢, and confe-
guently G F— ¢—c. Morcover, if youlet fali DH pes-
pendiculax . to BG, by reafon of the Triangles 4B F and
D HF being like, and alike divided by the Lines 4E and
DG, FE willbe: AB:: FG : HD, thatis, e—b:a::

A uD. Moreover, FE will b?; FB::

cmb -

l!‘:_-ﬂlc‘_:
FG:FH, that is, c.....(,:“”___“ﬂ::;c ~FH,

'. b
to which add BF, or ¢, and B H will be = CZ-—-Z

. thrc;

Cemmch ., at=—ac .
- fore —— Isto ——— (ot cemch to ae—ac, or

ge—cbh to 1) as BH to HD ; that is, as the Tangent of
e—¢

the Angle HD B, or 4B K to the Radius. bWhe;ef'ore,’
fince « is fuppos’d to be the Radius, .‘:’.;t“"._;ﬂ. will be the
Fi'ang'f:i:thof the Angle’ ABK, and thercfore by refolving
P R R [them .
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fthem into an Analogy] twill be as e to eu--b or

GF to GE) fo¢ (or the Tangent of the Angle B4 f') to
the Tangent of the Angle 4B K

“Say therefore, as the Time between thL firft and fecond
Obfervation to the Time between the firft and third, {o the
Tangent of the Angle BAE to a fourth Proportional,
Then as the Difference between that fourth Proportional and
the Tangent of the Angle B.4F, to the Difference between
the fame fourth Proportional and the Tangent of the Angle
BAE, fo the Tangent of the Angle BAF to the Tangent of
the Angle AB K.

- PROBLEM XVIL
Rzzys {of Ligbt]ﬁam any fhining or lucid Pomz:

diverging to a rvefialling Spherical Surfuce,

to find the Concourfe of each of the re]‘m&‘ed
‘Rays with the Ax of the Sphere paffing thro’
j.t]ozzt lucid Point. [Vlde Flgurc 31. ]

= ET A be that Iucxd Pmnt and BV the Sphere, the Axis
¢, whereof is A D, the Center C, and the Vertex V5 oand
ler.AB be the ine 1dent Ray, . and BD the refracted Ra

and having let fall to thofe Rays the Perpendiculars CE and
CF, as alfo BG pcr_pendxm]ar to 4D, and having drawn
BC, make AC—a, V( or BC v, CO — =, and C'D---z;

ind AG will be 2= @ e Xy BG = «/rr-—-—-xw, AB o
4/ 4 G oo 24x+ rry and by xc'tfon of the fi mﬂar"lnangles

ﬁBG and ACE CE WJJI* = 2 Vrr— —. Alfo

. ﬂﬂ“’“Bﬂﬂ’,‘—"—f‘?‘ -
@Dmm—{«x BD — ‘/mz.»’r 2za -krr; and by reafon
of the ﬁrmlar Trmnglcs DBG and DC(F, C‘F._ ‘.

% ‘/"" . - Befides, . ﬁnce the. Ratio of , the Sines
Vzz |

zmx'+
of Incidence and Refrac?cmn and confequently of CE ta CF,
ﬁs given, fuppofe that R'ltl.{) to be as 4 to f, and

aVrr—axy e 8
f XY e — ....._._d z oy ki

Mﬂawwm-}—w ' k/a;mu{-mvékri;

| and mulu-

Plyu.-lg
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plying crofs-ways, and dividing by 4 :/rr —dy .
f vzz+ snx 4 rr willbe — =z ‘/ad--mgxa-}-rr, and

by fquaring and reducing the Terms. into Order, 2z =
_ offxzffrr

gg——-zdx +rr——-ff’

q forthegwen "'+_""‘Ps andz.z.wzllbe __2Pxf::~::frr,
. q,—_- Vr.

Then for the gwen ff write p, and

P&“ +1/ppxx—-2prrx +pqrr
g e 2 X

is found ; that is; the Length of CD: and confequently the
Point fought D, where the refracted Ra.y B D meets with the
Axis. Q.E.F. -

Here I made the incident Rays to dlverge and fall upon
a thicker Medium ; “but changing what is requifite to be
changed, the Pmb]em may be as ealily refolved when the
Rays converge, or fall from a thn:ker Medmm into a thm-
rer onec. :

and v = Thcrefore z

PROBL EM XVIII

Ir zszze be cut by any Plane, ' to ﬁnd the. Li-
- gure of ‘the Selfion, [Vlde Figure 32,7

- ET 4 BC be 2 Cone’ flanding  oh a circular Bafe BC
L gand JEM its Setion fought 3 and let XI1LAL be :
any other Section parallel to the Bafe, and meeting the for- -
mer-Seétion in H.l'; and ABC a third- SeQion, perpendicu-
larly bifeting the two former-in E H and KL, and the
Cone in the Triangle .4BC, and producing E H till it
ineet AK in D ; and havmg drawn EFand DG parallel to
KL, and meeting 4B and AC inF and G call. EF == 4,

hl’f%f M P E'HAM ‘.nnr} ,- onr} ?'\l'f fpnrn11
Al G =0, L' =0, Criz=% CHIU-.I..LJ"'" 3 alll Dy JEdioid

r—

of the f milap Tnangles EHL, E DG ED- will' be
3 DG CEH:H L = b_. Then by reafon of the nrmlar
‘Tnangles DEF, DHK DE will be:EF: : D H: (c—-—-x

T T

in the firft Figure, and. L 4z in the fecond Figure) "FIK

=, Mtﬂx [Vide F;gme 33] Laftly, fncc the Se&mn

K IL 1s parallel to the Bafé, and confequently cxrcq]a;%j




[ 1207
b .

HXx HL will be == H g, that is, ?x + %E xrz=yy,
an Fquation which cxprefles the Relation between E H (x) |
and ;} 1 (y), that is, between the Axis and the Ordinateof |
the Sethon E 1AM ; which £quation, fince it exprefles an .
Elliple 1n the firft Fagure, and an Hyperbola 1n the fecond .
Figure, 1t is evidont, that thar Seéiion wall be Ellipfical or

Hyperbolical.
Ptoeis 08 T o snchiown mrsasbs 4 B | . S ﬂ'!-nl]’l P
JNOW I L L7 N0 WIKKIU LU 47 Iy Whiill PFalddiivd LW &y

then H K will be = EF (4), and thence ?x (HKxHL)

=17y, an Bquation exprefling a Parabola,

ProeLeEmM XIX.

If the right Line XT be turn’d about the Axiz
A B, atthe Diflance CD, with a given In-
¢limation to the Plane DCB, and the Solid
PORUTS, generated by that Circumrotation,

be cut by any Plane [as]) INQLK, to find
tbe Figure of the Setion. [ Vide Figure 34.)

ET BHQ, or GHO be the Inclination of the Axia
AB to the Plane of the Se@ron; and ler L beand
Concourfe of the nghe Line YT with that Plane Draw
DF paralle} to 4B, and let fall the Perpendiculars L,
LE LM, to AR, DF, aud HQO, and jon FG and MG,
And having call'd CD—d, CH=b, HM=x, and ML
=1y, by reafon of the given Angle G HO, making M H
s HG::d:e, f; will =G H, and b + c_}:_ =toGC o
FD, Moreover, by reafon of the gtven Angle LD F (viz.
the Inclinauon of the nghe Lave X Ti, to the Plane GCDF)
putting FD: FL.: g: b, 6g£+ %;:FL, to whofe
Sq;me. ad;!. £Gg (DCq, or aa) and there wall come om

bbbl . 2hbbex , bheexx
GLg=—aa-} — 4 —— . Hence fube
7 + 2L T dgg ddgg :

walt MGq (HMg—HGg, o :ix--;—:‘xx) and there
will




L r2r ] . |
aagy jg hh + 25;; . o hhee - jjig + ez
X% (== MLgqg) — yy + an Aquation that exprefles the Re-

Jation between x and y, that is, hetween H A4 the Axis of
the Sc&tion, and A4 L its Ordinate. And therefore, fince

in this Aquation x and y aftend only to two Dimenfiops,

it is evident, rhat the Figure JIV QL K is a Conick Sedti-
on. Asfor Example, if the Angle 1/ HG is greater than
the Angle L DF, this Figure will be an Ellipfe ; but if lefs, *
an Hyperbola ; and' if equal, either a Parabola, or (the
Points C'and H moreover coinciding) a Parallelogram,

will remain

ProrrLeEm XX,

If you ereit AD of a given Length perpendi-
cular to AF, and ED, one Leg of @ Square
D EF, pafs continually thro® the Point D,
while the cther Leg EF equal to AD flide
upon A F, to find the Curve HIC, which the
Leg EF deftribes by its middle Point C.
[Vide Figure 35.]

ET EC ot CF==ua, the Perpendicular CB=y, AB
=%, and BF (Waa—yy): BCA-CF (y-+a)::
EF (24) tEG < GF == (AG + GF) or AF. Wherefore
24y + 244 | | |
sz (= AF = A BF) = x -+~ aa—ryy,
P (= = A8 -+ BF) v v aa—yy

‘Now, by multiplying by V'aa—yy there is made 24y -+
244z RA~—=Y Yy~ ¥ Vﬂﬂ-—»-yy, or 24y+ad +yy=x %
Vaa— yy, and by fquaring the Parts, and dividing by
¥a-y, and ordering them, there comes out y* -3 4yy

+3aa T -
SRR T T A

The fame otherwife. [ Vide Figure 36.]

lOln.‘ BC take at each End B I, and CK equalto ( F, and
daw KF, HIl, HC, and DF; whereof HCand DF

meet AF, and [ X in M and Jl\% and wpon HC let ﬁ#]
. \ ) ! T ¢




 becaufe of the xight Angle CD H, CDg— C H g is =

| b
the Perpendicular 2 L 5 and the Angle X' will be = £ BCF
__:_'%__EfG'F:GFDLf'AMH:MHI:CIL ;- and cone
fequently the right-angled Triangles XBF, FBN, HL],
and I C will be fimilar. MakKe tlicrefore FCozn. H1
==, and [C=y; and BN (za-—j) will be: BK (y)
2 LC: LH:: Clq,(yy): Hlg (x%), and confequently

. Raxx-—yxx=y®. From which HKquation it is eafily in-

Ferr'd, that this Curve is the Ciffoid of the Antients, belongs
3ng to a Circle, whofe Center is 4, and its Radivs 4H, "

"ProsrEm XXL

If @ right Line ED of a given Length fub-
tending the- given dngle EAD, be (5> moved,
that its’ Ends D and E always touch the
Sides AD and AE of that Angle y ler it be
propos’d to determine the Curve FCQ, which
any given Point C in that right Line ED

deferibes. [ Vide Figure 37,7

ROM the given Point C draw CB parallel to EA;
and make 4 B —wx, BC=y, CE==4, and (D=},
and by reafon of the fimilar Triangles DCB, DE A, EC
will be +dB::CD iBD; that is, a:w::b:BD =
b ; Befides, haviug let fall the Perpendicular GH;; by,:céa-h-, B
fon of the given Angle DAE, or DB(, and coﬁfeqtieritlj
of the given Ratio of the Sides of the right-angled Trian-
gle BCH, yowlthave a:e:: BC: BH, and: BH will be
= _e;__y_ Take away this from B D, and there will remain.
o bx— . : |
HD *"—”""'T—"“,; 3. Nowin the Triangle BCH, becaufe of
the right Angle BHC, BCq— BHyg — CHg; that 1§*_
3y — ceyy ______C‘Hq I hke manuer, in the Triangle C D H,

a el ;
=HDg;

D 2 e t.‘) :

thatis, bh—yy-+ 2L (mHDg = 5Ty






Ewaj

= bhasrm2bexy T eeyy ; -and by-Redu&ionyymEE
aabb—bbiw " "
xxy—';—” pp sl Where, fince the unknown Quan-

tities are of two Dimenfions, it is evident that the Curve
is a Conick Section, Thnen extrading the Root, you'll have
| bex Fbveexn—aaxx + a e i
y = s " T . Where, in the Ra-
dical Term, the Coefficient of xx is pe —nq. But it was
aie:: BC:BHY; and BC is neceflarily a greater Line
than B H, viz. the Hypothenufe of a right-angled Triangle
is greater than the Side of it ; therefore 4 is greater than é;
and ge~—a4 is 2 negative Quantity, and confequéntly the
Curve will be an Ellipfis, . .

~ Prosrem XXIL = .

If the Ruler EBD, forming a right Angle, be [o
moved, that one Leg of it, EB, continudlly
-~ fubtends the vight Angle E 4B, while the End
of the otber Leg, BD, deftribes fome Curve
Line, as FD 5 to findihat Line FD, which

the Poiny D deferibes. - [ Vide Figure 38.] -
\ROM the Point D let £l the Perpendiculas. DC to the
Side AC; and making AC=x, and DC=y, and
EB—a, and BD=b. In the Triangle BD(, by reafon
of the right Angle at C, BCq is = BDg —DCq=bb
—yy. Therefore BC=vFb—yy ; and AB = x —
&/ bb—yy Befides, -By‘ réafon of ‘the fimilar Triangles
BEA DBC, BD:DC::EB: AB; thatis, b:y::4
e x—Abh—yy 3 therefore ba— b4/ bbwyy == ay, or

e

bam—ayc=b ' bb—yy. And the Parts being fquar'd and

diﬂy ‘. xedlié’d 3y :..— :m lmy ;‘; li:_ ;; bbxff, and g:x’tra&in’kg
the Root y= 2 b £bb Vaa + bo —rE Whence it is
v i ‘ﬂd+bb .} v
apaih evident; thiat €he Catve is ar Elliple,
. | R 2 This
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“This is fo where the Angles EBD and E 4B are right ; -
but if thofe Angles are of any other Maguitude, as long as
they are equal, you may proceed thus: (Fide Figure 39,
Let fall DC perpendicnlar-to AC as before, and draw D H,
making the Angle DH.A equal to the Angle HA4 E, fuppofe
Obtufe, and calling EB—ua, BD=b, AHz=2, and HD
==y ; by reafon of the fimilar Triaugi¢s £ AB, BHD,BD

wﬂ] be: DH::EB :AB; thatis, b :y::a.: A8 -a_,,_-—%z,

Take ithis :f'rom.' AH and there will remain BH = e %y.

Bﬂﬁdes, in the Trkia'ngle D H C, by reafon of all the Angles
given, -and confequently the Ratio- of the Sides given,- af
fume. D H to HC in any given Ratio, fuppofeas b to¢;

and fince D H is y, HC will be‘fg, “and HB x HC will

£xy . 28

= 7 T T Lafily, by thé 12, 2 Elem. in the Tri.
angle BHD, BDq is — BHq-+DHg+ 2BH x HC;

e o2axy | 4ayy L 2eXxy  2aeyy
that 1s, bb = % e = L | e
7 b . bb o - bb

ay— ey v eeyy—Dbbyy--bbbb
L oy
Where, when b is greater than e, that is, when ee —bb is
a. negative Quantity, it is again evident, that the Curve
is'an Ellipfe, - - R o Co

and extracting thf; Roﬁ)f x:

Proprem XXIIL s
Having the Sides and Bafe of any right-lined
Triangle given, 1o find the Segments of - the

Bafe, the Perpendicular, the drea, and the
. dngles. [ Vide Figare 40.7 - |

" ET there be given the Sides AC, BC, and the Bafe
& 4 B of the Triangle ABC. Bife& 4B in [, and take
- on ¥ (being produc’d on both Sides) AF and 4 E equal to

A€, and BG and B H equal to B( Join CE, CF; and
from € to the Bafe let fall the Perpendicular' CB,  And
wlCqemBCg willbe 02 AD g4 (D g wm CDqu.ﬁ%q

- w1 Uq
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-—ADq»—-BDq-- AD+ BDRAD — BD = Azhe

2 D1 Therefore ﬂc;i:BBCquI And 24B : AC+4-

BC:: AC—BC:DJ], Which is a Theorem for determine
ing the Segments of the Bafe,

From [ E, that is, from 4C~—1 4B, take away D1, and

there will remain DE — BC‘]""ACQ + 2AC XAB-—--ABQ-,

| 2.4B -

: BC+4C-——-AB><BC—-—.4C‘+AB S
that 18, —= -

- 2AB ) e
-‘E-f—g—;w. Take awa;y D E from FE, or 2. 4C, and there
will remain FD — A9+ ZAC X AB+ABq ”ch

2.AB
. ACY AB+ BCx ACH AB—BC
that 15, == ~AE - '3 4
15_62-%-;—-—]{ And fince CD is a mean Proport’idnal betweerf

. DEand DF, and CE a mean Proportional between DE
and EF, and CF a mean Proportional between D F and

EF, CD will be EVFGxFPIXHEKEG

Or ==

, CE =
AC 2ABC H
xHExEG A xFGxF
V- o and CF = V/ = 2 Mul-

tiply CD into. iAB and you'll have the Area :%

vFG X FH x HE x E G., But for determining the Angle
A, there come out feveral Theorems :

1. As24Bx AC: HE x EG (: ;AC:DE) ::Radius
: verfed Sine of the Angle 4.

2, 2AB % AC: «/chz-‘H( AC‘ FD) Radms
verfed Cofine of 4.+

30 248 % AC : vFGxFHxHExEG ¢ AC:
CD) : Radms Sine of 4.

'\/FGXFH VHE)(EG( CF CE)"Radlus
Tangentof1A

S+ VHEX EG : VFGxFH( CE: FC) : : Radius :
. Lotangent of % A,

6. 2/ AB
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‘«6, A AT ACH VHEXEG (: FE: CE) : : Radivs
Sme of td, "

7. 21/AB><AC *VFG*(FH’( FE: FC) :: Radiyg |
’ Co:"neoftﬁ |

PROBLEM XXIV.

In ﬂae given: Angle PA B baving any how drawn
the right Lines, BD, PD, in a given Ratio,
on this C'ana’zfmn t/am’ BD ﬂml[ be par zzllel
30 AP, and PD terminated at the given
Point P in the vight Line APy to find the.
~ Lioeus of the Point D, {Vide Tlouru 41.]

T XNRAW CD panallel to 4B, and DE perpendlcu]zzr
tO AP and rnakp AP: tly (‘P-——x and €D Yy and
Ict B D be to PD Ain the fame Ratio as 4 to ¢, and AC o

BD w:]] be - a!---x' and PD = M";m. Moreover, by ,i
teafon.of the gweu Angle DC E, et the Ratio of CD to
CE beas d to'f, ‘ahd C‘E will be D and EP iz e

=
17 i But by reafon of the Angles at E beixlg rig“h'i:'cné's;_{_.?'

CDg wnC Eg will be (= E Dg) = PDq --—-EPg ; that is,

wff.y.y Ef.’ﬁlﬁ-——- 2?6’61&‘ + eexax gfx’ o
Z‘Ly , and blotting out on each_.ll Side f {ifiy’ and the

Terms being rightly difpos’ d J;y .2_]_[?)_ -

gean— 21-9(;.1, + ee x v-—-—ddxx |

dd B S ﬂ“.d Extlaé’cmg the Root .
_fx 8844——-zccﬂxﬁddxx |
aalr I AR, ) S

i o
| < (,;Where,
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- Where, fince x and y in the Irft Equation afcends only
to two Dimenfions, the Place of the Point D will be 2 Co-
nick Se&ion, and that either an Hyperbola, Parabola, or
Eliipfe, as ee——dd 4 ff, (the Co-efficient of xx in the
laft Aquation) is greater, equal to, or lefs than nothing;

PropLEM XXV.

- The two right Lines VE and VC ‘being given in
Pofition, and cut any bow in C and E by ano-

* ther right Line, PE turning qbout the Pole,
P given alfo in Pofition 3 if the intercepted
Line CE be divided into the Parts CD, DE
that bave a given Ratio to one angthery i
is propos’d to find the Place of the Point D

- [Vide Figure 42.7] -

R AW PP, and parallel to it D4, and E B meeting
R J VC in Aand B. Make PP —a, VA=2x,and 4D
—y, and fince the Ratio of CD to DE is given, orcon-
verfely of CD to CE, that is, the Ratio of DA to EB, ~ let,

it be as cl toe, and E B will be - f—f Befides, f{ince the:

Angles EVB, EVP are given, and cbnfequ,ently the Ratio
of E B to VB, let that Ratio be as e to f, and /B willibe —-
| 137 Lafily, by reafon of the fimilax Triangles CE B,CD4,
. CPV,EB:CB::DA4:CA:: VP :VC(, and by Compo-
" fition ER4+FPP:CB+VC::DA+VP:CAAVC; that-

s, %’ ~ta: {_{2 11 y=ba:a, and multiplying together the

Means and Extremes eyx -t dax=fyy--fay.

Where, fince the indefinite Quantities x and y afcend only
© to two Dimenfions, it follows, that the Curve 77D, in which
* - the Point D is always found, is a Conick Se&ion, and that
. an Hyperbola, becaufe one of the indefinite Quantities, 2iz. -
. ais only of one Dimenfion, and the Term exy s multi-
- ply’d by the other indefinite one y.

Pr.o-
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:_"P._ROBLEM. XXVIL

ff two right Lines, AC and A B, tn any givm
Ratio, are drawn from the two Points A and
B given in Pofition, to a third Point C, 1o

find the Place of C, the Point of Concourfe.

[ Vide Figure 43. ]
OIN AB, and let fall to it the Perpendicular CD;
§ and making 4B:==4, AD=x, DC=y, AC will be
= vzx 4 yy, BD=—a~—4, and BC (= v BDq + Diq)
i /%% —2ax +aa-Lyy. Now fince there is given

the Ratio of AC to B(, letthatbe as dtoe; and the
Means and Extremes being multiply’d together, you'll have

eV yy—d Vixe— 24X + aa 4y, and by Re-

duétion !/ddii:zjdax xx =1y Where, fince # is

Negative, and affe@ted only by Unity, and alfo the Angle
A DC aright one, it is evident, that the Curve in which
the Point C is plac’d is a Circle, wix, in the right Line 4 B
take the Points E and F, {othat d:e:: AE: BE:: AF
: BF, and E F will Le the Diameter of this Circle, |
. And hence from the Converfe this Theorem comes out,
that in the Diameter of any Circle EF being produc’d,
having given any how the two Points .4 and B on this Con-
dition, that AE: AF :: BE:BF, and having drawn
from thefe Points the two right ILines 4(C and BC, meet-
ing the Circumfercnce in any Point €3 A4¢ will be to BC
in the given Ratioof 4Eto BE, | |

Pnloé
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Prorr EM XﬁVIL.

T'o Fnd the Poins D, ﬁ*olrn which three right
Lines DA, DB, DC, let fall perpendiculay
to [0 many other vight Lines A E, B F, CF,

- given in Pofition, [ball obtain a given Rativ
to one another. [ Vide Figure 44.7] '

gL the right Lines given in Pofition, let us fuppofe
&_J BF be produc'd, as alfo its Perpendicular B D, till they
meet the reft 4E and CF, viz. BF in Eand F, and BD
i Hond G, Now let EB—wx, and EF—4; and BF
will be =4 wm . But fince, by reafon of the given Pofi-
tion of the right Lines EF, EA, and £C, the Angles E
and F, and confequently the Proportions of the Sides of the
Triangles EBH and FBG are given, Let EB be to BH

as dto e; and BH will be m'fdi’, and EH (=
VEBgt BHy=f/ x4+, thatis, % v T e
let alfo BF be to BG as dtof; and BG will be =

fe—l% ad PG (= v FE ¥ BG7) =

d 7.

i —nandd b wwdd pFf e 2FFaAx A f Fr
14

that is, == "L;ﬁ Vdd - [} Befides, make BD = y, and

HD will be = "’;‘.‘ —y, and G D= ;{f :fx

fince 4D is : HD (:: EB:EH) i:d:+/dd *+ee, and
DC:GD (G:1BF:FG) ::d:vdd+ff, AD will be =
Y i Do ST Lty by reaton
——zm I an oz e Lafily, o
vidted vddff - o by e
of the given Proportions of the Lines B%), A ?’ DC, let
B by —dy

¥D 2 AD V-r?d*i*cc ; Ebv—-—-’d, and m will be

~=y; and fo,

" poattin
(=

)
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apy = Let'alfo BD
S L — P o .
(=4D) = Viddeo o :yd_e'x e De
by—dy

A=y
‘::«/d':i‘-k*ff: k—d, and '/W will be CMDC):,:.

faimfn—dy - o
Vermwy ,orky=fa-—fuz. I'herefore..g (=) =
fa—fx a: fha s, Whercfor

, ,,k, ; and by Redudtion ”; »-\-fiﬁxa“ , ercfore take

EB: EF::h:f;:-i—b, then BD: EB::e: b, and yogll

have the Point fought D.

Prosrum XXVIIL

To find the Point D, from which three righy
LMZC"J' D.A, D Ba, DL; d!?"{&"ffj?z VA7, Z’bé’ Z‘]jrgg
Points, 4, B, C, fball have a given Ratio 4-
mong themfelves. [[Vide Figure 45.7]

#\E the given three Points join any two of them, as fup.
4 J pofe Aand C, and let fall the Perpendicular B E from
glie third B, to the Line that conjoins 4 and C, asalfo the .
Perpendicular D F from the Point fought D ; and making
AE=—a, AC=b EB=¢, AF=u, and FD::y : and
ADqg will be —xx 4 yy, FO=b~=~x. CDq (=FCq +
FDq) =bb—2bx+ xx-tyy EF=t—a, and BDyq
(—=EFg+EB-+EDY) emww—2ax+taatcc ~+ 20y
-4 yy. ow, fince 4D is'to C'D in a given Ratio, letit
beasd toe s.and €D will be :% ‘&/.n;—;:}-_ﬁ Sincealfo
AD isto BD ima given Ratio, let that be as d to f, and
BD will be = ’—; re ;; And, confequently
g‘e'xxdb*;“”'will be (=CDgq) =bb e 2 b2 4 wa -ty
g b :
and f ; x dh; flay (== BDq) = wer 220~ aa-co -t 205
R ‘ | o In

J
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In which if, for Abbreviation fake, you write p for 4d j £%
and q for dd—ff , 'here wil] éém'é 611t b e zb.‘x& +
‘I;Mf*i- 4y =0 and 44 4+ coc — Zaw—l—zcy-Jrq-:cr
+ :f yy==0. And by the former you have bq:‘,; b bq

—aw T 17 Yo Wlleref'ore in the Iatter, for 2 ;i- 2 v +
3—_-_)131? write b qx;—-bbgs and there will come Qut_..;.
quﬁ":bba%——m +ccw2da+zc‘yﬁ;o Ag#iﬁs_};fm |
| Abbrevmtmn fake, wntc " for a H- %’, and 2cn fqr b;jq

e A (-, and voulllla.vc '?mx—l-z)cn—-uoc*v. qndt'ha

Terms bemg dwxded by 2¢, there anfes ’%—-— "l‘ = y
Wherefmc in thc: quuatmn bb"‘"Zb x4 dxx+ 7 TJ*
o o, for y . write thc ‘?quaw of — + 2 and youll havc';

Zibw-abx—\- -.-mc &??.fr ¥ -pr'iffn_ —i“p-;.;ﬂ o

Where, lf;},ﬁ]y,. if, _on_' Ablﬁrc:v_i.ai:im'n ifakc,_ yon vgrlit‘e”g— fox g

| "
mm b wmn ,
»{.-P——-, and - for b—-—-p —y youll have xx =265 ==

de
prnr .
b — 5T and having extratted the Rooti A==t

V B %—;{ , and baving found x, the quuatibu me

-F n=y will give y; and from x and y given, thatis, AF
- and £D, the given Pomt D is determm d.

S a2 Pro-
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ProereEm XXIX.

To find the Triangle ABC, whoft three Sides
" AB, AC, BC, and its Perpendicular D C
- are in Arvithmetical Progreffion. [ Vide Fi-
- gure46.]

AKE AC—a, BC—==x, and D C, the leaft Line, will
E/E be = 2 x4, and 4B, the greatefl, wiﬂ_b; =24
st Alfo AD will (— v/ ACqg—DCq) =+ qaz ~— g4xz,
z;'s'?iﬁ“}ﬁ‘b‘(__.—_ ”/B_Cq = DCg =V 4 a2%—3 xjx‘-:-- aa. And
1 again, AB=+44%— qxx + V4ax —38%— a4

[

Wherefore 24 et =9 4AX i ANE - v/ 4ax == X% ~ 4a,

¢ i ———— -,

-Qr 251-—-;1.‘-7-1/461&'-.**4.33‘5‘ m‘/a,ax'——gxxuead. And
L . IR NS

the Parts being fquard, 4a4—3x%-—ga-} 22 ¥

4/4;;*.3'_'.7.-4;;:4:'::ng-.-.:.gx.x:-»—m, OF 5ad 145 =

T4

4a—25 X V442 —qxx And the Parts being again
fquar'd, and the Terms rightly difpos’d, 16* = 80423
ob 144aaxx— 10447 ® k- 2524 —0. Divide this &
quatiofi by 2% -2z, and there willarile 8’ — 36 2.x x -
§444%— 234’ =0, an Aquation by the Solution whereof
z is given from 4 bejng any how aflum’d,  4.and &, being
had, make a Triangle, whofe Sides {hall be 2 4, gand
x, and a Perpendicular let fall upon the Side 24— x, wil}
be cx=—a. !
* If 1'had made the Difference of the Sides of the Trian-
le to be 4, and the Perpendicular to be &, the Work would
iave been fomething neater , this Equation at laft coming
out, vize &’ m-zc;drd‘wfﬁ;z].scli 3, LT R

¥
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Probrem XXX.

To find a Triangle ABC, whofe three Sides
AB, AC, BC. and the Per pendzmlar CD ﬂmll
beina Geomzftrzc al Progreffion, ¥

MAKE AC=r, BC=s, and 4B will b =%,
| . 4 an il be ==

AT
.n.u L=

——

,_d__ft A .. 3 AT - 4 4 Y ol A ~
x' And A (= 1/ 1Cq = LJ.Jq) ——

4 ', — & . ‘ a
f/x.a. et and BD (= ﬁ/BCg...-DCg) -——;/ g,

Cand cozlfequently i (__“ AB) =V zx e
X

a o A ' at a

ﬂdm...___ r-—-.,....-._ gﬂmm: 'l xm_‘._____ﬂ &

xx’ | ‘ e ioane

the Parts of the MBquation bmng fqu,ar c] L2 )«':f

— a+ at ast.
ﬂaﬁ-—-—- : + .ﬁ!d---- T A ey that i 18; &% e g gy 0
L -x.a. XX &N .

S 24a% V%% —msa. And the Parts being again
fquar’d & 2400 + 24ttt 2 glap A at e gat
......4;1 xxe Thatis, o — 24285 — atx* 2a6x1:+
4' 0. Divide this Hquation by x* gz xx—at, and,
| there will arife x * —~aaxwe—a2*, Wherefore atis = .
daxy 4 ate And And extracting the Root xx b sp v/ S0

or xe=a Vi Vi, Take therefore 4, or BC, -of my.;

Lenqth and make BC: AC:: AC: AB: 1. 1/1 F Vi
and the Perpendicular DC. of a Triangle” AB G made pf
thefe Siles, wﬂ] be to the Side B C in the fame I\atm

Tbc fnme 0tberwsfsu [Vidc hgure 47]

Since .AB ACz: BC: DC 1 fay the Angle AC’P isa:
rightone . For if you deny it, draw CE, makmg the Angle

];C'B a rnght one; | . .
~ R =*"m@@
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" Therefore the Triangles BCE, D'B( are fimilax by 8
6 Elems. and confequently EB: EC:: BC: D(, that 13
EB:EC:: AB: AC Draw AF perpendlcular to CE,
and by reafon of the parallel Lines AF, BC, EB will be-

:EC:: AE:FE::(EB~- AE) AB: (EC+ FL) F(,
Therefore by 9, 5 Elem. ACis — F C, thatis, the Hypo-
thenufe of a neht—angled Tnanale s equal to the Side, con-
trary to the 19, 1 Elew. Therefore the Angle ECB s not
a right one ; wherefore it is neccﬁ'ary ACB thould be a
rightone, Therefore 4Cq 4 BCg—=ABq. But 4(g =
" . ABx BC, therefore _»:’IB X BC+ B C'q ABq, and ex-

traCting the Root 4Be=iBC-+ v'SBCq.  Wherefore
take BC: 4B : : 2 +v5, and A4C a mean Proportio-

nal between B C and A’B and AB: AC:: BC: D(C wil]

be continually proportlonal to. a Triangle madc of thefe
Sides,

ProsrLeEm XXXL
To mzzka tbe Trzngle ABC wypon the f?i*vm B(zfe
.{iD:, WULUK P&"TLLA’: (_} JUKH-TI/ £’5 277: 1138 ¥ l.ﬂ:

Line EC given in Pofition, and the Bafe an

Arithmetical Mean bstween the Szdﬁs. [Vide
 Figure 48. ] .

ET the Bafe 45 be bifedled in F, and produc’d till it
meet the. right Line EC in E, and lec full to it the
Perpendicular CD; and making AB— 4, FE==b, and
BC—AB=x, BRC( WJ,I be -——¢;+ X, szC*——wz-——-x,- and.

by».the 13, 2 Elem. BD (= uqu:;%-f—apq .._zwa'
x4, And confeguently, FRw2n DE ---l;+ 2@, and
€D (= VCBg-—BDg) = ¥}aa—3xx. But byres
fon of the given Pofitions of the right Lines CE and 435,
the Angle CE.D is given ;. and confequently the Ratio oF
DE toCD, whlch if it be putasd toe, will give the
Proportion des: bl 2% 1 /2 440 0w, Whence the
Means and Extremes being multiply d by cach other, there
arifes the Hquation eb 26 —d N §aa— 3, the Partsg'
whereof being fquar'd and rxghtly order d, you have wr =
d:




[P S
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Fa—ce l’ _lf::dr'”'b -"q?,' and the Root being ' extiadted
jeet3dd 7 , .
- —peebbdv3ecaa—zeebb A Sddaa
. , e DL A
4ee—34dd - o
‘being given, there is given BC=a~x, and 4C=a—wx,

ProprEm XXXIL
Having the three right Lines AD, AE, BF,
jven by Pofition, to draw a fourth DF,
whofe Parts DE and EF, intercepred by the
fdrmer, ﬂ.?(f” be ‘of gz'vgn Lgﬂgt]”. Ev:id.c
Figure 49. ] | - | .

Y ET fall EG perpendicular to BF,; and draw E (' pa«

rallel to A4 D, and the three right Lines given by Po-
ficon meeting in 4, B, and H, make AB=—a, BH—b,
AH=¢. ED=D, EF-—¢, and HE—=x. Now, by
reafon of the fimilar Triangles ABH, ECH, AH : AB

G HEEC =2, and AH:HE:: HE:CH ="

e
Add H B, and there comes CB — I:irm?{c. Morcover,

by reafon of the fimilar Trangles FEC, FDB, ED isz
CB:: EF:CF meb””;tf.[if, Laftly, by the 12 and 13,

2 Elem. you have ﬁqu}«CEFq

+ LEC (= C6) =

d

' . ‘ )
HEq fila — £ CH ; that is,
- 2CH : | .
RAXX . Ax
.'“}_Emw” 4,‘-’[’-"’ 4ebe 7T ec b O
Cgeba A 2ebe T 2de T _2_{7_‘.1::' 2¢
de , ¢ -
aadvx—cedce 1 ehx +kbc___ccm-—-mxmbbx‘ |
ebw-tebe 4 d — blf o |
. R ) O e A e DD e .
Here, for Abbreviation fake, for - — -y Wwrite

b -
My
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L s addxx—ced ebr .
m, and you'll have - e —l—'e‘:';r ° 4 %F::mx; and gff

the Terms being multlply d by x 4 ¢, there will come oy

Kadxx-—cedc ebecx e[u‘c
e e s o s gy + e, Agami

ed .d “d

L b .
for %_d; ~— 1 WYite p, ar?d for m e ‘i_‘if wilte "2pg, and

ebee | eedcec . ;
for — y - — write prr, and xx will become

2gx-trr, and x==q +4/qq - ; -+ rr. Having found z g
| _H E draw EC paxallel to AE and take FC: BC::e d,
and havmg drawn F E D, it w1ll fatisfy the Condltxons of
the Queftion,

ProBLEM XXXHL

Ty a Circle deferibed from the Center C, ani

with the Radius CD, to draw « Langent
" DB, the Part wbg;ef PB placed between
 the mcg]ﬁ Lines given by Pofition, AP and
" AB fball be of a given Length. [Vide Fi-

gure 50. |

ROM the Ccrlter G to either of the right Lines given
by Pofition, as fuppofc to A B, let fall the Perpendlcu-
lar C E and produce it till it meets the T'mgmt DB in H,
To the fame 4B let fall alfo the Perpendicular PG, and
making E 4—aq, EC—=b, CD=c¢, BP=d,and PGH;‘,
by reafon of the fimilar Trmnglcs PGB, (DH you'll have

Y T} ™ [i
GB (Wdd—xx): PB "Cu:C’":wﬁ:f:::::—:. Add
| Vid— zx
S cd
EC, and you'll have E H e b+ . Moreover, PG
U ydde—an

:GB: EH Eﬂm—~1fdrlmw:x+-il. Moredver

becaufe of the gwen Ang]e PAG, there is gwm the Ratio
of PG to AG, w]uch being made as ¢ to f, AG will =

‘]-r"x.. Add E A4 and BG,_ and you'll ] ”"‘31 laftly, EB=4
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+f —\-—V“l:f:;«xr ']hexcfou:v + ’Vfiff--"xt"‘"'*

4 -+ fe -} vV'dd -—-a-:3:, and Ly Tmnfpoﬁtion of the Terms;

f’t‘ ' (i . [) R e — ST ‘ . o
p P e 4 dd-—wxx, And the Parts of thie
¥ ._" 'xp ! .
: . , 2afx  2acd xa
Aquation bcu.g fquacrd, 2a-}+ _-L - ff

& ee
acdf  cedd bbdd - 'Dbrlrl
e = m;;-—m bh ™ - A 2bx-bdd kg
And by o dee Reduttion
' “+ aadce |
+’def bbee m—!—ﬁbz{de’e tccddee
cnbee ™ n—drf} ﬂ‘”--z;wdee webbddeé
v ot cdef =0

ée 4 ff
Prostem XXXIV,
If alucid Point, [as] A, dare forth Raps to-

wards | or npon | a refi 'ﬂ(‘f’ﬂ(f plain Surfuce;
[as] (0D ro find the Zur; AC, whofe re-
fratted | uz}fj CB  [lrikes the given Point
B. [Videz Figure 51.

ROM tint luil Point i]ct'fali the Perpendicular 4D

_ to the refr téng Plane, and lct the refradted l(ay B d
meet with it, heing produc ' ot on both Sides, in E 3 and

a Perpendic ulu lee £ull from che Point B in F and dmw |

BD,; and making AD=—=a, DB :b B F~~ ¢, DC—=

make the Ratio of the Sines of Incidence and l\clrd:ﬂmn

" that 15, of the Sincs of . the Anqlcb CAD, CED;to be d to

e, and fince EC and AC (,19 is known) arc, in the fame

- Ratio, and A C is */mz-k 't.?r. EC will ber—-»- - 'r/;m - xe
e g s Iam-—{— drl.x-r

a) wt ﬂ’
Ly

e XX
R
&'E

anl DE = vV bb==ce; and E F iz ‘\/ bb oot -

Vddas



[ 1387

— xx, laftly, becaule of tle fimilay

Vkid;m-{— ddxx

ee
Triangles ECD, EBF, ED : DC:: EF : FB, and multi-
plying the Values of the Means and Extremes into one ang-

ther, ¢ ’/ddﬂd-‘_fidxx-—-xx ::-:x‘»/bbw—r:c -+ ax

£e
g/ Adaatddzx Jddas—tddyx
RELL
e

X2y OF € o X

ce

e 24/ bb—-¢¢, and the Parts of the Aquation being fquar'd
and duly difpos'd [into Order],

-ddee
~ddaaxx—2ddaacyt+ddaace
.fzr“m:zcx’-e—':“eEbb -\ =0
- dd-—ce -

ProrLEM XXXV.

To find the Locus or Place of the Vertex of 4
Triangle D, whofe Bafe AB is given, and
the Angles at the Bafe DAB, DB A, bave q
given Difference. | Vide Figure 52.]

¥ ¥ THERE the Angle at the Vertex, or (which is the

vY fame Thing) where the Sum of the Angles at the
Bafe is given, 29. 3. Euclid, has taught [us], that the Locug
for Place] of the Vertex is in the Circumference of a Cir- -
cle ; but we have propos'd the finding the Place when ' the
Difference of the Angles at the Bafe is given.  Let the An-
gle D B A be greater than the Angle DA B, and let ABF
be their given Difference, the vight Line BF mceting 4D
in F.  Moreover, let fall the Perpendicular D E to BF, as
alfo DC perpendicular to 4B, and meeting BF in G. And
mﬂkiﬂg AB v, AC*__—-_-.%" and CDm?, ,BC will be —
a—x, Now fince in the Triangle B(CG there are given
all the Angles, there will be given the Ratio of the Sides
| Ad~—adl

d H

take away this from DC, or y, and there will remain DG

= dy """‘:‘: + M, Befides, hecanfe .of the fimilar Trian-

BC and G C, let that be as.d to 4, and CG will =

gles
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les BGC, and DGE, BG: BC:: DG : DE. Andinthe
| r1angle BGC a:d::CG:BC  And confequently 4,

dd 1: CGqg: BCq, and by compounding aa - dd : 44 -

BGg : BCq, and extraling the Roots 4 Vae-dd ;4 €

BG:BC)::DG:DE. Therefore DEM(.{.E--—-?“{__"“ ax
Viaa--dd
Moreover, fince the Angle 4 BF is the lefewnce of the
Angles BAD and ABD, and confequently the Angles
BAD and FBD are equa] the right-angled Triangles
CAD and EBD will be fimilar, and confequently the
Sides proportional for] DA : DC:: DB: DE. But DC

=y DA (= v ACq4 D(g) -—--*/v.x—{—» yy. DB (==
v'ECq -+ DCy) —--'%/M--zm—l—p.x—&-y;, and above

L X ]

s e

dy——da < ax
DE was = ““J;;ﬁr th-ref@;e v wx 4yyiy:z
Vﬂﬂﬂ24x+x.t+yy' aa A and the Squares,

Viaa. -Jr- 4’
of the Means and Extremes being multiply’d by each other
v v 4 ddyt e— 24adres
aayy—2axyy +xxyy -ty ) az;z-—l-ydd'- 24
s 2a0dy} = 2adyx’ 4 2adxy’ 4 adat & oatyy — 24753
aa4dd
T 2al T aest A et Ay —2. Multiply all the Terms by
aa - dd |
Mw}- dd, and reduce thofe Terms that come out into due
Order, and there will arife

! d
—2a —zdy ?.._.y —ddyy
o W o zdd x 24y} = O

s : “rr —y ¢
4=y e Ay |

'Divide this Bquation by # x == g x I;;’ , and there wiil a-

rife xx + 2d% ""'fi’ ;’ — 03 therc come out thercfore two
p ,

}Equations in the Solution of this Problem : The firft, » =
— j;_ J'?)‘ -—-b 15 ina Cm.lc wiz. the Place of the Poiat

D, wherxe the Angle F B D is taken on the other Side of the
T 2 right
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gsight Line BF than what is defcrib’d in the Figure, the
ﬁng,lu A BF being the Sum of the Angles D 4B and DB.A
at the Bafe, and fo the Angle A/ D R at the Vertex being
—

_ _ . o (1 ‘_m-_}ﬂ)r
given, The laft] viz, xx 42,

— 15 an Hy-
— —d ¥ O .}'
a

purboh the Place of rhe Print D whore the Angle F DD
obtains the [fime] Situattan from che riche Line 5~ which
we deforib'd in the Tmurt ; that is, {o that che Angﬂe ABF
may be the Difference of the ,m;lu DAB DBA at the
Rafe. DBat this is the Detcrinination of the H\; verbola ¢ Bi-
& 4B in P; draw P Q, making the Angle £/ 2 Q) equil
to half the An le ABF: "To this draw tlu Pcrpumnullr
FPR,and P O md P& will te the Afymprotes of tlus Hy-
pmbohj and B a Paint through which the Hyperbola will
afs.
HLnLc arifes this 'Tnm e Any Dmmftcr as AR cf a
qull[‘-dl”-_’ LL} {J]}N-IL LH L,LUJ" Ll! l\l’ll 'I“U ]IJf.\i'I.H!;' lIl(l\Vl] ]:J.I(_.
-mﬂht Lines AD), T’ﬂ AH BH from it's knd'-} to any
fwo Points D and H nf the Hyperbola ; thefe right Iincs .
“will make cqual Angles DA H’ D B H at the Ends of the
* Diameter,

The fame afcer a [horter Way. [Vide Figure 53.7]

T laid down a Rnle about the moft commodious Ele@ion
of Terms to proceed with in the Caleulus [of Problems]
where there happens any Ai:lulfftlltv in the BEle@ion {of fuch
Terms]. Here the Difforence of the Angles at the Bafe is
indifferent in refprét to both [or either of the] Angles ;
and in the Confiru&tion of the Scheme, it might cqua”y
have been added to the leffer Angle DAP by drawing from
A a right Line parallel to BF, or fubtiGed from the
greatcr Angle D B.A, by drawing the vight Line B F. W here-
fare [ neither add nor fubtrad it, but add half of it to one
of the Angles, and fubtra& half of it from the other, Then
fince it is allo doubtful whether AC or BC muft he made
{Hfe of for the indefinite Term whereon the Owdinate D¢
ftands, T ufe neither of themy but THf&@ AR in P, and |
make ufe of P C; oy rather, having drawn .MP [o5 mnkmq
on Foth Sides the Angles AP Q. BP A cqual to half the
Difference of the Angles at the Bafe, fo that it, with the
sight Lines 4D, B D, may make the AI]EICQ DQP, DMP

' equal



L 141 ]

equal ; T let fill to A4 Q the Perpendicnlars 4R, B N, DO,
and I ui’c DO for the Ordinate, and 2O for the 1r1cief111te
Line it ftands on. T make therefore PO=2r, DO=y,
ARov BN —b and PRor PN—=c. And bv reafon of
the fimilar Triangles B NAZ, DO A4, BN will be : DO
c MN ATO. T And by Diviilon [ns in the sth of Euclid)
DO— BN, (y—b): DO (y): [’lame—-MN (ON or
¢ma) 1 M O. Wherefire M0 = E? In like Man-
ner on the other Side, Dby reafon nf the fimilar Tnang]es
ARG, DO Ly AR willbe: DO:: R Q: OO, and by

(,omnc:ﬁumx Do + AR (y-+1b): DO (1) :: Q0 +

RQ (OF orc+ x): Q0. Wherefore QO._.,__;{:,EQ’

J 10
Lftly, by reafun of the cqual Ang]es PMQ, DQam,
MO and QO are cqual, that is, v ‘_";’_'_’i“x'}'

%ﬁ — +b

Divide all by y, and multiply by the Denominators, and
there will arife ¢y + ¢bm—ny—ab = cy—¢lb + XY —
ab, or ¢ b= =y, an Mquation that cxprciius (as is commonly
kuown) the [—ly[mrlvolt

Morcover,  the Locus, or Place of the Point D might
have been found without an Algzebraick Caleulus 5 for from
what we have fuid above, DO -~ BN :ON :: DO : MO
(QO)::DO—’;—AR:OR That ]S,DO-—-—-*BN D()‘
BN ON : OR, And mu{tly, DO :BN:
ON4OR O R

- 2
DO x ()P---bNxNP

ProBLEM XXXV
To find the Iocus or Place 0f the Vertex of a

Triangle whofe Bafe is given, and one of
the /]r;qlm at the Bafe differs by a given
Angle from [being] d()?t[’l(" of the other.

N the laft Scheme of the former Pmblcm let ABD be
that Triangle, 4B its Bafe bifected in P, AP Q or
RPAM half of the g given Angle, by which D B .4 C]{LLed.ﬁ
the double of the Angle D 4B ; and the Angle D42 Q will

be
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be double 8f the Angle D Q 4. To P M let falf the Pey.
pendiculars AR, BN, DO, and bifect the Angle DMQ
by the right Line A48 meeting DO in§; and the Trian
gles DO O, SO A4 will be fimilar ; and confequently 09
cOM::0D:08, and dividing O Q—04:0M:
SD 08 (by the 3. of the 6th Elem.) DM O M,
Wherelore the ¢. of the gth Elew) O Q — O A =D M,
Now making PO=x, OD =y, AR ov BN =b, and P}
or P M =¢, youll have, as in the former Problem, O A4
€yr—*) -—“f_l;t—:bj d confequently O O .
J]W_b‘,and()Q,____ y+b’an confeq yogQ

@M:MUMEEM, Make now DO g - O Aig = DMj,

D A v

N 66 vmm 20X -2 B 4bbee ~ 8[:0.@ :‘_4@3’ |
that is, yy —-l-”__”_ e Y= 3 —lbyy
cc—2cx-Fxx  qbec —8lexy 4 qxxyy
B B e i A
y—b % y—b y—b X y—b¥y-Fbxy+h
and by dve Redudtion there will at length arife

e S oabax - b+

L

yx iy aber y 1 <ol
—3ax T2V iy

'Which gives the Relation of the Curve : Which becomes
an Hyperbola when the Angle BP A7 (vanithes, or) be-
comes nothing ; or, which 1s the fame Thing, when one of
the Angles at the Bafe D B 4 is double of the other D 4B,
Forthen BN or b vanithing, the Aquation will become
Yy = Jax 4 20x~—CcC,
~ And from the Conflrution of this £quition thexe comes
this Theorems. [Vide Figure 54.] 1 from the Center () the
Afymptotes being C' S, C7T, containing the Angle SCT of
120 Degrees, you deferibe any Hyperbola, as DV, whole
Semi-Axis are OF, CA; produce CF to B, o that /B
thall = ZC, and from A4 and B you draw any how the
right Lines 4 D, BD, meeting at the Hyperbola ; the Angle
BAD will be half the Angle 4 B D, but a third Parcof the
Angle A D E, which the right Line 4D comprehends to-
gether with BD produc’d,  This is to be underftood of an
Hyperbola that pafles thro’ the Point 7. Now if the two
right Lines 4d and Bd, drawn from the fame Points 4 and
8, mect in the conjugate Hyperbola that paflcs throughld,
then
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then of thofe two external Angles of the Triangle at the
Bafe, that at B will be double of that at A. |

ProBrem XXXVII.

To defiribe a Circle through two given Points
that [ball touch @ right Line given by Pofition.
[Vide I'igure 55.7

ET A and B bethe two Points, and EF the right

- Line given by Pofition, and let it bereqnird ro deferibe
a Circle AB E through thofe Points which fhall touch that
right Line FE. Join AR and bife& it in D, Upon D
erect the Perpendicular D F meeting the right Line FE in
F, and the Center of the Circle will fall upon this laft
drawn Line DF, as fuppofe in C. Join therefore C B ; and
on FE let fall the Ferpendicular CE, and.-E will be the
Point of Conta&, and CB and CE equal, as being Radii -
of the Circle fought. Now fince thie Points 4, B, D, and
F,are given, let DB—a, and DF=10; and feek for D¢
to determine the Center of the Circle, which therefore cail
x, Now in the Triangle C D B, becaufe the Angle at D ig

a right one, you have +/DBg — DCyq, that is, Viadtxz
—(CB. Allo DF—DC, or b—=x=CF. And fince in
the right-angled Triangle CF E the Angles are given, there
will be given the Ratio of the Sides CF and CE. Let that

beas dtoe; and CE will be ———c:-xCF, that is; —

—d
el:-;ex Now nut [or make]] CB and CE (the Radii of

the Circle fought) cqual to one another, and you'll have
eb—ex Whofe Parts being
fquar'd and multiply'd by dd, there arifes a24dd - ddx x

the Aquation v aa - ¥ x =

—— eebx — aadd & eebp
== cebl— 2echx - eexx 5 Or Xx = p .
e ool - '-'/ef_cbb ~+ eean~—ddaa,

And extracting the Root xr== ) P

Therefore the Length of DC, and confequentl y the Center
¢ is found, from which a Circle is to be defciibd through
the Points .4 and B that fliall touch the right Line £ }1;"

_ | ro:
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ProerLeEmM XXXV

To defcr;be a Circle throngh a given Poing thay
fball touch two right Lines given by Pofition,
[ Vide Figure 356.] -

N. B. This Propofision is refolv’d as Prop. 37, for the
Point A being given, there is alfo given the aher
~ Point B,

UPPOSE the given Point to be 4; anid let EF, FG,

be the two right Lines given by Pofuion, and 4EG

the Circle fought touching the fame, aud pafling througly
that Point 4 Let the Angle £ FG be bifc&ted by the righe
Line CF, and the Center of the Curcle will be found there.
in, Let that bé C; and having let £l the Perpendiculars
CE, CG to EF and FG, E and G will be the Points of
Conta®, Now in the Triangles CEF, CGF, fince the
Angles E and G are right ones, and the Angles at F are
halves of the Anale EFG, all the Angles are given, and
confequently the Ratio of the Side CF to CE or CG. Iet
that be as d toe : and if for derermining the Center of the
Circle fought C, there be affum’d CF=w, CE or CG will
be — ‘?_'[ﬁ_ Befides, fct fall the Perpendicular A H t6 FC

£
and {ince the Point A is given, the right Lines 4 H and
FH will be given.  Letrhem be call'd 2 and by and taking
FCor« from FHorlb, there will renain CH —b—x;
To whofe Square bb —2ba 4 a2 add the Square of 4 H
or 4a, and the Sum a4+ bb—o2ba -~ vx will be 4Cy
by the 47, 1« Eucl. becaufe the Angle A4 HC s, by “uppo-
fition, a right one, Now make the Radii of the Circle
AC and CG equal to eachother; that is, make an Equality
between their Values, or between their Squares, and you'll
cexw

have the Fquatdon a4 -4 bb—obx -2 = ~ Take
-

away wxx from both Sides, and changing  all the Signs,

youll have gz —bbh + 2bx — 22— efj‘ﬂ;. Multiply all
, _ (

by dd, ' and divide by dds—ce, and it will becomz

o —aadd
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cRLgadde=bbdd Y- 2bdde

- =X,
dd—cee

Aquation being extratted, is

o bddeedWeelb ¥ eoan— S

A — __,f;({:::d_f' ddfm. Therefore the Length

of FC is found, and confequently the Point C, which is the

Dentar af tho § ivrla Farinlaa
\‘Nllkh‘ Wi X w1

The Root of which

I LITGIC 10uBENT,

If the found Value «, or F(, betaken from b, or HF,
"-—eeb—i—_ci‘x/eebb,—i-}iada—ddﬁﬁ
|  dide—ee

the fame Aquation which came out in the former Probletn;
for determining the Length of D .

 Promiem XXXIX
Y (Ze’_ﬁ'nz'be a Circle t]amugfb two given 'Paigzi“r,
which [ball touch another Circle given by Po-
Stion. [ Vide Problem 11, and Figure 57.]

ET A4 B, be the twg Points given, E K the Circle gi=
4 ven by Magnitude.and Pofition, F its Center, A4 B
the Circle fought, paffing through the Points 4 and B, anc
touching the other Circle in E, and let C be its Center, Let
fall the Perpendiculars CD and FG to A B being produc’d,
and draw (C'F citting the Circles in' the Point’ of Contact
E, and draw alfo F H parallel to DG, and meeting CD in
H, Thefe being [thus] conftrocted, make 4 D or D B4,
DG ot HE=1b, GF=¢, and EF (the Radius of the Cir-
cle given) =4, 'and D Ce—x; and CH will be (=L —
FG) cmxwme, and CFg (=CHg+ HFq) =%x—=2ca
Fcc-bb, and CRq (= CDg -+ DBq) =xx +faa,
and confequently CB or CE =¥ & 4. To this add
EF, and youll have ( F=d -+ +/wx + a4, whofe Square
ddd-dadwr - 2d Vx4 aa, is = to the Value of the
famj_C Egq .founc”l'!-l:ef'ore, iz, 28 =—20% - cc < b, Take a-
way from both Sides xx, and there will remain dd 4- a4+
sdvxxtans=ccdbbem2cm. Take__:_twa‘y moreovet
dd 4 a4, and there will come out 2 dv/ st aa—=cect
bl ddesggmmzck, NoW,U for Abbreviation fake, for.

A

there will remain HC—
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et 4 bh—dd—aa, write 297, : and you'll have 2dv/xv+ay

= 28 g~ 20,07 d+v 5% 4+ a4 +taa=gg—c% And the Parts

of the Aquation being {quar'd, there will come out ddaw
wtddaa—g* —2ggcx~+cowx., Tuke from both Sides
dddd and c¢xa, and there will remain dd x — Y
gtemddaa—2gg0c, And the Parts . of the thuatmn
being divided by dd —¢¢, you'll have wx —
£ 'mdj:'g -:-2,2 £ M'. And by Extraétion of the affeQed

— (¢
—gget Vg'dd —d'aa - dd
Root = gge- 2z i — 4 ta 4 aace
Having found therefore x, or the Length of D, bl[’e&
‘AB in D, and at D eredt the Pe1pcnd1cular DC =
g8 + d ";i —addd -y M”. Then from the Center
—CC

€, through the Point A or B, defcribe the Circle 4BE,
for that will touch the other Circle E K, and pafs through
both the Pomts 4, B. Q.EF

Prorsrem XL

To defevibe a Circle through @ given Point which
fball touch & given Circle, and alfo 2 right
Line, both given in Pa_ﬁﬁzmz [ Vide Figure

58]

ET the Circle to be defcsib’d be B D, its Center C and

B a Point through which it is to "be defcrib’d, and

AD the right Line which it {hall touch; the Point of Con.

taét D, and the Circle which it (hall to'uch G E M, its Cen-

ter F, "and its Point of Conta& E. Produce CD to 0, o
that D _Q hall be = EF, and through O draw Q N pa-

rallel to A D, Laﬂly from Band F to 4D and _Q_N let

fall the Perpendicolars B A, FN 5 and from Cto A48 and

F N let fall the &Jerpenamulam CK, GL, And fince BC.wms
€D, or AK, BK will be (== ABw— AK) == AB B,
and confequently BKquzABq—AB x BC+ B(q. Sul
trad this from BCq, and there will remain zAB >< BC‘-—-»

",ABq for the Square of CR. Therefore 4B v 2 BC — AB

w=CKq; and for the famg Rea.fon FN % zFC»....pN.....
| CLyg,
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€ Lq, and coni‘equent]y 7 CKg - AB =2 BC, and GL? <
FNz=2FC. Wherefore, if for 4B, CK, FN, KL and
c L,_ you write a, 9, fb, ¢y and ¢ =7, you'll have ‘Z—i + %4

BC, and g 22? +2 + tb=F(. From FC téke away BC,

2€J’+M
2

and there remaing EF = e -- L4l

Mow, if-the Points where F V being produc’d cuts the right
Line A D, and the Circle G E A4 be mark’d with the Letters
H,G, and’ M, and upon HG produc’d youtake HR = A B,

fnceHN( D_Q EF)is =— G F, by adding F Hon both
Sides, you'll have FN=GH, and c:onfequentl AB~-FN,
(= HR—GH) =GR, and AB—FN 4 2 EF; thatis]
a—b+ 2EF = R, and &4 lb 4= EF = $R M,

Wherefore ﬁnce aboye EF was : - 2,?_:1_” o+ _.{,

LA 4, 1E' tlus be wrigten for EF you Il have £ R M

ad

- €0 = 225: +JW .Zy Cau tlereforc RMJ a.ﬂd d
. a

cc—-—-zcy -\-w yy

will be = Multiply all the Terms

by 4 and b, and thcre will aufe abd—-—acc--g:wy + ayy
—Dbyy. Take away from both Sides ac¢—24cy, and
there will remain- apd—acc - may——-ayymbyy Di-
et 2acy
| b

== yy. And extra&ting the Root y= iib A+

vide by 4 ~—Db, and there will aqu;

“Which Conclufions may be thus

Vﬂdbdﬂdbbd+dbcc

7 Ad—2ab-bb
-abbreviated ; make ¢:b::d:e, then g—biazics fs

- and fe u--fc—-‘rz will be ==yy, or’y = = f+vff f+-fe--fa. :
JHaving found _y,f yor KC, or AD, take AD—f+

4/ ff-+ fr —f¢, and at D ercél the Perpendlcu]ax DC (=
BC) = I(’C‘ + 3+ 4 B ; and from the Center C, at the In<

terval C B or C D, defcribe the Circle B D E, for this pdﬂ" nss .
U2 - thro.
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| through the given Point B, will touch the rlght Line 4D i
1), and the Circle G E M in E. Q. E.F.

Hence alfo a Circle may be defcrib’d which fhall touch .
two given Circles, and a right Line given by Pofition, [#ide
- Figare 59.] For let the given Circles be RT, SF”, theiv
Centers B F, and the righr Line given by Pofition P Q.
From the Center F, with the Radius F § — B R, deferibe the
Circle E 4. From the Point B to the right Line P Q let
fall the Perpendicular B P, and having ploduc ditto 4 fo
that 2.4 fhall be = B R, through A draw AH pamllel to
P G, and defcribe a Circle which fhall’ pafs through the
Point B, and touch the right Line 4-H and the Circle E 7,
Let its Center be C; join BC, cutting the Circle RT in g,
and the Circle R S dc{lnbd from the fame Center C, and
the Radius CR wﬂl touch the Circles RT, SV, and the
Ilght Line P ¢, asis manifeft by the Lonﬂru&xon '

ProBLEM XLI
To d»’ﬁ ribe a Circle thar [hall pafs through «

gzven Point, ‘and touch two other Circles
given in Pofition and ﬁﬂzgnztfztde, [Vide Fi-
glure 60.]

ET the given Point be .4, and let the Circles given
4+ in Magnitude and Pof‘txou be [1V RHS, thelr Cen-
ters Cand B ; the Circle to be defcrih’ dAl H, its Centey-
D, and the Pojnts of Contaét [ and . Join 4D, AG
A D DB, and et 4B producd cut the Cirdle R F S in the
Points R and S, and AC producd, cut the Circle T2¥ in
Tand V. And having let fall the Perpendiculars D E
from the Point D to A B, and D F from the Point D to
AC mﬁen”ﬁ’ AB in G, and [alo the Perpendiculay] € '
to-4B ; in the Triangle .4 DB, ADQr-- D Bq + 4 B‘?
Wil be =2 AE x AB, by the I‘?lh of the 2d. Eles;. But

WEB —=4D 4+ BR, *und ccmﬁ-.quent]y DBg = ADg
24D % BR 4+ BRg. Take away this from Al)q -1~ A By,
- and there will remain A Bg—24D X BR—BRg for

" ....-__.....

‘..AAE}\.JP Moreover, AB;ml'Zi’q s m-AB-mBR
y:.szB—}— BR=AR x AS. Wherdo:c AR %X AS

24D % BR=24E % 4B+ And 2% "j"?}”hdﬁ

smodD
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=2.A4AD. And bya like Reafoning in the Triangle 4D C,
' TAV - 2CAF,

CT ‘

RAS—2BAE TAV —2CAF TAYy
Wherefore ~— AR — o ‘, And.,_c_f_

RAS | 2BAE _ 2C4F

T BR | BR T Ccr° ° -

74V RAS  2BAE  CT |

7 T BR -+ ¥ X ;dt?’“ﬁﬁ Whence fince

AK: AC:: AF :+ 4G, AG will =

TAVY RAS 2BAE CT :

— B{R - Bg_, % —7 Take away this from
2 XK AE. ‘ :

AE, or vl X .:——3;, and there will remain G E =

L L L AN

RAS _TAV _2FAE 2KAE CT g
BR T R e ¥ AR ence
fine KC: AK::GE:DE; DE willjbe.=

there will come out a_gain 24D —

BT CT T TBR T Ter X swe UpndE

take 4?, ' which_ let be to 4B as CT to BR, and 2—%’;—?

, 2BAE . 2PKxAE 2RBAE :
be = ——, = Gy =
il be = gy M o = g —
2KAE . RAS TAV  2PKxAE
and o DEo=— mmee - :

cr > S Y EERR T ET crm %

QCKTC' Upon' AB ercét the Perpendicular 40 — R; f;

L TAr T . ' PEKxAE
e X SR and in it tgke._Q_O:-; T
A0 willbe =D E. Join DO, D Q, and CP, and the Tri-
angles DO Q, C KP, will bé fimilar, becanfe their Angles
at O and X are richt ones, and the Sides. (KC:P K ::
AE, or DO : QO0) proportional, Therefore the Angles
00D, KR(, areequal, and confequently QD is perpen-
dicular to CP.  Wherefore if 4 /V be drawn parallel to C'P,
and meeting Q0 D in IV, the Angle 4 N Q will be a right
one, and the Vriangles A Q N, PCK fimilar; and confe-
;}Hently PC: KG::48 : AN. Whence fince 4 Q is
' v ‘ ' ' RASE

BR

and
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RAS TAr €T . ., .. . RAS TAP
52 o7 ¥ oxp AN will be 5p —

Bt B

m Produce AN to M, fo that N fhallbe == 4N,

and AD will = DA/, and confequently the Circle wil]
pafs throngh the Point A4.
Since therefore the Point A4 is given, there follows this
Refolution of the Problem, without any farther Analyfis,
Upon 4B take AP, which muft be to 4B as CT to
BR; join CP, and draw pazallel to it A, which fha}]

RAS TAV e
be to 5 T CT to PC; and by the Help of the

39th Probl. defcribéthrough the Points A4 and 24 the Ciy.
cle 41 H A4, which fhall touch either of the Circles 771y :
R HS, and the fame Circle fhall touch both. Q. EF
And hence alfo a Circle may be defcrib’d, which fhall
touch three Circles given in Magnitude and Pofition, For
Iet the Radii of the given Circles be A4, B, C, and their
CenterseD, E, F. From the Centers E and F, with the
Radii B¥4 and C4- A4 deferibe two Circles, and Jet a third
Circle which touches thefe [two] be alfo defcrib’d, "and let
it pafs through the Point A4 ; let its Radius be G, and its
Center H, and a Circle deferib'd en the fame Center H,
with the Radius G+ 4, fhall touch the three former Circles,
as wasrequird, |

Ppo-
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Prozrem XLII

Three Staves being evedted, or fet up an End,
in fome certain Part of the Earth perpendicu-
lar to the Plane of the Horizon, in the Points
A, B, and C, whereof that which isin A is
fix Foot long, that in B eighteen, and that
in Celght, the Line 4B being thirty Foot
lm;{g":, 7t ]svz/);mz.r on & certain Ddy I:z'n the
Year] that the End of the Shadow of the
Staff A pafles through the Points B and C,
and of the Staff B through A and C, and of
the Staff C through the Point A.  To find
the Sun’s Declination, and the Elevation of
the Pole, or the Day and Place where this

fhall bappen. [ Vide Figure 61.]

) Ecaufe the Shadow of each Staff deferibes a Conick Sedi-
|} on, or the Se&tion of a luminous Cone, whof: Vertex
is the Top of the Staff'y 1 will feign BCD EF to be fuch
a Curve, [whether it be an Hyperbole, Parabola, or El-
liple] as the Shadow of the Staff 4 defcribes that Day, by -
putting A D, AE, AF, to have been itsShadows, when B G,
B.A4, CA, were relpeively the Shadows of the Staves B
and ¢ And befides I will fuppofe P4 O to be the Meri-
dional Line, or the Axis of this Curve, to whizh the Per-
pendiculars B A4, CH, D K, EN, and FL, being let fall,
are Ordinates. And I will denote thefe Qrdinates indefi-
nitely [or indiff:rently] by the Lettcr y, and the inrercepted
Parts of the Axis A4, AH, AK, AN, and AL bty the
Letter », Tl fuppofe, laftly, the Aquation zat-ba L.
cxx==1yy, to exprefs the Relation of x and y, (4. e. the Na-
turc of the Curve) afluming a4, b, and ¢, as known Quan-
titics, as they will be found to be from the Analyfis, Where
I made the unknown Quantities of two Dimenfions only
becaufe the Aquation is [to exprefs] a Conick Se@ion ; and
1 omitted the odd Dimenfions of y, becauft it is an Ordi-
nate to the Axis. And I dennted the Signs of b and ¢, as
being indeterminate by the Note -, which I ufe indiffe-
) ' rently
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yently for ""(" OF ~—, and 1ts 0ppoﬁte - for the contraryi
But I made the Sign of theSquare 22 Affirmative, becaufe
the concave Part of the Curve neceffar@_ly contains the Staff
A, projecting its Shadows to the oppofite Parts (C and F;
Dand E); and then, if at the Point 4 you ere&t the Per-
pendicular 4p, this will fome where meet the Curve, fyp.
pole in p, thatis, the Ordinate y, where x s nothing, will
[(ll] be real. From thence it follows that its Square; .
which in that Cafe is # 4, will be Affirmative,

It is manifeft therefore, that this Aictitious AEquation 44t
bx Lcxx—1yy, as it is not fill'd with {uperfluous Térms,-
{6 neither is it more reflrain’d [or narrower] than what i
capable of fatisfying all the Conditions of the Problem, ang
will denote the Hyperbola, Ellipfe, or Parabola, according
as the Values of 44, b, ¢, fhall be determin’d, or found to
“be nothing but what may be their Value; and with whae
Signs b and ¢ are to be affected, and thence what Sort of g
Curve this may be, will be manifelt from the following
Analyfis,

The former. Part of the Analyfis

Since the Shadows are as the Altitude of the Staves, you'lj
have BC: AD:: AB: AE (::18:6) ::3:1. -Alfo
CA:AF (::8:6) :: 4 3. Wheretore naming (or
making) AM = +r, MB= L, AH=-1t, and H(
- -+ ».  From the Similitude of the Triangles AMB

ANE, and AHC, ALE, AN willbe m-———g-. NE

— '-;- AL = - %{, and L F = v 3:- s whofe Signs I
put contrary to the Signs of AM, M B, AH, HC, becauft

they tend contrary Ways with refpedt to the Point A4 from
which they are drawn, "and from the Axis P Q on which
they fland. Now thefe being refpe&ively .written for 4 and
y in the fistitions Aquation 44 L-bx desxx =yy.

rand L s will give ag 2Dy dugrr s,
L A by B
oo = AN = é will give ﬂi!"r—;—_l.%grrm.;.;;;
3 ' 3 B
e oand v will give ag b e Lot —

T jrand —Fo will give ga e 10 Xt Lot == 5 00

Now
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Now, by exterminating ss from the firft and fecond y;
quatmns in order to obtain r, there comes out : ; = s
Whence it is manifeft, that - b is Affirmative, bacaufe r ig
fo. Alo by cxtcrmlmtmq vv from the third and fourth S

(after having wrltten for Ao b its Value +-b) to Obtdlﬂ ty

there comes out —-—b- — -1, therefore ¢ is pofitive and equal

] 3 .
4 _
to ‘%}, and having writ 244 for » in the ﬁrf’c, and ‘if_t. for
3¢ b 3b

A T 4&45 .
+in the clura there arife ?’pm..l_, —— S, ana d'.«m_i..:

I 3

a4’ r: . - |
Moreover having Iet Rl B A perpendxcular upon C H,
BC will be :AD (1:3:1) ¢ s AK::Car DK,
Wherefore, fince B is ,(m AM e AH my i) == 5;7“
ALK wxll be Sﬂb , but with a Negatwe Sign, viz.— ”;7
. . dan _ate
Alfo fince (' (= CHil- BM—=wv -1-5) = VTJ‘QL’["

“v’- l/aﬂﬂhl—t}bb i

44:! ate o, 44 ¢ . . -
,_ V 81 bb A ’/.5..4.4‘..1.. A : which being re-

fpe&wely written in the Equatmn aalbycxn=—yy,
or rather the Aquation 44 + bxAecxa —yy, becaule b
hath before been found to be Pofitive, for 4K and D K,

ad 25'4 C 13
or xand 4 .there_ comes out 444 4
f ' 9 Srbb — 7

374%¢ 4 ’/4“”’" are x{/i 4%— And’ by
3

and thEIEFOIB DK (=+Ca) ==

B

B1bb . 81bb obb”’

Redu&lon e bb o g a0 = -2 /360 L 51 aabbe +- 44450 5
and the Parts being fquar'd, and agam reduc’d, theye comes

—143bb -L- c. Whence

‘19648 T

it is mamf‘eﬂ that b is Negative, zugd confequently the
X fidtitious

outow 143bh* A I)éddbbc‘ or
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fictitions [FEquation a4 Dw -t cxx —yy will be of thig
Form, aa -t bx—cxe=yy. Andits Center and two Axeg
are thus found. o _ i
Making y=0, 25 happens in the Vertex's of the Figure
P and O, yowll have aa-~tbx—cwxx, and having ex-
b b ad =
e e i — AQ '
tracted the Root # = e 4”—}-_ ;= {AP SIS
“ b pbb ‘ b
thatis, AQ s=— + /' — -} f;f, and AP:E} -

| 2¢ 4¢¢
Jbb | an o
vy -} s where 4P and 4 Q are computed from 4
. . |
towards the Parts @ ; and confequently when 4P is com-
puted from A towards P, its Value will be found to be

L e e ——

e —l—’—-' -+ V L —+- i And confequenﬂy, taking A7 =
2¢: 4tc € | SN

,.Ifﬂ,‘:V will be the Center of the Ellipfe, and P 9, or PP,
<) |

2
( ]/ b +-fd; “the ‘greateﬁ Semi-Axis, If, moreover;the

4cc

- W . b - - = - W . m n -
Yalueof 4V, or P be put for a in the Aquation: ¢4 =
o | . by
ba —-cxx = yy, there will come out dd\—l—;& o= Yy

Wllereforc a4 :i-‘—i will be == V" Zq, thatis, to the Square
of the leaft Semi-Axis. Laflly, in the Values of AP and
Ve, V Z already ‘fbund, writing 142“’ for ¢, there come

196aa i
L 8av'y
= V.Q, a1147143 v Vs

0344 1124443

= T

The other Part of the Analyfise [Vide Figure 62,

_ Suppofe now the Staff 4R Randing on the Point 4, and
RP Q will bethe Meridional Plane, and R P Z Q) the lu-
minous Cone whofe Vertex is R - Let moreover 7 XZ be
a Plane cutting the Horizon in F°Z, and the Meridional
Plane in T¥ X, which Setion let it be perpendicular It}ﬂ

-- the
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the Axis of the World, or of the Cone, and it will cut the
Cone  in the Periphery of the Circle 7.2 X, which will be
every where at an equal Diftance, as & X, RZ, RT, from
its Vertex. Wherefore, if P S be drawn parallel to TX,
you'll have R == R P, by reafon of the equal Quantities
RX,RT; and alfo §X=— X O, by reafon of the equal

ﬂuantitics _Pp' I7 (. whence v D7 or RS+ Rg\
A ‘ s V2 LAl e -—-—---—-——--"-'-'2 )

me .
¥V Adwiid FAN RV N\ 4 \

_ RP+R : .,
= —-iz——mg. Lafily, draw RY, and fince ¥ Z perpen-
dicularly flands on the Plane RP @, (as being the Setion

of the Planes perpendicularly ftanding on the fame [Plane])
the Triangle R7Z will be right-angled at }”,

Now making RAwmd, AV —e, VPor ¥V Q =f, and
Vi =g, youll have AP —= f—e¢, and R P —

Vff—2efteed-dd. Alfo AQ—=f+e, and RQ =

v ff4 2'8f+ee—{_-__dd ; and confequently R'Z (=

RP -} R _Q)___ Vffemaef & ec & dd -+ V74 2¢f +eo+ dde
2 2 |

Whofc_ Square ‘M + e: + ff + L
Wi —zeeffAe* + 2ddff & 2ddee + 4+, s equal
(RVg 4+ VZq = RAg4{- AVg ¥ VZg) ==to dd-ce
"+t gg. Now having reduc’d o

V/F——zee‘ff*i-e“*‘r 2ddff = 2ddee +d* =dd et
ffA2gg, and the Parts being fquar'd and redic’d into

- - ~dd
Order, ddffzddgg—{-.eegg—wffgg—{-g% or hif =

| 7
_(the Values of AR, AV, VO, and 7Z) being reftor'd for

"1430 T 143b /i3
A = 64 toz2a4
d, e, f, and g, there ar,:fes 36-—“ iiga Ilg;z;z |

mesma—
e

36, 14, 1444 . 494° 36,4944
LT gmd thence by Reduélion B7n - 1287
= Dbb.

Tn the firft Scheme A Mg -+ MBg=—=.ABg, thatis, r»
55 m=33 %X 33 B;ut'rwas.,-:-%—g:, and 8 == 344 —

X2 | 44°¢
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1430 b

a4c . 4at __
iﬂm’ whence r7 == ) and fubftituting ;5323 for ¢ )

PRI, i ‘ A L |
5= o thr-ef'ore. 7 4 40 __33.\;(33, ar;d 'then‘;_e.

roT

| , o 4,494 ol
by Reduion there again refults 36— qan = bb. Put.

ting therefore an Equality between the two Values of pj
and dividing each Partof the Aquation by 49, you'll have
“at-36aa 44%
484111287 53301 ~—444
ply'd crofs-ways, and divided by 49, there comes out 444
e 98 I~V 1+ 89625

——————

; whofe Parts being mult.

_;—«,,98144{-—}4 374428, whofe' Root .m. iS
= 280,22547144.

~ Above was ‘fcguud 4,494 ~— bb, or ':*':::1 fi.:-—.,,_-x
3301 =4 44 §23301 = 4as
emb. Whence AV gpgw-ff g 7 ¥ 3337 QM, and /p,
| y " 143;3’ ' o 43
11248V 73, . o ‘/ 60082 e That ;
or VO ( Y is i3 160083 ~—— 1244, lhat is,

by fubflituting 280,2254 144 for 44, and reducing the Terms
into Decimals, AV = 11,188297, and VP or V=
22,14708% ; and confequently AP (P V — AV) =
10,958788, and 4 Q (AV + V) 33,335382.

- Laftly, if ﬁfkhorTl be m;tdch Radiys, + A or
% 25¢897 will be the Tangent of the Angle 4R Q of 49
22 54?7'.4-%’ . and X AP or 1,82646¢ the Tangezgof t‘{}g
Angle ARP of 61 gr. 19’ 52" half the Sum of which
Angles 70 gr. 32'.q0"" is the Complement of the Sun’s De-
clination 3 and the Semi-difference g gr. 14/, 58", the Coum.
plemenit of the Latitude of the Place. Then, the Sun’s De-
clination was 19 gr. 27'. 10", and the Latitude of the Place
‘Bo g7+ 45" 20", which were to be found. a

- Pro-

\
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Prosrewm XLIIL
If at the Ends of the Thread DAE, MmoVing

vupon the fix’d Tack A, there are bang’d two
Weights, D and E, whereof the Weight E
flides through the oblique Line BG given in
Pofiion y to find the Place of the U@igbz E,
where  thefe Weights are in  Aquilibrio,

[ Vide Figure 63.]

UPPOSE the Problem done, and parallel to 4D
draw E F, which fhall be to 4 E as the Weight E to

¢he Weight D, And from the Points 4 and F to the Line
BG let fall the Perpendiculars A B, FG, Now fince the
Weights are, by Suppofition, asthe Lines 4E and EF,
exprefs thofe Weights by thofe Lines, the Weight 1) by the
Line E.4, and the W:ight E by the Line EF. Therefore
the Body, or E, direted by the Force of its own Weight,
tends towards F.  And by the oblique Force EG tends to-
wards G. And the fame Body E by the Weight D in the
dire& Force AE, is drawn towards 4, and in the oblique
Force B E is drawn towards B. Since therefore the Weizhts
{uftain each other.in - Aquilibrio, the Force by which the
Weight E is drawn towards B, ought to be equal to the
contrary Force by which it tends towards G, thatis, BE
ought to be equal to EG, But now the Rativ of 4E to
E F is given by the Hypothefis ; and by reafon of the given
Angle FE G, there is alfo given the Ratio of FE to EG,
to which BE isequal, Therefore there is given the Ratio
of AEto BE. 4B isalfo givenin Length; and thence
the Triangle 4B E, and the Point E will eafily be given,
Viz, make AB=—a, BE=x, and AE will te equa}
o/ aa- xx 3 moreover, let AE beto BE in the given
Ratioof dtoe, and e v aa 4 xx will = dx.  And the
Parts of the Equation being fquar’d and reducd, eeda=—

ea .
- ==, 1herefore the Length
CAdd —ee k
BE is found, which determines the Place of the Weight
.E" | Q 'E- F. ' . .o

ddxx—eexx, or

Now,
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Now, if both Weights defcend by oblique Lines given in
Pofition, the Computation may bf: made thus. [Vide Fi-
gure 64.] Let CD and BE be qbl:que Lines given by Po-
fition, through which- thofe Weights deftend. From the
fixd Tack A to thefe Lines let fall the qupendlculars AG
AB, and let the Lines EG, D H, crected from the Weights
perpendicularly to the Horizon, mect them in the Poins @
and H; and the Force by which the Weight E endeavours
to defcend in a perpendiculas Line, or the whole Gravity
of E, wili be to the Force by which the fame Weight en.
deavours to defcend in the oblique Line BE, as GE to BE
and the Force by which it endeavours to defcend in the
oblique Line BE, will be to the Force by wiitch it endes.
vours to defcend in the Line A £, that is, to the Force by which
the Thread A E is diftended [or ftretch’d] as BE to AE., And
confequently the Gravity of E will be to the enfion of the
Thread AE, as GE to AE. And by the fame Ratio the Gra.

vity of D will be to the Tenfion of the Thread A D, as HD
to AD. Lettherefore the Length of the whole Thread D 4
A AE be ¢, and let its Part AE=x, and its other Part
AD will —¢—wx. And becaufe AEq~—ABg &5 =
BEg, and ADge— ACq=CDq ; let, mowcover, 48
e—a, and AC==bh, and BE will be == V/xaf:--—amz, and

CD— v 3% — 2cx:§- cc—bb, Moreovcr, fince thé'T,;i_.
angles B EG, CD H are given in Specie, let BE: EG::

f : E,andCD:DH::f:g, and EG willmg'/m@%

&2

r

and D H m;;r- VB X oo Fie—bb. Wherefore fince

GE: AE":: Weight E : Tenfion of AE; and HD : AD
: ¢ Weight D : Tenfion of 4D ; and thofe Tenfions are

. , Ex

equal, youll hgve weoeeeee o Tenfion of AE = to
}- Vi n—aa | ‘
A * ' I) «': ?"'*I"“" D.?tf .

the 1 enfmn A D T o e e e 5 from ‘thﬁ

Lvlwv—acw tco—=bb

Redudtion of which Aquation there comes ont gx
Vit = 208 A ce = bb o= Do — Dy V.H::;Z or
TLure
g8 4 —22gc o —goblb o
] 1;1: E .'-‘h J - e Yl # A% e . ;
wmee [ ) "l“?*D-DC r e 13 00 Y - Z._D;_)cm;,q,-l«l |

o - DDag -
DDccaa=o, o B

§
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But if Ayou'_deﬁre a Cafe wherein this Problem may be
confiruéted by a Rule and Compafs, make the Weight D

~ . BE CD
to th eight E atio 10
e Weig as the Ratio G to the Ratio DI and

g will become == D ; and fo in the Room of the prece-
-, y a

dent Kguation youll have this, | bz XN 2AC K aRCE

ac | | | |

=0, OI' X = .
NE a-+b

ProsrLem XLIV.

If on the String DABC F, that flides about the
two Tacks A and B, there are bung three
Weights, D, E, F . D and F ar- the Ends of
the String, and E at its middle Point C,

- plac’d between the Tacks:  Frim the given
- Weights and Pofition of the Tacks 1o findthe
- Situation of the Point C, where the middle
TVeight bangs, and where they are in AEqui-

librio. [ Vide Figure 65.] -

INCE the Tenfion of the Thread AC is equal to the

" Y Tenfion of the Thread .4 D, and the Tenfion of the
Thread B.C to the Tenfion of the Thread BF, the Tenfion
of the Strings or Threads AC, B(C, E(C will be as the
Weights D, E, F, Then take the Parts of the Thread CG,
C H, C1, in the famme Ratio as'the Weights, Compleat the
‘Friangle G HI. Produce IC:till it meet G H in K, and
G K will be —« K H, and CK=£%C/, and confequently C
the Centerof Gravity of the Triangle G H /1, For, draw
P O through C, perpendicular to CE, and perpendicular to
‘that, from the Points G and H, draw GP, H O. And if
the Force by which the Thread .4C by the Weight D draws
the Point C towards 4, be exprefs’d by the Line G(, the
Force by which that Thread will draw the {ume Point to-
wards P, will be exprefs’d by the Line C2; and the Force
Dy which it-drawsit to K, will be exprefs'd by the Line
G P. And inlike Manner, the Forces by which the T hread
B, by Means of the Weight F, draws the {ame Point é?
cans O e ¥YCIGUk £y Heaws W& A fownrde
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towards B, O, and K, will be exprefs'd by the Lines H,
CK, and H Q ; and the Force by which the Thread CF,
by Means of the Weight E, draws that Point C towards g,
will be exprefs’d by the Line €/, Now fince the Point ¢
is fuftain’d in Aquilibrio by equal Forces, the Sum of the
Forces by which the Threads 4 and B( do together draw
C towards K, will be equal to the contrary Force by which
the Thread E ¢ draws that Point towards E 3 that is, the
Sum G P -+ HQ will be equal to C/; and the Force by
which the Thread 4 C draws the Point (' towards P, wi]|
be equal to the contrary Force by which the Thread B¢
draws the fame Point € towards @ ; that is, the Line p
is equal to the Line C Q. Wherefore, fince PG, CK, and
"Q H are Farallel, G K will be alfo = KH, and CK (=
| GP+ H'Q — 1 (].) Which was to be fhewn. It remains

| 2
therefore to determine the Triangle GCK, wliofe Sides G¢
and HC are given, together with the Line CK, which is
drawn from the Vertex C to the middle of the Bafe, Le¢-
fall thercfore from the Vertex C to "the Bale CH the Per-,

: GCqg—CHgq - |
pendxcxﬁ.ﬂar CL, and el will be = X L=
-ch . Kq_g —=G Kq. For 2G K write G H, and having -
2G K :

rejeted the common Divifor G H, and order'd the Terms
youll ‘have GCq — 2KCq + CHy = 2G Kq, or
VEGCqg—KCq-+ +CHg =G K, having found G K, or
X H, there are given together the Angles GCK, KCH, or
DAC, FBC, Wherefore, from the Points A and € in
thefe given Angles DAC, F BC, draw the Lines AC, B(,
ameeting in the Point 5 and' € will be the Point fought.
But 1t is not always neceffary to {olve Queftions that are
of the fame Kind, paxticularly by Algebra, but from the So-
lution of one *of them you may moft commonly infer the
Solution of the other, Asif now there {lould be propos’d
this Queftion. . co

) Tloé

’
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The Thread ACD B being divided into the fi-
wen Parts AC, CD, D B, and its Enlds heing
juflen’d to the two Tacks given by Fofition,
A avd By and if ar the Points of' Divifion,
C and D, there are bang’d the two Weights
Eand Fy from the given Weight F, and the
Situation of the Points C and D, to know the

JPeicht E. [[Vide Figure 66.]

ROM the Solution of the former Problem the Solu-

tion of this may be eafily enough found. Iroduce the

Lines AC, B D, till they meet the Lines DF, CE in G

and H ; and the Weight E will be to the Weight F, as
DG to CH. |

And hence may appear a Method of making a Balance of

only Threads, by which the Wei:ht of any Body E may be

“known, from only one given Weight F,

Proerem XLV,
A Stone falling down into a Well, from the
Sound aof the Stone [triking the Bottom, to
determine the Depth of the Well,

ET the Depth of the Well be x, and if the Stone de-
, {cends with an uniformly accelerated Motion through
any given- Space 2, in any given Time b, and the Sound
paffes with an uniform Mortion through the fame given Space
4, in the given Time d, the Stone will defeend through the

Space a in the Time b g/ —'z- ; but the Sound which 1s caus’'d
by the Stone fhriking upon the Bottom of the Well, will

afcend by the fame Space x, in the Time 4;. For the

Spaces defcrib’d by defcending heavy Bodies, are as the
Squares of the Times of Defcent ; or the Roots of the
Spaces, that is, "4/« and v/« are as the Times themfelves,
And the Spaces x and 4, through which the Sound paflts, are
as the Times of Paffage. And the Sum of thefe Times

- ¢ by 2
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b [/ Z, and E, is the Time of the Stone’s falling to the

A - a4 ' !

Return of the Sound, This Time may be known by Obfey.
) 3 d

vation. Let itbe ¢, and you'll have } V il - ax s
t a4

And b V ?-2 = b ‘-{—;. And the Parts being fquar'd, .{’%f"

atdx ddxx

'e-..:tt»--—v——— -+ And by Redu&tion w2 —
a aa |
Mdtdj ﬂbb-x' _...._i%f. And having extrafled the Root
adt -+ Lablb - ab VI
P T VT

ProsrLeEm XLVL

Huving given the Perimeter and Perpend:onlap
of a rigbt-mz(gleaf Triangle, to find the Tii.
angle. [ Vide Figure 67.7] |

ET C be theright Angle of the Triangle, 4B ( and

.9 CD a Perpenidicular let fall thence to the Bafe 43,

let there be given AB - BC+ AC—4, and CD ).
Make the Bafe AB =x, and the Sum of the Sides will be
a—x, Puty for the Difference of the Legs, and the great-
er Leg AC will be = dw:—i—z; the lels BC — “:f:_".
Now, from the Nature of -a right-angled Triamgle you have

ACq 4 BCq==ABgq, that is, 44 — 248 + X +yy
—uxx, And alfo 4B: AC::BC: D, therchore ABx
DC= ACXBC, that is, bx = L"282 T X8
By the former Aquation 3y i o an-} 341__,,44_. By

the latter yy 1s == 42~ 24x -Faa~~4bx. And confe-
quently X2 - 244 ag == X% — 24X + aa—gbx. And

- aa
by Reduftion gax -t 4bx =244, ov o — :
| N 4a4% -4 ) T EE

Geome-
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 Geometrically thus, In every right-angled Triangle, as
the Sum of the Perimeter and Perpendicular is to the Peri~

geter, {o 15 half the Perimeter to the Bafe.

. b
Subtralt 22 from a, and there will remain ;—T-_E’ the

Exce{s _of' the Sides above the Bafe, VWhence again, asin
- every right-angled Triangle the Sum of the Perimeter and

Perpendicular is to the Perimeter, fo is the Perpendicular to
the Excefs of the Sides abave the Bafe,

Prosrem XLVIL N
Having given the Bafe AB of a vight angled
Triangle, and the Sum of the Perpendicuiar,

and the Legs CA+ CB-+CD; to find the
Triangle. : : -

8§ g ACHCB willbe = 4-=n. Put AC—CB=y,and
AC will be = ﬂ-:-——zﬂty,, and CB;M. But 4Cq

2
A4 CBgis=dABq; thatis, *2 2”;”"’ 3,

Moreover, AC x CB = AB x CD, that is, szﬂx:—xxﬂfj 2
e=bx, Which being compar'd, you have 2bb — az -+
24X ==X X=yy==ad—24% - 2x—-4bx. And by Re-
duftion, x ¥ — 24x -} 2bx +—aa - bb, and Y= b—
- V24b+ 2bbe |
Geometrically thus, In any right-angled Triangle, from
the Sum of the Legs and Perpendicular fubtra® the mean
Proportional between the faid Sum and the double of the
Bafe, and there will remain the Perpendiculay, -

| The Jame othernife.
Make CA4 -+ CB + CD : 4, AB — b, and AC=a, and
BCwillbe ==v/b b x, CD == "/“;"‘ ZE, And x -t
QB +. CD = A, OF CB - C D = 4 oo 2, And therefore
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b»i-xi Vb b— 2% = g And the Parts 'bciﬁg {quard

and multiply'd by b4, there will be made — & ¢ —— 2} 4
+2bix bt = aabb— 2abbx -+ bbxx.” Which fqua.
tion bemg order’d, by Tranfpofition of Parts, after th]g
~+ b

Manner, x* -} 20x? {"‘!’ 81)1; xx + ?,b;;; %+ 24 1

av ““r',,:,.ﬂUU ‘-""l—d‘f,zbb 5 -

222 oy + 4”” } 2 bd } and extracting the

Roots on both 81des, there w;.ll ar1fc xx 4 ba4bb + ab

= x b +v2ab 4 2bb, And the Root being again ex-

—— T —————e

trafed x=— b+ v/ ibh + Lab 4
Vba/‘bb—i--‘-abm—bb-—mb

The Geometrical Confrrsttion. [ Vide Figure 53,7

Take therefore AB=4%b, BC=34. (D=1 AB, AE,
a mean Proportional between b and A CandEF — Ef, a
mean Proportional between b and D E, and BF, Bf will
be the two Legs of the Triangle,

ProsieEm XLVIIL

Having given inthe right-angled Triangle ABC,
the Sum of the Sides AC -+ BC, and the
Perpendicular CD, to find the Trz:z?{g'le..

T ET AC 4+ B g f‘Dmb ACaww. and RO win)
: L1 AU mmay L iy W50 wilt
L = e ﬂE:V«a-—zM—l—zma. Moreover,

ABZZ g% oy
b
Wherefore g~ 22 =04 24w pax + 2x2 ; and the

CD:AC::BC:.AB. Thercfore again

Parts being fquar'd and order’d a4 —244° -t Z?] p -t
2abbx—aabb==0. Add o both Parts aabb- b*, and
there will be made &4~ 2 24 3 +"‘;[ wrid 2abby <+ b“

z==aabb-b+  And. the Root being extradted on Both
. Sides,
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Sides, x.:r.-;"-'-ax-i-bb—_-_—-’-—-‘b v a4+ bb, and the Root be-
ing again extradted x-,—;.%;z;_\;f/ﬁ-mwl—bb-‘-—b viaa¥bh

The Gfo?z'etriml Conflrattion. [Vide Figure 69.]

.l E.K_'E .{‘1 D — [5 L.---— 'id i‘lt L ereu: EHE' l. CTP!;HCIICUIH.[‘ (_,U
- b, Prodme DC o E fo that. DE fhall = DA . And
between C D and ('E take a mean Proportmnal CF. And
let a Circle. defcnb’d from the Center F and the Radius B(;
cut the right Line BC inG and H, and BG and BH wﬂl
be the two Sides of the Triangle,

The fame otherwife,

let .4(:+BC-—-.¢I AC-—“BC:)', ABz'd', al‘ld DC
—=1b, and :j will = 4C, —m-é—-_BC ﬁi;—tﬂ_ﬁar

+ B Cq-"—— ABq-—-&'x ae—27 __.ACX g-'c::AE:::r.
4.b DcC

Therefore 24%8—pa=yy=—=da—gbx, and xx = A8
2bx, and the Root being extralted % ——b-} Vb4 aa
Whence in the Confirution above CE is the Hypothenufe of
the Triangle fought. But the Bafe and Perpeudunlar as
well ir this as the Problem above being given, the Trian-
gle is thus expeditioufly conftruGed, [Vide Figure 70.] Make
a Parallelogram C G, whofe Side C'E fhall be the Bafis of the
Triangle, and the other Side CF the Perpendicular, And
upon G E defcribe a Semicircle, cuttmg the oppoﬁte Side PG
i H, Draw( ﬂ b H, and CHE will b Le the Tnangm

fought.

| ProereEm XLIX.
In a right-angled Triangle, baving given the

Sum of the Legs, and the Sum of the Per-
pendicular and Bafe, to find the Triangle.

ET the Sum of the Legs 4C and BC be [ca]l’cl] a, the
¢ Sum of the Bafe 4 B and of the Perpendicular CD .
be [call’d] b, let the Leg AC—«, the Bafe 4B ==y, and

BC'WlH;aﬂmm €Dz b S ad—zax 4 2x% = ACq
& +BCy
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4+ Blgem ABg==yy, ax-—xx=ACXBC=ABx (]
= by —yy==by—aafzax-—zxr,and by=aa — 4,
wde 2. Make itsSquare 4% e 24258 4 344X 8 - 3 4g
~+x+ eqml to yy X bb, thatis, equal to aabb v z4h}y
- 2bbxx, And ordering the Alquation, there will come
Cou wrmzant T30 0aa 100 2T o A
to each Side of the Kquation b+ —sabb, and there will

+ a3

L ] 3 |

come Out ;t'_4‘o-i- Zﬂl,‘tf‘} .j: 3;{? XN + ;Z!]b X "-;zfﬂbb
b ® w2 abb, And the Root being extracted on both Sides

xH = Ax A ga—m bl =] Vb —aa, and the Root being
again extralted & — -;-d:t’/bb-—- 2aaw—b V' bb—an

The Geometrical Confiruilion.

 Take R 2 mean Proportional’ between b 4 4 and s
and § a mean Proportional between R and b—R, andT a
mean Proportional between 244 Sand 24— 5; and 1a
+ 7, and 2a—T" will be the Sides of the Triangle,

S - Prorrem L.

To fubtend the given Angle CBD with the
giuen vight Lime CD, fo that iff AD be
dravwn from the End of that right Line D to

- the Point 4, given on the right Line-C'B pro-
duc'd, the Angle AD C [ball be equal to the
Angle ABD.  [Vide Figure 70.7] =

;{ qAKE CD=a, AB:b,bBD:x, and BD will ke
YA BA::CD:DA= ﬂ?. Let full the ﬁerpzndicu'-_

lr DF, a0d BE will be o= 222 - ADq+B4q
bl ' | 28 A L

X b -.Hd:;u + bb .

"=+ By weafon of the given Triangle D24,

0 make
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. |
make BD:BE:: b & and you ll have again BE .- {E;

aabb

” +bb=:2r:x- And :‘c“‘mzem?' 4
hbaw—aabb =0, '

therefore # x —

PrRoBLEM LI

H/afumg the Sides of a Ty iangle gwen Lo f mi
the Angles. [[Vide Figue 72.]

ET the [given] Sides 4B =4, AC' b, BCmc, to
find the Angle 4. Having let fall to .4 B the Perpen-
dicalar C D, which is oppofite to that Angle, yow'll have in
the firft P]acc bbweteze ACq~—BCg =ADg—BDg
—=AD -+ BD x AD = BD — AB x 2AD —--AE-—-—

24D % a~—aa. And confequently %4 + _—-:_- A D,
Whence comes. out this firft Theorem, As ./1 Bto AC =t
BC {o AB— BC toa fourth Propomonal N, M

—AD., As . ACto ﬂ‘D fo Radias to the Cofine of the
Angle A

Moreover, D(Cg — AC — ADg
gmibb-\—zpmcc-{—2bbac~—~a“-——b4—-—c4

T N iy
[R—

. 444 -
4+ AAb X b X —at b o
;;-ﬁ-b—’,—m(a—k C";‘;g IR +€. Whence

having multiply’d the Roots of the Numerator and Deno-
minator by b, there is made this fecond Theorem. As 21b

~ to 4 mean Pmp_o_;_t_lonal between 2 -+ b 4 ¢ % 4 b= ¢ and
i—b ¢ X—a-+ b4, fois Radivs to the Sinc of the
Angle 4. | - | B
" Moreover,on A B take AE — AC and draw CE, and the
Angle ECD WLIl be equal to half the Angle A. Take A D

from AE, and there will remain DE=b —3a4—
blh—cec cwmz—\-zﬂbf—-bb c—-\-a-—-bxc-—-a—\—b
24 - 2a 24
| -}—ﬂmbxc-}—amch-wa-&-b}(c-—-a-}»ip
VVhence DEq..._ - P

And hence is made the third'and fourth Theorem, viz. A;;
24
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oabtoct a—bxXec—a-+b (o AC to D E) o Radigs
to the verfed Sine of the Angle 4, And, as a mean Pyo.
portional between a+b ¢, and a4 -tb—c to a mean:
Proportional between¢ 4 a—0b, andec—a-b (0 CD ¢
DE) fo Radius to the Tangent of half che Angle A4, or the

' Cotangent of half the Angle to Radius.
Befides, CEq 1is ::('IDq -J;— DEg =

-3 I3 15 wel I u—,ﬂd"""'bs L}
~“bb+bcf. v :‘-.}(C"'{'d“-“bxc""“ﬂ“{"b-
a

ia g
‘Whence the fifth and {fixth Theores. As a mean Proporti.
onal between 24 and-2b to a mean Proportional hetween
¢4 ae—b, and g—-a b, or as 1 toa mean Proportional
between Ej—ﬂ—-:—l-}, and f{# (fo ACto LCE, or(CE
24
to DE) fo Radius to the Sine of # the Angle 4. And ag g
© mean Froportional between 24 and 25 to a mean Proporti-
onal between a-bb+¢ and 24+be—=¢c (foCEto (D) fu
Radius to the Cofine of half the Angle 4. |
But if befides the Angles, the Area of the Triangle be alfo.
fought, multiply CDg by 4 ABg, and the Root, viz,

2V At bFexatb—cxam—b-tox ~atb -+ willbe
the Area lought, '

Prosrewm LIL

From the Obfervation of four Places of a Co-
met, moving with an uniform right-lined Mo-
tion through the Heaven, 1o determine its Di-
flance from the Earth, and Direfion and
Velocity of its Motion, according to the Co-

- pernican Hypotbefis. [ Vide Figure 73.7]

F from the Center of the Comet in the four Places ob-
ferv’d, you let fall fo many Perpendiculars to the Plane of
the Ecliptick; and A, B, C, D, be the Points in that Plane
on which the Perpendiculars fall ; through thofe Points draw
the right Line A D, and this will be cut by the Perpendi-
culars in the fame Ratio with the Line which the Comet
defcribes by its Motion ; that is, {0 that A4 B thall be to AC
as the Time between the firft and fecond Obfervation to the
Time Letween the firft and third; and 4B to 4D a% the
° ime
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Time between the firft and fecond to the Time between the’
firft and fourth, From the Obfervations therefore there are
given the Proportions of the Lines 4B, AC, AD, to one
another, | : -

Moreover, let the Sun § be in the fame Plane of the Eclipa
tick, and E H an Arch of the Ecliptica] Line in which the -
Earth moves 5 - E, F, G, H, four Places of the Earth in the
Times of the Oblervations, E the firft Place, F the fecond,
G the third, H the fourth. Join 4E, BF, CG, D H, and
let them be praduc’d till the three former cut the latter in
], K, and L, viz. BF inl, CG in K, D H in L. And the
 Angles A1 B, AKC, ALD will be the Differenccs of the
obferv’d Longitudes of the Comet ; 4/B the Diffrrence of
the Longitudes of the firft and fecond Place of the Comet ;
A K C the Difference of the Longitudes of the firft and chird
Place, and AL D the Difference of the Longitudes of the
firft and fourth Flace, There are given therefore from the
Obfervations the Angles 4/ B, AKC, AL D. O
 Join SE, SF, EF; and by reafon of the given Points
S, E, F, and the given Angle E S F, there wil] be given the
Angle S EF, There is given alfo the Angle S E 4, asleing,
the Difference of Longitude of the Comet and Sun'in the
Time of the firft Obfervation. Wherefore, if you add its
Complement to two right Angles, wiz. the Angle SE/ to
the Angle S E F, there will be given the Angle / EF. Thercs
fore theré arc given the Angles of the Triangle / E F, together
with the Side EE, and confequently there is given the Side
t JE., And by a like Argument there are given X E and LE,
There are given therefore in Pofition the four Lines 4/, B ;.
C K, D L, and confequently the Problem comes to this, that.
four Lines being given in Pofition, we may find a fifth, which
fhall be cut by thefe four in a given Ratio,

Having let fall to A1 the Perpendiculars B 44, CN, D O,
by reafon of the given Angle A 1R there is given the Ratio
of BAd to M1 ButB A to CN isinthe given Ratio of
B A and C A, and by reafon of the given Angle C K 2V there
is given the Ratio of CNV to KN. Wherefore, there is
alfo given the Ratio of 84 to K N; and thence alfo the
Ratio of BAM to M1~ KN, that is, to AN+ K.
Take Ptol K asis A Bto BC, and fince A4 A isto M N
in the fame Ratio, P -} /M A will be to [ K - A4 N inthe
fame Ratio, that is, in a given Ratio, Wherefore, therc is
given the Ratio of B to P M A And by a like Ar-
gument, i O be taken to / inn the Ratio of 4B th?l D,

. LaRMILY thors
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there will be given the Ratioof BAZ to Q- M 4, And
ghen the Ratio of B A4 to the Difference of P-4 44 A4 and
Q-+ M A will be given, ‘But that Difference, viz, P—Q,
or QP isgiven, and then there will be given B M, Bug
‘B A4 being given, there are alfo given P+ M4 A and M1
and thence, M A, ME, AE, and the Angle E 4B,

~ Thefe being found, ereé at .4 a Line perpendicular to
“the Plan of the Ecliptick, which fhall be to the Line £ A4 a3
the Tangent of the Comet's Latitude in the firft Oblervati.
on to Radius, and the End of that Perpendicular will be
the Planet’s Place in the firft Obfervation. Whence the Di.
flance of the Comet from the Earth is given in the Time
of that Obfervation.

And after the fame Manner, if from the Point B you e
re& a Perpendicular which fhall be to the Line BF as the
Tangent of ‘the Comet’s Latitude in the fecond Obfervation
to Radivs, yow’ll have the Place of the Comet’s Center in
¢ghat fecond Obfervation, and a Line drawn from the firf}
Place to the fecond, is ‘that i which the Comet moves
through the Heaven,

Prosrem LIL
If the given Aﬂgl{:’ CAD wmove abort the an-

gular Point A givenin Pofition, and the given

Angle CBD about the angular Point B given
alfo in Pofition, on this Condition, that the
Legs AD, BD, fball always cur one another
in the right Line EF given likewife in Pofi-
tiony to find the Curve, which the Interfvction
C of the other Legs AC, B C, deferibes.
[Vide Figure 74.7 - -

RODUCE CAtod, {othat 44 fhall be = 4D,

‘ and produce OB to &, fothat 8BS fhall be w to B-D.
Make the Angle Ade equal to'the Angle 4D E, and the
Angle Bsf equal to the Angle B D F; and produce 48 on
both Sides till it meet de and &f in eand £, VProduce. 4lfo
ed to G, that 4G Thall be = &'f, and from the Point C to
the Line 4 B draw ('H parallel to ed, and CX parallel to
f&. And concetving the Lines ¢G, f& to remain immox};ci;
Ablg
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abie while the An gles CAD CB D, move by the aforefaid
Law about the ‘Poles A and B, Gd "will always be equal to
j a and the lrlangle CHX will be glven 1r1 ;)pccue Make
therefore Ae=a, ¢Gz=b, Bf=c, .rﬁ'B-—m, B K=,
and C K ==3y. And B XK willbe : CK : : Bf: fa Thcre-

fore f§ --—-1-—6’:{ Take this from Ge, and there will

Yemain g,l......y,__’i!;' Since the Triangle CX H is given
in Specie, make ¢ K CH::d:e, and CH HE ::d:f,
and CH will H‘_Z- and HEK = fy =, And confequently

d’ " 4
’dem-—mme’. But AH:HC’:':Ag : ed, that is,
;;; - g-—y %2 . lv-—-? \ | Therefore, by multiply-
ing the Means and Extreams together, there, will be made

#GYy "fﬂ _aey |
#53 b e " e b e o Gy e d y + iv =4 Multiply
all the Terms by dy, and reduce them into Order, and
+de

thexe will come out fcyy.—-a;-’ XY e G 11Y e bl .22 Y

A"

bdma ---o. Where, fince the unknown Quantities x and
9 aftend only to two 'Dimenfions, it is evident, that the
Curve Line that the Point C defcrlbes isa Comck Se&.lon

- Make aet fh “'d'a_x‘;p, and there will come ont ¥y =
s o u—--zf—fl-’f | Aldth‘éS 'a.-eRéot
= + ¢ 7 +f€ v fé. e, Aud the Squae Rot
being‘extra&ed = 4 x + o
’ar/npvx bd 4w pdw . Mmm__z;gijmm’
AN TR S T

bd
Whenca we 1nfer, that the Curve 1s an Hyperbola, if ﬂ’

be Aﬂirmatwe or Negamrc and not g,reatcz than 7 7 5 and
| A2 3 Pas
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3 Paral:ola, if l’:f be Negative and equal to f f -, an Ellip[‘e

;or aCm:]e if ?{l Le both Negative and greater than ;’fp
| co
Prostem LIV.

T deferibe a Parabola which fball pafs through
| foz:r Pr)zmd ”i’Uf»’ﬂ- LVldL‘ bln“““ 75 ]

ET thofe gwen Points be A, B, G D, ]oin AB, and
bife&t itin E. And t]rouph E drqw VE, a rwht Line,
“which conceive to he the Diamerer of a Pdrdbold the Pcunc
V being its Vertex. Join AC, and draw NG parallel to
AB, and meeting AC 0 G. Make AB=ua, AC=}
Jg(“-‘-“ﬂ' GD=d., Upon AC wke 4P of any ]engrh
and from P draw P Q p{nll elto 4B, and LOIILCIV].HW Q
. to be'a Point of the Varabola ; make AP = AL
"And take any-Aquation expreflive of a P'u’lbol’! Whlch de-
- termines the Relation between AP and P O, As thaty is
,*—€+fx'+<u/‘g +ht
Now if 4P or x be put = o, the Point P falling upon
‘A, PO ory, will L& == 0 as alfo — — A B. And by writ.
“ing'in the afﬁml d ji:qmtmn 0 for . xy youll have yo-ed-

4/gg, thatis, — — ¢z, The greater of wludn Values of'y,
et 7 is =o, the leifer ¢—gi=— A B, orto — a. There-
. fore e == — — g, and ¢— g, that is, —2g — g, OF ge=ta
And fo in room of the ailum’d _/]:quciuon yowll havc. this
,yv—----n-d-f—f*d*lra/lﬂd—{-br.- ;
Moreover, if 4P orx be made — AC, fo that thc Point
P falls upon (, yowll have again P Q —o. For x there-
fore in the laﬁ Aquation write 4C or b, and for and for y - write |

5andyou11haveo _~;z+fb+1/ ad - hb, or fa

—fb= V'taaF hb; and the Parts being fqmu d »—-afb
i ffbbmbb or ffb—=fa=h. And fo, inroom of the
allum’'d fiquatlon theré will be had thls, yomm g fu
& V“dﬂ—]—ffbt — fa .

Morcover, if AP or x be made = AG ore, P 0o ory
willbe === G D or ~=d, Whercfore, for wand y in the
Jaft Equation write ¢ and ~ d, and you'll have — d z=—

L4
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x4 + fcw’%/;;m—{- ffbe —fac, or %4 v d.,_..f,;,___’.
'ana»{-ffbc———fm And the Parts bemgf nard, w44
—fac+dd—2dcf +ooff= ffbs=—fac, And ’the /&=

guation being orderd and reduc’d, ff___b 24 f-l— ‘i‘!d“"ﬂd
) [ e O
For ¢, that 1s for G C write k, and thac ﬂiquauon will

: g
become ff_., 3 f

uu-———"ﬂc’l

. And the Root being ex-

dd »{-ddl.—-— dk
tracted, f:”'j:[/ . e .‘ﬂ | Butfbemgﬁmnd

the Parabolick ijuatmn ViRe § = — ta -+ fa 4

1/1 PP ffbx — fax will be fully determind ; b wholfe
anﬂm&lon therefore the Parabola will alf be determm d.
The Conﬁrué’cmn is,thus : Draw CH parallel to BD meet-
ing DG in H. Between DG and D H take a.mean Pro-
portional D K| and draw E [ parallel to CK, bifeQing 4B
in E, and meetmg DG it Then produce 1E toV, fo
that EV fhall be to E/::EBg: DIq—EBgq, and ¥

.wﬂl be the Vertex, VE the Dlameter 'md %%— the Ldm.r
Re&?am of the Parabola fought. ' I

PROBLEM LVi

Ta deferibe a Conick .Seffzan t/yraﬂgb ﬁve Pazrzz.r
- given. [V]de Flgure 76.] .

"ET thofe Points be A. B, C, D E. ]om AC‘ BE

cutting one another in H Draw DI parallel to B E,

and meeting ACin . As. alfo E K parallel to .4C, and

meeting D / produc’d in K. Produce /D to F, and E K to

G ; fo that AHC thallbe : BHE :: AIC: FID :: EXG

F X D and the Points Fand G wﬂ] be in a Comck Seli-
on, as 1s known,

But you ought to obferve this, if the Point H falls be-
tween all the Points 4, C, and B, E, or without them all,
the Point I muft either fd]l betwcen all the Points A, C, and
E, D, or without them all ; and the Point K betwecn all
thc Pomts D, F and E, G, or without them all. But if the
Point H ﬁllls between the two Points 4, C, and without
the other two B, E, or between thofe two B E, and with-

out
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out the other two HC, the Point / ought to fall betwee,
two of the Points 4, C and F, D, and without the othe,

two of them: and in like Manner, the Paoint X ouche ¢4

LVV L UL Laibiip g BRlhe 233 228 AVRAIRLILL ¥ TR MR AN Mugal T0

£a1l between t’wo of the Points D, F, and E, G, and with.
~ out Side of the two other of them ; which will be done
taking 1 F, K G, on this or that Side of the Points /| X, a.
cording to the Exigency of the Problem. Having found the
 Points Fand G, bife&t AC and EGin N and O; alfo BE
FDin L and M. Join NO, L A4, cutting one another in
R sand L A4 and NO will be the Diameters of the Conick
Section, R its Center, and B L, F A4, Ordinates to the Dj.
meter LM, Produce 7./ on both Sides, if there be Occafion
toPand O, fothat Blg {hall be to FAdg:: PLO : PMQ:
and P and Q will be the Vertex’s of the Conick Section,
and P Q the Lams Tranfverfus, Make PLO : LBy :,
PO:7, and T will be the Latus Rellum. Which bﬂiﬁg
known, the Figure is known. S
It remains only that we may thew how L 4 is to he
produc’d each Way to P and @, fo that BLg may be:
FMg::PLO:PMQ, vinem PL @, or PLXL Q, is
PR~LR¥XPR-~LR;for PLis PR—LR, and LQﬁ;;

A g 41 sspepere

RO -+ LR or PRALR, Morecover, PR— LR %
PR 4 LR, by multiplying, Dbecomes PRqw~LR g, And
after the fame Manner, P Mg is PR-{- R M ¥ PR—R M,
or PRg=~RMgq. - Therefore BLg : FMy : : PR q
LRq: PRq— RMg ; and by dividing, B Lg—~FMq:
FlMg::RMg—LRg: PRg—R Mg, Wherefare fince
thete are given BLg~~F M g, FA4g and R M q— LRy,
there will be given PRg—R A4, Add the given Quan-
tity R Mg, and there will be given the Sum P R g, and con-
fequently its Root P &, to which QR is cqual, '

Pro-
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ProsreEm LVL-
T deferibe a Conick Section which fhall pafs .

_ through four given Points, and in one of
thofe Pownts [ball touch a vight Line Liver
in Pofition. [ Vide Figure 77.7]

= ET the four given Points be 4, B, C D, and the right
# , Line given in Pofition be AE, which let the Conicle
Section touch in the Point 4,  Join any two Points D,C,
and let D C produc’d, if there be Occafion for it, meet the
Tangent in E, Through the fourth Point B draw B F pa-~
rallel to D (, which thall meet the fame Tangent in F,
Alfo draw D I parallel to the Tangent, and which may meet
Brinl. Upon FB DI producd, if there be Occafion,,
take FG, H/, of fuch lengthas 4Eq:CED:: AFg =
BEG::DIH:BIG., Andthe Points G and H will be
in a'Conick Section asis known ; if you only take FG, I H,
on the right Sides of the Points F and 7, according to the
Rule deliver'd in the former Problem, Bife& BG, D(,
DH, in K, L, and A4,  Join KL, A M, cutting one ano= -
ther in O, and O will be the Center, 4 the Vertex, and
H M an Ordinate to the Semi-Diameter 40 ; which be

ing known, the Figure is known,

o ProsrEM LVIL
To deferibe a Conick Section which [ball pafs

through three given Points, and touch right
Lines given in Pofition in two of thofe Pointse
[Vide Figure 78.] |
LET thofe given Points be 4, B, C, -touching AD, B I3,
in the Points A4 and B, and let D be the common Intet=
 fe@ion of thofe Tangents. Bifedt 4B .in E, Draw DE,
and produce it till i F it meets CF drawn parallel to 4B 3
and. D F will be the Diameter, and 4E and CF the Qrdi-
nates to [that] Diamerer, Produce DF toO, and on DO
take O'F a mean Proportional ‘between. D O and EQ, Or%

this Condition, 'that alfo 4Eq : CFg: :¥Ex-V1 O—k—; ?}_ EF

]
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VE %X VO 40 F; and 7 will be the Vertex, and O the
Center of the Figure, Which being known, the Figure
will alfo be known. But VE 18 = VO—0E, and confe.

quently ¥E x PO+ OE = VO—OE xVO-+OEF =
V0q—OEq. Befides, becaule O is a mean Proportio.
nal between DO and EQ, FOqg will be == DOE, ang
confequently PO g— O Eq=D0OE—OEq=DEQO. And

by a like Argument you'll have PF x VO + OF =P Oq..
OFg=DOE—QFgq. Therefore AEq:(CFq::DEQ
And confequently DOE~——~OFg—=DOE~—0OEqg 4+ 2FE)
~FEq—=DEO-+2FEO—FEq. And AEq:CFq:;
DEQ:DEOQ--2FEOQO~—FEq::DE : DE— 2FE .

% Therefore there is given DE - 2FE %%@'

Take away from this given ‘Q‘uantity DE -} oF E, and

there will remain l%%q given, Call that NV ; and %ﬁ

will be — £0, and confequently. EQ will be given, But
E O being given, there is alfo given O, the mean Propor-
~ tional between DO and E O. i
After this Way, by fome of Apollonins’s Theorems, thefe
Problems arc expeditiondly enough folv’d; which yet may
be folv’d by Algebra without thofe Theorems,  As if the
firft of the three laft Problems be propos’d : [Fide Figure 48,
Let the five given Points be 4, B, C, D, E, through which
thz Conick Se&tion is to pafs.  Join any two of them, 4, (
and any other two, B, I, by Lines ‘cutting (or interfe&ing)
one another in H. Draw D/ parallel to B E meeting 4
in /; as alfo any other right Line KL mecting AC in K
and the Conick Section in L, Aud imagine the Conick
Seftion to be given, fo that the Point K being known, there
will at the fame Time be known the Point [, ; and making
ARK=2x, and KL=y, to éxprels the Relation between
and y, aflome any Aquation which generally exprefles the
Conick Setions ; fuppofe this, a-{-ba -+ ca e 4 dy -+ exy
~+ 93y =o. Whercin 4,5, ¢, d, e, denote determinate Quan-
tities with their Signs, bot aund y irdeterminate Quan.
tities, Now if we can find the determinate Quantitics a,
b, ¢, d, e, the Conick Sc&ion will be known. If therefore
the Point 7, falls upon the Point 4, in that Cafe 4K and
KL, thatis, x and y, willbeo. Then all ¢he Terms of the
Kquation

3]
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JEquation befides z will vanifh, and there will remain 7= &¢
herefore 4 is to be blotted out in that £quation, and the
other Terms pa 4 cxx +dy~+exy-tyy will be — o.
- Butif L fallsupon C, 4K, or x, will be = AC, and LK
or y,== 0. Put therefore AC—= fi and by fubflituting f for
xand o fory, the Aquation for the Curve bx 4 ¢cx x4
dy +exy +9yy=o0, will become bftcff=0, ot b=
~=¢f. And having writ in that Bquation —¢f for b, it
will become —¢fa - cxx + dy +exy + yy==0. More-
~ over, if the Point L falls upon the Point B, 4 K or & will
be == A F and KL ory= BH. Put therefore 4H=1g,
and B H — ), and then write g for x and b for y, and the
Aquation w—cfx - cxx, & will become ——cfgtcgg
+db--egh+4 hh=0, Now if the Point L falls upon
E, AK willbe —— #H, orx =g, and KL ory =HE,
For HE therefore write ~ k, witha Negative Sign, becaufe
HE lies on the contrary Side of the Line A4 (, and by fub-
ftituting g for x and —1 for y, the AEquation ——¢fa =
cxx, & . will become ~ ¢fx +egg—dh—egk+ ik
t= 0. JTake away this from the former Aquation —¢fg
+cgg -t dbh-tegh+ hh, and there will remain dbh 4
ggb+ b h + dk + ggfc.-—- Lt —o, Divide thISby h + .1’,‘
and there will come out d 4+ ¢g + h—k=—0. Take away
this multiply'd by & from—cfg 4 cgg4-db-tegh+ bh
=0, and there will remain —c¢fg 4 cgg+ hk=o0, or

gzi*- Fr = ¢. Lafily, if the Point L falls upon the
Point D, %1 K or x will be ==A41, and KL ory will be .
= 1D, Wherefore, for 4/ write », and for ID, n, and
likewife for x and y fubftitute s and », and the Aquation
“—fx 4 cax, & will become —cfm—cmm <+ dn =
emn -}~ nn=0o. Divide this by s, and there will come

out ---cfm-{-cmm_l_ d-tem-+n==o. Takeawayd-{
7

o f o5 =t CM M
n

+m:§.—-ég+_n~——!:+l-=o, Or +n-—-‘b‘

Ak —eg e em But now by rcafon of the given Points
A, B, C,"D, E, there arc given 4G, . AH, 4l, BH, EH,
D1, thatis, f, g, m, b, k, n. And confequently by the /-
. | - Aa | guation

¢g -t b~ k==0, and there will remain

cmm—cfm
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Jguation ﬁgjﬁﬁ e ¢ there is given €, But ¢ being given
P e s |
by the Aquation -=— ” — bt kmeg—en

there is given eg —— . Divide this given Quantity by

the given one g— m, and there will come out the given ,,

Which being found, the Fquation d-t-eg 4 bk =0,
J/

a2 7" A = arttl nive A4 And thefe heine Lo, .
ov d— Rw— }) =€ 5 WL LAVE fie pAEILE Libal Ulaxkio RLIOWNH

there will at the fame Time be determin’d the Aquation ex.
preflive of the Conick Section fought, wiz. ¢fx ==caxx -
Ady-texy-tyy Andfrom that Aquation, by the Method
of ‘Des Cartes, the Conick Se&tion will be determin’d,
Now if the four Points 4, B, C, E, and the Pofition of
the right Line 4F, which touches the Conick SeCtion in ope
“of thefe Points, .4 were given, the Conick Section may be
thus more eafily determin'd, Having found, as above, the
Equations ¢ fx =cxx +dy-texy -7, 4=k e eg,

and ¢ = - , conccive the Tangent AF to meet the

right -Linég E I-} Kin-F, and - then the Point L to be moved
along the Perimeter of the Figure CD E till it fall upon the,
Point A ; and the nltimate Ratio of LK to AK will be
the Ratio of FH to A H, as will be evident to any one
that contemplates the Figure, Make £ H ==p, and in this
Cafe where L K, A4 K, are in a vanifhing State, you’ll have

p:giiy: ¥, or ‘%y = &, Wherefore for a4, in the xﬁqua-j,

tion ¢fa == cxx~dy-texy-+yy, write ’%?-., and there

will arife !cf £) __ 88D -+ dy 4 81 +75. Divide all

P PP p _.
by y, and there will come ont f_& —. 882 + 4 4 8

pp P
~+ y. Now becaufe the Point L is fuppos'd to fall upon
he Point A, and confequently K L, or y, to be infinitely -
{mall or nothing, blot out the Terms which are multiply'd

. . - . . ‘l:'{(}"
by y, and there will remain == == d.  Whercfore make

b —=, then clg =d. Lafily, {-:f-{g-.ﬂ =e, and

lg—&g o

having
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having found ¢, d,and ¢, the Bquation ¢fx =2y i d F
=t exy —+ yy will determine the Conick Se&ion. T
If, lafily, there are only given the three Points 4. B, C,
together with the Pofition of the two right Lines 47 7,
which touch the Conick Se&tion in' two of thofe Points, .4
and C, there will be obtain’d, as above, this Equarion ex-
Premve .of a Conick Se&ion, cfe—cxax-tdy-teny-tyy.
[Fide Figure 80.] Then if you fuppofe the Ordinate K L
to be parallel to the Tangent’ 4T, and it be conceiv'd to be
produc’d, tillit again meets the Conick Seftion in A, and
that Line Z A4 ‘to approach to the Tangent A7 till it coin-
cides with it at 4, the ultimate [or evaneftent] Ratio of
the Lll}es KL and K A4 to one another, will be a Rario of
Aquality, as will appear to any one that contemplates the
Figure, Wherefore in that Cafe X and K M being equal
to each other, that is, the two Values of y, (viz. the AE-
firmative one KL, and the Negative one K Af) being equal,
thofe Terms of the Aquation (¢cfr—cxx -+dy +exy~t
72) in which y is of an odd Dimenfion, thatis, the Terms
dy +exy in refpeé of the Term yy, wherein y is of an
even Dimerifion, will vanifh, For ‘othérwife the two V-
lues of y, viz, the Affirmative and the Negative, cannot be
equal ; and in that Cafe A4 K is infinitely lefs than L K,
that is x than y, and confequently the Term exy than the
Term y g And confequently being infinitely lefs, may be
reckon'd for nothing. But the Terin dy, in refpect of the
Term yy, will not vanith as it ought to do, - but will grow
fo much the greater, unlefs d be fuppos'd to bé nothing.
Therefore the Term dy is to'be blotted out, and fo there
will remain ¢fx—cxx 4 exy-}-yy, an Kquation expref-
five of a Conick Se@tion. Conceive now the Tangents AT,
C7, to meet one another in 7, and rhe Point L tocome to
approach to the Point G, till it coincides with it,  And the
ultimate Ratio of K, to X C will be that of AT to A Ce
KL wasy 3 AK, z; and 4AC, f; and confequently KC,
f—ua ; make AT —g, and the ultimate Ratio of y to
fe—mux, will be the fame as of g to f. The Alquation ¢fx
=cxx -} exy-}yy, fubtradting on both Sides cx v, be=
comes cfx —cxx—rexy-yy, thatis, f-~—x intocx =3
into ex -4y, Thereforey tf—x t:¢w:ex 4y, and con-
fequently g+ f::cx:ex -y, Butthe Point' L falling up-
on C, y becomes nothing, Therefore g ¢ f1:cx:ex  Di-
vide the latter Ratio by Td it will become g :f:i¢et ey

b “ancl
LU :'—u-m
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and of —¢. Wherefore, if in the BEquation ¢fx = ¢y s
g

- exy+yy, you write cgf for e, it will become ¢ f 2 — cmﬁ

as f_ij, +yy, an AEquation expreflive of a Conick Sedi-
Ty |

on. Laflly, draw B H parallel to KL, or AT, from the
given Point B through which the Conick Seéhon. ought to
pafs, and which fhall meer A4 C in H, and conceiving K [,
to come towards B FZ, til! it coincides with it, in that Cafe
AH will be == x, and B+ ==y, Call thereforq the given
AH=m, and the given B H==n, and then for x andy,
in the Kquation ¢fx=cxx -} j ry - yy, write aand

L=

A
n, and there will arifc cfm =—cmm -} E mn -4-nn. Take

. ¢ ‘ i
away on both Sides ¢ mm -}~ —;_f mn, and there will come

Lo ]

cf fn

QUE Cf e 8 tHh oo — IR 2 1B 11 Put fe—me'— =
and ¢csm will be zmnn. Divide each Part of the jﬁqqgi., |
tionby s, and there will arife cm%—z. .' Bqt having found
¢, the Lquation for the Conick Se&ion is determin’d (cfa
=cxx of xy-tyy). Andthen, by the Method of Des

Cartes, the Conick Seftion is given, and may be deferibd, |

Pro-
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Prosrem LVIIL

Having given the Globe A, and the Foltion of
the Wall DE, and BD the Diffance of the
Center of the Globe B fromahe Wall; to find
the Bulk .of the Glohe B, on this Condition,
that if the Globe 4, (whofe Center is in the
Line BD, which is perpendicular to the Wall,
and produc’d out beyond B) be moved in free
abfolute Space, and where Gravity can’t al¥,
wi}:lb an u'nf;-;‘bm} I\Zation towards D, till it

alls upon [or flrikes againfF] the other qui-
{ﬁcent Globe By and z.‘b%zt Ggoj&e B, after zqt is
refletted from the Wall, fhall meer the Globe
A in the given Point C. [Vide Figure 81.7

i ET the Velocity of the Globe A before Reflection be
| a, and by Problem 12, the Velocity of the Globe .4 will

. 4Ad~—aB
be after Refledtion = PR
Globe B after Refle¢tion will be = %. _Therefoxe the
Velocity of the Globe 4 to the Velocity of the Globe B is
as A—B to 24, On GD take gD=GH, wiz, tothe
Diameter of the Globe B, and thofe Velocities will be as
GCtoGg-+gC For when the Globe 4 ftruck upon the
Globe B, the Point G, which being on the Surface of the
Globe B is moved in the Line 4D, will go through the
Space G g before that Globe B fhall firike againft the Wall,
and through the Space g C after it is refle€ted from the Wall ;
that is, through the whole Space Gg—+-¢C, in the fame
Time wherein the Point F of the Globe A fhall pafs through
the Space G ( fo that both Globes may again meet and firike
one another in the given Point €, Wherefore, fince the In-
tervals BC and G D are given, make BCo=m, BD + (D
—n, and BG=x, and GC will be —m -+ x, and G g -+
gC=GD 4+ DC—2gD =GB+ BD+DC—~2GH=
x+ﬂ"“"4x, or mnwgﬂ‘, Above you had A——-B tG
2, a1 the Velocity of the Globe A to the Velocity o&r}%e
- . obe

and the Velocity of the
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Globe B, and the Velocity of the Globe 4 to the Velocity
of the Globe B, as G( to Gg-+gC, and confequently 4
—B to24, as GC to Gg -+ gC; therefore fince GC is o
m-ta, and Gg +gC=n—3x, A~=B will be to 5 4
as m -+ # to s——3x. Moreover, the Globe 4 is to the
Globe B as the Cube of its Radius 4 F to the Cube of the
others Radius G B ; that is, if you make the Radius 4 F ¢
bes, ass? to w3 ; therefore ¢3—x' 1250 (11 dap
s24) ::m-tx :ne—32, And multiplying the Meang
atid Extreams by one another, youw'll have this quation,
$pem 35 e n 2t} o 3a == 25?2527, And by Re.

Otk T stn - |
: 4, erare E st g
duftion 3% 4 smpa’ —gsia 5 = 0. From theCon.

@ruftion of which Zquation there will be given & the
Semi-Diameter of the Globe B ; which being given, that
.Globe is alfo given. Q. E. F.

But note, when the Point C lies on contrary Sides of the
Globe B, the Sign of the Quantity 2 muft be changd,

N L 3
and written ga ¢ —enxd —-5sip :‘{: ;:fm-__-o.

1f the Globe B were given, and thic Globe A4 fought.on
this Condition, that the two Globes, after Refledtion, thould
mect in €, the Queftion would be cafier 3 wiz. in the laft
Aquation found, » would be fuppos’d t6 be giveén, and ; tg
be fought, Whereby, by 2 duc Reduétion of that /£qua-
tion, the Terms — g5 32 + s3n — 2572 being tranflated to
the contrary Side of the Aquation, and each Part divided

‘ 3.‘-1:'4 — il
by gx—n -+ 2m, there would come out L

B X e 2
—ys*. Where s will be obtain’d by the bare Extraction of
the Cobe Roor, S L
_ Now if borh Globes being given, you were to find the
Point (, 1n which both woumd fall upon one another aftes
Reflettion, the fame Aquation by due Redu&ion would

) 2t ——yin . ; g
BLVe =~ i 2 — ; that is, BC=1} Hg -k

24}

. |
A RS HD A4 DC PForabove, 5 w3 x was = Gg

- g . Whenee, if you take away 2%, or G H, there will
semuin n —sx = Hg-tgC The Half whereof is T
Samm i Hy-+ toC. Morcovey, from 5, or BD-FCD;
ke away wx, or BH, and thetc will fomain - x, of

4
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HD+CD. Whenee, fince . = P youll bave 2

‘ 283 T 2.4 Y
% 7 e nx'e—xt B . |
B —p B

Signs being chgng’d, = X HD4 CD.

2473

ProsreEm LIX.

If two Globes, A and B, are join’d together by
a finall Thread PQ , and the Globe B bang-
ing on the Globe A: if you ler fall the Globe

=TT L U’V‘UJ(-?I"F i “Waw

A, fo that both Gl;bé’.r may begin to fall to-
gether by the fole Force of Gravity in the
fame perpendicular Line PQ; and then the

!Q‘g}f]" Glﬂ!)é‘ Bﬂ ' ﬂjﬁﬂiﬂ 27 a0 ab‘ﬂaﬂan’ at.hm:rlﬂ-l'!/](‘

el L L3 S LV N Vo 2 7R N T LF (SR 2 F R g

from the Bottom or Horizontal Plane F G, it
fhall meet the upper Globe A, as falling, in a
certain Point Dy from the given Length of
the Thread P,Q, and the Diffance DF of
that Point D from the Bottom, to find tke
Height PF, from which the upper Globe A
ought to be let fall to [cazg[eﬁ this Effelfa
[ Vide Figure 83.7 '

ET abe the Length of the Thread P Q. In the Per-
pendicular P Q RF, from Fupwards take F E equal to

R the Diameter of the lower Globe, fo that when the
loweft Point R of that Globe falls upon the Bottom i F,
its upper Point Q@ fhall poflefs the Place E; and let ED
be the Diftance through which that Globe, after it 1s re-
fle&tcd from the Bottom, fhall, by afcending, pafs, before it
meets the upper falling Globe in'the Point D. Therefore,
by reafon of the given Diftance D F of the Point D from
the Bottom, and the Diameter E F of the inferiour Globe,
there will be given their Difference D E. Let that —b, and
let the Depth R F, or O E, through which that lower Globe
by falling before it tonches the Bottom be — x, if it be
unknown. And having found %, if to it yonadd E F ;El
. 2



‘ h[ I1184%1}11 PF, from wh
: * there will be had the Height P F, from which ks
Ep}%g Globe 6ught to fall to have t!gle defird Effe&, ke
Since therefore PQ is —4, and @ E==x, PE will b
e a -t . Take away DE orb, and there will remajq
PD=—axwb, But the Time of the Defcent of ¢he
Globe 4 is as the Root of the Space deferib’d in falling, o

v/a % % —b, andthe Time of the Defcent of the other
Globe B as the Root of the Space deferib'd by [its] falling,
or v, and the Time of its Afcent as the Difference of that
Root, and of the Root of the Space whlch_lt would.'defcribc
by falling only from @ to D, For this Difference is as the
Time of Defcent from D to E, which is equal to the Time

of Afcent from E to D, But that Difference is Vi ——v/2J],
Whence the Time of Defcent and Afcent together wil]
be as 2vVe—+ x—b Wherefore, fince this Time js
equal to the Time of Defcent of the upper Globe, the
Vi xe—b will be —2vVy—+x—<b, The Parts of
which Kquation being fquar'd, you'll have 4+ n—p
8 X o [ oo 4 3026 b &, OF 4= 4 x4 V‘-}“-‘r-‘mbx; and .
the Kquation being order’d, 4a — 4:=4 v Xasw=bas and
fquaring the Parts of that Aquation again, there arifs
16X % = Bax = da =16xx—16bx, O 4a-=84x.

16b; and dividing all by 8 4 — 16L, you'll have “87%
==x, Make therefore as 84— 16b to 4, fo atox, and

you'll have xor QE. Q.E.L |
Now if from the given O E you are to find the Length
of the Thread P Q or 2 ; the fame HEquation 44— 45—
16bx, by extradting the affe&ed Quadratick Root, would
gives=—g &V 162z — 160 ; that is, if you take or
a mean Proportional between QD and QF, P Q will be

= 4 EY. For that mean Proportional will be v/ 5 2 —1,
or v/ xx~—bu 3 which fubtraded from x, or QF, leaves

B e Ny ——

ET, the Quadruple whereof is 4.4 — 4 VETTSN P
But if from the given Quantitics Q E, or x, as alfo the
Length of the Thread P O, or 4, there were fought the Point
D on which the upper Globe falls upon the under one ; the
Diftance DE, or b, of that Point from the given Point E,
will be had from the precedent Aquation 24 = 8ax — 16
by transferring 44 and 16bx to the contrary Sides of the
Kquation
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Aquation with the Signs chang’d, and by dividing the whole
by 16x. There will arife 8ax 6_M —b. Make there=
16x |

fore as 16 x to 8a—a4, fo 4 to b, and you'll have bor D E.
Hitherto I have fuppos'd the Globes ty’d together by a
fmall Thread to be let fall together, Which, if they are
ler fall at different Times conne@ed by no Thread, fo that
the upper (lobe A, for Example, being let fall firft, fhall
defeend through the Space P7 before the other Globe begins
to fall, and from the given Diflances P7, P Q, and D E,
you are to find the Height P F, from which the upper Globe
ought to be let full, fo that it hall fall upon the inferior or
lower one at the Point ). Make P Q=—v, DE=b, PT
==, and OF—x,and PD willbe —a 4 2 —Db, asa-
- bove. And the Yime whercin the upper Globe, by falling,
will deferibe the Spaces P 7.and T D, and the lower Globe
by falling before, and then by re-afcending, will defcribe the
Sum'of the Spuces QFE - ED will be as/PT, vP D—
VvPT, and 2VQE—+vQD ; that is, as the v¢_
Vad b/, and 2 ¥V —+v m—Db, but the two
laft Times, becaufe the Spaces T D and Q-E 4+ ED are de-
ferib’d together, are equal, Therefore v/4 -f w0 b — #/¢
v— 2% 2 = 4/ x—b. And the Parts being fquar'd ¢ - ¢ —

2 Vcatcx—eh = g mg vV xux—bx. Make a-toc.
=—e¢, and 4 — ) —1f, and by a due Redu@tion 42 ——e¢-} 2

Vef -t cx =44 #x—bx, and the Parts being fquard
gc—8Bext16xx & acfthcatib6n—ae X Veftex
w16 % X — 16bx. And blotting out on both Sides 16z,
and writing m foree + 4e¢f, and alfo writing » for 8¢ —
16b — 4¢, yow'll have by due Redu&ion 164 — 4 %
v/¢f + ¢x =nx—m. And the Parts being fquar'd [you'll
have] 256¢cfxn 4 256¢x’ ~ 128cefar —m 128cex x -
16ceef 4 16cecx=nn&x— 2mn¥% -t mm. And having
order'd the quuatiogn ;gr;éc x
“ 256¢f ——1280¢] 4
—128ce xx A 16cee % imé‘;;?f =0
— M - 2N - ‘ B
firu@ion of which Aquation » or @ E will be given, te
which if you add the given Diftances P Q and E F, you'll

.
arsg ey 1‘10 “'i"\nl"IA
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Prorrem LX.

If two quicfient Globes, the upper one A anl
the under one B, are /et fall at different T fnes,
and the lowwer Globe beging to fall in the
[ame Momnent that the N/)//(f one, by falling,
/m& deftrib’d the Space PT 5 1o fzm’ the P[/JCE.S‘
&, B, which thofe falling Globes /Jmﬂ occipy
when their Interval or Diftance wy is givep,

[Vide Figure 84.]
CINCE t the Diftances PT, P Q, and =3 are glven,

call the firft a, the {econd b the tmrd Cs and for P, -

or the Space that the fuperior (:Jou. deferibes by f,llhng he-
fore it comes to the Place fought «, putx. Now the Tumes
wherein the upper Globe defribes the Spaces PT, Por, T,
and the lower one the Space Jy, arcas vPT, 1,/1) ,‘/PW
—/PT, and v Qx. The latter two of which Tlmes "
becavfe the Globes by falling together deferibe the ‘Spaccs
T o and O, are equl, Whence alfo the VP a—yPT
will be cqua.! tothe V Q= Pw was —x, and PT=qy
and by adding 7, or ¢, to P, and f'ubtm&m[:, PO, orl,
from the Sum. you'll have O =% + ¢ b, Wherefore

fubftituting thefe, you'll hwu Va—Va= VX % ¢l
And fquaring hoth ‘udrs of the Aquation, there will arife

X g2 Wan — x A= b, And b]ottmg out o both
Sides a, and ordcnny the x}'qmtmn you'll have 4 4 ¢
==2+vax, And having fquar'd the Parts, the Square of
@4 b—c will be = 402, and thar Squure divided by 44
will be ==z v, or ga will 1)(, 0 a4 Dewr a5 g~ bomcis
to A ut fmm x found, or P, theye is given the Place
fought, wiz. « of the ﬂ:pmm Globe 1outh And by the
Diftance of the Pjaces, there is alfo given the Place ot the
]owu' ona B

And henee, if you were to find the Point where the up.
per Globe, by falling, will ac Jung_,th fall uponn the lower
otie 5 Dy wumna, the Diftance o500y or by extirpatiog ,
fay, 4a 18104 -+basa--b istox, or Lo, and the Pomt
o will be that fonght, _, \

And
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-*‘A“‘;i,fedpf@ta”y; it that Point =, ory, in which the .
uppexr lobe falls upory the undzr one, be given, and you
are to find the Place 7 which the lower Point P of the up-
per falling Globe poflufs’d, or was then in, when the lower
Globe beaan to fall ; becaufe 44 isto a4 b asa 4 b isto
A3 Or multip])-ing the Means and Extreams together, Jr‘h,x
=aa+2ab-+bp, and by due ordering of the Equition
Az 4 aik— 2ab—bbj; extra the Square Root, and you'll
bave a— 2w —po v~ ba. Take therefore ¥r, a
mean Proportional between Po and Or, and towards 7 .
take FT=F 0, and T will be the point you feck,. For

Vw will be — v Pa x Qn, thatis, =varxx—Db, or=
v ¥x —=ba; the double whereof fuhtradted from 2%~ [,
orfrom 2 Pr~=p Q, that is, from P Q-2 O=, leaves
P_‘Qﬁ—‘-n 27 Q, or PV —VQ thatis, PI. |

i, daftly,  the lower of the (lobes, after the wpper has
fallen wpon the lower, and the lower, by their Shock upon-

- one another, is accelerated, and the fuperior one retarded,
the Places are requir'd where, in falling, they fhall acquire
a Diftance equal ta a given right Line. In the firft Place,
you mufl {eek rhe Place where the upper one falls upon the
lower one ; then from the known Magnitudes of the Globes,
as alfo from their Celerities where they fall on each other,
you muft find the Celeritics they thall have immediately
afrer Refe@ion, after the fame Way as i Probl, 12, Afrer-
wards you maft find the higheft Places to which thefe
Globes, if they were cany'd upwards, would afcend, and
thence the Spaces will be known, which the Globes will
deferibe by falling in [any] given Times afrer Reflotion, as
alfo the Difference of the Spaces 3 and reciprocally from

-that Diffirence affum’d, you may go back Asalyrically ro
the Spaces deferibyd in fatling, |

As iF the upper Globe falls upon the lower one at the
Point o, [Vide Figure 83 and afrer Refleiion, the Cele-
rity of the upper one downwards be fo grear, was if it were
upwards, it would cauvfe that Globe to afcend throongh the
Space = V3 and the Celerity of the lower one downwards
wus {o great; as that, if it were upwards, 1t wowmdd caufe the

b . .
lower one to afcend through the Space = A4 5 then the limes

........ V4 wmms vvmralla defrend rhiraiioh
R N R

wherein the upper Globe would reciprocally de ‘

the Spaces Nar, VC, and the inferior one through the Spaces

M+, MH, would be as ¢/ Nax, VNGV M ‘w/M'H;

and confequently the Times whegrlg the upper Globe wo;:ii
2 ‘

!
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run the Space #G, and the lower one = H, would be ay
VNG VN7, to ¥V MH-—vVA7x. Muke thofe Timeg
equal, ‘and the v NG — v N = willbe = VM H —/ M,
And, moreover,- fince there is given the Diftance G H| put
G+ GH=xH And by the Reduction of thefe two
Kquations, the Problem will be {olv’d.  As if A ris = g,
Nrpwb, GH=—c, G =wx, youll have, according to the

!,..J.d-..-...e N a1ty "t ,,,1,4 o e T—T A("‘d .ﬂ.‘f-'n-' 1T(‘\I1’ll I"If‘l'-q_
latter /Aquatioil, &« ¢ o 7 £ HLE - adw, yOU L nave
MH—a+c+x, ToxGadd N, and you'll have NG

w= b~ x. Which being found, according to the former

/Equation, +'b- + ¥ emv/b will be —=Va-to A v,

Write ¢ for 2 -} ¢, and +/f for &/ -} Vb, and the Equation

will be 6 4 v =vc-b-x -+ vf.  And the Parts being

fquard b -+ wme -t % -1 f = 2.~L/ef+f-x, Ot b g f o

s v e F—F?.t‘ For be—e—f write g, and you'll have

gx=24¢f+ fx,and the Partsbeing fquard, g g s qef -
£8 .

4{z,and by Reduction if = 4

Pro:
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T ROBLEM LXL

If there are two Globes, A, B, whereof the
upper one A fulling from the Height G, fIrikes
upon. another lower one B rebounding from
the Ground H upwards y and rhefe Globes fo
part from one another by Reflection, that the
Globe A returns by Force of that Refleltion to
its former Altitude G, and that in the fame
Time that the lower Globe B returns to the
Ground H ., then the Globe A falls again,
and flrikes again upon the Globe B, rebound-

Cang again back from the Ground y  and afier
this rate the Globes always rebound from
one another and veturn to the fame Place s

 Fromibe given Magnitude of the Globes, the
Pofition of the Ground, and the Place G from
whence the upper Globe falls, to find the Place
where the Globes [ball flrike upon each other.
[Vide Figure 86.7] |

ET ¢ be the Center of the Globe 4, and f the Center

, of the Globe B, d the Center of the Place G wherein
the upper Globe is in its greateft Height, # the Center of the
Place of the lower Globe where it falls on the Ground, 4
the Semi-Diameter of the Globe 4, b the Semi-Diameter of
the Glote B, ¢ the Point of Conta& of the Globes falling
upon one another, and H the Point of Contaét of the lower
Globe and the Ground. And the Swiftnefs of the Globe 4,
where it falls on the Globe B, will be the fame which is ge<
~ nerated by the Fall of the Globe from the Height de,  and
confequently is as vde. With this fame Celerity the (Globe
A ought to be refle@ted upwards; that it may return to its
former Place G. And the Globe B ought to be reflected
with the fame Celexity downwards wherewith it afcended,
that it may return in the fame Time to the Ground it had
mounted: up from, And that both thefe may come to
pafs, the Motion of the Globes in xcfle@ting oughe to bf,-
‘ - o equaly



L 1907

equal., But the Motions are compounded of the Celerities
and Magnitudes together, and confequently the Produ of
the Bulk and Celerity of one Globe will be equil to the
Prodult of the Rulk and Celerity of the other, Whence,
if the Prodnd of the Bulk and Celerity of one Globe he
divided by the Bulk of the other (ilobe, vou'll have the Ce.
lerity of the other before and after Refleftion, or at the
End of the Afcent, and at the Beginning of the Defeepnr,

’ d/d e
Therefore this Celerity will be as f—;i—‘i, or {ince the Globeg
. J '

o < . ade )
are as the Cubes of the Radii 25— But as the Square of
this Celerity to the Square of the Celerity of the Globe 4
juft before Refleion, fo would be the Height to which the
Globe B would afcend with this Celority, if it was not hin-
der'd by meeting the Globe 4 falling upon it, to the Height

ed from which the Globe B dcfcends, That is, as ;jq de

to de, or as Ag to B g, or a® to b, fo that firlt Heigh to
x,if you pur & for the latter Height ed.  Therefore this
Height, wiz, to which B would afeend, if it was nor hin-
~. 6 I " . ‘ ‘
dex’d, is .g—ﬁ x. Let that be fX. To fK addfg, ordH
---ef—--g I ; that s, p~ i, if for the given d}'—l——-.ef..._.
¢ F you write p, and a for the unknown d e ; and yon'll
= ‘

. 4 : ~ .
have K g == pix A p—a,  Whenee the Cclcrlty' of the

Globe B, when it falls from K to the Ground, thatis! whn
it falls chrough the Space K g, which its Centre would de-

foribe in fulling, will e as J/‘[j L x=fp-—x.  But ‘tha
Globe falls from the Place. B¢f to the Ground in the fame
“Fime that the upper: Globe 4 afeends from the Plice A e to
its greitelt Height 4, or oo the other Hand falls from d to the
Place Acey and then fince che Celerities of fulling Bodieg
are equally:anpménted in equal Times, the Celerity of the
‘Globe /3, by falling to the Ground,. will be augmented ‘as
‘much as is the whole Celerity which the Globe .4 acquives -
by falling 1n the fame Time fiom d to e, or lofes by aftend-
ing fom ¢ to 4. Therefore, tothe Celerity which theClohe
'8 has in the Place Bef, add the Celexicy which thic (Globe
e T e

I
i
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A has 1 the Place Ace, and.the Sum, which isas vde -t

i'vide LA _ o
T OrYE -+ s v/, will be the Celerity of the Globe

f N | 3 "
B where it ﬁ;]]s on the Ground, Then the v# +§T v x

- : — 3 ; r
‘ Y | a’ 4 b . "
-will be equal to 7 X e, For 7T write s
L Ve v r : A - 3
L L S . o
and for T T and that Agquation will become —
| s , s
J ﬂ'/”v-!-.ﬂ ' Dorpe T { I AN
VX = | 2 and thie arts poIng Wquard, -—— & =3
3K 3 £
rt

;; x4 p, fubtradt from both Sides :r #, and multiply all
s $

into ss5, and divide by rr — ¢, and there will arife x =

15p

3

»  Which Fquation would have come out more

rr—7t
, - 3 b3 T
fimple, if 1 had taken 2 for ﬂ——;—m—, for there would have
: £ i Co
S . ‘
come out —— =x, Whence making that p—¢ fhall be

—1
tosasstox, yowl have #: ored s to which if you add
ec, you'll have d¢, and the Point ¢, inwhich the Globes fhall
fall upon one another, Q,E.F.

Hitherto T have been folving feveral Problems. For 1n
learning the Sciences, Examples are of more Ufe than Pre-
cepts. Wherefore I have been the largeron this Head, And
fome which ocourr’d as T was putting down the reft, I have
given their Solutions without ufing Algebra, that [ might
fhew that in fome Problems that at firft Sight appear diffi-
cult, there is not always Occafion for Algebra. But now it
is Time to fhew the Soiution of Aquations, For after a
Problem is brought to an Aquation, you muft extraét the
Roots of that Equation, which are the Quantities that [an-
fwer or] fatisfy che Problem, |

li;;\ Y- . . . o : | . - . Iinﬁ
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Ha'cé; RQUATIONS are to be [ol’d.

" FTER therefare in the Solution of a Queflion yoy are
come to an Aquation, and that Aquation is duly fe.
duc'd and order’d ; when the Guantities which are fupposq
given, are really given in Numbers, thofe Numbers are tq
‘be fubftituted, in their room in the Aquation, and yopljj
have a Numeral Aquation, whofe Root being extradted wil]
Latisfy the Queftion,  As if in the Divifion of an Angle
“into five equal Parts, by putting r for the Radius of the
Circle, g for the Chorl of the Complement of the proposid
Angle to two righrones, and « fof th'e C'hi.n'd‘ of theCome
plement of the nfth Part of that Angle, I had come to thig
Aguation, xfe—grra’ fgrt¥—rtg=0. Where in
any particular Cafe the Radius » is given in Numbers, and
‘the Line ¢ {ubrending the Complement of the given Angle;
as if Radius were 1o, and the Chord 35 Hubflitgee thofe
Numbers in the Aquation for » and ¢, and there comes out
the Numecral Aiquation x°— s00%’ == 50004 — 30000
=5, whercof the Root being extradted will be x, or the
Line fubtending the Complement of the fifeth Pare of thag
given Angle,
But the Ruot is a Number '\V}‘::L'Ch uCing Iyonitneu in the
Aiquation for the Letter or Species fignifying
OF the Natre the Roor, will make all the Yerms vanifh,
of the Raots of Thus Unity is the Root of the cuation 4+
an FEquationn, ==& = QXL -} 40X — 30 = 0, Dbecaufe
being writ For @it produces 1 — 119 -} 49
w30, that is, nothlng, And thus, if for x yon write the
Number 3, or the Negative Number — s, and iu hoth
Cafcs there will be produc’d nothing, the Affirmative and
Negative Terms in thefe four Cafes deflroying one another ;
then fince any of the Numbers written in the Aquation
fulfils the Condition of &, by making all the Terms of the
HKquation together equal to nothing, any of them will be
the Root of the Equation, o
And rhat you may not wonder that the fume Aquation
may have {everal Roots, you muft know that there may be
more Solutions [than cne] “of the fame Problem, As if
there was foueht the Interfettion of two given Circles ;
there arc two Intexfections, and confequently the Queflion
admits two Anfvers ;3 and then the Aiguation dcterminiggﬁ
. the

Tapyter |“!\nil’|1i~n:‘ 2
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the Intcrfc&lon will have two Roots, -whereby it determines
both [Points of ] the Interfection; " if there be nothing -iri
the-Data whereby the Anfwer is determin'd to :[only] one

Interfeétion.  {Vide Figure 877 And thus, if the Axch
AP B the fifth Part of .4 P were to be found, thongh per-
' haps you might apply your Thoughts only to the Arch AP B,
yet the Aquation, whereby the Queftion will be folv'd, will
~determine the fifth Part of all the Arches which are termi~
nated at the Points Aand B; viz.. the fifth Part of the
~Arches A5B, APBSAPB, ASBP ASB, and APBSAPRS.AFB,
as we]} as the fifth Part of the Arch 4P B: which fifth
Part, if yoy divide the whole Circumference into five equal -
Parts PQ, OR, RS, ST, TP, willbe AT, . AQ, AT S,
A %R. Wherefore, by feeking the fifeh Parts of the Arches
which the right Line 4 B fubtends,  to detcrmine all tlie
‘Cafes the whole Circumference ought to be divided in the

five Points P, O, R, §, T. Wherefore, - the Aquarion that

will detcrmine all the Cafes will have five Roots . For the
fifth Pares of all thefe Arches depend on the fame Data, and
~are found by the fame Xind of Calculus; fo that you'll al-
ways fall upon the fame AEquation, whether you feck the
fifth Part of the Arch 4P B, or the fifth Paxr of the Arch

AS B, or the fifth Part of any otherof the Arches. Whence,
if the Aquation by which the ffth Part of the Arch AP B
is determin’d, fhould not have more than one Root, - while
by fecking the fifth Part of the Arch ASB we fall upon
~that fame Aquation ; it would follow, that this greater Arch™
 would have the fame fifth Part with the former, which is
lefs, becaufe-its Subtenfe [or Chord] isexprcfsd by the fame
Root of the Aquation. In' every Problemy therefore it is-
neccffary, that-the KEquation which anfwers fhould have as
many Roots as there are different Cafes of the Quantity
fought depending on the fame Data, and to be determin'd ’
by the fame Mcthod of Reafoning. =~ - -

" But an £quation may have ag-many Roots as.it has Di-.
menfions, and. not more. Thus the Kquation x*—x3.
w10 X%+ 492~ 30 == 0, has four Roots, 1, 2, 3, =35,
but not more,  Por any of thefe Numbcrs writ in the A
quation for x will caufe all the Texms ro deftroy one ano-.
ther as we have fzid ; but befides thefe, there is no Num-
ber by whofe Subflitution this will happen. - Moreover, “the
Number and Nature of the Roots will be beft underflood.
from the Generation of the Kquation, * As if we would
know how' an Aquation is gﬁaﬂ"t‘"ds whofe Roogs ave ;s

M C . ) c : - .
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2, 3, and «— ¢ § we are to fuppofe x to fignily ambiguoufly
thofe Numbers, or # 10 be o 1, x = 2y & = 3, and & & =g,
ot whichis the fame Thing, ¥=— 120, ¥ =20y & L
3 =0, and x-g=0; and multiplying thefe together,
there will come out by the Multiplication of s 1 by g
this Aquation x &= 32 I 2 =0, which is of twvo Dimep.
{ions, and *has two Roots .1 and 2. And by the Multiplica-
tion of this by xw- 3, .there will come out &) —Gaxd
LIa— 6z=0, an Aquarion of three Dimenfions and s
many Roots 3 which again multiply’d by x 4 5 becomey:
Xt ey [QXX - 498 - 30 =0, a8 gbove,  Since
therefore. this Fquation s generated by fonr Fallors, & — 1,
B - T 2 g, contimaally muleiply’d by one ano-
thex, where any of the Padtors is nd‘thmg}; cthat which i
made by all will be nothing ; but where nee of them g
nothing, that which is contain'd under them all canhot he
nothing., Thatis, &7 s w Vet 10X % 49 % —~ 30 cannol
be — 0, as ought to be, -extept in thefe féur .Cu,ﬁ':si‘ where
Aeem I 85 w0, OF X=—22=0, OF ¥==3i=0, or, lafily,
t4g=—o, and then only the Numbers. 1, g, 3, and « <
can exhibir #, or be the Rootsof the Xquation, And you
are to reafon alike of all, Aquations, For we may imdglne
all ¢o be generated by Tuch a Multiplicatioh, alchough'ic is
ufually very difficale to feparate the Fators from one dnow
ther, -and 4s the fame Thing as to refolve the Aquation and
extrad its Roors, Por the Roots being had, thic Fadtorsare
had alfo, . - RN SRS
. Buat the Roots arc, of two Sorts, 'Aflicmative, as in the
Examplebrought, 1, 2, and 3, and Negitive, a5 « g. Ajid
of thefe fome are often ninpoflible.  Thus, the two Roots
of the Aquation ww 2w bbo, which are w-}
Vias—ih and am=+4dai—15b, areveal wlen aq isgrester
than-bb; but-whenaa is Tefs than b b, they become ipef-
fible, becaufe then aa— 0% will bea Negative Quaittiry,
arid ‘the Squdte Root of ‘4 Negative ‘Quiaiitity 'is impoflible,
For. every:poffible Root; ’}v-hc't%cr it be Affirmitive oriNax
gative, il it be muoltiply'd by 1c felf, produces an Affirmative
Square; therciote that will be 'an impofiible one which s to:
produce a'Negative Sqiare, * By 'the famc Argtuticnt ‘you'tay
coniclude, ‘that the ilquation w3 -y v a + 4;¢.ﬁ.ﬂ. 6«0, hids
ofie'real Root, whichis 2, anil'two iinpoflible ancs 13 ¢/+—'s,
and e v—2, For dnyof thefe, 2, 1 4 Ve, T s /oy
beittg wyit in the HEquation for a, will uiakedl] 4ts Térms
doftroy oreanother; but T+ 4 w2, dnd 'y sty st

| -
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impofiible Numbers, becaufe they fuppolc the Fxtradtion of
the Square Root out of the Negative Number — 2, o
~ Bt i is jufl, that the Roots of Fquations hould be of=
ten ampoflible, {eﬂ they thould exhibit the Cafes of Problems
that are often impoffible as if they were poflible. - As if
you were o determine the Interfeétion of a rtight Line and
a Circle, and you fhould pur two Letters for the Radius of
the Circle and the Diftance of the right Line from. its Cen~
Ler 3 an(} when you have the Aquation defiing - che Inter-
{ection, if  for the Letrer denoting the Diftance of the right
Line from tle Cénter, you put a Number lefs than the Ra-
digs, the Interfedtion will be poffible ; but if it be greater, .
impofiible ; ‘and the two Roots of the Aquation, which de-

- germine the two-Intexfe@ions, ought to be either pofiible or

impofiible, that they may truly exprefs the Matter.  [Fide

Figure 8.7 And thus, if the Circle CDEF, and the El-

1;!‘\{;9 A(ﬂ ?z 15 N ann anctrhae o tha Tainse f" n o r arvirl
SpAde LA AL, S OUC dNOLNEE 1IN W06 R CMITY. Uy &4, £y Uy AR,

o any right Line given in Pofition. as 4 B, you let fall the
'Eerpcndicu]ars (G, DH, EI, FK, and by feeking the

- Length of any one of the Perpendiculars, you come at
length to an Aquation ; thar Alquation, where the Circle
cuts the Ellipfis in four Points, will have four real Roots,
- which: will be thofe four Perpendicunlars, Now, if the Ra-
dius of the Circle, its Center remaining, be diminifh’d un-~
till the Points E'and F meeting, the Circle at length touches
the Ellipfe, thofe two of the Roots which exprefs the Pex-
‘pendiculars E J and F K now coinciding, will become e-
qual,  And if the Circle be yet diminiflvd, fo ghat it does
not touch the Ellipfe in the Foint EF, but oply cuts it 1n

~ the other two Points €, D, then out of the four Roots thofe
two which exprefs'd the Perpendiculars E I, F K, which pre
now become impeflible; will become, togeth‘er-,mthithofe
Perpendiculars, alfo impoffible.  And_ after this Way in all
Aquations, ' by augmenting or diminifhing theix Terms of
the unequal Roots, two will become firt equal and then 1m-
poffitle. . And thence it is, that the Number of the impof-
fible-Roots is alwayseven. - T
" But fometimes the Roots of Aquations are poflible, : when
the Schemes exhibit them as impoffible.  But this happens
by reafon of fome Limitation in the Scheme, which does
notbelong to the Bquation,. [Fide Figure 89.] As if in
 the Semi-Circle 4D B, having given -tllG‘Dl.al'f.l.ﬁ‘?er. AB,
-and the Chord 4 D, and having let fall the Perpendicular
DC. 1 was to find'the Segment of the Diameter AC, you'll
," o “Cc 2 - bhave
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AD

have: mq— — AC And by this _quuanon AC 15 exhi-

bited a real Quantity, whcre the inferib’d Line A4 D is greater
than the Diameter 4B 5 but by the Scheme, 4C then be~
comes impoffible, viz. i the ‘Scheme the Lme AD is fup-
pos'd to be- mfmb d in the Circle, and therefore cannot be
greater than the Diameter of the Circle 5 but in the ZEqu;.
tion there is nothing that depends upon that Condmon.
From this Condition alone of the Lines the £quation comes
out, that 4B, A4 D, and AC are contmual]y proportional,
And becaufe the Aquation does not contain all the Condi.
tions of the Sc:heme it is not neceflary ‘that it thould be
bound to the Limits of all the Conditions, . Whatever 15
“more it the Scheme than in the Aquation may conftrain that
to Limits, but not this. - For which reafon, when Equati-
ons are of odd Dimenfi ions, and confequenrly cannot havc
all their Roots impoffible, the Schemes often fet Limits to
the Quantitics on which all the Roots depend, which s
Zlmp'”\ﬁlble they can cxwed Leepmg the Tame Conditions of
the Schemes.

Of thofe Roots. that are’. real ones, the Affirmative and
Negatwe ones lie on contrary Sides, or tend contrary Ways,
Thus; in the laft Scheme but one, by feeking the Perpendi-
cular C G, youll light upon an Hquation that has two Af-
firmative . Roots € G and D H, tending from the Points €
and D the fame Way; and two Negative ones, E [/ and FK,
- tending from the Points E and F the oppofite Way, Or if
in the Line 4B there be given any Point P, and the Part
of it PG extending from that given Point to fome of the
‘Perpendiculars, as (G, be fought, we fhall light on an &-
quation of four l\oots PG, PH, Pl and P K, whereof
the Quantity foughr PF "and - thofe’ that tend from the
Yoint P the frme Way with PG, (as P K) will be Affir.
mative, but thofe which tend the contrary Way (as P H,
Pl Negatlvc
" Where-there are nonie of the Roots of the Aquation im-
poflible, the Number of the Affirmative and Negative Roots
may bé known from the Signs of the Terms of 'the Fqua-
tion. For there are fo many ﬁmlmatwc Roots as there are
‘Changes of the Sl‘rns 1n a continual Series from - t0 -,
and'from — to ~{— the reft are thatwc As in the /-
Cquation &Y e wle— gAE - {0 5 30 == 0, where the Signs
'of [’.lic lcrms fuliow one anothcr i this Ordcr -Jr e st
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~ e the Variations of the fecond ~—fiom the firft -, of
the fourth «- from the third —, and of the fifth = from
the fourth -\-,. thew, that there are three Affirmative Roots,
and confequently, that the fourth is a Negative one, Buc
where fome of the Roots are impofiible; the Rule is of no
Force , unlefs as far as thofe impoffible Roots, which are
neither Negative nor Affirmative, may be taken for ambi-
guous ones, Thus in the Aquation 23 + parx 4 3ppx —
q== 0, the Signs fhew that there is one Affirmative Root
and two Negative ones, Suppofe ®==2p, Or xww2p == 0,
and mulriply the former Aquation by this, ¥—2p==0
and add one Affirmative Root more to the former, an
yowll have this Hquation, x*w——pa’ -} pp:cx':": LA
- 2p 9 =0, which ought to have two Affirmative and two
Negative Roots; yet it has, if you regard the Change of
the Signs, four Affirmative ones, There are therefore two
impoflible omes, -which for their Ambiguity in the former
Cafe feem to be Negative ones, in the latter, Affirmative
ones, ' R ' ‘

But you may know almoft by this Rule how many Roots
a 2mnnflihle Malka o Qariae F Frafliang

CA&re ampouibic. jMaxg a SXries Or Iraclions VﬁhﬂfﬁDﬂﬂC—f E
minators are Numbers in this Progreflion 1, 2,3, 4,5, €.
going on to the Number which fhall be the fame as that:of
the Dimenfions of the Aquation ; and the Numerators the
fame Series of Numbers in a contrary Order. Divide each.
of the latter Fradtions by each of the former, and place the
Fra&ious that come out on the middle Terms of the Aqua-
tion. And under any of the middle Terms, if' its Square,
multiply’d into the Fradion flanding over its Head,is greater
than the Reéangle of the Terms on both Sides,” place the
Sign’ 4, butif it be lefs, the Sign —; but under the firft
and laft Term place the Sign ~. And there will bé as
many impoffible Roots as there are Changes in the Series of
the underwritten Signs from - to —, and — to 4. " As
if you have the Aquation x2° 4 prx - 3ppxr —g=0 ;
1 divide the fecond of the Fra&tions of this Series +,%.4,
viz.. % by the firft 2, and the third { by the fecond 3, and -
§ place the Fractions that come out, wiz. + and -} upon the

. -3

mean Terms of the Equation, as follows;

L]~

e pradgppr—gmo

e - ] | ~ Then
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Then, becaufe the Square of the fecond Term pra muli.
o 4

plyd into the Fra&ion over its Head 4, iz,

is lefs
than 3ppas, the Redtangle of: the firft Term &3 and thirg
3pp %, 1 place the Sign — under the Term pxa,  Bug be.
caufe 9 p* xa (the Square of the third Term 3ppx) mulk
tiply'd into the Fraction overits Head %, 15 greater than ne-
thing and therefore much greater. than the Negative Re@.
angle of the fecond Term pax, and the fourth — o [
place the Sign + under that third Term. Thewr, under the
firft Term «3 and the laft g, 1 place the Sign 4-.  Angd
the two Changes of the underwritten Signs; which are in-
. this Series ~} — ~t -+, -the one from - Wto ~-, and the
other from — into -+, fhew that there are two impoffible
Roots, -And thus the Equarion &) — 4% % - 4 # =G0
has two impoffible Roots, &% v gqudi - 420 e G,
i + 4+ =+

%+ e b XN - A= 22=0 has two,

Alfo the Equation
3 13 .

e

— =

» 4 )z —méi‘x e 3 ~e 2 == 0, For this Serics of Fra-
o e T
' E}‘{Q,I;ﬁ,g_j;, by dividing the fecond by the firft, ‘and the
~ third by the fecond, and the fourth by the third, gives this
Series ;4. 4, to be placed wpon the middle Teyms of the
Hquation, Then the Square of the fecond Term, which is
here nothing, multiply’d into the Fraétion over Head, iz,
3, produces nothing, which is yét greater than the Negative
Reélangle —— 6 & ¢ contain’d under theTerms &+ and — 6 x4,
Wherefore, under, the Term that is wanting I write -f-,
In the reft I goon as in the former Examples and there
“comes oyt this Serics of the underwritten Signs ~- - -t
‘where two Changes fhew there ase two wmpofitble Roots,
“And after the fame Way in the Equagion x % — 484 4
427 e 2 X2 — §x—¢ —0, arc difcover'd two impoffible
Roots, as follows ; o |
. : 1 1 1] oz ;

S o IR T~

HY e A g - 20K e A 4rem O

B R e R i wEP
Where twg or more Terms are at once wanting, under
the firft of the deficient Terms you muft write the Sign —
under the fecond the Sign ~+, under the thixd the Sign -,
and fo on, always varying the Signs, except that under 511}:1
| aft

-
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laft of the deficient Terms you muft always place +, where

the Terms next on both Sides the deficient Terms have cons
- . - T iaS 4 4 c

trary Signs. As in the Fquations * taxt X K Xatw=o,

| x<g+ 1:4  ‘ %q 45 T .......+.__,+

f}“.d, ‘ii_ i{‘_i :*_""‘ e O . the firft whereof has

four, and the latter two impoflible Roots. Thus alfo the

- Aquatien, - . S e g

3 £ SR N
7

& 5o L A C

T g ¥ 20 4 K K gm0
T T P s
hasfix impofitle Roors, o0 v ELIPRI
. Hence .alfy may be known whether the impoffible Roots
arc among the Affirmative or Negative ones. . For the Signs
of the Terms over Head of the fubforib'd changing Terms
{hew., that therc'ds many impoffible Afirmative [Roots] as
there are Vriations of ‘them :and-&s many Negz&tive .ones
as there are Succeflions wijth.o‘dt}'\{'ariariohs.' Thus,. inthe
Bquation % THET 4TI RAN TR0, e,
caufe by the Sigss that are writ underneath that are change-
-able, viz. -4 ~=~}, by which:itds Thewn :there aretwo
impoflible Roots, the Terms over Head ~ygw+ipyga?
2xx have theSigns =~ = —~, which by two Variations
fhew there are two Affirmative Roots ; ‘therefore there will
be. two impofiible Roots among the  Affirmative ones. ' Since
therefore ‘the Signs. of all the Terms of the Aqunation
b e e i e e By three Variations fhew that there are
. - three-A fiirmative Roots, and that the othertwo are Nega-
tive, and that amongithe Affivmative ones there are two
impoflible ones; ‘it fdllows that there are, wiz. tdne true
affirmative Root, - two negative ones, and ‘two impo(lible
| et

e e ) . . i "’ A "'-‘“4 e A -"""3_....._-
ones, Now,if the Equatlon'hg&_l jbeexy i+ 4-—1{"_ zf:
. 9 A 5- xmq_::oj _at:hen the IEImSDVGrHead thhe fub_

ferib d former Tdrms - ==, @ik, =gt * g2} by their
- Signs that dop’t change ~— and -, ‘fhew, that -one of the
Negative Roots is impofiible ; and the Terms gver the'foy-
mer underwritten varying Terms ~— =t viz, w2 ¥ & —1g %,
by their Terms not varying, ~— and —, fhew that one of the
Negative Roots are impoflible, Wherefore, fince the Signs
of the Lquation = = s = o — by one Variation fhew
‘there is one Affirmative Root, and that the other four are

- | Negative 3
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Negative, it follows, there is one Affirmative, twe Nega.
eive, and two Impofithle ones, And this.is fo wheye there
are not more impoffible Roots than what are difcoverq b
the Rule preceding. For there may be more, although it
" feldom happens. .

~ Moreovey, ol the Affirmative Roots of any Aquatioy
“may be chang’d into Negative ones, and the Negative inte
Affirmative ones, and that only’ by

Of the Tranfmuta- changing of the alternate Terms [1. e
sions of Aquations, every other Term]. Thus, in the Fqug-
- O AT e g X A A 2 Vg

4 =0, the three Affirmative Rogts will be{ ch’ang'q ineo Ne.
- gative ones, -and the two Negative ones into Afhirmatives
by.chariging only the Signs of the fecond, fomrth, and fixth
Tertns, asis done here, @' b gt + 47 foxr oy
<} ¢ =0o. This Kquation has the fame Roots with the .
~mer, unlefs that in this, thofe Roots are Affirmative thay
were there Negative, and Negative here that there were
Affrmative ; and the two impoflible Roots, ‘which lay hig
there among the Affirmative ones, lic hid herc among the
Negative ones ;. o that theferbeing fubduc'd, there remains
only one-Root troly Negative, _ o

. There.are alfo-other Tranfmutations of Kquations which
are of Ufe in divers Cafes, -For we may fuppofe the Root
of an Aquation.to be compos’d: any how ‘out of a known
"and “an unknown Quantity,. and then {ubflitute what we
fuppofe equivalent to ir.  As if we fuppofe the Root to be
cqual to the Sum or Difference of any known and unknown
Quantity. For, after this Rate, we may augment or di-
minifh the Roots of the Kquation by that known Quanti-
gy, or fubtra&t them from it j and therchby caufe: that fome
of them that were before Negative thall now become Affir.
anative, or fome of the Afirmztive anes become Negutive,
or alfo that. all fhall become Affirmative or all Negative,
Thus, in.the Aquation x* w22 v 1944 ~f 49X~ 30 =0,
if 1 have a mind to augment the Roots by Unity, T {uppofe
2~ 7.5 y000 Xy e Ly, and then for 21 write y ~—1 in
the Alquation, and for the Square, Cube, or Biquadrate of
X, Fwrite the'like Power of g 1,88 ﬁ;)]]()ws; " T

4
S .
A
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g4 yte—qyi b3y 4yr
e — yP - 3yy— 331
~—ifgxx | —~ 1937~} 38y~—19
+ 49 _ +497—49
30 : . =30

© Sam |yt -—gy’ —10yy 4+ B0y — 96 =O.

And the Roots of the Aquation thit is produc’d, (wiz.)
¥ == 5y 109y - 80y =96 =0, will be 2, 3, 4, — 4,
which before were 1, 2, 3, — 5, 4, e. bigger by Unity, Now,
if for x 1 had writ y 4 1, there would have come ont the.
&qlliltiOl] ¥y + 4 3)1 R 10yy — L}'y _:__';'_:: 0, whereof
there be two Affirmative Roots, & and 14, and two Nega-
tive ones, «— 4 and — 4. But by writing y— 6 for a,
there wonld have come out an' Aquation whofe Roots would
- have been 7, 8, 9, 1, wiz. all Affirmative; and writing for
the fame [«] y -1~ 4, there would have come out thofe Roots
diminifh'd by 4, viz, w—s3 2 v1+~9, all of them Nc«
gative. .

And after this Way, by augmenting or diminifting the
Roots, if any of them are impoffible, they will fometimes
be more eafily deteéted this Way than before, | ”

Thus, in the Aquation 23 —3aa4 — 34’ =0, theie
are no Roots that appear impoffible by the precelding Rule ;
but if you augment the Roots by the Quantity 4, wriring
y—a. for x, you may by that Rule difcover two 1mpoliible
Roots in the Aquition refulting, y* ~~34yy —ma’ == 0,

By the fame Qperation you may alfo take away the fecond
Termis-of Aquations ; which will be done, if you fubdudt
the known Quantity [or Co-efticient] of the fecond Term
of the Aquation propos’d, divided by the Number of Di-
menfions [of the higheft Term] of the MAquortion, trom the
Quantity. which you aflime to ﬁgnify the Root of che new
Aquation,. and fubftiture the, Remainder for the Root of the
Kquation propos'd, As if there was propos’d the squa-
tion &’ — gxx & 4x —G =0, I ﬁibtrg& the ]mow"n“
Quantity [or Co-cfficient] of the fecond Term, which is
— 4, divided by the Num*er of tllﬁ? Dimenaons of. ehe K- .
qiation,. vie. 3, from the Species {or Letter] which is af-
fum’d to fignify the new Roor,. fuppofe from y, and the
Remainder y 4+ & 1 fubftitute for x, and there comes out

Dd 37+
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By the fame Method, the third Term of an Aquation
may be alfo taken away. Let there be propos'd the /Aquation
XS e 32 A ZAN 220, and make M=y —e,
and fubftituting. y—e in the room of wx, there will arife
this Aiquation;

o +e.¢
R 3
—de i Gee mgi’e 13‘33
¥ U yt-boe yy __ 7, y-b3ee s =o.
37 +3 ¢ T dge

The third Term of this Aquation is 6ee -+ ge 4 3 muls
tiply'd by yy. Where, if 6ee + 9e 3 were nothing,
you'd have what you defir'd, Let us fuppofe it therefore to
be nothing, that we may thence find what Number ought
to be fubftituted in this Cafe for ¢, and we fhall have the
Quadratick Aquation 6ee +9e -t 3=0, which divided
by 6 will become ce + et =0, Or eemm—tpmmid,

e

and extracting the Root e = — 2 £/ — L orm — 34
. el -'-"_ '
v L. that is, = — 2+ and confequently equal {_ ;}

1'n)

Whence y —e will be cither y + £ or y - 1. Wherefore,
fince y—e was writ for w; in the room of y—e there
ought to be writ y 4 £, or y -} 1 for &, that the third Term
of the Aquation that refults may be taken away, And
that will happen in both Cafes. For if for x you write
-y 4+ %, there will arife this Aquation, y* —y? — 15y
22 =0 4 but if you write y 4~ 1, theve will anife this Fqua- .
tion, y* 4y} = 4y+— 12 = 0o |
Moreover, the Roots of Aquations may be multiply'd or
divided by given Numbers ; and after this Rate, the Terms
of Aquations be diminifh’d, and Fra&tions and Radical -
Quantitics fometintes be taken away,  As if the Bquation
were y ety — S e o 5 anorder to take away the Fra-.
&tions, 1 fuppofe y to be ==}z, and then by (ubfi yring 4z
for
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for y, there comes ont this new Equation, % en %x. —
146 : ' |

“'%‘ == 0, and having reje&ed the common Denominator of
the Terms, 21 wm122=146=0, theRoots of which /-~
quation are thrice greatér than before. And again, to di-
minifh the Terms of this Aquation, if you write 2v for
Xy there wilj come out 823 — 24 v — 146 —o, and divid-
ing all by §, you'll have v* —=3v-~18%4=0; the Roots
of which Aquation are half of the Roots of the former:
And here, if at laft you find v make 29 ==z, tz—y, and
¥+ $=x, and you'll have x the Root of the HEquation as
firlt propos’d.

And thus, inthe Equation #? — 22 - V3 =0, to take
away the Radical Quantity v/3; for x 1 write yv/3, and
there comes out the Aquation 3y 3 —2yV3 -+ V3 =0,
which, dividing all the Terms by the v/3, becomes 37° =
2y 4+ I==o, ° .

Again, the Roots of an Kquation may be chang'd into
their Reciprocals, and after this Way the Aquation may be
fometimes reduc’d to a more commodious Form, Thus, the

laft Aquation 3y? ~—2y 4 1 ==0, by writing :: for y, be-

2 . .
comes -3; e = ol 1=o0, and all the Terms being multi-
Z, z

ply’'d by =3, and the Order of the Terms chang’d, z? —
2%z~ 3 =—0. The laft Term but one of- an Aquation may
allo by t%lis\ Method be taken away, as the fecond was takei
away before, as you fee done in the precedent Equation ;
or if you would take away the laft but two, it may be done
as you have taken away the third. Moreover, the leaft Root
may thus be converted into the greateft, and the greaceft
into the leat, which may be of fome Ufe in what follows;
Thus, in the Kquation x4 ——x’ - [9xX — 49X~ 30

. .. I.
— o0, whofe Roots are 3, 2, 1,—35, if yon wntejr for x,

LI ST 24

1 - . I
there will come out the mquatxon e T

3 -
- . Y ¥y ¥y
g 30 == O, Which, multiplying all the Terms by 3+, and
dividing them by 30, the Signs being chang’d, becames y*

w12 s 2y L — o, the Roots whereof
o 3@} 3oy ’

o)
3, ’I?)d 2 | .are”
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are %, &, 1, —=1y the greateft of the Affirmative Roots 5
being now changed into the leaft +, and the leaft 1 Leing
now made greatcft, and the Negative Root —5,  which of
all was the moff remote from 0, now coming nearefk
to it,

There are alfo other Tran{mutations of Aquations, by
which may all be perfon’d after that Way of tranfmu-
tating we have fhewn, when we topk away the third Term
of the Aquation. .

From the Generation of Aquations it is evident, thag the
known Quantity of the fecond Term of the Kquation if .
its Sign be chang'd, is equal to the Aggregate [or Sum] of
all the Roots [added together] under their proper Signs g
~and that of the third Term equal to the Aggregate of the
Re&tangles of each two of the Roots ; that of the fourth, if
its Sign be chang’d, 1is equal to the Agpregate of the Con-
tents under each three of the Roots 5 that of the fitth is e.
qual to che Apgregate of the Contents under each four, and
fo on ad infinitnm.  Letus aflime X—a, ¥'=b, ¥ =y
Geed, &, of A—dar=0, X—b=0, ¥+ (=0, ¥
=0, and by the continual Multiplication of thefe we may
generate Aquations as above. Now, by multiplying x gy
by A« there will be produc’d the Aquation x x mz"* s
ab == 03 where the known Quantity of the fecond Term,
if its Signs are chang’d, wiz. 4 - b, is the Sum of the two
Roots a4 and b, and the known Quntity of the ‘third Term
1¢ the only Rc@ingle contain’d under both,  Again, by mul-
riplying this Equation by & -} ¢, there will be produc’d

e 4 + a l'? ‘
the Cubick Equation x7 —b &y = ac % -+ abc = o, where
' A-¢  —be

the known Quantity of the fecond Term having its Signs
chang'd, viz., 4 b — ¢, 15 the Sum of the Roots 2, and b,
and —e;  the knewn Quantity of the third Term ab s
~—-be is the Sum of the Re€langles under eacli two of the
Terms g and b, aand ——¢, band—¢; and che known
Quantity of the fourth Term under its Sign chang’d, ~abe,
15 the only Content generated by the continual  Multiplico-
tion of all the Terms, 4 by b into —-r.  Moreover, by mul-
tiplying that Cubick Aquation by & -, there will he pros
duc’d this Biquadratick oug ;

A
1]
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- ab
I ¥ ~abe
e "'_b 3 "'""""b&' "'--"db

+C x ‘+ﬂ(l xx+bcg Jc‘mﬁikc‘dmﬂa
—~d ~-bd A acd

-y

Where the known Quantity of the fecond Term under its
Skans Chang’dh viz. a-tb~¢-d, is the Sum of all the
Roots 5 that of the third, gbw—ise—be 4 ad 4 bd—rc d,
15 the Sum of the Rectangles under every two ; that of the
fourth, its Signs being chang'd, —abe¢ - abd-~bed -
a¢d, is the Sum of the Contents under each Ternary ; that
of the fifth, —abcd, is the only Content under them all;
And hence we firft infer, that all the rational Roots of any
Aquation that involves neither Surds nor Fra&ions, and the.
Re&tangles of any two of the Roots, or the Contents of any
three or more of them, are fome of the Integral Divifors of
the laft Tevm ; and therefore when it is evident, that there
is no Divifor of the laft Term, or Root of the £quation,
or Reftangle, or Content of two or more, it will alfo be
evident that therc is no Root, or Redangle, or Content of
Roots, except what is Surd,

Let us fuppofe now, that the known Quantities of the
Terms of [any] Aquation under their Signs chang’d, are

LI’-&IIIJ JJ—I‘-iuwl. A T L MF

Py 9, 7y 5, 5 v, &, wiz. thatof the fecond p, thar of the
third g, of the fourth », of the fifth s, and fo.on, And the
Signs of the Terms being vightly obferv’d, make p—=a, pa
t29=b, pbtgat3r=c, pctgb-trat4s=d,
pd-tqgotrbtsafgr=—e petgdt e+ sbtra
-+ 6v—=f, and fo on ad infinitum, obferving the Series of
the Progreffion, And 4 will be the Sum of the Roots, b the
Sum of the Squares of each of the Roots, ¢ the Sum'of the
Cubes, d the Sum of the Biguadrates, ¢ the Som of the Qua-
drato-Cubes, f the Sum of the Cubo-Cubes {or fixth Powr-
er] and foon.  As in'the Hquation & # ~—z’ — 19 X & =
9 & — 30 =0, where the known Quantity of the fecond
Term is — 1, of the third — 19, of the fourth 4 40, of
the fifth — 30 ; fou muft make 1 =p, 10=¢, —49 =7,
30=4 And there will thence %rlil';e -f-: (E::) 1, b=
a4t29=1138=)39, ¢= (pb+ g4+ 3rn= 39
a2y ), dee (po-tgb- 14+ 45 =~ Bo -+
4 741 ~=49 - 120=) 723.  Wherefore the Sum 015.1 the
- . " NGOL
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Roots will be 1, the Sum of the Squares of the Roots

the Sum of the Cubes «— 89, and the Sum of the Biqua:
drates 72z, wiz. the Roots of that Aquation are p, 2,3,
and —- < and the Sum of thefe 1 - 2 -4 35 is1; thé :
Sum ol rhnSquarcs, 1 - 4 - 9+ 25, 15 39 ; the Sum of the

Cubes, + - 5 - 27 — 125,15 — 80 ; and the Sumof the Bj.
quadrates, i + 16 + 81 - 625, 18723
And berce are collefled the Limits between which the
* Roots of the Aquation fhall confift, if none of them is im.
poflible,  For when the Squares of all the
ef the Limits  Roots are Affirmative, the Sum of the Squares
of Aquations, will be Affirmative, and therefore greater chay
o the Square of the greateft Root, And by the
fame Argument, the Sum of the Biquadrates of alf the
Roots will be greater than the Biquadrate of the greateft
Root, and the Sum of the Cubo-Cubes greater than the Cu.
bo- ube of the greateft Root. Wheyetore, if you defire the
Limir which no Roots can pafs, feck the Sum of the Squares
of the Roots, and extra& its Square Root.  For this Root
~will be greater than the greateft Koot of the Equation, But
you'll come nearer the greateft Root if you feek the Sum of
the Biquadrates, and extrat its Biquadratick Root ; and yet
nearer, if you feek the Sum of the Cubo-Cubes, and extra&
~ #ts Cubo. Cubical Root, and {o on ad infinitun, .
“Thus, in the precedent Aquation, the Square Root of the
Sum of the Squares of the Roots, orv'30, is 6% nearly,
and é £ is farther diflant from o than any of the Raots 1,

2, 3y —§ But the Biquadratick Root of the Sum of the

4 .
Biquadrates of the Roots, wix. V723, which is g % nearly,

" comes nearer to the Root that is mofl remote from nothing,

ULy = Ne '

If, bciween the Sum of the Squares and the Sum of the
Biquadrates ot the Roots you find a mean Proportional, that
will be a little greater than the Swm of the Cubes of the -
Roots connedted under Affirmative Signs..  And hence, the
half Sum of this mean Proportional, and of the Sum of the
Cubes collefled under their proper Signs, found as before,
~will be greater than the Sum of the Cubes of the Affirm-
tive Roots, and the half Difference greater than the Sum of
the Cubes of the Negative Roots. And confequently, the
greateft of the Affirmative Roots will be lefs than the Cube -
Root of that Semi-Difference.  Thus, in the precedent f-
quagion, a mean Proportional between the Sum of the Squares

P
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of the Roots 39, and the Sum of the Biquadrates 723, is
nearly 168. The Siin of the Cabes under tieir proper Signs
was, as above, ~— o, the half Sum of this and 168 is
30 & the Semi-Difference 1284,  The Cube Root of the
former which is about 31, is preater than the greateft of
the Affivmarive Roots 3. The Cube Root of the Iatter,
which is g . nearly, is greater thai: the Negative Root—s5.
By which Example it may be feen how near you may come
this Way to the Root, where there is only one Negative Root
or one Affirmative one, And yet you might come nearer yet,
if you found a mean Proportional between the Sum of the
Biquadrates of the Roots and the Sum of the Cubo.Cubes,
and if from the Semi-Sum and Semi- Difference of this, and
of the Sum of the Quadrato-Cube of the Roots, you ex-
tradted the Quadrato-Cubical Roots, For the Quadrato-Cu-
bical Roor of the Semi-Sum would be greater than the
. greateft Afﬁrmﬂtiyc Root, ajnid Tthe Quadrato-Cubick Raot
of the beui-Diflerenice would be greater than the greateft
Negative Root, Fur by a leis Excefs thun before, Since there-
forz any Root, by »ugmenting and diminithing all the Roots, -
may he made the leatt, and then the leaft converted into the
greateft, and afterwards all befies the greateft be made Ne-
gative, it is manifeft how {any] Root defired may be found
nearly.

If “2ll the Roots cxcept two are Negative, thofe two may
be botii together found this Way, The Sum of the Cubes.
of thofe two Roots being fourd according’ to the precedent
Method, as alfo the Sum of rlie Quadrato-Cubes, and the
Sum of the Quadrato-Quadrato-iabes of all the Roots »
between the two latter Sums feck 1 mean Proportional, and
that will be the Difference between the Sum of the Cubo-
Cubes of the Affirmative Roots, and the Sum of the Cubo--
Cubes of the Negative Roots nearly ; and confequently, the.
half Sum of this mean Proporticnal, and of the Sum of the
Cubo-Cubes of all the Roots, will be the Semi-Sum of the |
Cubo-Cubes of the Affirmative Roots, and the Semi-Diffe-
rence will be the Sum of the Cubo-Cubes of the Negative
Roots. FHaving therefore both rhe Sumn of the Cubes, and
allo the Sum of the Cubo-Cubes of the two Affirmative
Roots, from the double of the latter Sum f{ubtra& the Square
of the former Sum, and the Squarc Root of the Remainder
will be the Difference of the Cubes of the two Roots, . And
having both the Sum and Difference of the {ubes, you'll -
have the Cubes themfelves, Extrat their Cube Roots, an,ill

you
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you'll nearly have the two Affirmative Roots of the Aquas
tion, And if in higher Powers you thould do the like
youw'll have the Roots yot more nearly. But thefe Limira.
tions, by reaton of the Difficulty of the Calculus, are of Jef
Ule, and extend only to thofe Aquations that have no ima.
ginary Roots, wherefore I will now fhew how o find the
Limits another Way, which 1s more cafy, and cxtends to al
HEquations. B S |

Multiply every Term of the Equation by the Number of
its Dimenfions, and divide the Produ& by the Rc;}_or_ of the
[Equation ; then again multiply every one of the Terms thag
come out by a Number lefs by Unity than before, and di-
vide the Produét by the Root of the Aquation, and fo go
on, by always multiplying by Numbers iefs by Un.ity than
before, and dividing the Product by the Root, till ar length
all the Terms are deftroy’d, whofe Signs are difterent from
the Sign of the firft or higheft Term, except the laft 5 and that
IWNumber will be greater than any Affirnmitive Root ;. which
being writ in the erms that come out for[orin room of Jthe
Root, makes the Aggregate of thofe which were each Time
produc’d by Multiplication to have always the fame Sign
with the firft or higheft Term of the Aquation. Asif there
was propos’d the Aquation x°2x*—10x' 4 3044
63 x —120==0. 1 firft multiply this thus;

3 2 1 o) i
:?‘ ,__,_24.;.4 — nga + 304X + 63 A e 120" Then Iagam
multiply the Terms that come out divided by x, thus;
2 1 0 < <y ,

S;‘;“-—*-S?v’ — 30x% -+ 6ox -~ 63° And dividing the
Terms that come our again by &, there comes out 20 47w
240 % — 02 -+ 60 3 which, to leflen them, Tdivide by
the greateft common Divifor 4, and you have gx3 —gax
— 15 x 15, Thefe being again multiply’d by the Pro-
greflion 3, 2, 1,0, and divided by x, becomes §2 2w g 0
3. And thefe multiply’d by the Progreflion 2, 1, 0, and
divided by 2 & become g a2, Now, fince the”higheft
Term of the Aquation x ¢ is Affirmative, | try what Num-
ber writ in thefe Produlls for & will caufe them all to be
Affirmative. And by trying 1, you have gx — 2—=2 AF
firmative ; but 5y % — 48— x5, you have w— 4. N(‘fgative.,
Wheretore the Limit will be greater chan 1. 1 therefore try
fome greater Number, as 25 and {ubflitutivg 2 in each for
x, they become i

34
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& =2 =38

§FX~—gr =—§ =7

X} emGax = 152 -+ 15 =1
§&*—8xi~=30ax+ 607 +63 =79

A F e 28Y e IOX? 3027 A 631 — 120 == 46

| Whercf‘ore, fince the Nurgbers that come out 8. 7.1.79.
46 . are all Affirmative, the Number 2 will be greater than
the greateft of the Affirmative Roots. 1n like manner, if
I would find the Limit of the Negative Roots, I try Nega-

tive Nlumbers. Or that which is all one, 1 change the Signs
of every other Term, and try Affirmative ones. Dut havir1g
chang’d the Signs of every other Term, the Quantities in

which the Numbers are to be fubftituted , will become

5% ~2

S%x 442 ~—9

§xF 4 pax ~—18% =I5

529 4 8x1 —30rx—6cx 163

xf oxte—10x’ =302 4634} 12C

Out of thefe 1 chule fome Quantity wherein the Negative
Terms feem moft prevalent; fuppofe 5% +8x —3-xx
~—~60% - 63, and here fubftituting for » the Numbers 1
and 2, there come out the Nepative Numbers — 14 and
~~33. WWhence the Limit will be greater than — 2. But
fubfhituting the Number 3, there comes out the Affirmative
Number 234. And in like manner in the other Quantities,
by {ubftiruting the Number 3 there comes out always an Af-
firmative Number, which may be feen by bare Infpeétion,
Wherefore the Number — 3 is greater than all the Nega-
tive Roots. And fo you have the Limits 2 and — 3, be-
tween which arc all the Roots, |

But the Invention of Limits isof Ufe both in the Re-
duStion of Mquations by Rarienal Roots, and in the Ex-
tra&tion of Surd Roots out of them ; leaft we might fome-
times go about to look for the Root beynd thefe Limits.
Thus, in the Jaft Equation, if T would find the Rarional
Roots, if perhaps it has any ; from what we have faid, 1t
is certain they can be no other than the Divifors of the laft
Term of the Fquation, which here is 120. Then trying all
its Divifors, if none of them writ in the Aquation for x

would make all the Terms vanifh, it is certain that the A-
_ ke | quation
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guation will admit of no Root but what is Surd.  But there
are many Divifors of the laft Term 120, wviz, 1.—1,
D20 3. 3u 4o 4. §.— 3. 6 —= 6. 3.—8. 10,— 10
I12:—12. I85.~=18s 200 20. 24.= 24. 30.— 30, 40,
— 40, 60, .....'.Séo. 1520- and ~— 120.41'0 tr;ira]l%thefc Diuifﬁrs
would be tedicus, But it being known that the Roots are
between 2 and -— 3, we are free’d from that Labour. For
now there will be no need to try the Divifors, unlefs thofe
only that are within thefe Limirts, ziz. the Divifors 1, and
w— 1, and — 2. For if none of thefe are the Root, it is cer.
tain that the Aquation has no Root but whatis Surd,

Hitherto ¥ have treated of the KRedudtion of Aiquations
which admit of Rational Divifors ; but before we can con.

cJude, that an AEquation of four, fix, or more
The Reduttion Dimenfions is irreducible, we muft firft try
of Aquations Whether or not it my be reduc’d by any Surd
by Surd Divi- Divifor ; or, which is the fame Thing, you
fors. muft try whether the Aquation can be fo di-

vided mnto two equal Parts, that you can ex-
tra& the Root out of both. = But that may be done by the
following Method. .

Difpofe the Aquation according to the Dimenfion of fome
certain Letter, {o that all its Terms jointly under their pro-
per Signs, may be equal to nothing, and let the higheft Term
be adfefted with an Affirmative Sign,  Then, it the Alqua-
tion be a Quadratick, (for we may add this Cafe for the
Analogy of the Matter) take from both Sides the loweft
Term, and add one fourth Part of the Squire of the known
Quantity of the middle Term, As it the Aquation be
KX g% — b =0, fubtra@ from both Sides — 4§, and add
T aa, and there will come out ww — a2 4 Laa —b + ¥ ad,
and extracting on both Sives the Root, you'll have x— L4
m Vit lag vz etV taa

INOW, i@ the Mquatton be of four Dimenlions, fuppole
wt b pxt +gxx 4 ra 4 r=o0, where p, g, 7, and s de-
note the known Quantitics of the Terms of the Aquation
adfefted by their proper Signs, make |

Q-Mﬁfﬁpzm. ?"-——'il-cc;:: A.

oy f—fan=" o

_ Then put for »n fome common Integral Divifor of the
Terms p and 2 ¢, that is not a Squire, and which ought to
be odd, and divided by 4 to leave Unity, if cither of the
Ferms p and # be odd. Pur alfo for 4 fome Divifor of the

Quantity
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Quantity—z if p be even ; or half of the odd Divifor, if p

be odd ; or nothing, if the Dividual p be nothing, Take -
the Quotient from } pk, and call the half of the Remain-

der [. Then for Q put ot nkk
2

» and try if » divides

0 Q~;, and the Root of the Quotient be rational and
equal to /; whichif it happen, add to each Part of the
Kquation ntixx A4 2nklx+nll, and extra& the Root
on both Sides, there coming out xx 4% px + Q ==V in-
to k-1, | | o

For Example let there be propos'd the Fquation x4 -
12X = 172=0, and becaufe p and g are both here wanting,

and 7 is 12, and / i5 —— 17, having fubftituted thefe Nom-
bers, you'll have p—o0, Bz=12, and {—~~1y, and the
only common Divifor of fand 2{, viz. 2, will be u,

: b/
ceflively to be try’d for &, and ~—3, — 2, —1, — 3%, for!

refpetively, But p An“, that is, %% 1s equal to @,

Moreover, — is 6, and its Divifors 1, 2, 3, and 6, are fuc-

F

Moreover, V g-g':, that is, [/ ‘Q-—‘—"gj—n isequal tol,
n

Where the even Numbers 2 and 6 are writ for 2, O is g4
and 36, and Q Q— s will be an odd Number, and confe-
quently cannot be diviled by n or 2. Wherefore thofe
Numbers 2 and 6 are to berejedted. But when 1 and 3
are writ for 2, Q is1and g, and @ Qs is 18 and o8,
which Numbers may be divided by », aud the Roots of the
Quotients extratted. For theyare +-3 and &7 ; whereof
only — 3 agrees with /. I put therefore k=1, /o= —3,
and Q —1, and 1 add the Quantity nkkxx 4 2nklx 4=
1), that.is, 2ax— 124 - 18 toeach Part of the Aqua-
tion, and there comcs out x4 ~+ 2xx - I==28 & — 124 -
18, and extrading on both Sides the Root x% 41 =1V 2
e 31/ 2. Butif you had rather avoid the Extra&ion of the
Root, make xx - Zpx A Q —=Vn w"‘ {, and you'll
find, as before, #x - 1=+t Vv2x x—3. Andif again
‘you extrad the Root of this Aquation, there will come out

P Y V:_',.I_ + 34/2, that is, according to tlie
_— 2 T - [ N : ' . -
Ee 2 ¥ari-
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Variation of the Sighs v = v2 - 4/311./2--- L, and xx
Ly 2/ 3V 2=t A0 ¥=— LV 2+ v/ —3 ¥V 2i
and x-_—_——w—g-w/z—-—-'/ —- 3 V2=t Which are four Roots

of the Aquation at firft propos'd, x* 4 I2x-—17—o,
But the two laft of them are impofiible.

Let us now propofe the Aquation 2% == 6%3 w58y
—T14%—11=0, and by writing =06, —g§8, — 114,
and — 11, for p, g, r, and ¢ refpeCtively, there will arife
— 67 =ty —315==p, and ——11335={; theonly com-
mon Divifor of the Numbers p and 2¢, or of — 315 and

— 4933 5 3, and confequently will be here », and the Di.
2

vifors ofi—- or — 103, arc 3,'s, 7, 19, 2T, 35, and 105,

which are therefore to be try’d for k. Whercfore, 1 try firh
3, and the Quotient — 35 which (comes out by dividing_

£ by k, or —305 by 3) T fubtra&t from ;pk, or —3 %3,
7 <
and there remains 26, the half whereof, 13, ought to be /.
But w. T_*.:M, or — 672+ 27, that is, — 20, will be @,
and Q Q — s will be 411, which may be divided by », or 1,
but the Root of the Quotient,137,cannot be extracted. W here.
fore ¥ reject 3, and try 5 for 2. The Quotient that now

comes out by dividing f: by £ or == 125 bys, Is— 21 ;and

fubtradting this from $pk, or — 3 % 5, there remains 6, the

half whereof, 3, is], Alfo @, or ot nk é, that is,
Y A" 2 B
=07 =" 7

2, is the Number 4, And Q Oy, or 16411,

may be divided by »#; and the Root of the Quotient,
which 1s g, being extraéted, i, e. 3 agrecs with /, Where~
fore T conclude, that/is =3, k=15, Q=4q, and n==3;
and it nbhex - 2nklx~nll) thatis, y5x2+ goxt
27, be added to cach Part of the Aquation, the Root may
be extradted on both Sides, and there will come out & & -

é.p:t‘"“‘_,Qxx'/ﬂ i -k—[, or ,V&W3V+4mi1/3x
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5 x - 3 3 and the Root teing again extradted, » ==

A V17+2I }H/a‘.
s T |

Thus, if there was propos’d the Kquation x4 e= g3 -
15X w— 29 % - 9 ==0, by writing w9, 4 15, =27, and

9 for p, g,r, and s refpeltively, there will come out
— 8t =, ~—50+=p, and 2.5 ={ The common Di~
vilors of g and 2 {,or— *4. and ¢ are 3, 5, 9, 18, 27, 45,
and 135 3 but 9 is a Square Number, and 3, 15, 27, 135, -
divided by the Number 4, do not leave Unity, as, by reafon
of the odd Term p they ought to do. Thefe therefore be-
ing rejefted, there remain only g and 45 to be try’d for .
Let us put therefore, firft n=1g, and the odd Divifors of

3t5v3
s

— or— %2 being halvd, oiz, L, %, %, %7, ¥, are to be

7 2y Ty Ty T

try'd for k., If % be made 1, the Quotient — %}, which .

eomes out by dividingg by k, fubtracted from ‘{pk, or
o+ nkk

2 leaves 18 for /, and

, or=—2,is @, and

, - i
0 Q—;, or—sg, may be divided by s, or g ; but the
Root of the Negative Quotient — 1 is impoflible, which yet
ought to be 18, Wherefore I conclude Z not to be %, and
then I try if it be 2, The Quotient which arifes by divid~

ing E——by %, or — %! by 3, viz. the Quotient — 17 T {ub-

tra& from Ipk, or—37, and there remains o; whence

C ankk
2

Q, and @ Q—y is nothing ; whence again /, which is
the Root of g Q—~t, divided by », is found to be nothing.
Wherefore thele Things thus agreeing, 1 conclule # to be -
=%, h==% !=o0, and Q=173 ; and therefore by adding to
each Part of the Aquation propos’d, the Terms 2k ax -4~
anlhkx 4 nll, thatis, 4 xx, and by extralting on both
Sides the Square Root, there comes out xx + $px -+ O =

VaxX kx+l, thatis, xe-mgta -+ 3 =vg xix.
By the fame Method, Literal Equations are alfo reduc’d.

” ~+ 244
T nee g

now | will be nothing, But , or3, isequal to

As if there was x % =24 X248 4% 220,

Ty
. B4
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by fubflituting — 24, 24a—cc, ~——24', W 444 for 4
gy vy and 5 refpedively, you obtain 44— ce==d, —4g¢om
4 e=f, and 2 4 Laacc—1et ={ The common Di-
vifor of the Quantitics f and 2¢ is 42 +¢¢, which then

will be s ; and E or —4, has the Divifors 1 and 4, But
n

becaufe p is of two Dimenfions, and 4¥n ought to be of
no more than one, therefore k will be of none, and confe-

quently cannot be 4. Let therefore % be 1, and § being di.

vided by %, take the Quotient ~—a from pZ, and there
a~tnkk .

, OF aa, is
‘Q, and Q. Qs ora*-—a*, iso; and thence again
there comes out nothing for /. Which fhews the Quantities
n, k, 1, and @, to be rightly found ; and adding to each Pax
of the Aquation propos'd, the Terns nkkxx - 2nklx +
nll, that is, aaxx -+ ccxwn, the Root may be extradted on
both Sides; and by that Extraction there will come out

xx+ Lpa + Q=Vnxkx 41, that is, X e A2 4 A
=t a+vaadcc. And the Root being again extradted
youll have v == a2} Viaa e b

V‘-};cs-—-—»%mi%ﬂx/aﬂ—i-cca

Hitherto T have apply’d the Rule to the Extraltion of
Surd Roots j the fame may alfo be.apply'd to the Extradion
of Rational Roots, if for the Quuntity # you make Ufe
of Unity : and after thar Manner we may examine, whe-
ther an Kquation thae wants Fraded or Surd Terms can ad-
mit of any {Fivifory cither Rational or Surd, of two Dimen.-
fions,  As if the diquation %7 —x' v gx 0 -+ 124§
= 0 was propos'd, by fubflituting w1, — 5, 12, and
6 for p, q, r, and ¢ refpettively, you'll find v g4 o g
Qq}m , and ee oL =, The common Divifor of the
Terms f and 2¢, or-of %F and ~— <27 is ounly Unity,

swill remain nothing for 1. Moreover,

Wherefore 1 put n==1. The Divifors of the Guantity E,
7

or 17, are 1, 3,8, Is, 25, 79 ; the Halves whereof (if pbe
dd) are tobe try'd for £, And if for I we try 5, you'll

O

e

have &pk f} m— g, and its half e { =/, Al

¢~ nkk
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iﬂﬁ %= 0, and 'Q-—LQ‘;:-{«;_—_ 6%, the Root wheres
2 ! . . i

of agrees with [, 1 therefore conclude,  that the Quantities . .

ny kb, 1, £ are rightly found ; and having 'added to-each

Part of the Equition the Terms nkhxx -+ 20kl -+ all,

that is, 6 2 xx—125x - 6%, the Root may be extrafted

on both Sides ; and by that Excradtion there will come out - -

wxiprt+ O=trvaxibr-/ thatis, xx— Lx
t=t 1 X :zéx-j—-z;;f, Or xx¥—3 %43 =0, and xx
px— 2=0, andfo by thefe two Quadratick Aquations
the Biguadratick one propos’d may be divided, Kut Ra-
tional Divifors of this Sort may more expeditioufly be found
by the other Method deliver'd above, N

If at any Time there are many Divifors of the Quantity

B_, fothat it may be too difficult to try all of them for £,
n |
their Number may be foon diminifh'd, by feeking all the Di«

vifors of the Quantity, as— 4rr.. PFor the Quantity @
ought to be equal to fome one of thefe, or to the half of
fome odd one.  Thus, in the laft Example, as—miry is
— 2, fome one of whofe Divifors, 1, 3, 9, or of them halv’d
L 3 2 ought to be O, Wherefore, by trying fingly the

¥

o

1..¢_.31 TY er3{nen Nf-' the MUt R eIy il 1-_ 3 i Ie - JL I |

najvy G L/1Vaiols OL LLC L gUdiitily _;1’ Cikn Ty 3y Ty Ty T 3 RML

15 for k, I reje@ all that do not make ta-f-fnkZ, or
18

o not m
1t 4L hk; thatis, O isone of the Numbers 1,3, 0,
12, PBut by writing &, L, 5, ¥, &e, for £, there come

3

5y Ty we
Ol,:lt refpedtively w— L, — 21, 4 2, 4 7, &, for O ; outof -
which only — % and & are found among the aforefaid Nuom.
ers 1, 3, 9, %, &, %, and confequently the reft being reject-
ed, either £ will be — % and Q=-—3, ork—=4% and

— £, Which two Cafes are examin’d. And fo much o

Mhl'{

e

Aquations of four Dimenfions. |
If an Kquation of fix Dimenfions-is to be reduc’d, letit
be x¢ +paouttra dsertt2tov=o, and
make = , | -, .
g—3ppme, r—tprzmp. i—iph=
bttt zml, te=faf—. YL Bp==l,
Ch % u oz A }
Then take for . # fome common Integer Divifor, that is not
e Qe mns a_w Bl T e ? P | nnrl +hme Lilramnda sa
4 IHMALEy VUL VA RUC ACRUIG LYy Hy LVy G40M LUAL J3ALWLIL 210
' - not
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not divifible by a Square Numtber, and which alfo divided
by the Number 4, fhall leave Unity ; if but any one of the
Terms p, ot be odd. For % take fome Integer Divifor of

the Qﬁantity ;—-;;\—; if p be even ; or the half of an odd Di.
vifor if p beodd; or o if a be 0. TFor @ [takc] the
Quantity 2« + tnkk. For | fome Divifor of the Quan.
tity gr-—-_Qgp TS G be an Integer; or the half of

n

an odd Divifor, if O be a Fra&ion that has for its Deno.
. R . I

minator the Number 2 ; or o, if the Dividual {or the

s £ ) ) e .
Quantity] or %"JP ’ be nothing, And for R the

Quantity 2r— 2 Op -t £ nkl. Thentry if R R ~—v can be
divided by », and the Root of the Quotient extraéled ; and
" befides, 1f that Root be equal as well to the Quantity
; . :
LK—3! as to the Quantity L+ P&wﬂ”ms. If
nl. 2nk
a1l thefe happen, call that Root 775 and in room of the £i-
quation propos'd, write this, a* <} Spx o+ v axtr=-t
Va X kxx v~ m.  Forthis £quation, by fquaring its
Parts, and taking from both Sides che Terms on the Right-
Hand, will produce the Equation propos’d. Now if all
thefe Things donot happen in the Cafe propos’d, the Re-.
duétion will be impoflible, if it appears beforehand that
the Aquation cannot be veduc'd by a rational Divifor,
For Example, let there e propos'd the Bquation a6
—2aabb
paxs -t 2bbxt d2abba’ + 240 xn + zf‘gg = 0,
| . — g ab’ o '
and by writing — 24, -+ 25, d—r{— 2abb, —oaabb <& 2430
—dqab?, 0, and 324b* —a+ bl forp, q,r, s, t, and v re-
fpectively, there will come ont 2bh—sa=u. 44bh—
' =P 2a°b - 2aabb — gabi—at — . b4
2a'b+ 3aabb—qab? —5a% ={ La*—a'bl=v,and
3adqh? emgthh—3a® =0. And the common Divifor of
the Terms 2, v, and 29, 8 aa-—2bb, or 2bb—sa, ac-
cording as az or 2b5 is the greater, But let 44 be greater
than 240, and sa~—2bb willbe . For » muft always be

. ) { . , o,
Affirmative. Moreover, ~ s —Sda & 2al 4 LdD, s

L 43
47



| L 217 ]
0. _ 7 :
a3, and;;l,s — 4% w—Laabb, and confequently Q—Z’:)ff

uy A .
ey OF oy S L at —ia‘b-’;—%a“bk-——%a*?j s
Laqb*, the Divifors whereof are 1, 4,44 3 but becaufe
v'n x k cannot be of more than one Dimenfion, and the
wn isof one, therefore £ will be of none ; and confequently
can only be a Number,  Wherefore, reje@ing 4 and a4,

there remains only 1 for 2. Befides, 4a -4 inkk giveso

BR|= e

, o o . '
for 0, and Q- ‘Qn‘” Pt sl nothing 3 and confe~

quently /, which ought to be its Divifor, will be nothings
Laftly, $r—3p Q-+ tnklgivesabb for R. And RR—u
is ~2a4alb*-ta*bb, which may be divided by », or a4
—25b, and the Root of. the Quotient 44bb be extraéted,
and that Root taken Negatively, viz. — 4, is not unequal

r-—-;-zt

to. the indefinite Quantity _‘g s or 9,' but eqnal to
. o n O .

the definite Quantity ‘Q Q+tp ZR;Z nll ‘. Wherefore
that Root — b will te m, and in the room of the Aqua~
tion propos'd, there may be writ x° —3Zprx + Qx4+ &
=Vn X bxx+lx +m thatis, x’—axx + abb=
N aa—oblb % xx-—ab, The Truth of which Equation
you may prove by fquaring the Pars of the Aquation
found, and raking away the Terms on the Right Hand from
both Sides. From that Operation will be produc'd the £~
quation x ¢ —242° ¢ 2bbx* Y- 24bba’ —24abbxx +
2a’bxx ——gabixwe 43aab* ~—a*bb—o0, which wasto
be reduc'd, - , , o
I the Aquation is of eight Dimenfions, let it be &% 4=
pr7tgat brat dsat i) foxrtdwar-to=0,
and ll’lt-lk&q ﬁ-—-%pp:m, r..-—»,}poc:ﬁn_ g %p E,-—--}Ict,_at-:; _
Yoo b bpye—taPpemd. V——tor—ifP=—s W—3B>
={, and z==2%33—=1u And feek a common Divifor 'of
the Terms 28, 2¢ 2¢, 84, that fhall be an Integer, and
rieither a Square Number, nor divifible by a Square Number ;
and which alfo divided by 4 fhall leave Unity, if any of
the alternate Terms p, r, ¢, w be odd, If there be no fuch
common Divifor, it is certain. that the Aquation-cannot
be reduc'd by the Extrattion of‘Pa fQ_uadrati‘ck Surd Root,

and.
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and if it cannot be fo reduc’d, there will fcarce be found a
cammon Divifor of all thofe four Quantities. The Opera.
tion thercfore hitherto is a Sort of an Examination, whether
the Aquation be reducible or not; and confequently, fince
that Sort of Redu&ions are feldom poffible, it will mof}
copmonly end the Work. . :
~And, by alike Reafon, if the Zquation be of ten, twelve,
or more Dimenfions, the Impofibility of its Reduéion may
be known. As if itbe #'* 4 pa’ 4 gt 4 rx? 4 sxf
Aixt A vt axwt - b’ 4 cx 4 d =0, youmufl
make g —tppz=d, r—jpomp, Se—gFphe—gec =y,
teei b py — SaB = &y U e P~ pay —§Phmy
A e 00§ e LY Gy b LPp T 2y 2ty € p v 8y
d—%58 = And feek foch a common Divifor to the
five Terms, 2¢, 2(, 84, 40, 8%, asis an Integer, and not
a Square, but which fhall lecave 1 when divided by 4, if
any onc of the Terms p, 7, £, 4, ¢ be odd. ‘

So if there be an Aquation of twelve Dimenfions, as
' dpatt gt b r &7 A sx® b a7 hwa ogac
dbat dext A dat endf —o, makeg—Lpp—q,

. - . 1 ’

Tl noa r

Y v--«vpef —ay——g PpotE, ﬂmw;pém_’z-ccé‘-r-.’i-ﬁ?':
A R e Lt P AR A BT I AUP e N
1yt 5oy, = t8e=n, fo—mtee—p and you moft
feek a common Integer Divifor of the (ix Terms 2 ¢, S, 4.
8%, 4a, 84, that 1s not a Square, but being divide ‘
fhall leave Unity, if avy onc of the Terms p, r, ¢, P
be odd, ' '

And thus you may go on ad infinitum, and the propos’d
Aquation will be always irveduceable when it has no com-
mon Divifor, But if at any Time fuch 4 Divifor » being
found, - there are Hopes of a futare Reduion, and it may
be tound by working or following the Steps of the Opcra-
tion we fhew’d in the Aquation of eight Dimenfions,

Seck a Square Number, to which after it is moltiply’d-
by n,sthe laft Term = - of the Aquation being added under
its proper Sign. fhall make a Square Numpber, ~ But that may
be expeditioufly perform’d if you add to z, where # iis an
even Number, orto gz when it is odd, thefe Quantities
fucceflively #», 34, 51, 71, on, 111, and fo on till the -
Sum becomes equal to fome Number in the Table of Square

Num-

4
d by

J
ay s,
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Numbers, which I fuppofe to be ready at Hand. And {f 19
fuch Square Number occurs before the Square Root of ghat
Sum, angmented by the Square Root of the Excefs of that
Sum above the laft Term of the Aquation, is four rimes
greater than the greateft of the Terms of the propos’d. A
quation p, q, 7, 5, £, ¥, @, there will ke no Occafion to €Ty
any farther, - ‘For then the Equation canmot be reduc’d-
But if fuch a Square Numbcr does accordingly accur, lee its.
Root be § if piseven, or 2§ if » beodd; and call the
O ' corate '
[/L’! S;— % —h. Butsand b ought to be Integers if s I8
even, but if » is odd, they may be Fradtions that have 2
- for their Denominator. And if one is a Fra&tion, the other
ought to be fo too, Which alfo is to be obferv’d of the
Numbers R and A7, Q and ), Pand % hereafter to be fouiad.
And all the Numbers §.and 4, that can be found. within® the
preferib’d Limit, muft be colleGted ina [Table or] Cata=
Iogue, .. .. . T T
gAfrerwards, for (%) all the Numbers are to be fuccefii vely

try’d, which do not make » k- 1p four rimes greater than
the greateft Term of the Aquuation, and you muff in all
F P ‘ M&rl"’—t—tb . . e , . PR R

Cifes put ——— = Q. Then you are'to try fucceffively

_flbr“l all the Numbers that do not make » [4 Q four times
greater than the greateft Term of the Aquation; and in

D bR 2 m
every Tryal pue —2ZE 0200 pip Ly, for om
you muft try fucceffively all the Numbers which do not make
nm-+ R four times gréater than the greateft of the Terms of
the Aquation, and you mufl fee whether in any Cafe if .yzoun
make ;— Q O —PR-4nll=2oH, and Htnkm== S,
lét § be foiie of' the Numbers which weie before brotight
into the Catalogue for §3 and befides, if the other Number

anfwering to that S, whicH being fet down for hin the faine

Cataloghie; ~will be' equal' to: thefe : three, :z ii; =
. ?QS+RR-'—- v--rﬂ‘?ﬁ:w,i,.; and ?PS + 20R—t=2n l..m; S

BT A 777 S
all thefe Thirigs fhall happen in any Cafe,-inflead of the /-
quation’propos'd, you muft write this x t e Lpat Q) X

PRt SmyiuTe b ath

T L

. j_‘Ffz‘ | Tor
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For Example, let there be propos’d the AZquation ¥ -«
4;,:7..._. 25 e IOXS +r51:4-.- gfw’ m— 1O XX ~—— 10 X g
=0, and youll have g—ipp=—1l—g =—5§ =a,
¥ o Lp g = e 1O 10 2= 0 = B. Ry b TR
Heme—fm=y b Py P =— 5 =
Yo Ly m G = 10— F e T30 W By =
T0=2{, z=~5%yy==—=g—i ==— 11" ==u Therefore
24, 2¢,2(, 8y rélpectively are ——g; — 155 wno, and
32 and their common Divifor 5, which divided by 4y
leaves 1, as it ought, becaufe, the Term s is odd. Since
thevefore the common Divifor », or 3, is found, which gives
hope to a future Reduction, and becaufe it is 0dd to 4%, Of
— 20, 1 lucceflively add n,3n, 55,708, 9n, & org, 15,
28, 35, 45, &c. and there arifes — 15, 0, 25, 60, 10§, 160,
225, 300, 383, 480, 535, 700, 825, 960, 1105, 1zbo,
1423, 1600. Of which only o, 25,225, and 1600 are

Squares. ‘And the Halves of thele Roots o, £

5
1. n Takla fAs tha Vi ]n se L © Il“lf‘] ﬂ\ 'l']
4% [ j.jl - A j ClU.an LUL LidL ¥ Aduwe V) U, cLiivL 1Y) l-l

VSS' thatm 1, 4 ,:9, forh Butbccauﬁ,s.}.nb

/1
if 20 be taken for Sand g for h, becomes 65, a Number

greater than four. times the grearcf’t Term of:' the quuauon
therefore | I‘E]ECE 20 and 95 and write omy the reft 'in the
Table as follows : e L )
hii1.t.Le
S ] Oefetf o
Then try for % all the Numbers “which do not make L-!—«
nlz or 2t 5k, greater than 40, (four times the grmteﬂ
Term of the Aquation) that is, the Numbers—3, by e

'—-5’ m4"! -—-—-3, n---—-2, ”I, O Ig ' J) 4-; r)., 6 7, Pl‘lt-

. k gk ko c
tmg ﬂ_}f or 5“ 5 that 1s the Numbers 3”, 120,

Y18 6o, ,zo 4,-0, --'-1,0,""‘, 20, %%, 60, ""‘,rzc.,
refpe&wely for Q. But even when ¢ ? + nl and much
more (J, ought 10t :to be greater than 4o, ¥ perceive'l am
to reject %5 120, 25, and 6o, ‘and their Correfpondents
e 8 gy e B, 8, 6, 7, and confequently that only
— ey =3, — 2 =1, O, Iy 253, 4, muit rt.fpo&wely be
rrydfm by, and L3120, Y v Of =iy 0, 5, 20, By refpe-
dtively for _% [Pt us therefore try,~—x for 4,.and o for Q,
and in this 'ife for / there will be fucc‘cﬂlve]y tobe try'd

all the Numbers "which” do not makc Q- ] greater than
' 40,
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40, that is, all the Numbers between 1o and--”-;o s and
fﬁ'-—-.-"npkk
| 4
-+ nic l, Of = g s :;l ‘that is, ---r;fj ~——5o,--4.=;,--40, 35,
~ 30, '—251 —= 20, =—19y =~ 10, =5, 0, §; 10, I"‘li 20,
25, 35540, 45, the three former of which and ‘the la#t, be-—~
caufe they are greater than 40, may be negleded, . Let us.
try therefore — o for I, and & for R, -and 1in this (‘afe for:
m there will be befides to be rry'd.all the Numbers which do-
not make R +-mn, or5-+mn, greater than 40, that is, all

the Numbers between 7 and — 9, and. fee whether or. not

bv Duttma § i () (")_..p‘;'g —lr;_g,]} that: lf-:ri..--.or\-l-ah, or.

=2 H, ]etH..}.n}(m, OF Lwm & Mz S, rlntm if any of
thereNumueis"-“é‘i —55 —45 =35 —25 =I5,

2 2’7 27 a2’ 27 2?

SRR
to any of the Numbeis o, +4; + 4, which were firft
brought into the Catw]ogue for S And we meet with four

of thefe —— 8, —5, 5 t5, to whichianfwer +2, -4 +

T T

4— _7_. Hptnn 'tunr far !g 1n f‘hp 'r-nmp Tn}‘\]ﬁ, as .’-ﬂrﬁ 2

fOI R you are ref‘ne&welv to trv thc Numbers

|.. - AAE YR L AN AW L

b T fllbﬂltutEd for e But let us try —% for S, 1 %0;”;:

an&# for b, and you gil hﬁ{re 2RS— ~::....f25+m
T . 2nm 10 -
- ""5; and 2 OS’-}-RR--Vnmm 25 + 10 -;
S QQRmr-—-an r--rro+-;+2b
,El . 2?&,& AR Lo "“"-IO "-.-.’ -_=_=(

Wherefm‘é Vﬁnce there comes out'in'all Cafes =i, “or
Io, T-conclude all the Numbers' to be: ‘rightly found; and con-
“fequently that in Toom of the Aquation propos’d, -yon muft
write x* < 3pxih Oy + Re Ls=vix
ba 4 lax 4ma-Fh, thatls 2t 4 200 5#---3—’:
VE Km0} e 2ENY o X [ " For by fquaring the Parts
ofsthm, there will be ];)fv:jducd2 that Equatmn of eight Dis

menifions, “which ‘was at firft propos’d.
"Now, if by trying all the Cafes ‘of * the Numbers, all the:

aforefaid Valoes of b do not in any Cafe confent; . 1t would
be an Argoment that the Hquation could not be folv d by
the Extraction of the Surd Quadratm}: Root SRR

r = oqt PR
R !e i A

ot :‘;::‘;}‘t IS R A S S PR s R II fnight
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Y'might nfe join the Reduétions oE' Aquatiens by the
Excmamn of the Surd Cubick Root, but thefe, as being
feldom of Ufe, I pafs by. Yet there are fome Reduions
of Cubick ,/Equatlons commonly known, which, if I fiould
wholly pafs over, the Reader might perhaps thmk us defici~
ent. Let there Le propos’d the Cubick Aiquation a5 % |
g#® 4 r="0; the fecond Term whereof is wanting: For
that every Cubick Aquation may be redoc’d to this Form, is
evident from what we have faid above. Lot & be {fupposd
s g b Thenwill # - 3aab-t 3460 < b1 (thatis vy
- gt 7==0. et 3cmb+ gabb (that is, 3a4bx)y 4
g% == Oy, -and then will 27 - b3 r‘*-o- B}' the fOfmCl'

./32 uationb i5 =z e -i' and cubically b‘ = “ N
. ‘ q*

j'hegfm:: by thc- Iatttcr,_ a} ~ e A 7 =0, or 4 + " 2

L Sy )

1., A'__ UV ¢, N
Dy LIC LXraciioll o

27
Roof ;z* -'-m.......!.r‘-"r' V4rr+q7 | Extmé’t the Cubnk

Root and you II have 4, And above, you had — mg-; -—-b,

and a J‘- b= . Thsretore am-m Is the Root: of the A;...

;')
quatxon propos'd,

For Exdample,: let there be proposd the' Bquation 3’ v

67yt 6y 4+ 12=0. - To take away. the fecond Tertii of
this Bquation, make s~} 2 =2y, -and the;re will arife x* %

‘...-61*-}- 8;Mo; Where g i zm6, 7 =8, 4M‘..._.,16
527“ 1..-,8* a"---m4+v'8 aw;‘?—fwx and x—{- j“
t:hat is, 2 v_-4+- ¢/ ] + Dl

“ '\/ 4. + «/ 8 o
Aﬁdfﬁf’ter thls Way e Root., of " all Cibical .Equatlohs
may, be cxtra&ed whc;mm g is- Af’h\matwe ; OF alfo whiereifi

g?!ISJNc.gztive andn-q ot grédter: thai qrr, that’ Isi
wherem two of thc chl:é; of the: jﬁqumon are’ lmpoﬁiblef
ﬁut Where g is Negative, and 97 at the fame time greater

| ~ than



) L2237

than 775 V %,-._rr-'-%-. becomes an impoffible Quantityy

and {o the Root of the Bquation x or y will; in this Cafe,
be impofiible, wiz.  in this Cafe there are three poffible
Roots,  which all of them are alike with refpe@ to the Terms
of the Aquations g and », and are indifferently denoted by
the Letters x and y, and confequently all of them may be
extra&ted by the fame Method, and exprefs’d the fame Way
as any one is extrafled or exprefs'd ; but it is impoffible to
expref§ all three by the Law aferefaid. The Quantity A s

_‘?,., whereby a is denoted, cannot be manyfold, and for
?:hat Reafon the Suppofition that a, in this Cafe wherein it
is triple, may be equal to the Binomial 4w -%, or & - b,

the Cubes of whofe Terms a* - b* are together —r, and
-the triple Reétangle g b is = g, is plainly impoflible’; and
it is no Wonder that from an impoflible Hypothefis, an im-
poflible Conclufion fhould follow, R
~ There is, moreover, another Way of expreffing thefe
Roots, wiz. from a4’ 4 b° 4-r, that is, from nothing take

: 3
-y, or irt V‘fi‘ rr -} ?-}, and there will remain [} —
' 2

A
—irT I/g}.” -+ ‘32? “Therefore 4 1s ==

et
gt g b

3" ) ::_. ' | '
V*%"’l“ﬂﬁﬂ'"‘q"a and b ==

27

. S - o
’/""'A%""""’/%r?’-'-‘\"*%;i’ and & =

l/ — V %;-,- +Z--, and confequently she Sum of
. * 7 ‘ . o o -

————

7
thefe /' —trob M et 4

V,.....l - Vy 1 93 3 >
e e ) Ly . will be &
A . : —— ) 2 o
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Moreover, the Roots of Biquadratick Aquations may ke
extracted and exprefs’d by means of Cubick ones. But firfp
you muft take away the fecond Term of the Aquation, Leg
the Aquation that [then] refults be x* 4+ grw + ra -
—0. Suppofe this to be generated: by the Multiplication
of thefe two xx +ex+ f=—o0, and xx}-—-ex + g =0,
that is, to-be the fame with this x* % Fg xx .+:}’g x
E . SNy -
+fg =0, and comparing the Terns youll have f - g —
ec=q, eg~—ef==r, and fg=—yr. Wherefore g} ¢¢—
. . - : : . r

gteedt = gtee—r

¢

2 2
s

e€c

qq-taceqtet— o
— ; (=fg) =3, and by Redu&ion ¢¢
+2ge4i2? eel---r.r-__-_:_o_-.' For ‘cc writc y, and you'll
have y? 4 295y ig;} y—rr=0, a Cubick fii,q‘uation,' y
whofe fecond Term may be taken away, and then the Raot
extralled either by the precedent Rule or otherwife,  Then
that Root being had, you muft go back again, Dby putting

r r

q+ee—--;— q-—"—ea-l-é—-
Vy =, ~— o .=f, - : =g, and the two
JKquations xx V- ex + f— o, and & x e 4 g =0, their
Reots being extracted, will give the four Roots of the Bi-
quadratick Aquation x4 - gaw + r2 + f=0, vit. ¥’
mmded Teg—f, and w=2tet+v Tee—g, Where
note, that if the four Roots of the Biquadratick Aquation
are poffible, the.three Roots of the Cubick Aquation y3 -}

29)y ig;] y—rr=0 will be pofﬁble alfo, and confe- |

quently cannot be extraéted by the precedént Rule. And
thus, if the affeted Roots of an Aquation of five or more
Dimenfions are converted into Roots that are not affeted,
the middie Terms of the Aquation being taken away, that
Expreflion of the Roots will be always impoflible, where

| more -
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more than one Root ’in an Aquation of odd Dimenfions
are poflible, or more than two in an Aquation of even
Dimenfions, which cannot be reduc'd by the Extra&lion
of the Surd Quadratick Root, by the Method laid down
above., - o

Monfienr Des Certec tauoht how to reduce a Biquadratitk
Aquation by the Rules 1aft deliverd, E.g, Let therc be
propos’d the £quition redus’d above, % iz’ —m§z X
128 —6=—0. Take away the fecond Term, by writing
v - 5 forw, and there will arife v*— 3y 4 727 ="
Eyt-==o0, lotike away the Fra&tions, write 4 z for v, and
there will arife Ve 802z, + 603% — 851 — . Here
—86=4q, 600=r, and .—8g1=y, and confequently
¥ -t 29y ig?.}’"—r?’ — 0, and fubflituting what is e~
quivalent, youwll have y} 1735y 4+ 12800y 4~ 360000
= 0. Where trying all the Divifors of the laft Term 1,
— I, 2, 2,235 =34, —4, 5,—5, and {0 onwards to
1co, youll find at length y=— 100, Which yct may be
found far move expeditioufly by our Method above deli-
ver'’d, Then having got y, its Root 1c will be e, and

” | |

g-tee—— 8. s
¢ , that is, 86 -t 100—69
' <

Py , or==23, will be

,
q-t et - | o

f, and - P or 37 will be g, and confequently the
fAquations x x+ex+f =0, and xx —ex -+ g =0,
and writing z for &, and {atftituting equivalent Quantities,
will become zz + 108~ 23220, and x2— 10z~ 37 ==0.
Reftore v in the room of %z, and there will arife v -~
24y ——ii=—0, andvv—23v -+ if=o0. Reftore, more-
over, a —% for o, and there will come out xx 4+ 24— 2
— 0, and®x-— 3x -3 =0, two Aquations; the four
Roots whereof #e= =113, and xr=1%++v—3%, are
the fame with the four Roots of the Biquadratick Aquation
propos’d at the Beginning, #*——x'—g5xx + 12x — &
—— 0. But thefe might have been more eafily found by the
Iviethod of finding Divifors, explain’d before.

. - Gg Hitherta
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Hitherto it will fuffice, I fuppofe, .to have given the Re-
du&ions 6f Hquations after a more eafy and more general
o Way than what has been done by others.
Fhe Extraftion of Dut fince among thefe Operations we often
Roots vut of Birg~ meet with complex radical Quantities,
mial Quantities.  which may be reduc’d to more fimple ones,
| it is convenient to explain the Reduéion
of thofe alfo. They are perform’d by the Extractions of Roots
out of Binomial Quantities, or out of Quantities more

compounded, which may be confider’d as Binomial ones.

[But fince this is already done in the Chapter of the
Reduttion of Radicals to more fimple Radicals, by means of the
Extrattion of Roots, we fhall fay no more of it here, |

"THE
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ITHERTO 1 have fhewn the Properties,
Tranfmutations, Limits, and Reduftions of  all
Sorts of Aquations. I have not always joyn’d
the Demonftrations, becaufe they feem'd too eafy
to need it, and fometimes cannot be laid down
?ithoutptoo much Tedioufnefs. It remains now only to fhew,
flow, afrer Aquations are reduc’d to their moft commodi-
ous Form, their Roots may be extra&ted in Numbers, And
here the chief Difficulty liesin obtaining the two or three
firft Figures ; which may be moft commodionfly done by
either the Geometrical or Mechanical Conftru&ion of an
Aquation, Wherefore 1 fhall fubjoin fome: of thefe Con-
ftro&tions, : CoL . S
The Antients, as we leamn from Pappses, in vain endea-
vour'd at the Trife&tion of an Angle, and the finding out
of two mean Proportionals by a right Line and a Circle,
Afterwards they began to confider the Propesties of feveral
other Lines, as the Conchoid, the Ciffoid, and the Conick

YR

3 o 1
A T L) |
i " 3]

WV Er i

Sedtions, and by fome of thefe to folve thofe Problems.

At length, having: more throughly examin’d the Matter,

and the Conick Se@ions being receiv’d into Geometry, they
diftinguifh’d Problems into three Kinds, viz. (1.) Into Plane .

ones, which deriving their Original from Lines on a Plane,
may be folv’d by a right Line and a Cixcle ; (2.) Into So-
lid ones, which were folved by Lines deriving theix Oxigi-

Gg 2 C ngl

[}
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nal from the Confideration of a Solid, thatis, of a Cone;
{3.) And Linear ones, to the Solution of which were re-
quird Lines more componnded,  And according to this Di- -
flinction we are not to folve folid Problems by other Lines
than the Conick Seétions ; efpecially il no other Lines bue
:ﬂ:igllt ones, a Circle, and the Conick Sc€tions, muft be re-
ce1v’d into Geometry.  Dut the Moderns advancing yec much
Farther. have recciv’d into Geometry all Lines chat can be
exprefs’d by Aquarions, and have diftinguifl'd, according to
the Dimenfions of the Hquations, thofc Lines into Kinds ,
and have made it a Law, that youarc not to conftrué a
Problemn by a Line of a fuperior Kind, that may be con.
firnéted by one of an inferior one, 1o the Contemplation
of Lines, and finding out their Properties, I like their Di.
fiin&tion of them into Kinds, according to the Dimenfions
of the Aquations by which chey ave defin’d. But it is. no
the Aquation, bur the Delcription thar mukes the Carve
1o be 2 Geometrical one. The Circle 1s a Geometrical Line,
not becanfe it may be exprefs'd by an Aquation, but be-
catfe it¢ Defcriptionis a Poftulate. It 1s not the Stmplicity
“of the Aquation, but the Eafinefs of the Defeription, which
“is to detcymine the Choice of our Lines for the Conftru&ion
“of Problems. For the Aquation that exprefles a Parabola,
is more fimple than Thae that exprefles a Circle, and yer the
Circle, by reafon of its more fimple Conftrution, is ad-
mitted before it.  The Circle and the Conick Se&tions, if
you regard the Dimenfion of the HEquitions, are of the
Time Order, and yet the Circle is not nomber'd with them
in the Conftruction of Problems, but by reafon of its fim-
ple Defcription, is deprefs'd to a lower Order, wiz. that of
a right Line ; fo that ir.is vot improper to exprefs that
by a Circle that may be exprefs'd by a righe Line, But it
is @ Faolt to conftru that by the Conick Seétions which
~inay be conftru@ed by a Circle, Either therefore you muft
take your Law and Rule from the Dimenfions of Aqua-
ions as obferv'd in a Circle, and fo take away the Diftine
¢Hou between Plane and Solid Problems 5 or clfe you muft
rang, that thae law 1s not fo firictly to be obferv’'d in
%ines of fuperior Kinds, but thar fome, by realon of their
more fimple Defeription, may be preferr’d to others of the
{ame Order, and may be number'd with Lines' of inferior
Orders in the Conftrution of Problems,  In Conflruétions
that are equully Geometrical, the moft fimple are always to
be preferr'd,  This Law is fo univerfal, as to be without:kx-
| e prIolY
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ception.  Put Algebraick Expreffions add nothing to the
Simplicity of the Conftru&ion ; the bare Deferiptions of the
Lines only are here to be confider’d . and thefe alone were
COT‘_iﬁder’d by thofe Geometricians who joyn'd a Circle with
aright Tine. And as thefe are eafy or hard, the Con-
frustinn becomes ealy -or hard : And therefore it is foreign
to the Narure of the Thing, from any Thing elfe to efla-
blih Laws about Conftrutions. Either therefore let us,
with the Antlents, exclale all Lines befides the Circle, and.
perhaps the Conick tedtions, out of Geometry, or admit all,
according o the Simplicity of the Defeription.  IF the Tro-
glloid were admitted into Geometry, we might, by its Means,
divide an Angle in any given Ratio, Would you therefore
blame chofe who fould make Ufe of this Line to divide
an Angle in the Ratio of one Number to another, and con-
rend that this Line was not defin'd by an Equation, but
that you muft make Ufe of fuch Lines'as are defin'd by A&
- quations ? If therefore, when an Angle was to be divided,
for Inftance, into scoor Parts, we fhould be oblig'd to
bring a Curve defin’d by an £quation of above an hundred
Dimenfions to do the Bufinefs ; which no Mortal could de-
fcribe, mmuch lefs underfland : and fhould prefer this to the
Trochoid, which isa Line well known, and deferibd eafily
by the Motion of a Wheel or a Ciscle, who would not fee
- the Abfurdity ? Either therefore the Trochoid is not to be
admitted at all into Geometry, or elfe, in the Conftruétion
of Problems, it is to be preferr’d to all Lines of a more dif-
ficult Defcription.  And there is the fame Reafon for other
Curves. For which Reafon we approve of the TrifeGtions
of an Angle by a Conchoid, which Archimedes in his Lem-
‘ma’s, and Pappus in his Colleétions, have preferr'd to the In-
ventions of all others in this Cafe; becaufe we ought either
to exclude all Lines, befides the Circle and right Line, out of
Geometry, or admit them according to the Simplicity of
their Defcriptions, in which Cafe the Conchoid yields to
none, except the Circle, /quations are Expreflions of A-
-rithmetical Computation, and properly have no Place inGe-
" ometry, except as far as Quantities rruly Geometrical (that
is, Lines, Surfaces, Solids, and Proportions) may be faid to
be fome equal to others, - Multiplications, Divifions, and
{uch fort of Compurations, are newly receiv’d into Geome-
try, and that unwarily, and contrary to che firft Defizn of
‘this Science. For whofoever confiders the Conftru&tion of
- Problems by a-right Line and a Circle, found out by the firft
e - | | (eome-
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Geometricians, will eafily perceive that Geometry was in-
vented that we might expeditioufly avoid, by drawing Lines,
the Tedioufnefs of Computation. Therefare thefe two Scj.-
ences ought not to be confounded, = The Antients did {o in-
duftrionfly diftingpifh them from one another, that they ne-
wer introduc’d Arithmetical Terms into Geometry,  And
the Moderns, by confounding both, have loft the Simplicity
in which all the Elegancy of Geometry confifls. Where.
fore that is Arithmetically more {tmple which is determin’d
by the more fimple Aquations, but ‘thar is Geometrically
more fimple which is detexmin'd by the more fimple draw-
ing of Lines ; and in Geometry, that ought to be reckon'd
beft which is Geometrically moft fimple. Wherefore, |
ought not to be blamed, if, with that Prince of Mathema-
ticians, Archimedes, and other Antients, I make Ufe of the
Conchoid for the Conftra&ion of folid Problems.  But if
any one thinks otherwife, fer lim know, that I am here fo-
licitons not 'for a Geometrical Conflruction but any one
whatever, by which 1 may the neareft Way find the Root
of the Hquation in Numbers, For the fake whereof I here
premife this Leaimatical Problem.

To plzzm the vight Line BC of a given Length,
" fo between two other given Lines A B, AC,
thar being produc’d, i fhall pafs through the

:gf'z)c?ﬂ Point P.

T F the Linc BC turn about the Tole P, and at the fame

time moves on its End ¢ upon the right Line AC) its
ather End B thall deferibe the Conchoid of the Antients,
et this cut the Line A B in the Point 5. Join P B, and
jts Part BC will be the sight Tine which was to be
drawn, And, by the fume Law, the Line B C wmay be drawnt
where, inflead of 4, fome Curve Line is made Ule of.
[#ide Figure 90 ) -

1f any do not like this Conftru&ion by a Con'choid, ano-
vher, done by a Conick Seétion, may be fubflicated in its
soorl,  From the Poing P to the right Line 4D, A E, draw
PD, P E, making the Parallelogram £ 4 D P, and from the
Powts ( ana [ tothe right Lines </ B ler fall the Verpen-
denlazs OF, DG, as alfo from the - Poing E to the ‘anig.hp
o B J1C
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Line AC, produc'd tewards o, let fall the Perpendicular

EH, and making AD=u, PD=b, BCmer, 2G =d,

AB e, ad AC =y, youllhave 4D : 4G 1 ; A AF.
} T
dy

and COI'Eft‘quEﬂﬂ}' AF = -, Mﬁircgvera y(;;u‘]i have A

AC::PD:CDorxry:ibiam—y Thorefire by—aw
— yx, Which Is an Aqurtion expreflive of an Hyperbola,
And again, by the 15thof the od Elew, By will be ==
| . adx
ACq 4 ABg—2FAL, that is, ccmyy -t aa e 20,
* y b - - ﬁr
Both Sides of the former Aquation being multiply'd by

24 :
=, take them from both Sides of this, and there wil
A
i abdy :
main ¢¢m— —-= =3y +xx—2dx; an Aquation ex-

i ro
.
& ;:u

prefling a Circle, where x and y are at right Angles, Where-
fore, if youn make thefe two Lines an Hyperhola and a Cir-
cle, by the Help of" thefe Aquations, by their Interft@ion
you'll have » and y, or 4B and 4C, which determine the
Pofition of the right Line BC. But thofe right Lines will
be compounded after this Way.

Draw any two right Lines, KL equal to 4D, and K34
equal to PD, containg the right Angle A/ KL, Com-
pleat the Parallelogram KL A4 N, and with the Afymptotes
L N, MN, defcribe through the Point K the Hyperbala
IK X

On K M produc’d towards K, take KP equal to AG,
- and K. Q equalto BG. And on KL produc'd towards K,
take K R equalto A H, and RS equal to R . Compleat
the Parallelogram P K R7T, and from the Center 7, at the
Interval T S, defcribe a Circle. Let that cut the Hyrerbola
in the Point X. Let fall to K P the Perpendiculsr X7, and
X will be equal to AC, and K7 equal to 458, Which
two Lines, ACand 4B, orone of them, with the Point
P, determine the Pofition fought of the right Live BC To
demonfitrate which Conftrufion, and its Cafes, according
to the [different] Cafes of the Problem, I fhall not here in-
fit, ([Fide Figure o1} - - ‘

1fay, by this Conftruction, if you think fit, you may
folve the Problem, But this Solution is too compounded to
ferve for any [particular] Ufes, 1t is only a Speculation,
and Geometrical Speculations have juft as much Elegancy as
SHW MtOUlstiiat Hallona 8a 4% | Simplicity,
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Simplicity, and deferve juft fo much Praife as they can pPro-
mife Ufe. For which Reafon, I prefer the Conchoid, ag
ermomte 2l 41T manasd svmk 1ol nnf\n'\ni-r;ﬂm' s To AL T L o Ll
much tine nmpler, and Not 1Cls \COLILLILAL 5 diill WITLen 1s of
efpecial Ufe in the Refolution of Aquations as by us pro.
os'd. Premifing thercfore the preceding Lemma, we Geo-
metrically conftruct Cubick and Biquadratick Problems [as
which may be reduc’d 1o Gabick ones] as follows. [Vide Figures
92 and 93.] , . : o
Let therz be propos’d the Cubick Kquation . a7 ¥ -} g
-+ r —o, whofe fecond Term 15 wanting, but the third is
denoted under its Sign -~ ¢, and the fourth by + . Draw
any right Line, X4, which call . On K4, produc’d on both

Sides, take KB ,__:fj to the fame Side as K4, if ¢4 be pofi-
2 .

tive, otherwife to the contrary Part. DBife&t BAin ( and
on X, as a Center with the Radius X C, deferibe the Circle
CX, and in it accommodate the right Line CX equal to

-L, producing it cach Way,  Join 4 X, which produce alfy
nn . -

both Ways ; then between the Lines CX and .4 X inforibe
EY of the {fame Length as .4, and which bring producd -
may pafs through the Point K'; then fhall X' be the Root
of the Kquation, ([Fide Figure 94.] And of thefe Roots,
thofe will be Affirmative which fall trom X towards (, and
thofe Negative which £2ll on the contrary Side, if it be 4,
hut contrarily if it be —r.

Demonftration.

- To demonftrate which, I premife thefe Lemma’s,

Lemma I, TX: AK::CX: KE, Draw KF paralie}
to C X ; thenbecaufe of the fimilar Triangles ACX, AKF,
and EY' X, EKF, thereis AC: AK:: CX: KF, and 7YX
s Y'E,or AC: : KF: KE; and therefore by Equality 7 X
AK::CX: KE.  Q.ED. N

Lemma I TX: AK ::CT : AK-+ KE. For by
Compofition of Proportion TX: 4K ::TX | CX (i e
Cry: AK 4+ XKE.  QED. SRR

LrMuma
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~ Igmma . KE—BR:VX::YX: AR, For (by
12. Elem. 2.) TKq-m—CKq-—CTq—-CTx CX=CYx TX-
That is, if the Theorem be refolv'd into Proportionals, CT'
S YK—CK::TRACK:TX. Bt 7Ke— (K — 7 K
TE_‘_CA-—CK-—KF—#BK And TK+CK ="K
....TE—{—C,Q—}-CIG—— RE-4AK  Wherefore €Y : KE
—BK::KE+AK:TX. But by Lewsma 2. CT: KE
- AK:: T X: AK, Wherefore by Equality ¥ ¥: K E —
CBR: AK TX; oo KE~BX:rX::rX:d4K.
Q. E. D, | |

Thefe Things being P}.f‘i’nlfﬁ:d the Theorem will ke thus
demonfirated.
" In the firft Lewwma, TX: :CX: KE, ot KEx
YX—AdKx(X; and in the thnd Lemmz it was prov’d,
"~ that KE—RBK:YX::TX: AK  Wherefore, if the
Terms of the firft Ratio of the laft Proportion be mulnpl d
by T X, it will be AEXTX—BEXTYX:X7Yq T.X
AKX, thatis, AXXCX—BEXTX:TXy:: T‘X
and by multiplying the Extremes and Means into themﬁ:lvrs,
it will be AKgx XC— AKX XBAKTY X = T Xcube.
‘Therefere for TX, AKX, BE, and CX, re-fubflituting x,

n, A , and L., this Equation will arife, oiz. F e g X 2=
# nn. .
3, Q E.D. 1 need not flay to fhew you the Vanati-

ons of the Signs, for they will be determin'd according to

the different Cafes of the Problem.

Let then an Agquation be propos'd wanting the thlrd
Term, as a* =~ pxx -+ 7 =20 ; inorderto confirué which,
take » for any Number of eqml Parts ; take alfo, in any

right Line, two Lengths K A— —-——, and KB=p, and let
g ’ nn : .

them be taken the fame Way if 7 and p have like Signs ;
but otherwife, take them towards contrar}r Sides,  Bify&
BA inC, and on X, as a Center, with the Radius XC, de-
fctibe a C1rcle into which accommodate C X =— n, producing
it both Ways. - Join 4.X, produce it both \Nays Then,
~ between the Lines CX and AX draw ET = Cd, fothat it
produc’d it may pafs through the Point X; and XE will
be . the Root of the Aquation. And the Roots will be
Affirmative, when the Point 7" falls on that Side of X which
lics towards C; ; and Neganve when it falls on the contrary
: k‘l h - Side



[ 2341

Side of X, provided it be -t 7 ; but if it be wwr, it will be
the Reverfe of this. - |
" To demonflrate this Propofition, look back to the Figures
and Lemma’s of the former ; and then you will find it
thus . |
By Lomma 1. TX: AX::CX : KE, or TXXKE =
AX%CX, and by Lemwa 3, KE— KB :YX::TX:
AR, or, (taking &B towards contrary Parts) & E-+ KB
e TX::vX: AX, and therefore XE - LB multiply'd by
KE will be to TXXKE : (or AKX CX):: T X: 4K,
orasCY: XE Wherefore multiplying the Extreams and
Means into themfelves, KE cube - KBX KEq == AKX
C Xq ; and thenfor XE, KB, A K, and (' K, refloring their
Subftituees, you will find the laft Aquation to be the fame
with what was proposd, x'-prx=r, or x° | pxx
“{" f el O N :
I :?n KEquation, having three Dimenfions, and wanting
no Term, be propos'd” in this Form, &3 +-prx 4 ga+r.
— 0, fome of whofe Roots {hall be Affirmative, and fome -
INegative ' _

And firft fuppofe g a Negative Quantity, then in any

”
sight Line, as X'B, let two Lengths be taken, as Kd=— —,

| _ q
and KB =p, and take them the fame Way, if p and
'1-: have contrary Signs; but if their Signs ave alike, then

gﬂcc the Lengths contrary Ways from the Point &, Bile&
A8 in C, and there ereét the Perpendicular CX equal to
the Squarc Root of the Term 4 ; then between the Lines
AX and CX, produc’d infinitely both Ways, inferibe the
right Line ET o= AC, fo that being producd, it may pafs
throngh Ay o fall LE be the Root of the Aquation,
which will be Affirmative when the Poine X falls between
A and E - but Negative when the Point £ falls on that
Side of the Point X which is towards 4. [Fide Figare 95.]

If g had been an Affirmative Quantity, then in the Line
KB you muft have taken thofe two lLengths thus, iz,

s m s ree e

KA = ﬂ/ _}f, and KB = -jg;z,. and the fame Way from
et P

k, if /=2 and -1 have diffe

e 3w ]
ulq,, -4 - LR W e &b'liﬂr j Lo ¥ % At EEh .,
Foop XA

Ways, if the Signs ace of the fame Nature, B.4 allo mv.l:ﬂ-_
| he

Nt s
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be bifected in Cy; and there the Perpendicular C X eracted
?-quae.l to the Term p ; and between the Lines 4X and € X,
infinitely drawn out both Ways, the right Line E?" muft
alfo be inferibed equal to . AC, and made to pafs through the
oint X, as before ; then would X7 be the Root of the fE-
quation ; Negative when the Point X fhould fall between
- and E, and Afirmative when the Point 7" falls on the Side.
of the Point ¥ towards G, |

The Demonflration of the firft Cafe.

By the firft Lemma, KE wastoCX as AK to7'X, and
(by Compofition) fo KE-4 AK, i,e. KV} KC isto CX
+7X, i.e. (7. But in the right-angled Triangle KC7,

YCq =Y KqKCq—= KT+ KC'x R¥—KC; and by re-
folving the equal Terms into Proportionals, K-+ K C is
to C7 as CT isto K¥—KC; oxr KE-+ AK isto CYT as
C?_” 1sto E K KB, Wherefore fince KE was to X' in
this Proportion, by Duplication KEq will be to CXg as
KE ~ AKto KE— KB, and by multiplying the Extreams
and Means by themfelves K Ecule — KB % KEq =CXg
X KE 4+CXgxAK And by refloring the former Var
fues &3 mm p it e g -7

The Demqnﬁ‘mtibn of the fecond Cafe.

By the fisft Lemma, KEistoCX as AK isto 7'.X, then
by multiplying the Extreams and Means by themfelves, & E
XTYX =CXx AK, Therefore in the preceding Cafe, put
KEXTX forCX x AK, and it will be KE ctthe— KB ¥
KEg=CXg Xk KE4+CX® KEXTX; and by dividing
all by KE, there willbe KEq—KBX KE=CXgq 4 CX
¥ 7" X; then multiplying all by 4 X, andyowll have 4 K ¢
KEgqe— KBXKAWKE = AKX CXg+ AK X (A%
T'X. And again, put KE x 7'X inflead of itsequal C.X x
AK, then AKX KEg— AK* KB KE==EX® X
X T X4 KE xTXg; whence all being divided by K E
there will arife AKX KE — AKX KB =T7X %X 4

V..o and when all ave molanle’d he Y ¥ there will he
£ Ja ‘,{ Chk AW YV AIiE Rda Gl FALBAIN LS LT T A Sk LAAW K Ls SV LAS A

ARXRKKEXTX — AKX % KBRTX =TXgxCX 4+ TX
cube., And inflead of XE X TX in the firft Term, put CX
% AKX, and then CAX AKqgrue AKKBERYX o= CX ¢
T Hha2 &g
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¥ Xg -+ 7 Xcube, or, which is the fure Thing, 7°.X cule I«

CJX}(_TX -T"A]{XAP}{TX'—-‘(JY,)(J{{ﬂt] = D Al]d.
by fub!htutmzr for 7X, CX, AKX, and LB, their Values

_p-,,_-) D, ._,wij , ﬁf/ . this Aquition will come out,
-}-pm. 4 G 7= O

But thefe Aquations are alfo folvd, by drawing a ngln;
Line from a given Point, w fuch a Manner that the Part
of ity w]uch is 1:}tcrccptcd berween another vight Line and
a lee both given in Pofition; may be of a given Length,
{(Vide Fzgﬂre 96 ]

'!-im-, let there he propos 'd a2 Cubick A {11]&“01] A3 sk -—!—- gx

e il ik

r=0, whofe fecond Term is wanting, Draw the rl‘ght
Line &4 at Pleafure, which call n.  In K4, produc’d

' ?Jéth-'Ways, take X B -— ) on the fwune Side of the POint

n
K as the Point Aisif g be Megative, if’ not, on the cona
trary. Bife@® B4 in (, and from the Center ﬂ with the
Dlﬁance AC, defcube a Cirele CX. To this mfcnbc the

gight Line C X== ----, ~and through the Points X, €, and X

defcribe the Cm:]c tf XG. Join A%, and pmduce it till
it again cuts the Circle XCX G laft deferibd in the Point
G. Laftly, between this Circle XC X G, and the right Line
XC produc d both Ways, infcribe the right Line ET —
AC fothat EY nmdm d pafs thmugh the Point ¢, And
EG will be one of the Roots of the quuanon But thofe
Roots are Affirmative which fall in the greater Segment of
the Circle £ G C, and Negative which fall in the leffer
KFC, if r is Ncgatwf’ and the contrary will be when 7 is
Affirmative.
I axder to demonftrate this Conflruction, let us premife

the following Lemmata.

Lemma I, All Things being fuppos’d as in-the Con-
firnétion, CE isto X4 as CE + CXistoAY, andas CX
to X7.
~ For the yight Line X'G leing drawn, ACisto AK as CX
is to £ G, becavfe the Triangles ACX and 4 KXG are Si-
mllar, 'lhe Tuanqlca YEC, Tf('G are alfo Sum]ar ; f'or

A . 'I el A A .
LHL ﬂug.l(.. at ,[ 1§ COIMMNON 10 HoLn Hu.ubub diid LuL nugu:

& and Cpred in the fame chmcnt LCG of the Cirdle EGCK §
- a0
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and therefore equal. Whence CE willbeto EYas K G to
K7, thatis, CE to AC as kG to K7, becaufe EY and AC
were Tuppofed equal. And by comparing this with the Pro-
portionality above, it will follow by Equality of Proportion
that CX isto 1A asCXto K7, and alternately CE is to
CX as K4 to K. Whence, by Compofition, CE 4 CX
willbe to CX as KA KT to K7, thatis, A7 to0 KD;
_:jmd alternately CE-- CX isto AT asCX isto A7, that
15, a8 CE to k4. Q.LED. |

- Lumwma IL Let full the Perpendicular C H upon the
right Line G7; and the Re&angle 2 H EY will be equal to
the ReQangle CExCX, T
For the Perpendicular G I, being let fall upon the Line
AT, the Triangles K G L, EC H have right Angles at L and
H, and the Angles at K and E are in the fame Segment
CG K of the Circle C K £ G, and are thercfore equal ; con=
fequently the Triangles are Similar.  And therefore K G is
to X I as ECto EH. Moreover, A M being let fall ffom
the Point 4 perpendicular to the Line K G, becanfe 4K is
equal to 4G, KG will be bifected in A7 ; and the Triangles
K.AA2 and KG L are Similar, becaufe the Angle at K is
common, and the Angles at A4 and L are right ones; and
therefore 4K isto K A as KG isto KL, Butas AK is
to KA fois2AK to2K M, or KG; (and becaufe the
- Triangles A K G and. ACX are Similar) fo1s 2 4C to CX;
alfo (becaufe AC=ET) fo is 2EY to CX. Therefore
o EY is to CX as KG to KL. But £G was to KL as
EC to E H, thercfore 2 EYisto C X as EC to E H, and fo .
the Re@angle 2 HEY (by multiplying the Extreams and
Means by themfelves) isequal w ECx CX. Q, E. D,

Here we took the Lines 4K and 4G equal, For the
ReGtangles C.A K and X AG are equal (by Cir. to 36 Prop.
of the 3d Book of Euc.) and therefore as(C4isto XA fois
AGto AR, But X A4 and CA are equal by Flypothefis ;
therefore 4G = AK. . \

Lemwma III. All Things being as above,  the three
Lines BY, CE, KA are conrinual Proportionals,

- For (by Prop. 12, Book 2. Elem.) CYq—=EYq~+CEq -+
2 EY x EH. And fny taking ET g from both Sides, C7g ~—
EYg =CEq-+2EVx EH But2 E¥X EH=CEx CX
(by Lem.2.) and by adding CEq to both Sides, ﬁ»bﬂg}?
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2EYREH=CEq+CEXCX. Therefore CYq-ETq

== CEq 4-CEx CX, that is, CT-}+EY X CYr—Er.—
("Fa —!— CEx (X, And by rudolving the equal Rmormglm
into PlOPDltLOIHl Sides, it will be as ("'F -+ CX 1sto C1 -}~
EY, fois O~ EYT to CE. Dot the three Lines EY, C4
CB are equal, and thence CY-+Ey=Cr-+Cd=4 1'
and CrmEerT-—-CB By, Write A for CI'+
EY, and BY for CY—E Y, and it will be as CE--CXis
tordfois BYto CE, But (by Lem. 1.) CE 1s to K Aas
CE-+ (X is to 47, therefore CE isto K4 as BY is to
CE, that is, the three Lines BY, CE, and K .4 are continual
Pxoportmnals Q. ED. -

Now, by the Help of thefe three Lemmas we may de-
monﬁrate. the Conflruftion of the preceding Problem thuos

By Lem.1. CE is to KdasCXisto K7, o ICA'x CX

= CEX X Y, and by dividing both Sides by Itdc};CX

— K% To thefe cqual Sides add BK, and BX -

KAxCX KAx CX
<E - = BY. Wlence (byLemg)BI(Jr ~F

isto CE as CE is to X A, and thence, by multiplying the
Extreams and Means by thcmﬁ.lvcs CEq=BRK¥X KA
KA q X CX

------ , and hoth Sides being multiply’d by C E,CE
£tbe == KB X KA%NCE 4K AgxCX. CE was called #,

the Root of the Equation K4 =n, KD = -?_, and X =
| n

L. Thefe brin‘r__, fubflituted inflead of CE, KA, KB, and

:un

[, there will arife this Bquation, 43 = gar - #, or ¥’ —
aya. -—~—-; =0 ; when g and » are qultlvns, A and X B
having been taken on the fame Side of the Point A, and
the Affirmative Root being in the greater Segment CG K.
Thisis one Cafe of the Conflruétion to be demonfirated.
Draw KB on the contrary Side, that is, let its Sign be

changed, or the Sign of - q r, which is the fame Thing,

\

‘the Sign of the Term q, gmd there will be had the Con- ,

firuftion of the Aquation «? ~4 gxe—p =0, Which is the

other Cafe. In thefe Cafts CX, “and the Affirmative Root

CE, fall towards the fame Parts of the'Line 4K, Let C..»g
al
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and the Negative Root fall towards the fame Parts when
the Sign of ¢ X, or %, or (which is the fame Thing) , is
/2

changed 3 and this will be the third Cafe »* 4+ g 4 r 0,
where all the Roots are Negative, And again, when the

Sign of x B, or 9 or only g, is changed, it will be the
n .
fourth Cafe 5! g2 -+ r=o0. The Conftroftions of all
thefe Cafes may be eafily rua through, and particularly de-
mpnﬂrated after the fame Manner as the firft was; and
}V}th the fame Words, by changing only the Sitvation of the
.Ines. |
Now let the Cubick AEquation a3 +prx¥-t+r—o,
whofe third Term is wanting, be to be conftructed,
In the fame Figure » being taken of any Length, take int
L, and p, and

any infinite right Line AT, Kdyand KB = o=

take them on the fame Side of the Point K| if the Signs of
the Terms p and r are the fame, otherwife on contrary
Sides. Bife& B4 in(, and from the Center X with the
Diftance KC defcribe the Circle CXG. And to it inferibe
- the right Line CX equal to » the aflumed Length. Join
AX and produce it to G, fo that 4G may be equal to 4 K,
and through the Points K, G, X, G delcribe a Circle.  And,
lafily, between this Circle and the right Line K, produc’d
both Ways, draw the right Line EY=4A(, fo that being
produced it may pafs through the Point G ; then the right
Line K7 being produc’d, will he one of the Roots of the
Aquation, And thofe Roots are Affirmative which full onx
that Side of the Point K on which the Point 4 ison, if »
is Afficmative ; but if » is Negative, then the Affirmative
Roots Fall on the contrary Side, Andif the Afirmative
fall on omne Side, the Negative fall on the other, |

This Conftru&ion is demonflrated by the Help of the
three daf¥ Lemna’s after this Manner: .

By the third Lemma, BY, CE, KA are continual Pro~
portionals ; and by Lewma 1. as CE isto KA fo is.CX to
KT “Therefore BY isto CE as CX to KY. BTr=XK7r
wm KB, Thercfore K¥—KB 18 to CEas CX 1st0 X7

But ss X7 KB is to CE fois X T—KBXXY to CE
® X7, by Prop: 1. Book 6. Enc. and becaufe of the Propor-
tionals CE to K4 asCX to KY BCEX KT = ft’ﬁ'lxhCXZ

' : cre-
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Therefore X7 KB X KT is to EAXCX (a5 RY—R'p
to CE, that is, as CX to £Y. And by multlplymg the

Extreanis and Means by themfelves X7 —KB X X 79 =
KA%CXg; thatis, KV eub. — KB X K?"qh-f(.é’x(X .
But in the Conftruftion K7 was & the Root of the quua-

tion, K B was put =p, KA=- , and CX=n Write

nn

therefore 'e, Ps rn’ and n for K7, KB, K A, and C X re-

{pe&tively, x? m—p.,'ex will. be equal tor, orx?—pyry
w---r--—-—o '

This Conflru&ion may be refoly’d into four Cafes of -
quations, &} —pxae—r =0, X' ~——prx -+ r=—0, !
pxH——r =0, and x? +p'm, o r =0, The firlt Cale I
have already demonfirated ; the reft are demonfirated with
the fame Words, only clnngmg the Situation of the Lines,
To wit, as in t'ﬂ{mg KA and KB on the fame Side of the
Point K and the Affirmative Root K ¥ on the contrary Side,
has a]ready prodm. d KV cuby o KE A KV g=K A% CXyg,
and thence x? — pax—rz=—0; fo by taking KB on the
‘other Side the {oint K, it will produce, by the like Rea- |
foning, KT cuh. 4+ KT g X KBz KAx%(CXq, and thence

A PV B oS s A alnaa i{‘ ‘i-l\n
:(L "t" ) B i ""'""?" - O. ﬂilu J.ll fneic LWU \.aa-‘-‘vb 41 LLIG Jl.l.u"

ation of the Affirmative Root K7 be changed by taking it
on the other Side of the Point K, by a like Serics of Argu-
ments, it will fall into the other two Cafes, KYeub. 4+ KB .
X K¥qg =—KAxCXqg, or x’ +p1:t + r=o0, and

Vi h — B KV -m.._._f{r/d'\!rlyn or ¥V —phag -

i HU.- FANRY U BN S L G PR R R Y SJA v b i

ye=0. Which were all the Cafes to be demonfirated,

Now let this Cubick Aquation a* -Fpaxe -+ g2 + y—0
be propos’'d, wanting no Term (unlefs pcﬂnps the third).
‘Which is conﬁru&ed after this Manner : [ Fide Figures 97
and 03.] B

Take » at Fleafure, Draw anj right Line G C= ?-z,

and at the Point G ereé a Perpendicular G D — [/ ! and

if the Terms p and » have contrary Signs, from the
Center (, with the Interval CD deferibe a Circle 2B E, 1f
they have the fame Signs from the Center D, with the Space
G C, deferibe an ocenlt Gircle, cutting the ught Line G %u

A
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H ; then from the Center , with the Diftance G H, de
feribe the Circle PBE, Thenmake 6.4 = — 4 — L on

- m o ap
the fame Side the Point G that € is on, if now the Quan~

tity ---»-z —_ ;:— (the Signs of the Terms p, g, » in the A-
quation to be conftru&ted being well obferv’'d) fhould come
out Affirmative ; otherwife, draw G A4 on the other Side of
the Point G, and at the Point .4 ere@ the Perpendicular
AY, between which and the Circle 2B E already deferib'd,
draw the right Line E ¥ equal to p, fo that being produc’d,
it may pafs through the Point G ; which being done, the
Line EG will be one of the Roots of the Aquarion to te
confiructed, Thofe Roots are Affirmative where the Point
E falls between the Points G and ¥, and Negative, where
the Point E falls withount, if p is Affirmative; and the
contrary, if Negative, *

In order to demonftrate this Conftruction, let us premife
the following Lemmas, |

Lemma ¥. Let E F be'let fall perpendicularto 4G, and
the right Line' EC be drawn; EGg -+ GCg—=ECqg -+
2CGF. For (by Prop. 12. Book 2. Elem,) EGg=ECq--
GCg -+ 2GCF. Let GCq be added on both Sides,
and £EGq - GCq = ECq+ 2G(Cq 4 2GCF. But
2GCq+ 26C0F=2GCxGC+ CF = 2CGFE. There-
fore EGg+GCg—=FEC9+2CGF. QUED,

Lrmma IL  In the firft Cafe of the Confirudtion, where
the Circle P BE pafies through the Point D, G £9—G Dg
= 2CG F. For by the firft Lemma EG g - G (g = E(Cg -
2CG F, and by taking CG g from both Sides, £G g=—=EC(Cyg
w—GCg-}-2CGF. But ECg—GCq = CDgq—GCq
=G Dg. Therefore £Gg — GDg -+ 2CGF, and by
taking G Dg from both Sides, £Gg—~GDq=2CGF.

Lemma TII In the fecond Cafe of the Conftruétion,
where the Circle » CD does not pafs through the Point D,
EGqg-+GDg=2CGF. For, by the firft Lemma, £Gg

,

| V5 N 7 st T Talrn B oA fram bharh Sidee. and
WF g o= LU LW O dalb At i RIUME WU Jieg) Gl il

EGq~+ GO ECq== z@’f?f-i But Ge=DH, and C-Eg
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== CP =G H. Therefore GCq—ECq==DHq—GHgq
=GDgq, and o EGq-+GDq=2CGF. Q.ED.

Lemma 1V, Grx2(GF=2CGx 4G E  For, by
reafon of the fimilar Triangles GEF and GY 4, as GF is
toG E (o is AG t0G ¥, thatis, (by Prop.1. Book 6. Elem.)
as 206G X AG is to 20Gx GZX, Let the Extreams and
Means be multiply'd by themfelves, and 2CG xGIXGF
=20GCxAGXxGE QE.D.

Now, by the Help of thefe Lemmas, the Conftruction of
the Problem may be thus demonfirated.

In the firtfi Cafe, EGq—GDq=2CGF (by Lemma 2.)
and by multiplying all by Gr, EGq4xGY¥—GDg X Gr
—2CGF % GY = (byLemma 4.) 2CG X AGE. Inflead
of G¥ write EGHEY, and EGeub. 4+ ET X EGq —
GD9REG—GDgXEXY=20G AXEG, or EG cub. -}
EY®XcGq—GDge— :CGAXEG—GDgXKEY =0

In the fecond Cafe, EGg+GDg=2(GF (by Lem-
ma 3.) and by maltiplying all by GY, EGqx G¥+GDg
" ®XGr=20GFxGY=2CG X AGE, by lemma 4,
Inflead of GY wiite EG+ EY, and EGeub. - EY X EGY
+GDq+EG+GDqXxEY=20GAX EG, or EG cub.

+EVXEGy+ GDg—20GAXEG+GDgX E¥=o0.
But the Root of the z?Equatio:i EGz=ux, GD:I/ -z-:,

e r ..
EYep, 20G=n, and G A o= — g...... — that is, in

W

the firft Cafe, where the Signs of the Terms pand r are
different 5 but in the fecond Cafe, where the Sign of one of

the two, p or r, is changed, there i5 v 2-—{- ,’;3, = Gd4. Let
Fra

therefore G be put =%, G D _—._f/—«’:, EY=p, 20G=n,
| p ,

T ir—, and in the firft Cafe it will be

l

™
LI

and G A4 ,_—_-.......

S D

r

L.

) . > r .
A pat gk s X V¥e—re—0; that is, x* - pa?
“ 4% —r=0; but in the facond Cafe, - pax -}

A . -
qa{n; =3 % x o7 o, thatds, a2t - pat +qw 4 r

= Qe
-
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==0. Therefore in both Cafes £G is the true Value of the
Root®, Q.,E.D. =

But either Cafe may be diftinguifh’d into its feveral Par.
ticulars ; as the former into thefe, a3 4 px® - qx—r
=0, ¥ Fpa’bgr —r=to, 2 —pat - gr4r=o,
X pa e g =0, A3 pa® ~—i=o0, and
— px® —+ r== o ; thelatter into thefe, a? - pa® g%
=0, ¥ prt —grfr=o, 4 —prt -t gr—r
=0 AP px e Rt 220, & pat =0, and
%} mmpu? 2y =0. The Demonftration of all which Cafes
may be ‘carry’d on in the fime Words with the two already
(]i;ffmonﬁratcd, by only changing the Situation of the

111es,

Thefe are the chief Confiructions of Problems, by infcrib-
ing a right Line given in Length fo hetween a Circle and
a right Line given in Pofition, that the infcrib’d right Line
produc’d may-pafs throbigh a given Point, ' Angd fuch a right
Line may be inférib'd by defcribing a Conchoid, of which
let that Point, through which the right 'Line given ought
to pafs, be the Pole, the other right Line given in VFofirion j
the Ruler or’Afymptote, and the Interval, the Length of the
infcrib’d ‘Line, For this Conchoid will catthe Circle 10 the
Point £, through which the right Liné Yo be irfcribd maft
be drawn,  But it will- be fufficient in Pra&ice to dinw
the right Line between a Circle and a right Line givin in
Pofition by any Mechanick Methed, = = .

But jn thefe Conflructions obferve, that the Quantity » is
undetermin’d and left to be taken at Pleafure, that the Cotls
firuction may be more conveniently fitted to particular Pro-
blems, Wi Thall give Examples of this in finding two mean
Proportionals, and in trife&ing an Aogle, r .~
- Lét x and y be.two mean-Proportionals 'to. be found be-
tween 4 and b, Becaufe 4, %, y, b are contiitual Proportio-
nals, #*will be to x* 48 ¥ to b, theérefore x> —=baa, Or
%} «—=aabz=cp. Here the Terins pand q of the dquation
afe wanting, and —~aab 1s in the room of the Term r;
therefore in the firft Form of the Conftra&tions, where the
tight Liné £ F tending to the given Point K, is drawn be-
tween other two right Lines, £ X and ¥'C, givenin Pofition,
and fuppofe the right Line {X = _% — - ::b

T n
taken-equal to 4, and then CX will be == b, From
whence the like Confizntion comes out, [Fide Figure 99.]

iigz I draw

let » be




[ 244 7]

I draw any Line, X A4, and bife& it in ¢, and from
the Center | w ith the Diflance ¢ C, defc ribe the Circle
C.X, to which ) infcribe the right Line CX b, and be-
tween A4X and CX  infinitely produc’d, Lo mfulbe EY

z=CA, that EY being prednc’d, may pafs through the Point
K S5 KA, X7, KB CX will ke continual Propaortionals,
that is, X7 and KE two mean: Proportionals between 4
and b.  This Conftrution is known, '_[Vide Figere 103.]

Bur in the other Form of the Conﬁru&xons, where the
right Line E7 converging to the given Point G is inferib’d
berween the Circle GECX and the right Live 4 K, and

b
CX=— w, that is, (in this Problem) — .___,.d_‘i.... 1put, as
han nn

before, # = 4, and'then CX will be = b, auvd- the reft-are
done as follows. [¥ide Figure 101.}

[ draw any right Line K4 = 4,and bife& itin (' and from
the Center A, with the Dlﬂzme AK, I defcribe ‘the Circle
KG, to which 1 inferibe ‘the right Line KG = 2b, confti-
tuting the Hfofceles Triangle A K G, Then, through h the Points
C, K, G 1 defcribe the Circle, between the Circamference of
which and the right Line 4 K produc’d, 1 infcribe the right
LineEr=CK tendmg to the Point G. Which: being done,
AK, EC, K7, & KG are continual Proportionals, . that is,
EC’and KT are two mean. Pr oportmnals betwcen the gtven
Quantities z and b.’

Let there be an Ang Ie o be divided into- three equail
Parts; [Vide Figure: 102] and let that Angle-be ACRB,
and the Parts thereof to be found be AC D, ECD, and
ECB; from the Center €, with the Diftance €A, let the
Circle 4D E B te deferib’ d, cutting the right ‘Lines CA,
CD, CE, CBin 4. D;E,B. Llet 4D, DE;:EB be
301:1’(1 and 4B cuttmg the nght Lines CD CE: at F..and
H, and let DG, meeting AB in G, be drawn parallel: to
CE. Becaufe the Triangles CAD, ADE, and:DFQG.are
Similar, CA, 4D, DF, and FG -dre contmual Proportio-
nals, . Therefore if 4C— a5 and 4D =z, .DF will be

equal ro :‘%‘i‘.‘) and FG="—, "And AB=BH 4 HG +

ﬂﬂ
FAMGF_—-_g,'AD-GF_—;;xm%-. _,Le;A]S_’_’_._—:.Mb, therz

& 3 .
=3 X ey O «wjaarw}- Mbmo., Herc Py thefe- |

. .(:"h';_ll T

- cond



[ 245 ]

vond Term of the AEquation, is wanting, and inflead of 4
and » we have — 344 and anb, Therefore in the firft Form
of the Conﬂru&mns where p was =0,/ K A=n, KBP=

7 and CX= . thatis, in this Problem, KB M____gaa’
r;, nn 3

aanb
and C X = —, that thefe Quantities may come out as fim-
nn

ple as poflible, 1putz=a, and fo KB=—3a4, and C X

= b. . Whence .this Conftruction of the Problem comes
OUC

Draw any Line, XA =4, and on the contrary Side make
KB=3a. [Vzde Figure Iog 7 Bife& BAin C, and from
the Center K, with the Diftanée K C, defcribea Circle,
which inferibe the right Line CX= b and the right me
A X being drawn between that mﬁn1tel produc’d and the
right Line C X, infcribe the right Line E T=4AC, and fo

4-]*"1{- L T—w:nnn- nr'r‘\r[l'lr" r{ ‘tzn" ﬁnrc rlﬁrr‘\nﬂ'h f‘hp Dn'lnf- V . Cr\

,IICI.L J.l..« Ll i 1Sl LA, Ll AW &

X7 will be ==z, DBut (fee the laft Figure) becaufle the CII‘-
 cle AD EB — Cixcle CXA4, and the Subtenfe 4B — Sub-
tenfe CX, and the Parts of ‘the Subtenfes B H and X7 are
equal ; the Angles ACB, and C K X will beeqaal, as alfo
BCH, XKT; and fo the Angle. XK T will be one thivd
Part of the Angle.CK X. Therefore the third Part X KY
of any given Angle CKX i$ found by inferibing the right
Line EX—=AC, the Diameter of the Cn'clc between the
Chords C X and AX mﬁmte]y produc cl ‘and converging at
¥ the Center of the Circle.

Hence, if from K, the Center of the Circle, you! let £all
the Perpendicular | KH upon the Chord CX, the Angle
HKY will be one third Part of the Angle H KX fo that
if any Angle H KX were given, the third P.m: thereof
HK ¥ may be found by letting fall from : any Point . X of
any Side K X, the Line H X perpendlcular to the other Side
H K, and by drawmg, XE parallel to H K, and by infcrib-
ing the right Line 2’ = 2X K between XH and XE, fo
that it being produc’d may pafs through the Pomt K Or
thus [Fide Fignre 104.]

Let anyAngle AXK be' gwen To one » of its Sldes AX
raife a | Perpendzcu]ar X H, and from any Point K of the
other Side XK let thére be drawn the Line KE, the Part
of which E7" (lying’ between the Slde AX roducd and
tﬂe rerpcnultzmdr A [I ) lb UUUDIC [llC DlU.(‘.‘- .A. i‘g, dfl(.l tut: ﬁﬂ"" :
gle K EA will be one third of the given Angle 4 XK,

o Again,
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Again, the Perpendicular EZ being rais’d, and K F being
dr&wn, whofe Part Z F, between EF and E Z, let be dou-
ble to XE, and the An le XF.A will be one third of the
Angle I(EA and fo y0u may go on by a continual Tri-
fé&mn of an Ang e ad infinitums, This Method is in the 32d
Prop. of the 4th Book of Pappus.

If you would trife&t an Angle by the’ other Form of Con-
ﬁru&mns where the right Lme is to be. inferib’d between

another right Line and a Circle, here alfo will KB = ;—ti,

¥
and CX o e that is, m the Problem we afe now abbut,
T an

?'M, and CX.;—_ ‘_’-"1[3 3 and fo by puttmg 7=,

KB
nn

XB will be w34, and CX=b. Whence this Conﬂru-
&rion comes out.
* From any Point X let there bc, drawn £iiro- nght Lmes
towards the fame Way, KA =4, and K B=3a [Vide
Figure 105.] Bife& A’ BinC, and from ‘the Center. A with
the Diflance 4 C deferibe a Circle, - To which' infesibe the
right Line CX =5, Join AY, and produce it till it cuts
the Circle again in G. Then between this Circle and the
jht Line AC, infinitely produc’d,  infcribe the Liie EY =

¢, and paﬂing throngh. fhie Point G ; and the right Line
£C baﬂmg drawn, will bé equal to x "the Quantity fodght,
by whicl the third Part of the ngen ‘Angle will . be {ub-
zc,nded .
- This Conftru@ion arifes From the Form above' whn:h
bowever, .comes out berrer tlius : Becanfe the' Cm:lr-'s A DE B
and K XG dre equal,. anil alfo the Subtenfes CX and A4 B,
the Arigles CA X, orf KA G, and AC B aré equal, therefbr
CE is the Subtenfe . of orde third Part of the Angle KAG.
Whence in any giver Afigle ‘K 4G, "thit its third.Past
CAE may be found, mfi:rlbe the r1ght Line ET equil to
vhe Semi-Diameter 4G of the Circle K C G,  beétween ‘the
Circle anid the Side KA, of the Angle, 1nﬁintely produc d,
and tending to the Point G. _Thus Arehimedes, 1 Lémmia g.
tanght to trifedt an Angle, ~The famie Conﬁru&mns may be
sore eafily explain’d than 1 have done here ; - but in thefe
T would fhow how), from the general Conﬂru&mna of Pro-
blems I have already explaind, we. may derive the moft
fimple Conﬂruﬂxons of pasticula Problems. :
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Befides the Confiruttions here fet down, we might add
many morve, [Fide Figyre 106 As if there were two
mean Proportionals to be found between g and b Draw
any right Line A K=}, and perpendicular to it 4B =4,
Bife& AK in/, and in 4K put AH equal to the Sub-
tenfe B/ ; and allo in the I.ine 4B produc’d, 4C = Sub-
tertfe 5 M, Then in the Line 4 K on the other Side of the
Point A take A4 D of any Length and DE equal to it, and
from the Centers D and E, with the Diftances D Band EC,
defcribe two Circles, BFand (G, and between them draw
the right Tine FG equal to the right Line 47, and con-
verging at the Point 4, and AF will be the firft of the
two mcan Proportionals that were to be found, |

The Ancients taught how to find two mean Proportionals
by the Cifloid ; but no Body that 1 know of hath givena
good manua] Delcription of this Curve, [Vide Fignre 107.]
Let 4G be the Diameter, and F the Center of a Circle to
which the Ciffoid belongs, At the Point F let the Perpen-
dicular F D be erefted, and produc’d in infinitum. And let
F G teproduc’d to P, that FP may be equal to the Dia-
meter of the Circle. let the Ruler 2 ED be moved, fo
that the Leg EP may always pafs through the Point P, and
the other Leg E D muft be equal to the Diameter 4G, or
F P, with irs End D, always movingin the Line FD; and
the middle Point C of this Leg will defcribe the Ciffoid
G ( KX which was defired, as has been already fhewn,
Whercfore, if betweenany two Quantities, 4 and b, there
be two mean Proportionals to be found: Take 414 —a,
raife the Perpendicular M N=»~, Join AN, and move
the Ruler PE D, as was juft now fhewn, until irs Point C
fall upon the right Line AN. Then let fali (B perpendi-
cular to AP, take ¢t to BH, and v to BG, as M N isto
B, and becaufe 4 B, BH, BG, B ( are continual Propor-
tionals, 4, t, v, b will alfo be continnal Proportionals. -

By the Application of fuch a Ruler other folid Problems
may be confiruéted, - '

Let there be propofed the Cubick Aquation 2* px xwe
gx ~+ r =03 where g is always Negative, » Affirmative,

and p of any Sign. Make 4G —= -; , and bifect it in F, and

take FR == -i) > andl that towards .4 if pis Affirmative, if

not towards P, Moxcover, make 4B = v g, and elgeﬁ the
 towazds Py M e
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Perpendiculars FD and B And in the Leg E D of the
Ruler, take ED — 4G and E C— AR, then lct the Leg of
the Ruler be apply’d to the Scheme; fo that the Point D
amay touch the Line F D, and the Point C the right Line B (
and BC will be the Root of the Fquation fought, — a., ’

“Thus far, T think, I have expounded the Conftruction of
folid Problems by Operations whofe mianual Pradlice is moft
fimple and expeditious. So the Antients, after they had ob-
tain'd a Method of folving thefe Problems by a Compofi-
tion of folid. Places, thinking the Confiructions by the
Conick Se&tions ufelefs, by reafon of the Difficulty of de-
ftribing them, fought eafier Confirnétions by the Con-
choid, Cifloid, the Extenfion of Threads, and by any Me-
chanick A pplication of Figures, Since ufeful Things, though
Mechanical, are juftly preferable to ufelefs Speculations in
Geometry, as we learn from Parpus. So the great Arehi-
mmedes himfelf negle@ted the Trife@ion of an Angle by the
Conick Seétions, which had been handled by other Geome-
tricians Lefore him, and tanght how to trifeét an Ang]e in
his Lemma’s as we have already explain’d. If the Anti.
ents had rather conftruét Problems by Figures not receiv’d
in Geometry in that Time, how much more ought thefe Fi-
gures now to be preferr'd which are receiv’d by many into
Geometry as well as the Conick Seétions.

However, 1 don’t agree to this new Sort of Geometrici-
ans, who receive all Figures into Geometry, Their Rule
of admitting all Lines to the Confiruttion of Problems
in that Order in which the Aquations, whereby the Lines
are defin’d, afcend to the Number of Dimenfions, is arbi-
trary and has no Foundation in Geometry, Nay, itis filfe;
for according to this Rule, the Circle fhould be joined with
the Conick. Sections, but all Geometers join 1t with the
right Line ; and this being an inconfiant Rule, takes away
the Foundation of admitting into Geometry all Analytick
Lines in a certain Order, In my Judgment, no Lines ought
to be admnitted into plain Geometry befides the right Line
and the Circle. Unlefs fome Diftinétion of Lines might be
firfi invented, by which a circular Line might he joined
with a right Line, .and feparated from all the reft. But
truly plain Geometry is not to be angmented by the Num.-
ber of Lines, For all Figures are plain that are admitted
into plain Geontetry, that is, thofe which the (eometers
poftulate to be defcribed in piana. And every plain Problem
is that which may be confiradled by plain Figwes. So

WILCh nay Mo VIR Teree



| L 249 ]

theretore admitting the Conick Seflions anl ather Figures
more compounded into phin Geometry, all the folid and
more than fohd Problems that can be conftrufled iy thefe
Figures will Lecome plane,  But all plane Protlems are of
the fame Orlder, A right Line Analytically is more fimple
than a Circle ; neverthelefs, Problems which are conflruéted
by right Lincs alone, and thofe that are conftruited by Cir-
cles, are of the fame Order. Thefe Things being poftulat~
ed, a Circle is reduc’d to the fame Order with a right Line,
And mnch more the Elliple, which differs much lefs from a
Circle than a Circle from a right Line, by pofularing the
right Dcfeription thereof in plans, will be reduc’d twthe
fame Order with the Circle.  If any, i confidering the
Ellipfe, fhould fall upon fome folid Problem, and fhould
conftrudt it by the Flelp of the fame Ellipfe, and a Cirle :

This would be counted a plane Problem, becaufe the Ellipfe

was fuppos'd to be deftrib'd in plare, and every Confiruéli-

ot befides will be fole’d by the Defcription of the Circle

only.  Wherctore, for the fame Realon, every rlane Pro-
blem whatever may be conftrutted by a given Ellipfe,

For Example, [Fide Fignre 18] 1f the Center O of the
given Elliple 4D FG be requird, 1 would draw the Par:l-
lels A B, CD meetitg the Ellipfe in A4, 8,(, D ; and aifo
two other Parallels E F, G K mecting the Ellipfcin E, F, G,
H, and I would bifc& themin /, K, L, A4, and produce I A,
L A4, till they meetin O. This is a real Confhruétioncf a
plane Problem by an Eilipfe.  There is no Reafon thatan E-
lipfe muft be Analytically defin’d by an Alquation of two Di-
menfions. Nor that it fhould be generated Geometrically by
the Setion of a folid Figure, The Hypothefis, only confi-
dering it as already deferib'd in plano, reduces all folid Pro-
blems conftructed by it to the Order of plane ones, and con-
cludes, that all plane ones mav be rightly conflrufted by it
And this is the State of the Pgrmlate. Pur perhaps, by
the Power of Poftulates ic is lawful to mix'that which 1s
now done, and thar which s given. Therefore let this be
a Poftulate to defiribe an Elliple in plans, and then all thole
Problems that can ke conflrafted by an Ellioft, may be re-
duc’d to the Orier of plane oncs, and all plane Froblems
may be conflruted by the Ellipfe,

It is neceffary thercfore that cither plane and folid Pro-
blems be confefed among one another, or that all Lines be
flung out of plane Geometry, befides the right Line und the

Kk Circle,
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Circle, unlefs it happens that {ometime {ome other is given
in theState of confiru&ting fome Problem. But certainly none
will permit the Orders of Problems to be confufed. There-
fore the Conick Seftiors and all other Figures muft e caft
out of plane Geometry, except the right Line and the Cir.
cle, and thofe which happen to be given in the State of the
Problcms, Therefore all thefe Deferiptions of the Conicks
§n plane, which the Modems are fo foud of; arc foreign to
Geometry, Neverthelefs, the Conick Sections ought not to
be flung out of Geometry, They indeed are not deferibed
Geometrically in plano, but are gencrated in the plane Su-
perficies of a geometrical Solid. A Cone is conflituted geo-
metrically, and cut by a Geometrical Plane. Such a Seg-
ment of a Cone is a Geometrical Figure, and has the fame
Place in folid Geometry, as the Segment of a Circle hasin
Plare, and for this Reafon its Dafe, which they call a Co-
nick Secion, is a Geometrical Figure. Therefore a Conick
Section hatha Place in Geometry fo far as the Superficies is
of a Geometrical Solid ; but is Geometrical for no other
Reafon than that it is generated by the Seétion of a Solid,
and thercfore was not m former Times admitted only into
folid Geometry, But fuch a Generation 1s difficult, and ge~
nerally ufelefs in I'ra&tice, to which Geometry ought to be
moft ferviceable. Therefore the Antients betook themfelves
to various Mechanical Deferiptions of Figures in plano. And
we, after their Example, have handled in the preceding
Conflruétions,  Let thefe Conftructions be Mechanical ; and
fo the Conftruétions by Conick Scé&ions deferib'd in plang
be Mechanical.  Let the Conflradtions by Conick Se&ions
given be Geometrical ; and fo the Conftru&tions by. any o-
ther given Figures are Geometrical, and of the fame Qrder
with the Conflruchions of plane Problems, There is no Rea-
fon that the Conick Se&tions fhould be preferr’'d in Geome-
¢ry before any other Figurcs, unlefs {o far as they are de-
riv'd from the Scélion of a Cone; they being generally un-

ferviceable in Pradtice in the Solution of Problems, But

;ﬂﬁn ? ﬂ"lﬂl\?lq ’]]!‘f‘\ﬂﬂ"l\n" r\nnrc‘ﬂ r‘nr\n‘rrlﬂ;ﬁc\n '-\'l' b“\.n r‘ﬂﬂ:nlﬁ
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Seflions, it will be proper to fay fomething concerning
them, in which alfo we will confider fome commodious ma-~
nual Defcription, .

The Ellipfe is the moft fimple of the Conick Setions,
moft known, and neareft of Kin to a Circle, and eafieft
deferib'd by the Hand in plane, Though many prefe{) the

ara-
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Parabola before it, for the Simplicity of the Equation by
which it is exprefsd But by this Reafon the Parabola
ought to be preferr’d before the Circle it felf, which it never
Therefore the reafoning from the ‘hmplmlty of the &-
qu:tuon will not hold. The modern Geometers are too fond
of the Speculation of jfﬂ.quatmns The Simplicity of thefe
is of an Analytick Confideration, We treat of Compofi-
tion, and Laws are not given to Compofition from Ana-
Iyfis s ‘Analyfis does lead to Compofition : But it is not true
(.ompnf' tion before its freed from Anal;l’is. If there be
never fo little Aualyfis in Compofition, that Compofition
15 not yet rue,  Compofition in it If is perfe&, and far
from a Mixture of Analytick Speculations,  The Simplicity
of Figures depend upon the Simplicity of their Genefis
and Ideas, and an Aquation is nothing clfe than a’Deferip-
tion (cither Geometrical or Mechqmuxl) by which a Figure
is gerievated and rendered more eafy to- the Conception,
Therefore we give the Ellipfe the firft Place, and thall now.
thow how'to conftrué& Aquations by it,
Let there be any Cubick Aquation propos'd, & = pas
-+ gx -~ r, where p, g, and » fignify given Co efficients

of the Tm'n'ta of ¢ /annﬂmm unfh their Sions -+ nnrl

S nf SAL LRSSy (SR LI -y ¥ L AN )

—, and either of the Terms p. and. g, or both of them, may
be’ wariting, . For {6 .we fhall exhibit the Confiructions of
all Cubick Aquations in one Operation, which follows :

From the Point B in' any given right Line, take any two
viohr T.ihess ]? f‘ ricl n ﬁ' on H*m {nimne’ Qn:}p ﬂ1n Dnrnf- JF."

aaaaa Yy u;:;g.

and alfo .B D fo that it rmy be a mean Proportmna.l be-
tweeén them, [the Fignre 109 ] Aud call BC) n, in the

fame right Line alfo take B4 = 4. and that towdrds the

: . 7 :
Point (, if ~ g, if not, the contrary Way. At the Point
A ere& a Perpendicolar, and in it take AF =p, FG =

AF, Pi»-»—,r—, and FH to Fl as BC isto BE. But FH

nn
and F 1 are to be taken on the fame Side of the Point F to-
wards G, if the Terms p and » have the fame Signs; and
if they have not the fame ngns towards the Point 4, Let
- the Parallelograms 7 ACK and HAE L be compleated,
and from the Cenrer K, withyt _?“@*Dlﬁancu KG, lta Cir-
cle bedeferibd, Then in theLine H L ¢ there be taken
H R on either Side the Poitit H, which legbe to HL as

Xk a2 BED
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BD toBE ;let GR bedrawn, cutting EL in §)  and let
the Line G RS be moved with its Point & fallmg on the
Line HL, and the Point § upon the Line EL, until the
Feint G in deferibing the Ellipfe, meet the lee, as is ta
be feen in the Pofiton of 7 ¢s. For half the Perpendicular
¥ X let fall, from ; the Point of meeting, to AE will be
the Root of the Aquaticn.  Bur G or > 15 the End of the
RuleG R S, oryer, meeting the Circle inn as many Points
as there are poffible Roots. And thafe Roots are Affirmative
which £l towards the fame Paris of the Line E A4, as the
Line F7 drawn from the Point F does, and thofe are Ne-
gative whizh full towards the contrary "Parts of the Line
AE if v is Affirmative ; and contranly if r is Negative.

But this Cnnﬁm&mn 15 demonﬁmted by the Hclp of the
following Lemmu’s,

LF’»W{& I. Al being fuppos’d as in the Conﬁru&mn
2CAN e A Xgey Xgem2AIX 7 X+ 2AG X EL’

For from the Nature of the Circle, K3g ~=C Xg=
v X—dAl]* Bur K»q=Glg-+ ACy, and ('Xq-‘-_;
AX e AC] 3, thatis, = AXg— 204X + A4Cq, and
{o their DIFFEI‘CHLC Glgt 204X —AXg=7X— Al
__,.,quzAIX;X—}-A!n Subtradl G/ q from both,
and there will remain 20 AX — AXg—= > Xqg— 24l x
> X+ A41qwGlq. But (by Prop. 4. Book 2. Elem.) Alg
m~46q+zAbb+Gm,mdﬁuﬂ¢~61%mAGZ
424G, thatis, =2 AGX 2 AG+GI, or=2A4AG%
F! -and thence ”'(’HX-—-AX] /Xq--vzd‘l“;"(;rXﬂ—,

24GxFL QED. ST

R nyrave a 1Y iy N Ti aa heitg canfividlad no ahae A
Cek LA ad Si L aigs LR WHETUCIG as 400V 43 A4
AR Y 7 |
e AX g oy Xy g — &Hx 2 AG X F.
1=FH""17 FH &

For it is known, that the Point %, by the Mation of the
Ruler » e aflign d above, defc nbr‘s an Flllpfe the Center
wmreot lsL and the two Axis colncide with the two
S’Jgﬁt Lines LE and L H, "of whn‘h that which ' is in LE
=230, OT == 2GR, and, ‘the other which i isin L H= 230,
or m=2G 8 And rhc Ragio gj: tlcfe to one another is the
!’ame as. zhlt of tnc Lme PP o the Line H L, orof the

NLme B D 1o mc ._Jur E E The e.tcxe the Lam; Tmnfwr-

T
2

As*
EES A
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H1 2 Fl
QCEXﬂX“mA:q FHIfHX}L —E—?:‘f[)”(

Lot both Sides be multiply’d by FH, and aFH x CE %
AX=HIx Xsg—2FI X AHX Xy 4 2AdI%FH %
X But;ﬁ[-——-H!-—[—ﬁH and fo 2 FIv AH—>FH
xAle2FIx AH—2FHA—2FHI] Bur 2FIx%
HA—o2FHA=2AHI and 20 AH]—2FH]—=2H/
w AF. Theyelore 2FI R AHew 2FH v Al — 2H 1 %
AF, and O 2o FH X CEY AX =HIX X;q~2HI X
AF v X3 Aud thence as H/ is to FH, fo is 2CE X
AX 0 Xige—2AF ¥ Xy, but by Confirudtion #/ isto
FHasCE isto BC, and o as 20Ex AXisto 2BCx
AX, and thence 2 BCA AX=Xiq9— 24F % X5, (by
Prop 9. Buck g Elen)  Dut becaufe the Rectangles are e-
qual the Sides are proportiontl, A4X w0 X> —24F, (that
, Xr—AG) as Vi s to28C QED.

Leuma ¥V, The fame Things being Mill fuppos d,
aFlisto AN—e2dB as X isto 2 B

For if from the Fquals in che third Lemma, to wit, 2 B
RAX=Xyg—24F »x X2, the Equals in the firft Lemma
be fubtracted, there will re mm —2ABrX AX+ AXy

—2FlX Xy—2AG X Fl, thatis, AXx AX—248

—aFI% X —AG. But becaufe the Rectangles are Equal,
the Sides are Proportional, 2F/ist0o A X—24B as AX

is to Xy - A, that is, (by the third Lemma) as X is
o 280 Q. E.D.

At length, by the Help of thefe Lemma’s, t leCOnHruéhon
of the Problem is thus demonftrated;

Byt‘xefourtl lemma, X isto 2BCas2Flisto 4X
2.4 B, thatis, (by Prap 1. Book é. Elem,) as 2 BC X
nEI ist'OzBC'xAX--EfJB or to 2BCx AX—28C
% 248 But by the third Lemmq AXisto Xy —2AF
as X isto 2BC, or 2BCx AN =X3g—2AF%X X>,
and fo X' isto2BCas 2BCx 2FIisto Xrg—24dF%
Xy 2BCx 2.4B. And by multiplying the Means and
Extreams into themfelves, Xycub. —2AF X X»q—4BC
XKABE# Xy =8BCy xFL And by adding 2. AF X Xz q
4 BCx ABX X/ to both Sides X »cab. == 2 AF x X349
,-i-‘].EC % ABX X7 + 8BCq x FI, Bur Xy inche

Coite
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Conflrudtion to be demonftrated was equal the Root of tha

Zquation = a, and AF=p, BC=—n, AF = i, and FI
7
— ~— and fo BCX AR = q. And BCyx FI=r. Which

M
being fobftiuted,  will make &3 — pa* -+ g2 4 1.
Q.E. D,

Corol. Hence if AF and AR te fupprs’d equal to no-
thing by the third and fourth Lemma, 2 F7 will be to 4 X
as AX 1510 X5, and Xs to 2 BC, From whenoe arifes the
Invention of two mean Proportionals between any two gi-
ven Quantities, FI and B, |

Scholizen, Hitherto T have only expounded the Conflrudti-
on of a Cubick Aquation by tiie Ellipfe 5 but the Rule is of
a more univerfal Nature, extending it {ulf indifferently to
all the Conick Sedliens, For, if initead of the Ellipfe you
would ufe the Hyperbola, take the Lines BC and BE on the
contrary Side of the Point B, then It the Poimts 4, F, G,
I, H, K, L, and R be determin’d as before, excepr only that
F H ought to be taken on the Side of F nwt tawards £, and
that H R ouglht to be rakeninthe Line 47 notin HL, en
each Side the Poirt [, and inflead of the right Line G R 8,
two other right Lines ure to be drawn from rhe Point L to
the two Points R and R for Afymprotes to the Hyper: ols,
With thefe' Afymptotes LR, LR deferibe an FHyperbola
through the Point G, and a Circle from the Center X with
the Diftance G K: And the halves of the Perpendicniars
let fall from their Interfeétions to the right Line .4 E will be
the Roots of the Aquation propos’d.  All which, the Signs
~- and = bejng rightly chang’d, are demonftrated as
above,

But if you would ufe the Parabola, the Point £ will ke
remov’d to an infinite Diflance, and o not to be taken any
where, and the Point H will coincide with the Pomt F,
and the Parabola will be to be delcrib’d about the Axis HL
with the principal Laus Reflom BC through the Points G
and 4, the Vertex being plac’d on the fame Side of the
Point F, eon which the Point B is in refpect of the Poine
C.

Thus the Conftru&tions by the Parabels, if yon regard A~
nialytick Simpliciry, are the moft fimple of all.  Thofe by
the Myperbola next, and thofz which are folv’d by tlu; Ei"l-

| IFic,
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lipfé have the third Place, But if in deferibing of Figutes,
the Simplicity of the manuval Operation be rfpected, the
Otder muft be chanz'd.”

But it is to be obferv’d in thefe Confirudtions, that by the
Proportion of the principal Laiws Reftam to the Latus Tranf-
verfum, the Species of the Ellipfe and Hypertola may be deter-
min’d, and that Proporcion is the fume as that of the Lines
B( and BE, and therefore may be affum’d: But there is
but one Species of the Parabola, which is obtain'd by put-
ting B E mfinitely long.  So therefore we may conflrud any
Cubick &quation by a Conick Se&tion of any given Specics;
To change Figures given in Specie into Fipures given in
Magnitude, isdone by encreafing or diminifhing all the
Lites in a given Ratio, by which the Figures were given
in Specie, and fo we may conftruét all Cubick Aquations
- by any given Conick Se@ion whatever. Wiich 1s more
fully explain’d thus,

Let there be propns’d any Cubick Hquation x* —pxr,
. gx.7, toconflru& it by the Help of any given Conick
Se&ion. [Vide Figures 110 and 111.]

From any Point B in any infinite right Line BCE, take
any two Lengths BC, and B E towards the fame Way, if
the Conick Se&ion is an Ellipfe, but towards contrary Ways
if it be an Hyperbola, DBut let B te to B E as the princi-
pal Latus-Reftum of the given Section, is to the Latus Tranf-

wverfum, and call BC, », take BA = -z, and that towards

C, if g be Negative, and conurarily if Affirmative, At the
Point A4 erelt a Perpendicular 417, and in it take 4 F = p,

and FG = AF ; and FI==--. But let FI be taken to-

nn
wards G if the Terms p and r have the fame Signs, if not,
towards .. Then make as FH isto Fl{ois BCto BE,
and take this ¥ H from the Point F towards I, if the Se~
&ionis an Ellipfe, but towardsthe contrary Way if it is an
Hyperbola. But let the Parallelograms I4CK and HAEL
be compleated, and all thefe Lines already deferib’d trans-
ferr’d to the given Conick Seftion ; or, which 1s the {fame
Thing, let the Curve be ceferib'd gbout them, fo that its
Axis or principal tranfverfe Diameter might agree with the
right Line L4, and the Center with the Point L, Thefe
Things being done, let the Lines XL and G L be drawn,
cutting
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cutting the Conick Se&ion in g. In LK take L}, WHitH
let be to LK as Ly to LG, and from the Center £, with
ghc Diftance % g, deflcribe a Circle. Froin the Points wherée
it cuts the given Curve, let fall Perpendiculars to the Ling
LH: whereof let 75 he one. Laftly, towards » take T 7,
which let be to 75 as LG to L g+ and tifis 77 prodicd
will cut 4F8 in X, and X7 will be one of the Roots
of the Aquation. Bur thofe Roots are Affirmative
which lie towards fuch Partsof 4B as F/ lies from F, and
thofe are Negative which lie on the contrary Side, if r 15 - ;
and the contrary if y i ——. _

- After this Manner are Cubick Zquations cohftru&ted by
given Ellipfes and Hyperbola’s : But if a Parabola {hould
be given, the Line B( is to be taken cqual to the Latug
Reftum it felf, Then the Points 4, F, G, I, and K, being
fpunc} as above, a Circle muft be defcrib'd from the Gentey
K wish the Diftance XG, and the Parabola muft be fo aps
ply'd to the Scheme already defcrib’d, (or the Scheme to the
Yarabola) that it may pafs through the Points 4 and G and
1ts Axis through the Point F parallel to 4, the Vertex
falling on the fame Side of the Point F as the Point B falls
off the Point C; thefe being done, if Perpendiculars were
let fall from the Points where the Paratola interfe&s the
Lircle to the Line ‘BC, their Halves will be equal to the
Roots of the Aquation to be confirutted. _ .

And take Notice, that where the fecond Term of thé &=
quation is wanting, and {o the Latus ReGum of the Parabola
is the Numbef 2, the Confiru@ion ctmes ot theé fame ad
that which Des Cartes prov’d in his Geomertry, witlt this
Difference only, that thefe Lines dre-the double of them,

This is a general Rule of Conflruftions, - But where pars
ticular Problems are ptopos'd, we ought to confult the moft
fimple Forins of Conftruttions. For the Quantity # rémaing
free, by the taking of which the Aiquation may, for the
moft part, be renderd miore fimples One Example of which
T will give. o

Let there be given an. Etfipfe, 4nd let there be tWo inteard
Proportionals to be found between the given Lines « and .

Let the firft of them be x, and 4.2 -"'_; b will be contintiat

. a3 _
Pioportionals, and fo ab ":—'"'%, of % z=aab, 1s the Bqias
siofi which yor maft confiru®.  Here the Teims p and ¢ gie
| R 75 | | - Wanting,

-
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wanting, and the Term r — 44 b, and thevefore B4 and AF

are = o, and FI— @b. That the laft Term may be more

fimple, let » be aflum’d =4, andlet F/=0,. And then
the Confisuction will be thus : |

- From any Point A4 in any infinite right Line A F, take
AC — ga,and on the famue Side of the Point Atake AE to AC,
as the principal Latus Re€tum of the Ellipfe is to the Latus
Tranfverfum, Then in the Perpendicular A/ take 47 =1,
and 4 H to Al as AC to AE, [Vide Figare 112.] Let the
Parallelograms 1 ACK, H AE L be compleated, }oin LA
and 7, K. Upon this Scheme lay the given Ellipfe, and it
will cut the right Line AL in the Point g. Make L% to
LXK asLgtoL.A From the Center %2, with the Diftance
kg, deferibe a Circle cotting the Ellipfe in . Upon AE
Yet fall the Perpendicilar 5 X, cutting HZ in 7, and lét that
be produc’d to 7, that 77 may be to Ty as T4 to Tg.
And fo X7 = « will be equal to the firft of the two mean
Proportionals, Q.E.I. | |
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A New, Exact, and Eafy Method, of find=
ing the Roots of any Aquations *Generally,
and_that without- any previons Redullion.
By Edwm. Halley, Savilian Profeflor of Geo-
metry. [[Publif’d in the Philofophical Tran{-
~aétions, Numb.z1o. A, D.16vs.]

A HE principal Ufe of the Analyrick Art, is to
=5| bring Mathematical Problems to Aquations,
sl and to exhibit thofe Aquations in the moff
4! fimple Terms that canbe,  But this Art would
A juftly feem in fome Degree defetive, -and not
- Tfufficiently Analytical, if there were not fome
Methods, by the Help of which, the Roots (be they Lines
oxr Numbers) might be gotten from the Kquations that are
found, and fo the Problems in that refpeét be folved, The
Antients f{carce knew apy Thing in thefe Matrers beyond
Quadratick Aquations. And what they writ of the Geome-
trick Confiruétion of folid Problems, by the Help of the
Parabola, Ciffoid, or any other Curve, were only particnlar
Things defign’d for fome particular Cafes. Bur as to Nu-
merical Extraétion, there is every where a profeund Silence ;
{0 that whatever we perform now in this Kind, is entirely
owing to the Inventions of the Moderns,
And firft of alt, that great Difcoverer and Reflorer of the
Modern Algebra, Francis Fieta, about.Ioo Years flnce,
fhew'd a general Method for extra&ting:the Roots of any A-
quation, which he publifird under the Ticle of, .4 Nymeri-
cal Refolntion of . Powers, &, Harrioty Oughtred, and.others,
as well of our own Country, as Foreigners, onght to acknows
lcdge. whatfoever they have written upon this Sabjed, - as
taken from Pijeta. But what the Sagacity of Mr. Newran's:
Gepids has perform’d in this Bufinefs we may sather. conje-
&ure. (than be fully affur'd of) from  that fhort Specimen
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ehven by Dr. Wallis in the ‘o4th Chapter of his Algebra;
And we muoft be forc’d to expect it, till his great Modefly
fhall yield to the Intreatics of his Friends, and fuffer thofe
curious Difcoveries to fee che Light.
Mot long fince, (viz. A.D. 1690,) that excellent Perfon,
Mr. Fofeph Ralphfon, F.R.S. publifh’d his Unjverfal Analyfis
of e Eguations, and illuftrated his Method by Plenty of Ex-
amaples ; by all which he has given Indications of a Mathe-
matical Genius, fron) which the greateft Things may be
ex peéted,
"By his Example, M. de Lagncy; an ingenions Profeffor of
Mathematicks at Paris, was cucourag'd to attempt the fame
Argument ; but he being almoft altogether taken up in ex-
tracting the Roots of pure Powers (efpecially the Cubick)
adds bat little about affeSted Aquatrions, and that pretty
much perplex’d too, and not fufficiently demonftrated : Yet
he gives two very compendious Rules for the Approximati-
6n of a Cobical Root ; one a Rational, and the other an Ir.
rationalone. Ex. gr. That the Side of the Cube aqu -}

. ab ‘ : b
is between 4 +3mn+b"’ and I’-/-,;;;n -} '5;’”5_1" Fa.  And

the Root of the gth Power, a%-}-b, he makes =}

V‘V’ mj; C ' PR TR | "
vy %ﬂ¢+:ﬁ3~7%da (where nete, that 'tis 5 ea, not

% g4, as ’tis erroneoufly printed in the French Book) Thefe
Rules were communicated ro me by a Friend, T having not
{feen the Book ; but having by Trial found the Goodnefs of
them, and admiring the Compendium, 1 was willing to find
put the Demonftration, Which having done, Y prefently
found that the fame Method might be accommodated to the
Refolution of all Sorts of Equations, And [ was the rather
inclin’d to improve thefe Rules) becaufe I faw that the whole
Thing might be explain’d ina Syaapfis 3 and that by thiy
means, at every repeated Step of the Calcnlus, the Figures
already found in the Root, would be at leafi trebled, which
2]l other Ways are encreafed but in an equal Number with
the given ones, Now, the foremention’d Rules nre eafily
demonftrated from the Genefis of the Cube, and the sth
¥Yower. For, fuppoling the Side of any Cube == 4 - ¢, the
Cube arifing from thence 1y aaa b 3aae-b3ace J-cee.
And confequently, if we fappofe #aa the next lefs Cube, to
agyy given Non-Gubick Number, thegy ¢ve will bie lc% than
s - | Unity,
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Unity, and the Remainder b, will == the other Membexs of
the Cube, 3440 -} 34ee f-pec, Whence rejedling cee
upon the Account of its Smallnefs, we have b=—3aae <
3 4ee. Andfince zae is much greater than dee, the Quan-

PR - ] b
tity Py will not much exceed ¢ ; fo that putting e z=——

. 344
then the Quantity

YRy (to which e is nearly equal)
e

will be found — b or 3
- Fy +§—f—£’, 344-4 E
3 344 A

that is,

alb | i - )
_;_m = And o the Side of the Cube 444} s .wﬂB

[958V

e g - N0 T IUR. I

3aa-tb _

Lagney. ” But now, if #ea were the next greater Cubick

Number to that given, the Side of the Cube 424 —b, will
b

o
after the fame Manner, be found to be g4~ -: And

this eafy and expeditions Approximation to the Cubick
Root, is only (a very fmall Matter) erroneous in point of
Defeff, the Quantity ¢, the Remainder of the Root thus

FD‘-..II‘A caming famethineg lefe than really it 15,
- ‘l“, \-Vlﬂllllb Lulllhlljl’lla Abrded wiSkAL 2 i

slodily

t’d ﬂp Jﬂ
e

g
& UTTFIRH W

As for the Irrational Formula, *tis deriv'd from the fame

Principle, viz. bz=3d4ac -+ 34ce, or —2—4_-;-;:5—}«”, and

e

_ - — | “
fo [/%M_l____;;_:%g—}-e, and -}444—-—:‘-}-%434-&-%

the Root fo'ug:’ilt. Al the Side of the Cube 444-——b, af.
tex the fame Manner, will be found. to be %a-}-

V Ladem b, And this. Formula comes fomething nearer
dmm e B

to the Scope, being erroneous in point of Excefs, asthe other

wwas in Defeft, and is more accommodated to the Ends of

Pradice, fince the Reftitution of the Calculus is nothing
elfe but the continual Addition or Subtradtion of the Quan-

ﬁty ‘i—'if; according as the Quantity e can be known, So
B | | ghat
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tha.t: we fhonld rather wnte V a'd + b:;” -+ & 4, inthe ‘:'

cee——b
former Cafc, and in the latter, 1,44 I/ 2aat

Bat by either of the two Formule’s the Pzgures a]rea.dy'
kunown in the Root to be extradted are at leaft trlpled
which I conclude will be very grateful to all the Students in
Arithmetick, and I congratulate the Inventor upon the Ac-
count of his- Difcovery., -

But that the Ufe of thefe Rules may be the better per-
ceivid, ¥ think it proper to fubjoyn an Example or two,
et 1t "be propos’d to find the Side of the double Cube, or

b
daa + b= 2. Here 4 =1, and o= %, and fo P4V 2., or
1 ,‘26*,”bé found to be the true Side nearly, Now, the Cube

| stV sy £2976
1/ 2 F : s I UL 3,78

ar, o 63 -+ -,9680052910429[ ==.13,259021045805 ~—
whxch in xgihgures gives the Side of the double Cube
with-very little Trouble, wiz, by one only Divifion, and the
Extriction of the Square Root ; when as by the, ’comman
Way of working, how mach Pains it would have "coft, the
Skillful very well-know, - This Calculus a Man mag continue:

as far as he pleafes by encreafing:the Square by the Addxtmn

of the Quantity eee ; wlm_h Correétion, in tlus Cafe will
a

give but the Emreafe of Umty in the y4th Flgure of the
Root,

Example 11, Let it be pmpos d ta find the Sides of a Cube
equal to that Englifh Meafure commonly call'd a Gallon,
which contains 231 fohd Ounces. .. The next lefs Cube is

216, whofe Side 6 =4, and the Remainder 15-—--1) . and {o

_ 3
“for the firlt Appmmmatzon, we have™ 3 =4 4/9 + % = the
Root, And fince +/9,8333... 13 3,1,,58 ., tis plam
that 6,358 = 4} e, Now, le,t 6 1358 a; and we fhall
vnen nave for 1ts a_.une 231,000883894712, and *Cmm’-“b |

"'O the RUIB 3a0‘579 + V ,41201041 . 9DU188$iO$z712
moft accurately equal to the Sidé of the given Cube, which,
wnhm the Snac:f: of an Hour, ¥ determin’d by Calculation lr:o-
¢




[ 263 ]

e 0,13579243066198897, which is exa& in the 18th Fi.
gure, defe&ive in the 19th, And this Formmla is defervedly
preferable to the Rationale, upon the Account of the great
Divifor, which is not to be manag’d without a great deal of
Labour ; whereas the Extra&tion of the Square Root proceeds
much more eafily, as manifold Experience has téught me.

But the Rule for the Root of a pure Surfolid, or the gth
Power, is of fomething a higher Enquiry, and does much
more perfectly yet do the Bufinefs ; for it doesat leaft Quin-
taple the given Figures of the Root, neither is the Calculus
very large or operofe. Tho' the Author no where fhews his
Method of Invention, or any Demonflration, altho’ it feems
to be very much wanting ; efpecially fince all Things are
not right in the printed Book, which may eafily deceive the
Unikilful, Now the sth Power of the Side 4+ ¢ is com-
pos’d of thefe Members, 4% <} 5a4e-+ 104%¢* + 1043
~-gaet e =a® 4 b; fromwhence b =54 ¢+ 1043e2
~ 1047 4 5a¢°, rejefling et becaufe of its Smallnefs.

Whence %‘:n‘-"e-{- 2a’¢* +-24¢> -+ e*, and adding on
both: Sides }a#, we fhall have ¥ £ 44 + = Viat-t-ase
e 2a¢'+ et =Laa-tae-tee. Then fubtra&ing

2 44 from both Sides, £ 4 ¢ will = m-%;a“—}—g;—m%an;
to_which, if 44 be added, then will a-t+e=2a+

Vv’%a‘* ~I- iwim — the Root of the Power a5 4 b,
a .
But if it had 47 =} (the Quantity « being too great) the

Rule would have béen thus, %4~} V»V% A% o _{7_ —2aa.

And this Rule approaches wondexfully, fo that there is hardly
any need of Reftitation.. -~ ..

But while ¥ confider'd thefé Things with my felf, I light
upon a gerieral Method for the Formala’s of all Powers what-
. fThever and {which heing ']‘Iﬂﬂﬂﬂ'\l‘l’lﬂ nnr'i rnnriﬂz EI‘IC}HQ’}]} ﬁ

ELL S A PV RARVAR Rl A iy AMTmAAwaAw mARmS TR ang s dmmaW Wik ly we e RS

+ thought I would not co,ng_cal from the Publick.

 Thefe
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Thefe Formula’s, (as well the Rarional as the Irrational
ones) are thus. |

ab

'fﬂ““l"b;,”‘/ﬂd‘*‘b, Orﬂ+m,
b ab
I gt — 1 —_— ey
v3ia +b__24+!/4aa+3“, Orﬂ+3naa+b°
b ab
4 44 — V.L _ —
V4a +b53¢+ ""ﬁ+6a4’0m+4a“+-}b'
v ak +b;j§-n+’/§?4a+——£—; ora-{-—-———f—?———“
i0a®’ 547 =t 2b
\ . . B ab
veatbmatl past L orat
7 47 b f | ;"/, b ab
Y7a'tb=ra+ TeA At s, Om-i-;;?:l_";,;

And fo alfo of the other higher Powers. But if 4 were
affom'd bigger than the Root fought, (which is done with
fome Advantage, as often as the Power to be refolvd is
much nearer, the Power of the nexy greater whole Number,
than of the mear lefs) in this Cale, Muraris Mutandis, we
fhall have the fame Expreflions of the Roots, zix.

ab

Viagemmbom Va2 ~=b, OF g oms —n oo

: . 4 a
V“a“Wb“’lﬂ'{'V-}ﬂﬂw"—" OF A wnan " b -
) ‘ 4‘6 WEE
' b ab
Vfﬂ‘wbm‘lﬂ_}.ﬂwddmﬁ—ﬁ—-jor“—n &
54° 2k
- ab
%f‘ﬁﬁambm—‘;»ﬁ—}-ﬂ.;_,m:m =, OF R TN
o ab
'bf’n’mb;:%.ﬂniﬂVai—‘?Mm—*m,or ;
| 747 =3b
find
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~And within thefe two Terms the true Root is ever founds
being fomething nearer to the Jrational than the Rarienat
Expreffion, But the Quantity e found by the Jrrational For-
mula, is always too great, as the Quotient refulting from
the Rational Formmnla, is always too littde, And confequent-
ly, if we have + b, the Irrational Formmla gives the Root
fomething greater than it fhould be, and the Rational fome-
thing lefs. But contrarywife if it be —}, L

And thus much may fuffice to be faid concerning the Ex-
traétion of the Roots of pure Powers ; which notwithfland+
ing, for common Ufes, may be had much more eafily by
the Help of the Logarithms. But when a Root is to be de~
termin’d very accurately, and the Logarithmick Tables will
not reach fo far, then we mufi neceflarily have Recowfe to
thefe, or fuch like Methods, Farther, the Invention and
Contemplation of thefe Formnula's leading me to a certain
univerfal Rule for adfeéted Aquations, (which I hope will
be of Ufe to all the Students in Algebra and Geometry) 1 was
willing here to give fome Account of this Difcovery, which
I will do with all the Perfpicuity I can. I had given at
N° 188, of the Tranfailions, avery eafy and general Con-
firuQion of all adfe&ed Aquations, not exceeding the Bi-
quadratick Power ; from which Time I had a very great De-
fire of doing the fame in Numbers, But quickly after, Mr,
Ralphfon feem’d in great Meafire to have fatisfy’d this Defire,
till Mr. Lagney, by what'he had perform'd in his Book, in-
timated, that the Thing might be done more compendioufly
yet. Now, my Method is thus:

Let z, the Root of any £quation, be imagin'd to be
compos'd of the Parts 2}, or —e, of which, let « be af-
fum’d as near z as is poflible s which is notwithftanding not
neceffary, but only commodionss - Then from the Quantity
a-te, of a—e, letthere be form'd all the Powers of z,
found in the AFquation, and the Numerical Co-efficients be
refpedtively affix’d to them : Then let the Power to be re-
folv'd be fubtraéted from the Sum of the given Parts (in the
firft Column where e is not found) which they call the Hy-
mogeneum Comparationss, and let the Difference be +5. In
the next Place, take thz Sum of all the Co-efficients of ¢ in
the fecond Column, to which put =s. Laftly, in the third
Column let there be put down the Sum of all the Co-effici»
ents 8f e ¢, which Sum call  Then will the Root & fltand

o : sb |
thus o the Rarional Formmlay viz. == 4+ oyt and

M m . o thus



thus inthe Irrational Formula, vize z e 4

Co-efficients.

Fo vI= ®D
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which perhaps it may be worth while to illufirate by fome
Fxamples. And inftead of an Infframent let this Table {exve,
which fliews the Genefis of the feveral Powers of a-te,
and if need be, may eafily be continued faxther ; which, for
its Ufe, 1 may rightly call a General Analytical Speculum.
The foremention’d Powers arifing from a continual Multi-
plication by 4 4- e (==z) come out thus with their adjoyn’d

“WnivYfa10d vingy .

;0_/*},' J'J:g—-;btlg
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But now, if it be gw— ==z, the Table is compos’d of
the fame Members, only the odd Powets of ¢, as e, e?, ¢',
e’ are Negative, and the even Powers, as £?, e%,e¢, Affira
mative, Alfo, let the Sum of the Co-efficients of the Side
e; be —=s; the Sum of the Co-efficients of the Square ee
=t¢, the Sum of the Co-efficient of ¢’ ==#, of ¢* =m, of
e’ =%, of e®=—y, &. Butnow, fince eis fupposd only 2
{mall Part of the Root that is to be enquir'd, all the Powers
of e will be much lefs than the comrefpondent Powers of 4,
and fo far the firft Hypothefis 5 all the fuperior ones may be
rejefted; and forming a new Aquation, by fubflituting
ate==z, wefhall have (as was faid) +b—-tsettee,
The following Examples will make this more clear.

ExAMDLE I, let the Aquation 24 =3 27 ~ 752
== 10000 be propos’d. For the firft Hypothefis, let 4 = 10,
and {o we have this £quation ;

mto= el gt gate-Gatee qacdeted
e d %} o —da® da e d ce
+e2 =44 ce
= + 10000 4000¢ =} 6ooee goel +e*

— 300  60f== 3Zee

-+ 750  75e

e § OO0

4+ 450—4015¢ + §97ce—40¢% 4-rtm0
- 5 o ‘ ]

The Signs <} and —, with refpeé to the Quantities e and
e?, are left as doubtful, till it be known whether ¢ be Ne-
gative or Affirmative ; which Thing creates fome Difficulty,
fince that in Equations that have feveral Roots, the Homie
" genea Comparationis (as they term them) are oftentimes en-
creafed by the minute Quantity 4, and on ‘the contrary, that
being encreafed, they are diminifl’d, But the Sign of ¢ is
determin’d from the Sign of the Qpantity 6. For taking a-

waw the P.,F.-\Lmuﬂ? fram +thiin Edresrnsonsal anm’ﬂ nf’ r: l‘h&
FY QY LiC NP VEMRY R4 VERE LidNe ZAVIFIVE LIAbPRr LN ARIL R SR e |1 17

Sign of se (and confequently ‘of the prevailing Parts in the
Compofition of it) will always be contrary to the Sign of
the Difference b.  Whence “twill be plain, whether it muft
be -t-¢, or s=—e; and confequently, whether 4 be taken
greater or lefs than the. true Roor. Now the Quantity ¢ is

=3 :g-:(/ alf - br’ when b and ¢ have the fame Sign, but
| Mm 2 v 1o
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P
. . ' ] Lisd-be

when the Signs are diffcrent, ¢ is = V B ;Jr — 25 But

after it is found that it will be ¢, let the Powers ¢, e?,

e’, (%c. in the affirmative Members of the Aquation be
made Negative, and in the N-gative be made Affirmative ;
that ie, let them be written with the contrary Sign. On
the other hand, if it be 4- e (let thofe foremention'd Powers)
be made Affimtive in th Affirmitive, and Negative
in the Negative Members of the thuauun.

- Now we have in this Example of ours, 10450 inftead of
the Refolvend 10000, or b + 450, whence it’s plain,
that 4 is taken greater than the Truch, and confequently,
that 'tis —e. Hence the Aquation comes to be, 10450 —
4015 e~ §o7ee—ae’ -+ e*==1c000. That 1s 480 e
4015¢ +5,)7ee o ; and > . 450__49[3@-—~r~‘,)7ee or
- ‘ Log— L5 — bt s

y OF —
t 0 a2t

b—se~—tee, whofe Roct e =%¢—7"

b L .
2175 that is, in the prefent Cafe,
4ttt :
2007 — V39761406 %

£ e

, from whence we have the Root

597 ‘ |
fought 9,086, whichis near the Truth. But then fubfti-
tuting this for a fecond Suppofition, there comes 4 +e==z,
siioft accurately » 9,8862603936495 - . .. fcarce exceeding the

Iruth by 2 m the 1aft Figure, Viza when [/ ‘“+bt

»«'% $ == e And this (1f‘ need be) may be yet much far-
ther veufy d, by fubtracting (if itbe «¢) the Quanuty

3 L4
Que—l—e

, from the Root before found ; or (if it be —)
N Lsst b | N
by addmg W —--————-—L- to that Root, Wlmh (,ompendmm
C A L st

is fo much tie more valuable, in that fometlmes from the
firft Suppof tion - alone, but always from the fecond, a Man
“may continge the Calculus (keeping the fame Co-efficients)
as far as he pleafes, - {t may benoted, that the fore-menti-
on'd Fquation has alfo a Negative Root,viz 22=10,26 10 - .
Wthh any one that has a Mmd may determme more ac-

PR F

wmu::ly.

L. 7"

ExaMPLE
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Examrie IL Suppofe =’ = 17z -} g42z =340, and
let =10, Then according to the Prefiript of the Rule, -

+ 2l= &P t3sfeF éﬂ‘eé + ¢
w42 mm A A e 2d de ~—d e®
-6z =ca fce
' b $ t
Thatis, = 1000 + 300¢  30¢° - &3
m 1700 —= 3406 == 17 &
+ sS40t s54¢
— 350 |
Or, — 5104 14e-}-13¢e-F e’ =0 |
Now, fince we have — g10, it is plain, that ¢ is affumed
lefs than the Truth, and confequently that ¢ is Affirmative,
And from (the Aquation) 510 =—14e--13¢*, comes ¢=—
Vbt Lssmts V6679 m—7
e =t

; ]3 _
which is too much, becaufe of 4 taken wide. Therefore,
Secondly, let 4 — 15, and by the like Way of Reafoning we

L g Lo e ' Lo ¥
fhall find ¢ =2 ”/‘;“» b 1ot 2;’“7”:*’, and
confequently, = = 14,044068. If the Operation were to be
repeated the third Time, the Root will be found conformaw
ble to the Truth as far as the 2¢th Figure ; but he that i
contented with fewer, by writing t b +t-se? inftead of ¢} or

e . e - ' .
fubtracting or adding m to the Root before found,

ﬁiH prefently obtain his End., Note, the Aquation propos'd
is not explicable by any other Root, becaufe the Refolvend

- Whence z=13,7,.:;

330 18 gréater than the Cube of E_;‘? , Or ;_ .

Exampre TIT, Let us take the Zquation z*~80z*
+ 19982 = 14937 2 -} §000 =0, which Dr. Wallés ules
Chap. 62, of his Algebra, in the Refolution of a very difficult
Arithmetical Problem, where, by Piers’s Method, he has
obtain’d the Root moft ‘accurately ; and Mr. Raiphfon brings
it alfo as an Example of his Method, Page 25, 26, Now
this Aquation is of the Form which may have feveral Af
firmative Roots, and (which increafes the Difficulty) the
Cv-efficients ate very great in refpe& of the Refulvend givcrg

[ e ‘ < i - . 7 llt:

lﬂ, &
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- But that it may be the eafier manag'd, let it be divided,
and according to the known Rules of Pointing, let e z* 4
Gzt w20z 182 = Q,g (where the Quantity z is % of
= in the /Equation propos'd) and for the firft-Suppofition,
let g=1." Then -~ *w—jgemm2e® =} 48’ —e% —0,520;
Vissbbt—2%;

thatis, 1§ ==g¢ -} 2¢¢; hence e= is

¢
Y375

, and fo z = 1,27; whence 'tis manifeft, that

2,7 isnear the rrue Root of the Aquation propos'd. Now,
Secondly, let us fuppofe & == 12,7, and then according to the
Direétions of the Table of Powers, there arifes
e 28014,464% — B1gy,5326 = ¢67,74¢* — yo,Hed wu gt
o 153870,640 4 38700,60 e-F 3048 €7 - 8o e}

—— 3222§7,42 — 5074G,2 € ~=1998 ' e’ .
-} 189699,9  ~}- 14937, ¢ |

ol

+ . 29876559 - 529631 316+ | 81,16&‘."" r+_19’133 —dumm
I#&md fo - 29896‘339 : — 5296,,132 e 82,26 ee, whofe

Root ¢ (according to the Rule) = = d ‘;” b

- 2648,066 ¥ 698 686,106022
to - 4‘ ) -82 567 2 $>O§644.08033[ ERR
==¢ lefs than the Truth,  But that it may be corrected, ’tis
' L Lyt t | . .
o be confider’'d, that ? ﬁi 2 34, or 0020201 - - - - is
| | VEssmnbt’  2643,423 0000 ens

400000099, and confequently e correcled, is — 0564470448,
And if you defire yet more Figures of the Root, {rom thee
corredled, let the:-s:_lie made twed—te!==20,43105602423 ..y
L 1 " 3
Ly Los bt e fpe® —te o
and # LA T ., or which is all one,
g _

2648,066 =+ 6087685,67496597577 = o
| | - 8206 T

L08644179448074402 = ¢ ; whence 4= ¢'— = the Root is
moft accurately 12,75644170448074402 . «. 5, as Dr. Walls
found in the foremention’d Place; iwhere it may be obferv’d,
that the Repetition of the Caleslus dors ever triple the true
~ Fagures in the affum’d ¢, which the firfl Corre&ion,l or

A ¥y AT “1ye

, comes

B



Lot ]

SHed = Lps L ) |

VIt bt does quintuple 3 which is alfo commodioully
Yy, _

done by the Logarishms, But the other Corretion affer the
firft, -docs alfo double the Number of Figures, fo that it
xenders the affumed altogether Seven-fold ; yet the firft Cor-
rection 18 abundantly fofficient for Arithmetical Ufes, for the
moft Part, . -

. But as to what is faid concerning the Number of Places
rightly taken in the Root, 1 would have underflood fo, that
when 4 is but & Part diftant from the true Root, then
the firll Figure is rightly affumed ; if it be within L Pare,
then the two firft Figures are rightly affumed ; if within
Tssw>_ and then the three firft are fo 5 which confequently,
manag’d according to our Rule, do prefently become nine
Figures. N -

It remains now that I add fomething concerning our

. . sbh ) ..
Raiional Formula, viz. e = pyrys which feems expeditious
S5 4 '

enough, and isnot much inferior to the former, fince it
- will triple the given Number of Places. Now, having
form’d an &quation from s+ e ==, as before, it will pre-
fently appear, whether « be taken grearer or leffer than the
Truth 3 fince se ought always to havea Sign contrary to the
Sign of the Difference of the Refolvend, and its Homuogencal
produc’d from 4, . Then fuppofing b -}-se + a2 —tee=0,
the Diviforis ;sm—2b, as often astand b have the fame
Signs ; but it is s5-4- bz, when they have different ones.
But it feems moft commodions for Praflice, to write the
Theorem thus, e :i—’- -} I;f, [fince this Way the Thing is done
by one Multiplication and two Divifions, which otherwife
would require three Multiplications, and one Divifion.

_ Let us take now one Example of this Method, from the
Root (of the foremention’d Aquation) 12,7 e4 .., Where

?_581:65‘59 —5296,132¢ - 82,26¢e¢ + 25,2¢% == e* =05

e ol +u
and fo F ds —¢3 that is, let itbeas sto.s, fob to
[ '

%If‘:':. $206,132) 268,6559 into 82,26 (4,63875 ... wheres "

fore the Divilor is s == 5-; = 6291,40325 o1 00 4) 268,6559
. - (05036441
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(93056441 sasepu=e, thatis, tofive true Figores, added
%o the Root thas was tiken, But this Formula cannot be
corre&ed, as the foregoing [rrational one was ; and fo if
more anures of the Root are defired, ’tis the beft to make
a new Suppofition, and iepeat the Ciloulus again: And then
a new Quotient, tripling the known Figures of the Raot,
mll abundantly fatzsfy even the moft Scrupulous.

ADVERTISEMENT.
New and Gompleat Treatife of the Doltrine of Fr:i&ioris,?
Vulgar and Decimal j containing not only all that hath'hi=
therro been publifh’d on this Subjeét ; but alfo many other coms

pendions Ufages and Applications of them, never before extant;

Togecther with 3 compleat Management of Circulating Numbers,
which 1s gr;r;;rglv Newi. and abfolirelv nene{ﬁru to theright nfna
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of Frations.. To which is added, an Epltorﬂe of Duodemmals,
and an Idea of Meafuring, The whole is adapted to the meaneft
Capacity, and very vfeful to Book- ~keepers, Gaugersy Surveyors;
and to all Perfons whofe Bufinefs requires Skill in Aricthmericks
By Samuel Cunin, Teacher of the Mathematicks' in Lite)s jzeM [Irees
near Newparr-Market. “The 2d Edicidn. Printed for 7. Senex at
the Globe in Salishury Cours; ‘W, Taylor at the Skigy and T, Warner
At the Black-Boy in I'mr-:zaﬂer Row, Price bound 2.5,



